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Abstract 
 
   In this essay we develop a stylized model to investigate the role of external financial 
liberalization in the development process of a small economy. Firstly, we show that there 
exists an economic development threshold under which the capital account liberalization can 
not occur. Secondly, we show that in the presence of banking inefficiency, the financial 
liberalization presents a major risk for the economic development process. Indeed, if the 
economy is situated in a vulnerability region every bad performance of the investment sector 
could degenerate in a banking crisis delaying the development process by several periods 
relatively to the situation of closed economy. Finally, it is also shown that reducing the credit 
market imperfection decreases the likelihood of  a banking crisis.  
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4 Lqwurgxfwlrq

Wkh lpsruwdqfh ri wkh �qdqfldo vhfwru lq wkh surfhvv ri hfrqrplf jurzwk kdv ehhq h{whqvlyho|

dqdo|}hg lq uhfhqw |hduv1 Wkh olwhudwxuh zklfk vwduwhg zlwk Jrogvplwk +4<9<,/ PfNlqqrq +4<:6,/

dqg Jxuho| dqg Vkdz +4<:6, kdv vkrzq wkdw wkh h{lvwhqfh ri d vwdeoh �qdqfldo vwuxfwxuh sod|v dq

hqruprxv uroh lq hqfrxudjlqj hfrqrplf jurzwk1 Lqghhg/ lw lqfuhdvhv wkh ulvn vkdulqj dqg idflolwdwhv

wkh h!flhqw doorfdwlrq ri vdylqj dprqj surgxfwlyh dfwlylwlhv e| uhgxflqj wkh lqirupdwlrqdo frvwv1

Wkhuhiruh/ dv Fkdq0Odx dqg Fkhq vd| �lw lv qrw vxusulvlqj wkdw srolflhv dlplqj wr dffhohudwh

wkh sdfh ri �qdqfldo ghyhorsphqw dqg olehudol}dwlrq kdyh jdlqhg dffhswdqfh lq dq lqfuhdvlqj qxpehu

ri frxqwulhv gxulqj wkh odvw ihz |hduv�4 1 Lq idfw/ pdq| ghyhorslqj frxqwulhv dgrswhg phdvxuhv wr

olehudol}h wkhlu fdslwdo dffrxqwv/ krslqj wr ixho hfrqrplf jurzwk e| dwwudfwlqj iruhljq lqyhvwphqw1

Wklv frqwulexwhv wr wkh lqfuhdvh ri qhw sulydwh fdslwdo  rzv wr ghyhorslqj qdwlrqv zklfk sdvvhg iurp

durxqg XV'69 eloolrq shu |hdu gxulqj 4<;:0;< wr XV'563 eloolrq shu |hdu gxulqj 4<<80<: +Zruog

Edqn 4<<;,1

Krzhyhu/ vlqfh wkh Dvldq fulvlv hfrqrplvwv dv zhoo dv srolf| pdnhuv duh ehlqj frqfhuqhg derxw

wkh �qdqfldo ghyhorsphqw dqg olehudol}dwlrq surfhvv lq ghyhorslqj frxqwulhv1 Lq rqh kdqg/ ihz

hfrqrplvwv dv Duhvwlv dqg Jolfnpdq +5335, dujxhg wkdw ��qdqfldo olehudol}dwlrq lv qhyhu d jrrg sro0

lf| suhvfulswlrq/ hyhq lq sulqflsoh ehfdxvh lw qhfhvvdulo| pdnhv wkh �qdqfldo v|vwhp pruh iudjloh�5 1

Lq wkh rwkhu kdqg/ pdq| hfrqrplvwv dv Fkdq0Odx dqg Fkhq +5334,/ zkloh uhfrjql}lqj wkdw wkh �0

qdqfldo olehudol}dwlrq surfhvv pd| eh ulvn| iru ghyhorslqj frxqwulhv/ hpskdvl}h lwv jurzwk0surprwlqj

dwwulexwhv dqg vkrz wkdw �lw lv lpsruwdqw wkdw wkh �qdqfldo olehudol}dwlrq eh dffrpsdqlhg e| �qdqfldo

ghyhorsphqw/ lq wkh irup ri lpsuryhphqw lq wkh �qdqfldo vhfwru*v h!flhqflhv�6 1 Wkh olqn ehwzhhq

wkh vrxqgqhvv ri wkh grphvwlf �qdqfldo vhfwru dqg wkh lqwhuqdwlrqdo �qdqfldo vwdelolw| lv zlghvsuhdg

dprqj hfrqrplvwv1 Zdfkwho +4<<<, vd| wkdw �lq dgglwlrq wr wkh wudglwlrqdo pdfur ixqgdphqwdov0

lq dwlrq/ jurzwk/ �vfdo gh�flw/ h{whuqdo ghew/ fxuuhqw dffrxqw/ h{fkdqjh udwh0 zh kdyh wr prql0

wru wkh qhz ixqgdphqwdov= wkh txdolw| ri wkh �qdqfldo vhfwru/ sduwlfxoduo| grphvwlf edqnv/ dvvhw

sulfhv/ frusrudwh jryhuqdqfh/ frusrudwh vhfwru h{fkdqjh udwh h{srvxuh dqg wkh txdolw| ri lqyhvwphqw

surmhfwv�71

D jrrg hpslulfdo vwxg| Edloolx +5333, vkrzv wkdw fdslwdo lq rzv irvwhu kljkhu hfrqrplf jurzwk

rqo| iru hfrqrplhv zkhuh wkh edqnlqj vhfwru kdv uhdfkhg d fhuwdlq ohyho ri ghyhorsphqw dqg vxjjhvwv

wkdw �wkh grphvwlf �qdqfldo vhfwru sod|v d slyrwdo uroh lq hqvxulqj wkdw lqwhuqdwlrqdo fdslwdo  rzv

gr lqghhg surprwh hfrqrplf jurzwk lq ghyhorslqj frxqwulhv�8 1

Wklv sdshu ehorqjv wr wkh wkhruhwlfdo dwwhpswv wkdw lqyhvwljdwh wkh h�hfw ri �qdqfldo olehudol}d0

wlrq lq wkh ghyhorsphqw surfhvv ri d vpdoo hfrqrp| hqgrzhg zlwk dq lqh!flhqw edqnlqj v|vwhp1 Lw

glvwlqjxlvkhv iurp wkh h{lvwlqj olwhudwxuh e| lwv hqgrjhqrxv g|qdplf dvshfw wkdw olqn gl�huhqw fkdu0

dfwhulvwlfv ri wkh hfrqrp|= wkh pdfurhfrqrplf frqglwlrqv/ wkh hfrqrplf vwdjh ri ghyhorsphqw/ wkh

surjuhvvlyho| yhuvxv lqvwdqwdqhrxvo| �qdqfldo olehudol}dwlrq/ wkh lqh!flhqf| ri wkh edqnlqj v|vwhp/

dqg wkh fuhglw pdunhw shuihfwlrq1

Iluvwo|/ zh vkrz wkdw wkhuh h{lvwv dq hfrqrplf ghyhorsphqw wkuhvkrog xqghu zklfk wkh �qdqfldo

olehudol}dwlrq fdq qrw rffxu1 Vhfrqgo|/ zh vkrz wkdw lq wkh suhvhqfh ri edqnlqj lqh!flhqf|/ wkh

�qdqfldo olehudol}dwlrq suhvhqwv d pdmru ulvn iru wkh hfrqrplf ghyhorsphqw surfhvv1 Lqghhg/ zh

vkrz wkdw wkhuh lv d yxoqhudelolw| }rqh +gh�qhg lq whupv ri fdslwdo dffxpxodwlrq ohyho, zkhuh hyhu|

edg shuirupdqfh ri wkh lqyhvwphqw jrrg vhfwru pd| ghjhqhudwh lq d frq�ghqfh fulvlv lq wkh edqnlqj

v|vwhp zklfk lq wxuq ghod|v wkh hfrqrplf ghyhorsphqw surfhvv e| vhyhudo shulrgv lq frpsdulvrq

wr wkdw dfklhyhg zlwkrxw �qdqfldo olehudol}dwlrq1 Zh dovr vkrz wkdw lq vrph fdvhv/ lpsurylqj wkh

fuhglw pdunhw shuihfwlrq ghfuhdvhv wkh olnholkrrg ri d frq�ghqfh fulvlv lq wkh edqnlqj v|vwhp1

4Fkdq0Odx/ Mrujh D dqg Fkhq1 53341 Fudvk0Iuhh Vhtxhqflqj Vwudwhjlhv iru Ilqdqfldo Ghyhorsphqw dqg Olehudo0

l}dwlrq1 LPI Vwd� Sdshuv/ Yro1 7;/ Qr1 4
5Duhvwlv/ Sklols dqg Jolfnpdq1 53351 Ilqdqfldo Fulvlv lq Vrxwkhdvw Dvld= glvshoolqj looxvlrq wkh Plqvn|dq zd|1

Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ Qr1 59/ s1 56:05931
6Vdph uhihuhqfh dv irrwqrwh 41
7Zdfkwho/ Sdxo1 4<<<1 Pdunhw rulhqwhg Edqnlqj/ Hfrqrplf Jurzwk dqg Lqwhuqdwlrqdo Ilqdqfldo Vwdelolw|1 Lqwhuqhw1
8Edloolx/ Mhdqqlqh1 53331 Sulydwh Fdslwdo Iorzv/ Ilqdqfldo Ghyhorsphqw/ dqg Hfrqrplf Jurzwk lq Ghyhorslqj

Frxqwulhv1 Edqn ri Fdqdgd/ ZS1 5333048/ s16
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Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh vwuxfwxuh

frpsrqhqwv ri wkh prgho= wkh surgxfwlrq whfkqrorj|/ wkh krxvhkrogv +ghsrvlwruv dqg hqwuhsuhqhxuv,/

wkh lqh!flhqw edqn dqg gh�qhv wkh hfrqrplf ghyhorsphqw surfhvv1 Lq vhfwlrq 6 zh vhwxs wkh g|qdplf

vwuxfwxuh ri wkh prgho lq wkh fdvh ri d forvhg �qdqfldo v|vwhp1 Lq vhfwlrq 7 zh jhqhudol}h wkh prgho wr

wkh fdvh ri d surjuhvvlyh2 lqvwdqwdqhrxvo| olehudol}hg �qdqfldo v|vwhp dqg h{dplqh wkh lqwhudfwlrq

ehwzhhq wkh hfrqrplf ghyhorsphqw/ wkh pdfurhfrqrplf frqglwlrqv/ wkh edqnlqj lqh!flhqf|/ wkh

fuhglw pdunhw shuihfwlrq dqg wkh �qdqfldo olehudol}dwlrq1

5 Wkh Prgho

Zh frqvwuxfw dq ryhuodsslqj jhqhudwlrq prgho1 Hdfk jhqhudwlrq frqvlvwv ri d frqwlqxxp ri djhqw

olylqj iru wzr shulrgv1 Wkhuh duh wzr surgxfwlrq whfkqrorjlhv lq wkh hfrqrp|> d whfkqrorj| iru wkh

surgxfwlrq ri d �qdo jrrg dqg dqrwkhu iru wkh lqyhvwphqw jrrg1 Wkh �qdo jrrg fdq eh xvhg iru

frqvxpswlrq dqg surgxfwlrq ri wkh lqyhvwphqw jrrg1 Wkh lqyhvwphqw jrrg lv xvhg dv dq lqsxw lq

wkh �qdo jrrg surgxfwlrq whfkqrorj|1 Pruhryhu/ wkhuh lv d edqn pdqdjhg e| d fhqwudo edqnhu zklfk

jdwkhu wkh krxvhkrog*v vdylqj dqg ohqg wr wkh hqwuhsuhqhxuv ri wkh lqyhvwphqw jrrg vhfwru1 Lq wkh

fdvh ri d olehudol}hg �qdqfldo vhfwru/ wkh edqn oldelolwlhv lqfoxgh qrw rqo| wkh krxvhkrog*v vdylqj exw

dovr iruhljq ordqv eruurzhg iurp iruhljq lqyhvwruv1

514 Vhtxhqfh ri Hyhqwv

Wkh wlplqj ri hyhqwv fdq eh vxppdul}hg dv iroorzv1 Gdwh w pdunv wkh ehjlqqlqj ri shulrg w.4 dqg

wkh hqg ri shulrg w= Hdfk gdwh d qhz jhqhudwlrq ri wzr0shulrg olylqj lqglylgxdov lv eruq1

Dq lqglylgxdo eruq rq gdwh w � 4 zrunv zkhq kh lv |rxqj +l1h1 gxulqj lwv �uvw shulrg ri olih, lq

wkh �qdo jrrg surgxfwlrq vhfwru dqg frqvxphv dw gdwh w . 4 ehiruh g|lqj1 Dw gdwh w/ kh hduqv d

zdjh wkhq ghflghv krz wr xvh lw gxulqj shulrg w . 41 Kh fdq ghsrvlw lw dw wkh edqn dqg uhfhlyhv

wkh sulqflsdo dqg lqwhuhvwv dw w . 4/ ru kh fdq xvh lw wr xqghuwdnh dq lqyhvwphqw jrrg surgxfwlrq

surmhfw/ lq zklfk fdvh kh pd| qhhg wr eruurz ordqv iurp wkh edqn1

Wkhuhiruh/ lq jhqhudo wkhuh duh hdfk shulrg ghsrvlwruv dqg hqwuhsuhqhxuv dprqj wkh rog jhqhudwlrq

shuvrqv1 Wklv lv qrw wkh fdvh zkhq srwhqwldo grphvwlf ghsrvlwruv kdyh qr frq�ghqfh lq wkh edqn

dqg suhihu wr krog wkhlu zdjhv lq krph xqwlo wkh hqg ri wkhlu olih1

Lq d forvhg �qdqfldo v|vwhp wkh krxvhkrog vdylqj lv wkh rqo| vrxufh wkdw wkh edqn glvsrvhv

wr �qdqfh wkh hqwuhsuhqhxuv surmhfwv1 Diwhu wkh �qdqfldo olehudol}dwlrq/ wkh edqn kdyh dffhvv wr

vkruw0whup iruhljq ordqv / lq dgglwlrq wr wkh krxvhkrogv vdylqj/1

Dq hqwuhsuhqhxu wkdw xqghuwdnhv d surmhfw gxulqj shulrg w.4 vhoo lwv lqyhvwphqw jrrg surgxfwlrq

wr wkh �qdo jrrg surgxfwlrq vhfwru1

515 Surgxfwlrq Whfkqrorj|

51514 Wkh Ilqdo Jrrg Surgxfwlrq Whfkqrorj|

Wkh �qdo jrrg duh surgxfhg zlwk wkh lqyhvwphqw jrrg/ Nw> dqg oderu/ Ow> xvlqj wkh Free0Grxjodv

whfkqrorj|

\w @ Dw=N
�
w =O

4��
w

zkhuh Dw lv d surgxfwlylw| whup wkdw lqwurgxfhv d srvlwlyh h{whuqdolw|/ ghshqglqj rq wkh shu

fdslwd fdslwdo ohyho

Dw @
�N4��
w @

�
Nw

Ow

�4��

Wkh rxwsxw shu fdslwd lv wkhuhiruh
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|w @ Dw=n
�
w

Wkh lqsxwv sulfh lq whupv ri wkh �qdo jrrg duh

�w @ � +4,

zw @ z+nw, @ +4��,nw

51515 Wkh Lqyhvwphqw Jrrg Surgxfwlrq Whfkqrorj|

Wkh lqyhvwphqw jrrg lv surgxfhg zlwk wkh �qdo jrrg dffruglqj wr wkh iroorzlqj whfkqrorj|> �z � 4

lqglylvleoh xqlwv ri d �qdo jrrg lqyhvwhg dw w jlyhv Uw.4 xqlwv ri lqyhvwphqw jrrg dw w.4=

Uw.4 @

�
U. � zlwk suredelolw| �

U� � 4� �

Ohw Vw d yduldeoh wkdw wdnh wkh ydoxh +kljk, K li wkh uhwxuq Uw lv htxdo wr U . � dqg +orz,

O lq wkh rwkhu fdvh1 Rqfh wkh txdqwlw| Uw.4 ri wkh lqyhvwphqw jrrg surgxfhg/ wkh hqwuhsuhqhxuv

zloo vhoo lw wr wkh �qdo jrrg whfkqrorj| dqg uhfhlyh �Uw.4 �qdo jrrg1 Wkhuhiruh/ wkh uhwxuq ri wklv

whfkqrorj| lv
�Uw.4

�z
dvvxphg wr eh vwulfwo| vxshulru wr wkh xqlw| li wkh jrrg vwdwh ri wkh qdwxuh

rffxuv l1h1
�+U. �,

�z
A 4 dqg vwulfwo| lqihulru wr wkh xqlw| rwkhuzlvh l1h1

�+U� �,

�z
? 4 = Qrwh wkdw

; w A 3

Hw+Uw.4 , @ H+U, @ U. +5� � 4,�

516 Djhqwv Ehkdylru

Hdfk djhqw ri wkh ^3> 4` frqwlqxxp ri lqglylgxdov ri jhqhudwlrq w � 4 eruq dw gdwh w � 4 vxssolhv

lqhodvwlfdoo| rqh xqlw ri oderu dw wkh �uvw shulrg ri lwv olih lq wkh �qdo jrrg surgxfwlrq vhfwru vr

wkdw wkh wrwdo oderu vxsso| lv

Ow @ 4

Dw gdwh w kh hduqv d zdjh zw dqg kdyh wr ghflgh krz wr xvh lw xqwlo gdwh w.4 zkhq kh frqvxphv

doo lwv zhdowk ehiruh g|lqj1 Wkh djhqw ghflvlrq frqvlvw wr pd{lpl}lqj klv zhdowk Zw.4= Ghsrvlwlqj

lwv zdjh lq wkh edqn lq uhwxuq ri d jurvv lqwhuhvw udwh uw.4 lqfuhdvhv lwv zhdowk wr

Zg
w.4 @ uw.4zw +5,

Zkhuhdv/ xqghuwdnlqj d surmhfw |lhogv wkh iroorzlqj h{shfwhg zhdowk

Hw+Z
s
w.4, @ �H+U,� ~} �

h { s h f w h g u h wx uq lq w h u p r i � qd o jrr g

� uw.4+ �z � zw,� ~} �
lq w h u h v w s d|p h q w

+6,

Khqfh/ li Hw+Z
s
w.4, � Zg

w.4 hdfk djhqw zloo suhihu wr xqghuwdnh d surmhfw1 Krzhyhu rqo| d

sursruwlrq sw ri lqglylgxdov h�hfwlyho| ehfrphv hqwuhsuhqhxuv1 Wkh uhpdlqghu sursruwlrq/ 4� sw /

lv fuhglw udwlrqhg dqg ghsrvlw lwv zdjh dw wkh edqn1

Lq fdvh ri qr frq�ghqfh lq wkh edqnlqj v|vwhp srwhqwldo ghsrvlwruv nhhs wkhlu zdjh rxw ri wkh

edqn1 Zh zloo jlyh ghwdlov ri wkh phfkdqlvp wkdw wdnhv sodfh lq qh{w vhfwlrqv1
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517 Wkh Lqh!flhqw Edqn

Wkh lqh!flhqw edqn lv xqdeoh wr ghwhuplqh wkh ulvn ri wkh lqyhvwphqw jrrg surgxfwlrq surmhfwv

ehfdxvh wkh odwwhu lv d sulydwh lqirupdwlrq ri wkh hqwuhsuhqhxuv1 Wkh edqn eholhyhv wkdw �z lqglylvleoh

xqlwv ri d �qdo jrrg lqyhvwhg dw w jlyhv eUw.4 xqlwv ri lqyhvwphqw jrrg dw w. 4/ zkhuh

eUw.4 @

�
U. a� zlwk suredelolw| �

U� a� zlwk suredelolw| 4� �

dqg a� ? �= Wkxv zh kdyh

Y du+ eUw.4 , ? Y du+Uw.4 ,

zklfk phdqv wkdw wkh edqn xqghuhvwlpdwhv wkh ulvn ri wkh lqyhvwphqw jrrg whfkqrorj|1 Qrwh

wkdw ; w

Hw

� eUw.4

�
@ gH+U, @ U. +5� � 4,a�

518 Wkh Hfrqrplf Ghyhorsphqw Skdvhv

Lq wklv sdshu/ zh vwxg| wkh h�hfw ri �qdqfldo olehudol}dwlrq rq wkh hfrqrplf ghyhorsphqw ri dq hfrq0

rp| zklfk lv lqlwldoo| hqgrzhg zlwk d orz vwrfn ri fdslwdo1 Wr idflolwdwh wkh dqdo|vlv zh sursrvh wr

glylgh wkh hfrqrplf ghyhorsphqw surfhvv lqwr gl�huhqw skdvhv dffruglqj wr wkh iroorzlqj uhdvrqlqj1

Lqlwldoo|/ wkh hfrqrp| vwrfn ri fdslwdo lv n3 vxfk wkdw z+n3, ? �z zklfk lv htxlydohqw wr

n3 ? n� @
�z

4��

Wkh �uvw ghyhorsphqw skdvh lv wkhuhiruh ^n3> n�^ zkhuh hdfk hqwuhsuhqhxu kdv wr eruurz �z � zw wr

�qdqfh lwv surmhfw1 Zkhq wkh vwrfn ri fdslwdo uhdfkhv wkh ohyho n� wkh vhfrqg hfrqrplf ghyhorsphqw

skdvh ^n�>5n�^ ehjlqv1 Lq wklv skdvh wkh hqwuhsuhqhxu*v zdjh vdwlv�hv

�z � zw ? 5 �z

Wkhuhiruh wkh hqwuhsuhqhxu fdq vhoi �qdqfh lwv �uvw surmhfw exw kdyhq*w vx!flhqw fdslwdo wr �qdqfh

lwv vhfrqg surmhfw1 Kh zloo wkhuhiruh dvn iru edqn ordqv1 Lq wklv skdvh/ wkh edqn frqvlghuv wkh �uvw

surmhfw dv d jxdudqwhh djdlqvw wkh hqwuhsuhqhxu*v ghidxow dqg fkdqjh wkh suxghqwldo uxohv wkdw zdv

dssolhg lq wkh �uvw skdvh ri ghyhorsphqw1

Lq jhqhudo/ wkh qwk skdvh ri ghyhorsphqw fruuhvsrqgv wr wkh uhjlrq ^+q� 4,n�> qn�^ zkhuh hdfk

hqwuhsuhqhxu fdq vhoi0�qdqfh q� 4 surmhfwv dqg dvn iru edqn ordqv wr �qdqfh wkh qwk surmhfw1

Lq wklv sdshu zh irfxv rq wkh �uvw skdvh ri ghyhorsphqw ^n3> n�^ zklfk zh fdoo wkh

wudqvlwlrq skdvh ehfdxvh lw pdunv/ dv zh zloo vhh/ wkh hphujhqfh ri wkh edqn*v hfrqrplf uroh dqg

wkh sdvvdjh iurp d orz vwrfn ri fdslwdo n3 wr d uhodwlyho| kljk rqh n�=

6 Wkh Hfrqrplf Wudqvlwlrq Surfhvv zlwk d Forvhg Ilqdqfldo

V|vwhp

Wkh edqn jdwkhuv wkh krxvhkrogv* vdylqj dqg ohqgv wr wkh hqwuhsuhqhxuv ri wkh lqyhvwphqw jrrg

vhfwru1 Zkhq wkh �qdqfldo v|vwhp lv forvhg/ wkh edqn +khuh pdqdjhg e| d fhqwudo edqnhu, kdv wr

�{ wkh lqwhuhvw udwh rq ordqv/ zklfk lv dovr wkh ghsrvlw jurvv uhwxuq udwh/ lq rughu wr vdwlvi| wzr

suxghqwldo uxohv= wkh sur�wdelolw| dqg wkh vroydelolw| ri surmhfwv1

Ehvlghv/ ehfdxvh ri wkh v|vwhplf ulvn lq wkh lqyhvwphqw jrrg vhfwru/ wkh edqn kdv wr krog vrph

uhvhuyhv wr idfh srvvleoh ghidxow ri hqwuhsuhqhxuv1

8



614 Wkh Lqwhuhvw Udwh

Dw wkh ehjlqqlqj ri shulrg w . 4/ l1h1 dw gdwh w> wkh edqn �{hv wkh lqwhuhvw udwh uw.4 lq rughu wr

hqfrxudjh wkh rog djhqwv wr xqghuwdnh lqyhvwphqw jrrg surmhfwv1 Wklv phdqv wkdw lw zloo eh pruh

sur�wdeoh wr wkhp wr xqghuwdnh d surmhfw wkhq wr ghsrvlw dw wkh edqn1 Iurp htxdwlrqv +5, dqg +6,

lw dsshduv wkdw wkh lqwhuhvw udwh kdyh wr eh �{hg vxfk wkdw

fHw+Z
s
w.4, �Zg

w.4

zklfk jlyhv wkh iroorzlqj sur�wdelolw| frqvwudlqw

� gH+U,
�z

� uw.4 +7,

Lq dgglwlrq/ wkh edqn kdv wr hqvxuh wkdw +lq dyhudjh, wkh hqwuhsuhqhxuv zloo qrw pdnh ghidxow1

Khqfh/ lw kdv wr �{ wkh lqwhuhvw udwh vxfk wkdw wkh lqwhuhvw sd|phqwv vkrxog eh lqihulru wr wkh ghidxow

shqdow| uhsuhvhqwhg e| ��H+U, +zklfk lv wkh edqn vhl}xuh,= Wklv lv irupxodwhg e| wkh iroorzlqj

vroyhqf| frqvwudlqw

uw.4 + �z �zw,� ~} �
Lq w h u h v w S d|p h q w

� �� gH+U,� ~} �
G h idx o w S hq d ow |

+8,

Wkh sdudphwhu � 5 `3>4` lv d vwuxfwxudo sdudphwhu ri wkh hfrqrp| zklfk phdvxuh wkh v|vwhplf

ulvn uhodwhg wr wkh fuhglw pdunhw lpshuihfwlrq1 Wkh pd{lpxp h{shfwhg dprxqw wkdw wkh edqn fdq

vhl}h lq fdvh ri ghidxow lv sursruwlrqdo wr wkh h{shfwhg surmhfw surgxfwlrq1

Zkhq wkh fuhglw pdunhw lv shuihfw/ wkh edqn fdq vhl}h doo wkh surmhfw uhwxuq lq fdvh ri ghidxow rq

ordqv1 Lw uhpdlqv d qdwxudo frqglwlrq zklfk lv qhfhvvdu| wr froohfw wkh djhqwv* vdylqj rwkhuzlvh wkh|

zloo uhwdlq wkhlu vdylqj rxw ri wkh edqn xqwlo wkh hqg ri wkhlu olih=

uw.4 A 4 +9,

iru nw � nd frqglwlrq +8, grplqdwhv +7,

iru nw A nd frqglwlrq +7, grplqdwhv +8,

zkhuh nd @ �z
4� �

4� �

Surri1 Vhh dsshqgl{ L1

Dw hduolhu vwdjh ri wkh hfrqrplf ghyhorsphqw +nw � nd, +8, grplqdwhv +7, zklfk phdqv wkdw li

+8, lv vdwlv�hg wkhq +7, lv vdwlv�hg1 Zkhuhdv +7, pd| eh vdwlv�hg dqg +8, lv qrw1 Dw wkh htxloleulxp/

wkh lqwhuhvw udwh lv �{hg vxfk wkdw wkh vroyhqf| frqvwudlqw lv vdwlv�hg1 Li wkh lqwhuhvw udwh lv �{hg vxfk

wkdw wkh surgxfwlrq ri wkh lqyhvwphqw jrrg lv sur�wdeoh/ wkh hqwuhsuhqhxuv pd| kdyh dq lqfhqwlyh

wr ghidxow ehfdxvh wkh frvw ri ghidxow lv ohvv wkdq wkh lqwhuhvw sd|phqw1

Dw dgydqfhg vwdjh ri wkh hfrqrplf ghyhorsphqw zkhq wkh hfrqrp| dffxpxodwhv d vx!flhqw ohyho

ri fdslwdo +nw A nd, wkh hqwuhsuhqhxu*v vkduh lq wkh surmhfw �qdqflqj lqfuhdvhv vx!flhqwo| vxfk wkdw

+7, grplqdwhv +8,1 Wkxv/ doo sur�wdeoh surmhfwv ehfrph vroydeoh1 Dw wkh htxloleulxp/ wkh lqwhuhvw

udwh lv �{hg vxfk wkdw wkh surgxfwlrq ri lqyhvwphqw jrrg lv sur�wdeoh1 Ilqdoo|/ wkh lqwhuhvw udwh lv

ghwhuplqhg e| wkh iroorzlqj

uw.4 @

;AA?
AA=

�� gH+U,
�z � +4��,nw

li enp � nw � nd

� gH+U,
�z

li nw A nd
+:,

9



Zkhuh enp lv rewdlqhg e| vhwwlqj
�� gH+U,

�z � +4��,nw
@ 4 dqg yhuli|

enp @
�z � �� gH+U,

4� �

Iru nw ? enp/ vdwlvi|lqj wkh vroyhqf| frqvwudlqw phdqv vhwwlqj dq lqwhuhvw udwh uw.4 ? 4= Exw dw

wklv lqwhuhvw udwh ohyho wkh srwhqwldo ghsrvlwruv zloo suhihu wr krog wkhlu fdslwdo xqwlo wkh hqg ri wkhlu

olih1 Khqfh/ lq wkh uhjlrq ri orzhu vwdjh ri ghyhorsphqw9 / `3>enp^/ wkh grphvwlf vdylqj lv krog rxw

ri wkh edqnlqj v|vwhp ghsulylqj wkh hfrqrp| iurp lpsruwdqw uhvrxufhv iru lwv fdslwdo dffxpxodwlrq

g|qdplf1 Wr yhuli| wkh frqglwlrq +9, wkh sdudphwhuv kdyh wr eh fkrvhq vxfk wkdw

�+U. +5� � 4,a�, A �z

615 Wkh Edqn Uhvhuyhv Shu Surmhfw

Wkh Edqn uhvhuyhv shu surmhfw duh htxdo wr wkh h{shfwhg dprxqw ri srvvleoh ghidxow shu surmhfw1

Ehiruh ghwhuplqlqj lwv h{suhvvlrq uhvhuyhv ohw*v ghwhuplqh lq zklfk fdvhv wkh hqwuhsuhqhxuv ghidxow

rq wkhlu ordqv dw wkh hqg ri shulrg w.4=

Sursrvlwlrq 4

iru nw � ne wkhuh lv d v|vwhpdwlf ghidxow ri wkh hqwuhsuhqhxuv li dqg rqo| li Vw.4 @ O=

Krzhyhu wkh edqn grq*w dqwlflsdwh wkh srvvleoh ghidxowv lq uhjlrq
k
ane> ne

l
iru nw A ne wkhuh lv qr ghidxow zkdwhyhu wkh vwdwh Vw.4

zkhuh ane @ nd .
�z5�� a�

+4� �, gH+U,dqg ne @ nd .
�z5�� �

+4� �,H+U,

Surri1 Vhh dsshqgl{ LL1

Li nw � ne dqg Vw.4 @ O kdsshqv dw wkh hqg ri shulrg w . 4/ wkh hqwuhsuhqhxuv kdyh dq

lqfhqwlyh wr ghidxow rq wkhlu ordqv1 Wklv rffxuv ehfdxvh wkh h�hfwlyh frvw ri ghidxow ��+U� �, +wkh

frvw eholhyhg e| wkh edqn lv ��+U� a�,, lv lqihulru wr wkh lqwhuhvw sd|phqw uw.4 + �z � zw,=

Wkh dfwxdo srvvleoh ghidxow shu surmhfw lv htxdo wr wkh gl�huhqfh ehwzhhq wkh lqwhuhvw sd|phqw

dqg wkh dprxqw ri vhl}xuh

gw @ uw.4 + �z �zw,� ��+U� �,

Krzhyhu/ wkh edqn ryhuhvwlpdwhv wkh dprxqw ri srvvleoh vhl}xuh ohdglqj wr lqvx!flhqw dprxqw

ri uhvhuyhv shu surmhfwv ghqrwhg egw dqg jlyhq e|

egw @ uw.4 + �z �zw,� ��+U� a�,

xvlqj +:, zh rewdlq

egw @

;A?
A=

5��� a� li enp � nw � nd

� gH+U, i �z � ^4� �`nwj � ��+U� a�, li nd ? nw � ene
3 li nw A ene

+;,

9Wkh edqnlqj vwuxfwxuh ri wkh Vrylhw wlph zdv d vlpsoh v|vwhp ri sd|phqw zlwk qr rulhqwdwlrq wrzdugv wkh pdunhw

+Erqlq dqg Zdfkwho +4<<<,,1 Lw zdv rqo| rqh v|vwhp ri sd|phqw vkrxoghulqj wkh jryhuqphqw*v sodqqlqj phfkdqlvpv1

Wkh wudqvlwlrq lv dffrpsdqlhg e| wkh ghyhorsphqw ri frpphufldo edqnv wr �qdqfh wkh sulydwh djhqwv lqyhvwphqw

surmhfwv1

:



Lq uhjlrq
k
3> enpl wkh edqn grq*w sod| dq| uroh wkdw*v zk| wkh edqn uhvhuyhv dv zhoo dv wkh lqwhuhvw

udwh duh vhw wr }hur1 Wkh hfrqrplf wudqvlwlrq iurp uhjlrq
kenp> ndl wr knd> enel lv dffrpsdqlhg zlwk

d uhgxfwlrq lq wkh dprxqw ri wkh srvvleoh ghidxow shu surmhfw1 Lq uhjlrq
kenp> ndl/ wkh vroyhqf|

frqvwudlqw grplqdwhv wkh sur�wdelolw| rqh wkdw*v zk| wkh edqn uhvhuyhv duh dw wkhlu pd{lpxp dqg

wkh lqwhuhvw udwh lv orzhu wkdq wkdw ri uhjlrqv
k
nd>enel > kene> n�l = Lq uhjlrq

kene> n�l > wkh edqn h{shfwv
wkdw wkhuh lv qr ghidxow dqg vhwv lwv uhvhuyhv dw }hur1 Iljxuh +6, looxvwudwhv htxdwlrq +;,1

616 Wkh Sursruwlrq ri Surmhfwv

Wkh txdqwlw| nw.4 ri wkh lqyhvwphqw jrrg surgxfhg dw wkh hqg ri shulrg w . 4 lv htxdo wr wkh

sursruwlrq ri uhdol}hg surmhfwv pxowlsolhg e| wkh uhwxuq Uw.4 ri rqh surmhfw1 Vlqfh Uw.4 lv vwrfkdvwlf

zh kdyh

Hw +nw.4, @ swHw +Uw.4, @ swH +U,

� Iru nw 5 ^enp> n�`1 Ehfdxvh ri wkh srvvlelolw| ri ghidxow wkh edqn kdyh wr fxw uhvhuyhv wr sd|

lwv ghsrvlwruv wkh wrwdo dprxqw ri uw.4 +4� sw,zw dw wkh hqg ri shulrg w . 4= Vlqfh sw lv wkh

sursruwlrq ri hqwuhsuhqhxuv/ eEw wkh wrwdo edqn uhvhuyhv dw wkh ehjlqqlqj ri shulrg w.4> vdwlv�hv

eEw @ sw egw +<,

Li wkh hqwuhsuhqhxuv sd| wkhlu ordqv dw wkh hqg ri shulrg w/ zklfk fruuhvsrqgv

wr Vw @ K / wkhq wkh shulrg w edqn uhvhuyhv Ew�4 zloo vhuyh iru wkh frqvwlwxwlrq

ri shulrg w. 4 uhvhuyhv 1 Wr ghwhuplqh wkh qhfhvvdu| dprxqw ri uhvhuyhv wkdw

wkh edqn zloo fxw dw hdfk shulrg iurp wkh wrwdo ghsrvlw zh irupxodwh lw dv d iudfwlrq

�w ri wkh vdodu| pdvv zw dqg zh kdyh

eEw @ �wzw .4iVw@Kj
eEw�4 +43,

Zh kdyh dovr wkh iroorzlqj htxdwlrq

+4� sw,zw� ~} �
Wrwdo ghsrvlw

@ �wzw�~}�
Uhvhuyhv fxwwhg dw gdwh w

. sw+ �z �zw,� ~} �
Wrwdo edqn ordqv

+44,

Wkh sursruwlrq ri hqwuhsuhqhxuv lv rewdlqhg iurp htxdwlrq +44,=

sw @ +4� �w,
zw

�z
@ +4� �w,

nw

n�
+45,

Frpelqlqj +<,/ +43, dqg +45, zh rewdlq

�w @

;AAA?
AAA=

egw
�z . egw li Vw @ O

egw
�z . egw �

n�

nw

sw�4 egw�4
�z . egw li Vw @ K

+46,

;



dqg

sw @

;AA?
AA=

�z

�z . egw
nw

n�
li Vw @ O

4

�z . egw
�
�z
nw

n�
. sw�4 egw�4

�
li Vw @ K

+47,

Qrwh wkdw zkhq wkh jrrg vwdwh Vw @ K rffxuv wkh shulrg w uhvhuyhv sw�4 egw�4
zloo vhuyh lq shulrg w.4 zklfk ghfuhdvhv wkh dprxqw ri uhvhuyhv wkdw wkh

edqn fxw iurp shulrg w. 4 ghsrvlw lqfuhdvlqj/ e| wkh vdph wlph/ wkh sursruwlrq

ri �qdqfhg surmhfw dw shulrg w .4= Wklv h{sodlqv zk| wkh sursruwlrq ri surmhfwv

iru Vw @ K lv vxshulru wr wkdw fruuhvsrqglqj wr Vw @ O=

� Iru nw 5 `n3> enp`= Wkh hfrqrp| lv lqirupdo dqg zh sursrvh wkh iroorzlqj vlpsoh phfkdqlvp1

D iudfwlrq � ri rog lqglylgxdov froohfwv wkhlu zdjhv dqg vljqv vkduh frqwudfwv wr xqghuwdnh

lqyhvwphqw jrrg surmhfwv1 Dw wkh hqg ri wkh shulrg wkh surmhfw uhwxuq lv glylghg sursruwlrqdoo|

wr wkh dprxqw ri lqyhvwhg fdslwdo1 Wkh uhpdlqghu iudfwlrq 4�� ri djhqwv ghflghv wr krog wkhlu

zdjh xqwlo wkh hqg ri wkhlu olih1 Ohw ghqrwh spw wkh sursruwlrq ri uhdol}hg surmhfwv1 Wkh

iroorzlqj htxdwlrq ghwhuplqhv spw =

] spw

3

+ �z �zw,gq @

] �

3

zwgq�

] spw

3

zwgq

zklfk phdqv wkdw wkh dprxqw ri fdslwdo  rz qhhghg wr dfklhyh spw surmhfwv lv htxdo wr

wkh vkduhkroghuv wrwdo fdslwdo1 Zh rewdlq

spw @ �
zw

�z
@ �

nw

n� +48,

Qrwh wkdw wkh hqwuhsuhqhxuv kdyh qr lqfhqwlyh wr uhsd| wkh vkduhkroghuv*wrwdo slhfh lq wkh fdnh1

Li vrph hqwuhsuhqhxuv ghidxow/ wklv pd| glvvxdgh wkh ixwxuh jhqhudwlrqv iurp vljqlqj vkduh frqwudfwv

fdxvlqj d vorzgrzq ri wkh lqyhvwphqw dqg dq hfrqrplf uhfhvvlrq1 Wkh iroorzlqj �jxuh looxvwudwhv

wkh sursruwlrq ri �qdqfhg surmhfwv dw gdwh w . 4 iru gl�huhqw fdslwdo ohyhov nw/ zkhq Vw @ O dqg

Vw @ K=

7 Wkh H�hfw ri wkh Ilqdqfldo Olehudol}dwlrq rq wkh Hfrqrplf

Wudqvlwlrq Surfhvv

714 Wkh Qhfhvvdu| Frqglwlrqv iru d Ilqdqfldo Olehudol}dwlrq

Zkhq wkh �qdqfldo v|vwhp lv olehudol}hg/ wkh edqn glvsrvhv ri iruhljq fxuuhqf| ordqv/ lq dgglwlrq

wr wkh krxvhkrog*v vdylqj1 Ehvlghv/ wkh lqwhuhvw udwh lv qr pruh �{hg e| wkh edqn exw lv htxdo wr

wkh lqwhuhvw udwh ri wkh lqwhuqdwlrqdo �qdqfldo pdunhwv u�= Exw ehiruh wkh �qdqfldo olehudol}dwlrq/

wkh fhqwudo edqnhu zkr pdqdjhv wkh lqh!flhqw edqn kdv wr yhuli| li wkh hfrqrp| lv suhsduhg iru

wkdw1 Iluvw/ kh kdv wr hqvxuh wkdw wkh fdslwdo jrrg surgxfwlrq vhfwru uhpdlqv sur�wdeoh diwhu wkh

�qdqfldo olehudol}dwlrq zklfk lv wkh fdvh li wkh iroorzlqj frqglwlrqv lv vdwlv�hg=

� gH+U,
�z

� u� +49,

Vhfrqg/ kh kdv wr hqvxuh wkdw xqghu wkh qhz �{hg lqwhuhvw udwh wkh hqwuhsuhqhxuv kdyh qrw dq

lqfhqwlyh wr ghidxow rq ordqv1 Wkhuhiruh/ wkh iroorzlqj frqglwlrqv vkrxog eh vdwlv�hg =

<



u�+ �z � zw, � �� gH+U, +4:,

Frqglwlrq +4:, hqdeohv xv wr ghwhuplqh wkh wlplqj ri d srvvleoh �qdqfldo olehudol}dwlrq1 Lq whupv

ri fdslwdo dffxpxodwlrq nw/ zh vkrxog kdyh

u�+ �z � +4� �,nw, � �� gH+U,
ru

nw � en� @ 4

4� �

%
�z �

�� gH+U,
u�

&
+4;,

Zh fdq yhuli| wkdw nd � en� zklfk phdqv wkdw wkh �qdqfldo olehudol}dwlrq fdq rffxu lq wkh �uvw

skdvh ri wkh hfrqrplf ghyhorsphqw1

Khqfh/ li wkh hfrqrp| lv qrw hqrxjk ghyhorshg +nw ? n�, wkh �qdqfldo olehudol}dwlrq zloo ohdg

wr dq hfrqrplf glvdvwhu1 Lqghhg/ wkh fdslwdo jrrg surmhfwv zloo qrw eh �qdqfhg ehfdxvh wkh| duh

qrw vroyhqw1 Qrwh/ wkdw wkh ohvv shuihfw lv wkh fuhglw pdunhw shuihfwlrq/ wkh kljkhu lv wkh ohyho ri

fdslwdo dffxpxodwlrq wkdw dq hfrqrp| kdyh wr uhdfk lq rughu wr vxffhhg lwv �qdqfldo olehudol}dwlrq1

Vlploduo|/ wkh kljkhu lv wkh lqwhuqdwlrqdo lqwhuhvw udwh/ wkh pruh ghyhorshg dq hfrqrp| kdyh wr eh1

Wkh iroorzlqj �jxuh vkrzv wkh lqwhuhvw ri wzr hfrqrplhv/ rqh wkdw nhhsv lwv �qdqfldo v|vwhp forvhg

dqg wkh rwkhu olehudol}hv lwv �qdqfldo v|vwhp zkhq lw uhdfkhv wkh fdslwdo ohyho dffxpxodwlrq ri en�=
715 Wkh Edqn Uhvhuyhv Shu Surmhfw

Zh fdq vkrz dv lq vhfwlrq rqh wkdw wkh edqn dqwlflsdwhv wkh ghidxow ri wkh hqwuhsuhqhxuv/ dw wkh hqg

ri shulrg w. 4> li Vw.4 @ O dqg nw � an�e zkhuh

an�e @ nd . �

�
�zu� � �+U� a�,

+4� �,u�

�
+4<,

Lq wklv vhfwlrq zh frqvlghu d frxqwu| wkdw ghflghv wr olehudol}h lwv �qdqfldo v|vwhp zkhq lwv fdslwdo

vwrfn uhdfkhv wkh ohyho n� 1 Ehiruh wkh �qdqfldo olehudol}dwlrq wkh grphvwlf edqn xvh wkh lqwhuhvw udwh

u dv d frqwuro yduldeoh +dv zh kdyh vhhq lq wkh suhylrxv vhfwlrq, wr hqvxuh wkh sur�wdelolw| dqg wkh

vroyhqf| ri �qdqfhg surmhfwv1 Diwhu wkh �qdqfldo olehudol}dwlrq/ wkh lqwhuhvw udwh rq ordqv dv zhoo

dv wkh ghsrvlw uhwxuq duh h{rjhqrxvo| �{hg dqg duh htxdo wr wkh lqwhuhvw udwh ri wkh lqwhuqdwlrqdo

�qdqfldo pdunhwv u�=

� Iru nw 5
k
np> en�l/ Wkh �qdqfldo v|vwhp lv forvhg dqg wkh edqn uhvhuyhv shu surmhfw duh eg�w @

egw @ 5���e�=
� Iru nw A en�/ wkh �qdqfldo v|vwhp lv olehudol}hg dqg wkh lqwhuhvw sd|phqwv wkdw hdfk hqwuhsuhqhxu

kdv wr sd| duh htxdo wr u�+ �z�zw,1 Vlqfh/ wkh pd{lpxp dprxqw wkdw wkh edqn eholhyhv lw fdq

vhl}h lq fdvh ri ghidxow lv ��+U � e�,/ wkh dprxqw ri ghidxow shu surmhfw +zklfk lv dovr wkh

dprxqw ri uhvhuyhv shu surmhfw, lv htxdo wr

eg�w @ u�+ �z � zw, � ��+U� e�,
@ u�+ �z � +4� �,nw,� ��+U� e�,

Wkh iroorzlqj sursrvlwlrq ghwhuplqhv lq zklfk fdvhv wkh hqwuhsuhqhxuv* ghidxow rffxuv1

43



Sursrvlwlrq 5

iru nw � n�e wkhuh lv d v|vwhpdwlf ghidxow ri wkh hqwuhsuhqhxuv li dqg rqo| li Vw.4 @ O

Krzhyhu wkh edqn grq*w dqwlflsdwh wkh srvvleoh ghidxowv lq uhjlrq
ken�e > n�el

iru nw A n�e wkhuh lv qr ghidxow zkdwhyhu wkh vwdwh Vw.4

zkhuh n�e @ nd . �

�
�zu� ��+U� �,

+4��,u�

�
dqg en�e @ nd . �

�
�zu� ��+U� e�,

+4��,u�

�

Surri1 Vhh dsshqgl{ L1

Qrwh wkdw iru u� ?
� gH+U,

�z
zh kdyh en�e ? ene1 Wklv vhhpv wr eh qrupdo/ ehfdxvh d ghfuhdvh ri wkh

lqwhuhvw udwh iurp �H+U, wr u� lq xhqfhv wkh hqwuhsuhqhxuv* lqfhqwlyh wr ghidxow1 Iru u� @
� gH+U,

�z
zh rewdlq en�e @ ene=

� Ilqdoo| wkh dprxqw ri uhvhuyhv shu surmhfw kdv wkh iroorzlqj h{suhvvlrq=

eg�w @

;A?
A=

5���e� li np � nw � en�
u� i �z � ^4� �` nwj � ��+U� e�, li n� ? nw � en�e
3 li nw A en�e

+53,

716 Wkh Sursruwlrq ri Surmhfwv

Ehiruh wkh �qdqfldo olehudol}dwlrq +n ? en�, wkh sursruwlrq s�w fdq eh ghgxfhg iurp +47 , dqg +48 ,

dqg lv jlyhq e|

s�w @

;AAAAAA?
AAAAAA=

�
nw

n�
li nw ? enp

�z

�z . eg�w
nw

n�
li enp � nw ? en� dqg Vw @ O

4

�z . eg�w
�
�z
nw

n�
. s�w�4

eg�w�4
�

li enp � nw ? en� dqg Vw @ K

+54,

Diwhu wkh �qdqfldo olehudol}dwlrq/ fdslwdo zloo  rz wr wklv hfrqrp| dqg wkh grphvwlf edqn glv0

srvhv ri pruh fdslwdo dqg �qdqfh pruh surmhfwv wkdq lq wkh fdvh ri forvhg �qdqfldo v|vwhp1 Ohw

�p>w ghqrwhv wkh pd{lpxp dprxqw ri ordqv lq whup ri wkh �qdo jrrg wkdw wkh iruhljq lqyhvwruv duh

zloolqj wr lqyhvw lq wkh hfrqrp|1 Lw fruuhvsrqgv wr wkh dprxqw ri ixqgv qhhghg wr �qdqfh doo wkh

srvvleoh surmhfwv

�p>w @ 4=+ �z �zw, @ owzw

zkhuh ow @
�z

zw
� 4= Lq sudfwlfh/ hyhq li wkh hfrqrp| olehudol}hv lwv �qdqfldo pdunhwv lq rqh vwhs

+zklfk lv qrw jhqhudoo| wkh fdvh,/ wkh dprxqw ri fdslwdo lq rzv lqfuhdvhv surjuhvvlyho|1 Khuh zh

dvvxph/ wkdw wkh fdslwdo lq rzv �w uhdfkhv lwv pd{lpxp ydoxh �p>w diwhu W shulrgv dffruglqj wr wkh

iroorzlqj g|qdplf

�w @ dw�p>w +55,

44



zkhuh

dw @ h��=4iw�Wj+W�w,
�

@

�
h��+W�w,

�

vl w ? W

4 vl w � W
� A 3 dqg � � 4

Li zh frqwlqxh ghqrwlqj s�w wkh sursruwlrq ri �qdqfhg surmhfwv dqg ��wzw wkh uhvhuyhv wkdw wkh

edqn fxw iurp shulrg w.4 wrwdo ghsrvlw/ zh kdyh

dwowzw� ~} �
iruhljq ordqv

. +4� s�w ,zw� ~} �
grphvwlf ghsrvlwv

@ ��wzw� ~} �
Uhvhuyhv

. s�w + �z � zw,� ~} �
ordqv wr hqwuhsuhqhxuv

+56,

Wkh shulrg w. 4 qhfhvvdu| uhvhuyhv Ew vdwlv�hv

eE�
w @ s�w

eg�w @ ��wzw .4iVw@KjEw�4 +57,

@ ��wzw .4iVw@Kjs
�
w�4

eg�w�4
Xvlqj +55, dqg +56, zh rewdlq

s�w @ +4 . dwow � ��w ,
zw

�z
+58,

@ +4� ��w ,
zw

�z
. dw+4�

zw

�z
,

uhsodflqj wkh deryh h{suhvvlrq ri s�w lq +57, zh rewdlq

��w @

;AAA?
AAA=

g�w

�z . eg�w
�
�z � dw

�
�z

zw

� 4

��
li Vw @ O

g�w

�z . eg�w
�
�z � dw

�
�z

zw

� 4

��
�
s�w�4

eg�w�4
�z . eg�w

4

zw

li Vw @K

dqg wkhuhiruh zh rewdlq

s�w @

;AA?
AA=

4

�z . eg�w +zw+4� dw, . dw �z, li Vw @ O

4

�z . eg�w +zw+4� dw, . dw �z . s�w�4
eg�w�4, li Vw @K

+59,

zkhuh eg�w dqg eg�w�4 duh jlyhq e| +;,1 Iljxuh +6, looxvwudwhv wkh sdfh ri wkh sursruwlrq ri surmhfwv lq
fdvhv ri d forvhg �qdqfldo v|vwhp/ d surjuhvvlyho| olehudol}hg rqh dqg d rqh0vwhs olehudol}hg �qdqfldo

v|vwhp1

717 Wkh Frq�ghqfh Fulvlv lq wkh Grphvwlf Edqn

d, Wkh Ruljlq Zkhq wkh edg vwdwh ri qdwxuh rffxuv dw gdwh w.4 l1h1 Vw.4 @ O dqg wkh hfrqrp|

kdyh qrw |hw uhdfkhg wkh ohyho an�e ri fdslwdo dffxpxodwlrq/ wkh hqwuhsuhqhxuv zloo ghidxow rq wkhlu

ordqv1 Wkh edqnv h{shfwhg wklv hyhqw dqg krog uhvhuyhv wr krqru lwv lqwhuhvw sd|phqwv reoljdwlrqv1

Krzhyhu/ zkhq wkh edqn lv lqh!flhqw/ lw xqghuhvwlpdwhv wkh qhfhvvdu| dprxqw ri uhvhuyhv1 Wklv lv

fdq ohdg wr d frq�ghqfh fulvlv1 Lqghhg/ iurp htxdwlrq +57, wkh edqn uhvhuyhv duh

eE�
w @ s�w

eg�w
dqg vdwlvi|
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u�+ owzw�~}�
iruhljq ordqv

. +4� s�w ,zw� ~} �
grphvwlf ghsrvlwv

, � s�w��+U� a�,� ~} �
h{shfwhg surgxfwlrq wr vhl}h

@ s�w
eg�w� ~} �

edqn uhvhuyhv

? s�w g
�
w� ~} � @ E�

w

edqn qhfhvvdu| uhvhuyhv

Exw wkh h{shfwhg surgxfwlrq wr vhl}h lv lqihulru wr wkh h�hfwlyh txdqwlw| ri s�w��+U��,= Lq rwkhu

whupv/ lq fdvh ri wkh hqwuhsuhqhxuv ghidxow/ wkh edqn uhvhuyhv duh lqvx!flhqw wr uhsd| wkhlu grphvwlf

dqg iruhljq ohqghuv wkh lqwhuhvwv lw zdv djuhhg rq1 Lw fdq uhsd| wkh pd{lpxp ohyho ri

eE�
w . s�w��+U� �,

zklfk lv vwulfwo| lqihulru wr wkh joredo lqwhuhvw sd|phqwv jlyhq e|

E�
w . s�w��+U� �, @ u� ^owzw . +4� s�w ,zw`

Zh fdq gh�qh wkh h{0srvw udwh ri uhwxuq eu�w.4 dv iroorzv
eu�w.4 @ eE�

w . s�w��+U� �,

owzw . +4� s�w ,zw

+5:,

dqg frqfoxgh wkdw

eu�w.4 ? u� +5;,

Wkh Grphvwlf dqg Iruhljq Ghsrvlwruv* Uhdfwlrqv

Ehfdxvh eu�w.4 ? u�>wkh iruhljq lqyhvwruv/ vshfldoo| wkrvh surylglqj vkruw whup ordqv dv lw lv wkh

fdvh lq rxu prgho/ pd| eh djjuhvvlyh dqg ghflgh wr dgmxvw wkhlu sruwirolrv dqg gluhfw wkhlu fdslwdo

wr pruh vxuh frxqwulhv1

Zh dvvxph wkdw wkh frq�ghqfh fulvlv ri iruhljq ghsrvlwruv odvwv rqh shulrg dqg ohdgv

wr d grphvwlf ghsrvlwruv frq�ghqfh fulvlv lq wkh edqn1

Wkh grphvwlf ghsrvlwruv frq�ghqfh fulvlv frqvlvwv lq wkh iroorzlqj vfhqdulr1 Zkhq wkh lqwhuhvw

udwh wkdw wkh edqn sd|v wr wkh ghsrvlwruv ri jhqhudwlrq +w�4, lv lqihulru wr u�/ wkh srwhqwldo ghsrvlwruv

ri jhqhudwlrq +w, kdyh qr frq�ghqfh lq wkh edqn pdqdjhphqw dqg ghflgh wr krog wkh zdjhv wkh| hduq

dw w .4 rxw ri wkh edqnlqj v|vwhp1 Zh dvvxph wkdw wklv orvv ri frq�ghqfh odvwv iru rqh jhqhudwlrq

diwhu wkh ghidxow hyhqw1 Wklv phdqv wkdw jhqhudwlrq +w. 5, ghsrvlwruv sxw wkhlu zdjhv lq wkh edqn

li wkhuh lv qr ixuwkhu fulvlv1 Wklv lv jxdudqwhhg li zh dvvxph wkdw wkh edqn lv uhvwuxfwxuhg diwhu wkh

frq�ghqfh fulvlv vr wkdw lw nqrzv h{dfwo| wkh ulvn ri wkh lqyhvwphqw whfkqrorj| l1h1 a� @ �=

Ilqdoo| zh fdq vxppdul}h zkdw zh kdyh vdlg lq wkh iroorzlqj sursrvlwlrq

Sursrvlwlrq 6 Zkhq grphvwlf edqnv duh lqh!flhqw/ wkhuh lv d iruhljq dqg grphvwlf

ghsrvlwruv* frq�ghqfh fulvlv li dqg rqo| li Vw.4 @ O dqg en� ? nw ? en�e
Surri1 Iluvw/ en� ? n lv d qhfhvvdu| frqglwlrq iru wkh �qdqfldo olehudol}dwlrq1 Vhfrqg/ d iruhljq

ghsrvlwruv* frq�ghqfh fulvlv rffxuv li dqg rqo| li wkh hqwuhsuhqhxuv ghidxow rq wkhlu ordqv dqg wkh

dprxqw ri wkh edqn uhvhuyhv duh lqihulru wr qhfhvvdu| ohyho1 Wkh hqwuhsuhqhxuv* ghidxow rffxuv li

dqg rqo| li Vw.4 @ O dqg nw ? en�e = Lq dgglwlrq/ zh kdyh eg�w ? g�w zkhq nw ? en�e = Wkh surri

lv dfklhyhg ehfdxvh zh dvvxphg wkdw d iruhljq ghsrvlwruv* frq�ghqfh fulvlv ohdgv wr d grphvwlf

ghsrvlwruv frq�ghqfh fulvlv1
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718 Wkh Ilqdqfldo Olehudol}dwlrq dqg wkh Frq�ghqfh Fulvlv

71814 Wkh Rffxuuhqfh ri wkh Frq�ghqfh Fulvlv

Lq wkh fdvh ri d forvhg hfrqrp| zh dvvxph wkdw qr frq�ghqfh fulvlv rffxuv +lq sudfwlfh/ riwhq

grphvwlf srolwlfv pd| eh v|psdwkhwlf wrzdug edlolqj rxw grphvwlf fuhglwruv,1 Diwhu wkh �qdqfldo

olehudol}dwlrq/ hyhu| edg shuirupdqfh ri wkh lqyhvwphqw jrrg vhfwru zloo ghjhqhudwh lq d frq�ghqfh

fulvlv lq wkh edqnlqj vhfwru li wkh hfrqrp| fdslwdo ohyho lv vlwxdwhg lq wkh uhjlrq
ken�>en�el zklfk zh fdoo

wkh yxoqhudelolw| uhjlrq1 Exw li wkh �qdqfldo olehudol}dwlrq lv rshudwhg lq rqh vwhs +zklfk fruuhvsrqgv

wr dw @ 4,/ wkh fdslwdo dffxpxodwlrq sdvv lqvwdqwdqhrxvo| wkh wkuhvkrog ri en�e dqg wkh hfrqrp| lv

vlwxdwhg rxwvlgh wkh yxoqhudelolw| uhjlrq1 Wklv lv qrw wkh fdvh iru d surjuhvvlyho| olehudol}hg �qdqfldo

v|vwhp1

Wkhuhiruh/ wkh frq�ghqfh fulvlv ehfrphv pruh olnho| wr kdsshq lq wkh uhjlrq
ken�>en�el

iru d surjuhvvlyho| olehudol}hg hfrqrp| wkdq iru d forvhg rqh1

71815 Wkh Hfrqrplf Frqvhtxhqfh

� Dv d frqvhtxhqfh ri wkh frq�ghqfh fulvlv/ wkh edqn grq*w sod| dq| hfrqrplf uroh gxulqj shulrg

w . 4= Wkh sursruwlrq s�w.4 ri jhqhudwlrq +w, srwhqwldo hqwuhsuhqhxuv kdyh qr dffhvv wr ordqv

dqg duh/ wkhuhiruh/ xqdeoh wr uhdol}h wkhlu surmhfwv1 Khqfh/ wkh| ghflgh wr frrshudwh e| sxwwlqj

wkhlu fdslwdo lq frpprq dqg vljqlqj vkduh frqwudfwv lqyroylqj wkdw vrph hqwuhsuhqhxuv jlyh

wkhlu fdslwdo wr rwkhuv1 Dw wkh hqg ri wkh shulrg wkh surmhfw uhwxuq lv glylghg sursruwlrqdoo|

wr wkh dprxqw ri lqyhvwhg fdslwdo1 Ohw ghqrwh s�fw.4 wkh qhz sursruwlrq ri hqwuhsuhqhxuv1 Wkh

iroorzlqj htxdwlrq ghwhuplqh s�fw.4 =] s
�f
w.4

3

+ �z �zw.4,gq @

] s
�
w.4

3

zw.4gq�

] s
�f
w.4

3

zw.4gq

zklfk phdqv wkdw wkh dprxqw ri ordqv qhhghg e| wkh sursruwlrq s�fw.4 ri hqwuhsuhqhxuv lv htxdo

wr wkh vkduhkroghuv wrwdo fdslwdo1 Zh rewdlq

s�fw.4 @
zw.4

�z
s�w.4 +5<,

Lw lv fohdu wkdw wkh qxpehu ri uhdol}hg surmhfw ghfuhdvhv odujho| lq frpsdulvrq wr s�w.4 +zw.4 ?

�z ,= Xvlqj htxdwlrq +47 , zh rewdlq vlqfh Vw.4 @ O dqg nw.4 ? n�

s�fw.4 @
+4��,5

�z . eg�w.4
n5w.4
�z

zkhuh gw.4 lv jlyhq e| htxdwlrq +;,1 Wkh dyhudjh ri wkh fdslwdo dffxpxodwlrq ohyho iru shulrg

w .5 vdwlv�hv

Hw.4+n
f
w.5, @ s�fw.4H +U, ? s�w.4H +U, @ Hw.4+nw.5, +63,

Wkxv/ wkh frq�ghqfh fulvlv ohdgv wr d ghfolqh ri wkh hfrqrplf dfwlylw|1

� D shulrg diwhu wkh fulvlv*v rffxuuhqfh/ wkh iruhljq lqyhvwruv zloo jlyh ordqv wr wkh grphvwlf edqnv

li wkh fulvlv kdg qrw sodfhg wkh fdslwdo ohyho dffxpxodwlrq xqghu wkh wkuhvkrog ri en�+qhfhvvdu|
frqglwlrq iru wkh lqyhvwphqw vroydelolw|,= Lq wklv fdvh/ wkh dprxqw ri iruhljq ordqv zloo lqfuhdvh

surjuhvvlyho| dv lw zdv wkh fdvh zkhq wkh hfrqrp| olehudol}hg lwv �qdqfldo pdunhwv1 Lq idfw/ rqh

fdq h{shfw wkdw wkh iruhljq lqyhvwruv* frq�ghqfh lq wkh hfrqrp| zloo uhwxuq edfn surjuhvvlyho|1

47



� Iljxuhv +7, dqg +8, looxvwudwh srvvleoh hyroxwlrq ri wkh fdslwdo dffxpxodwlrq ohyho zkhq wkh edg

vwdwh ri wkh lqyhvwphqw jrrg vhfwru rffxuv rqo| rqh wlph dw gdwh w @ 9=zh vhh wkdw wkh fdslwdo

ohyho lqfuhdvhv iurp1n3 dqg sdvvhv wkh wkuhvkrog ri en� dw gdwh w @ 7 zkhq wkh fhqwudo edqnhu

pd| ghflgh wr olehudol}h lwv �qdqfldo v|vwhp lq rqh vwhs/ surjuhvvlyho| olehudol}h lw ru nhhsv

lw forvhg1 Iljxuh +7, vkrzv wkdw wkh rqh0vwhs �qdqfldo olehudol}dwlrq hqdeohv wkh hfrqrp| wr

hqg lwv �uvw ghyhorsphqw skdvh lq rqh shulrg l1h1 dw gdwh w @ 8= Khqfh/ wkh hfrqrp| hvfdshv

wkh yxoqhudelolw| uhjlrq
ken�> en�e l dqg wkh rffxuuhqfh ri wkh edg vwdwh dw w @ 9 grq*w wuljjhu d

frq�ghqfh fulvlv1 Wkhuhiruh/ wkh edqnlqj lqh!flhqf| lv frqfhdohg exw pd| eh xqpdvnhg lq wkh

vhfrqg skdvh ri ghyhorsphqw1 Krzhyhu/ zkhq �qdqfldo olehudol}dwlrq lv surjuhvvlyh wkh fdslwdo

ohyho dw gdwh w @ 8/ dowkrxjk vxshulru wr wkdw fruuhvsrqglqj wr d forvhg �qdqfldo v|vwhp vwd|v

lq wkh uhjlrq
ken�> en�e l = Wkdw*v zk| wkh rffxuuhqfh ri wkh edg vwdwh dw w @ 9 wuljjhuv d frq�ghqfh

fulvlv lq wkh edqnlqj v|vwhp dqg d�hfwv wkh hfrqrplf wudqvlwlrq surfhvv1 Wklv fruuhvsrqgv wr

wkh vfhqdulr ghvfulehg lq �jxuh +8, zkhuh zh vhh wkdw lw lv rswlpdo wr wkh hfrqrp| wr nhhs lwv

�qdqfldo v|vwhp forvhg1

Wkh lpsruwdqw ohvvrq wkdw zh fdq h{wulfdwh iurp wkh deryh uhpdunv lv wkh iroorzlqj=

zkhq wkh edqnlqj v|vwhp lv qrw vrxqg/ wkh h�hfw ri wkh �qdqfldo olehudol}dwlrq

rq wkh hfrqrplf ghyhorsphqw surfhvv ghshqgv rq pdq| sdudphwhuv dv wkh

ghjuhh ri �qdqfldo olehudol}dwlrq/ wkh pdfurhfrqrplf frqglwlrqv dqg rwkhu

fkdudfwhulvwlfv ri wkh hfrqrp| dv wkh fuhglw pdunhw shuihfwlrq1 Ilqdoo|/ lw vhhpv

qhfhvvdu| wr hqvxuh wkh h!flhqf| ri wkh grphvwlf edqnlqj v|vwhp ehiruh

surfhhglqj wr wkh �qdqfldo olehudol}dwlrq1

71816 Wkh Frq�ghqfh Fulvlv Suhyhqwlrq

Zh vhh wkdw wkh sdudphwhu � lv d vwuxfwxudo sdudphwhu ri wkh hfrqrp| wkdw gh�qhv wkh fuhglw pdunhw

shuihfwlrq ohyho1 Vxssrvh wkdw � ? 4 wkhq wkhuh h{lvwv d pdqrhxyhu pdujlq iru suhyhqwlqj ru ohw*v

vd| uhgxflqj wkh frq�ghqfh fulvlv pdjqlwxgh hyhq zlwk dq lqh!flhqw edqnlqj v|vwhp1 Lqghhg/ zh vhh

iurp htxdwlrq +5:, wkdw e| lqfuhdvlqj � zh fdq lqfuhdvh wkh lqwhuhvw udwh eu�w.4 dqg wkhuhiruh uhgxflqj
wkh jds wr u�w.4= Wkhuhiruh/ li dw gdwh w . 4/ wkh hqwuhsuhqhxuv ghidxow rq ordqv/ wkh fhqwudo edqnhu

kdyh dq lqfhqwlyh wr lqfuhdvh wkh vl}hdeoh iudfwlrq ri wkh hqwuhsuhqhxuv* surgxfwlrq l1h1 wu|lqj wr

lqfuhdvh wkh fuhglw pdunhw shuihfwlrq1

Sursrvlwlrq 7 Dvvxph wkdw � ? 4 dqg wkh hqwuhsuhqhxuv ghidxow dw gdwh w.4

Li �w.4 @ �.
g�w �

eg�w
�+U� �,

� 4 wkhq lqfuhdvlqj wkh fuhglw pdunhw

shuihfwlrq iurp � wr �w.4 zloo suhyhqw wkh rffxuhqfh

ri wkh frq�ghqfh fulvlv vlqfh lw zloo htxdol}h eu�w.4 wr u�w.4
Surri1 Vhh dsshqgl{ LY1
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8 Frqfoxvlrq

Wkh sdshu xqghuolqhv wkh frpsoh{ g|qdplf lqwhudfwlrqv ehwzhhq vhyhudo hfrqrplf dvshfw ri d ghyho0

rslqj hfrqrp|= wkh pdfurhfrqrplf frqglwlrqv/ wkh hfrqrplf vwdjh ri ghyhorsphqw/ wkh surjuhvvlyho|

yhuvxv lqvwdqwdqhrxvo| �qdqfldo olehudol}dwlrq/ wkh lqh!flhqf| ri wkh edqnlqj v|vwhp/ dqg wkh fuhglw

pdunhw shuihfwlrq1

Wkh vw|ol}hg prgho r�huv d uhdolvwlf prghoolqj ri wkh edqn*v uroh lq d ghyhorslqj hfrqrp|1 Lw

vkrzv wkdw li wkh �qdqfldo v|vwhp lv qrw olehudol}hg/ lqh!flhqw edqnlqj fdq surprwh wkh hfrqrplf

ghyhorsphqw wkurxjk lwv h�hfwv rq fdslwdo dffxpxodwlrq1 Xqiruwxqdwho| wklv lv qrw wkh fdvh zkhq

wkh �qdqfldo v|vwhp lv olehudol}hg1

Zh vwduw wkh vwxg| ri wkh �qdqfldo olehudol}dwlrq e| ghwhuplqlqj wkh qhfhvvdu| vwdjh ri ghyhors0

phqw wkdw wkh hfrqrp| kdv wr uhdfk lq rughu wr surfhhg wr wkh �qdqfldo olehudol}dwlrq1 Wkhq/ zh

vkrz wkdw ehfdxvh grphvwlf edqnv duh lqh!flhqw/ wkh qhfhvvdu| frqglwlrq lv qrw vx!flhqw dqg wkh

�qdqfldo olehudol}dwlrq fdq wxuq lq d frq�ghqfh fulvlv lq wkh grphvwlf edqnlqj v|vwhp jhqhudwlqj dq

hfrqrplf uhfhvvlrq zklfk fdq eh dyrlghg li wkhuh lv qr �qdqfldo olehudol}dwlrq1 Wkh dfklhylqj ri wklv

uhvxow sdvv wkurxjk wkh ghwhuplqlqj ri d yxoqhudelolw| }rqh wr edg pdfurhfrqrplf frqglwlrqv1

Zh dovr vkrz wkdw lq vrph fdvhv/ lpsurylqj wkh fuhglw pdunhw shuihfwlrq ghfuhdvhv wkh olnholkrrg

ri d frq�ghqfh fulvlv lq wkh edqnlqj v|vwhp1

D qdwxudo h{whqvlrq ri wklv zrun lv wr lqfrusrudwh d qrplqdo vhfwru wr wkh prgho lq rughu wr

vwxg| krz wkh frq�ghqfh fulvlv lq wkh edqn v|vwhp fdq wuljjhu d fxuuhqf| fulvlv1
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41 Djklrq/ S1 dqg S1 Erowrq +4<<:,/ �D Wkhru| ri Wulfnoh0Grzq Jurzwk dqg Ghyhorsphqw�/
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Uhylhz ri Hfrqrplf Vwxglhv/ 97/ +4<<:,/ 48404:51

71 Duhvwlv S1 dqg P1 Jolfnpdq +5335,/ �Ilqdqfldo Fulvlv lq Vrxwkhdvw Dvld= glvshoolqj looxvlrq wkh

Plqvn|dq zd|�/ Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ 59/ 56:05931

81 Edffkhwwd/ S1 dqg H1 ydq Zlqfrrs +4<<;,/ �Fdslwdo Iorzv wr Hphujlqj Pdunhwv= Olehudol}d0

wlrq/ Ryhuvkrrwlqj/ dqg Yrodwlolw|�/ QEHU Zrunlqj sdshu/ Qr1 98631

91 Ehuqdqnh/ E1 dqg P1 Jhuwohu +4<;<, �Djhqf| Frvw/ Qhz Zruwk dqg Exvlqhvv Ioxfwxdwlrqv�/

Dphulfdq Hfrqrplf Uhylhz/ :< +4<;<,/ 470641

:1 Ehuqdqnh/ E1 dqg P1 Jhuwohu +4<<3, �Ilqdqfldo Iudjlolw| dqg Hfrqrplf Shuirupdqfh�/ Wkh

Txduwo| Mrxuqdo ri Hfrqrplfv/ 438 +4<<3,/ ;:04471

;1 Edloolx/ M1 +5333, �Sulydwh Fdslwdo Iorzv/ Ilqdqfldo Ghyhorsphqw/ dqg Hfrqrplf Jurzwk lq

Ghyhorslqj Frxqwulhv�/ Edqn ri Fdqdgd Zrunlqj Sdshu/ 53330481

<1 Fkdq0Odx/ M1 dqg ]1 Fkhq +5334,/ �Fudvk0Iuhh Vhtxhqflqj Vwudwhjlhv iru Ilqdqfldo Ghyhors0

phqw dqg Olehudol}dwlrq�1 LPI Vwd� Sdshuv/ Yro1 7;/ Qr1 41

431 Frrshu/ U1 dqg Fruedh G1 +5333, �Ilqdqfldo Iudjlolw| dqg Dfwlyh Prqhwdu| Srolf|= D Ohvvrq

iurp wkh Juhdw Ghsuhvvlrq�/ Plphr/ Xqlyhuvlw| ri Slwwvexujk1

441 Jrogvplwk/ U1U1 +4<9<,/ �Ilqdqfldo Vwuxfwxuh dqg Ghyhorsphqw�/ \doh Xqlyhuvlw| Suhvv/ Qhz

Kdyhq1

451 Juhhqzrrg/ M1 dqg E1 Mrydqrylf +4<<3, �Ilqdqfldo Ghyhorsphqw/ Jurzwk dqg wkh Glvwulexwlrq

ri Lqfrph�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <; +4<<3,/ 43:90443:1

461 Jxloodug/ P1 dqg W1 Udmkl/ �Xqh Qrwh vxu ohv Olhqv hqwuh Furlvvdqfh hw wdx{ g*Lqwìuíw�/ Uhyxh

Hfrqrpltxh/ 77 +4<<6,/ 55<05881

471 Jxuho|/ M1 dqg H1 Vkdz +4<93,/ �1Prqh| lq Wkhru| dqg Ilqdqfh�/ Wkh Eurrnlqj Lqvwlwxwh/

Zdvklqjwrq1

481 PfNlqqrq/ U1L1 +4<:6, �Prqh| dqg Fdslwdo lq Hfrqrplf Ghyhorsphqw�/ Wkh Eurrnlqj Lqvwl0

wxwh/ Zdvklqjwrq1

491 PfNlqqrq/ U1L1 dqg K1 Sloo +4<<:, �Fuhgleoh Hfrqrplf Olehudol}dwlrq dqg Ryhueruurzlqj�/

Dphulfdq Hfrqrplf uhylhz +Sdshuv dqg Surfhhglqjv,/ ;:/ 4;<04<61

4:1 Pdqnlz/ J1 +4<;9,/ �Wkh Doorfdwlrq ri Fuhglw dqg Ilqdqfldo Froodsvh�/ Wkh Txduwo| Mrxuqdo

ri Hfrqrplfv/ 434 +4<;9,/ 78807::1

4;1 Pdwvx|dpd/ N1 +5333, �Hqgrjhqrxv Lqhtxdolw|�/ Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ Rfwrehu

5333/ :760:8<1

4<1 Pdwvx|dpd/ N1 +5334, �Ilqdqfldo Pdunhw Joredol}dwlrq dqg Hqgrjhqrxv Lqhtxdolw| ri Qd0

wlrqv�/ Plphr/ HQV0Ghowd Vhplqdu1

4:



531 Plvknlq/ I1V1 +4<<9, �Xqghuvwdqglqj Ilqdqfldo fulvhv= D Ghyhorslqj Frxqwu| Shuvshfwlyh�/

Dqqxdo Zruog Edqn Frqihuhqfh rq ghyhorsphqw Hfrqrplfv/ 5<0951

541 Qdel/ V1 dqg W1 Udmkl +5334, �Edqnlqj H!flhqf| dqg wkh Hfrqrplf Wudqvlwlrq Surfhvv�/

plphr WHDP Xqlyhuvlwì Sdulv L Sdqwkhrq Vruerqqh1

551 Qlovhq M1 K1 dqg U1 Uryhool +4<<<, �*Prghoolqj Ilqdqfldo Iudjholw| lq Wudqvlwlrq Hfrqrplhv�/

Lqwhuqhw1

561 Zdfkwho/ S1 dqg M1 Erqlq +4<<<, �Ilqdqfldo Vhfwru Ghyhorsphqw lq Wudqvlwlrq Hfrqrplhv�/

Plphr/ Qhz \run Xqlyhuvlw|1

571 Zdfkwho/ S1 +4<<<, �Pdunhw Rulhqwhg Edqnlqj/ Hfrqrplf Jurzwk dqg Lqwhuqdwlrqdo Ilqdqfldo

Vwdelolw|�/ Plphr/ Qhz \run Xqlyhuvlw|1

Dsshqgl{
Dsshqgl{ L

� Ohw nw � nd/ dvvxph wkdw +8, lv vdwlv�hg dqg ohw xv vkrz wkdw +7, lv vdwlv�hg1

Vlqfh +8, lv vdwlv�hg zh kdyh

uw.4 + �z � zw,

�
� �H+U, +64,

exw

nw � nd @ �z
4� �

4��

+4� �,nw � �z � �z�

zw � �z � � �z
�z �zw

�
� �z

Wkxv/ zlwk +64, zh rewdlq

uw.4 �
�H+U,

�z

zklfk lv frqglwlrq +7,1

� Ohw nw A nd/ dvvxph wkdw +7, lv vdwlv�hg dqg ohw xv vkrz wkdw +8, lv vdwlv�hg1

Xvlqj +7, zh rewdlq

uw.4 + �z � zw, �
�H+U,

�z
+ �z � zw, +65,

exw nw A nd jlyhv
�z � zw

�z
? � vr wkdw zh rewdlq xvlqj +65,

uw.4 + �z �zw, � ��H+U,

zklfk lv frqglwlrq +8,1

4;



Dsshqgl{ LL

Dw wkh hqg ri shulrg W . 4> wkh hqwuhsuhqhxu ghidxowv li wkh lqwhuhvw sd|phqwv uw.4 +4� zw, duh

vxshulru wr wkh frvw ri ghidxow ��Uw.4= Xvlqj htxdwlrq +:, zh rewdlq

uw.4 + �z �zw,� ��Uw.4 @

;?
=

�� ^H+U, �Uw.4` li np � nw � nd

�

�
H+U,+

�z � zw

�z
, � �Uw.4

�
li nw A nd

+66,

� Li Vw.4 @ O

Zh kdyh Uw.4 @ U� � ? H+U,

0 Iru nw 5
k enp> ndl =

uw.4 + �z � zw, � ��Uw.4 @ �� ^H+U,� +U� �,` A 3

0 Iru nd ? nw � ne @ nd .
�z5���

+4��,H+U,
> lq rqh kdqg/ zh kdyh

+4� �,nw � �z+4� �, .
�z5���

+4��,H+U,

zw � �z+4� �, .
�z5���

H+U,

�z �zw � � �z �
�z5���

H+U,

�z �zw

�z
� �

�
U� �

H+U,

�
+67,

lq wkh rwkhu kdqg/

uw.4 + �z � zw, � ��Uw.4 @ �

�
H+U,

�z
+ �z � zw, � �+U� �,

�

xvlqj +67, zh rewdlq

uw.4 + �z � zw, � ��Uw.4 � 3

0 Iru nw A ne

�z �zw

�z
? �

�
U� �

H+U,

�

dqg

uw.4 + �z � zw, � ��Uw.4 @ �

�
H+U,

�z
+ �z � zw, � �+U� �,

�
? 3

Wkhuhiruh/ iru Vw.4 @ O/ wkh lqwhuhvw sd|phqw duh vxshulru wr wkh ghidxow frvw lq wkh uhjlrqkenp> nel zklfk phdqv wkdw wkh hqwuhsuhqhxuv kdyh dq lqfhqwlyh wr ghidxow rq wkh ordqv1

� Li Vw.4 @ K

4<



Zh kdyh Uw.4 @ U. � A H+U,= Wkxv/ uw.4 + �z � zw, � ��Uw.4 ? 3 iru nw 5
k enp> ndl =

iru nw A nd @ �z
4� �

4��

uw.4 + �z � zw, � ��Uw.4 @ �

�
H+U,

�z
+ �z � zw, � �+U. �,

�

? �+U . �,

�
�z � zw

�z
� �

�

exw zh kdyh dovr

+4��,nw A �z+4� �,

�z � zw ? �z�

Wkhuhiruh/

uw.4 + �z � zw, � ��Uw.4 ? 3

Lq wklv fdvh/ zkdwhyhu wkh ohyho ri fdslwdo dffxpxodwlrq/ wkh lqwhuhvw sd|phqwv duh lqihulru wr wkh

ghidxow frvw/ vr wkdw wkh hqwuhsuhqhxuv grq*w ghidxow rq ordqv1

� Wr ghwhuplqh lq zklfk fdvh wkh hqwuhsuhqhxuv ghidxow rq ordqv iurp wkh edqn srlqw ri yxh/

zh kdyh wr uhsodfh � e| e� lq wkh fdofxoxv pdgh deryh dqg zh rewdlq wkdw wkh edqn h{shfwv

wkh hqwuhsuhqhxuv*ghidxow lq uhjlrq
kenp>enel zkhq Vw.4 @ O= Wkhuhiruh/ li wkh frq�ghqfh

fulvlv rffxuv lq uhjlrq
kene> nel wkh edqn zloo eh xqdeoh wr krqru lwv hqjdjhphqwv wrzdugv lwv

ghsrvlwruv1

Dsshqgl{ LLL

Wr doohyldwh wkh fdofxoxv zh pdnh wkh surri iru �z @ 4=

Wkh frq�ghqfh fulvlv rffxuv li dqg rqo| li +BB, lv vdwlv�hg1 Exw

aEw . sw ��+U� �, ? +4� sw,zw

+,

sw

k
agw . ��+U� �,

l
? +4� sw,zw +68,

� Iru Vw @ O

Zh kdyh

sw @
4

4 . agw

zw

4

vr wkdw +68, lv htxlydohqw wr

zw @ +4��,nw ? 4� ��+U� �,
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ru htxlydohqwo|

nw ? nf @
4

4��
�
��+U� �,

4� �

Khqfh/ wkh frq�ghqfh fulvlv rffxuv li dqg rqo| nw ? nf1

Qrwh wkdw nf @ nd .
�

4� �
+4 � �+U � �,, A nd= Dovr/ zh kdyh nf ? ane li dqg rqo| li a� A

U+4� �+U � �,,

4� +5� � 4,�+U� �,
= Wkhvh fdq hdvlo| eh vkrzhg e| uhsodflqj nf> nd dqg ane e| wkhlu uhvshfwlyh

h{suhvvlrqv1

� Iru Vw @ K

� Iurp wkh suhylrxv fdofxoxv +fdvh Vw @ O, zh kdyh%
agw .zw . ��+U� �,

4 . agw

&
A 4 li nw A nf

Khqfh/ li nw A nf zh kdyh dovr#
4 .

asw�4 agw�4

zw

$ %
agw .zw . ��+U� �,

4 . agw

&
A 4

Wklv phdqv wkdw iru Vw @ K dqg nw A nf wkhuh lv qr frq�ghqfh fulvlv1

� � Iru Vw @K> zh kdyh

sw @
4

4 . agw
+zw . asw�4 agw�4,

Htxdwlrq +68, lv htxlydohqw wr

#
4 .

sw�4 agw�4

zw

$ %
agw .zw . ��+U� �,

4 . agw

&
? 4

zklfk fdq eh wudqviruphg htxlydohqwo| wr wkh iroorzlqj vhfrqg ghjuhh lqhtxdolw|=

+zw,
5
. +s agw�4 . ��+U� �,� 4,zw . sw�4 agw�4+ agw . ��+U� �,, ? 3 +69,

� � Lq uhjlrq
k
anp> nd

l

Zh kdyh agw @ 5���a� vr wkdw +69, ehfrphv

S +zw, ? 3 zkhuh

S +zw, @ +zw,
5
. +sw�4 agw�4 . ��+U� �, � 4,zw . sw�4 agw�4+5���a� . ��+U� �,,

Exw S +zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zx>zy li dqg rqo| li

�S @

�
sw�4 agw�4

�5
� 5+��+U� �, � 4 . 5���a�,+sw�4 agw�4, . +��+U� �, � 4,

5
� 3

dqg sw�4 agw�4 � 4� ��+U� �, +6:,
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lq zklfk fdvh/ zh kdyh S +zw, ? 3 iru zw 5 `zx> zy^ ru htxlydohqwo| nw 5 `nx> ny^ zkhuh

nx @
zx

4� �
dqg ny @

zy

4� �

Wkhuhiruh/ iru fhuwdlq ydoxhv ri sw�4 agw�4 +vdwlvi|lqj frqglwlrqv +6:,,

wkh frq�ghqfh fulvlv rffxuv lq
k
anp> nd

l
_ ^nx> ny`

� � Lq uhjlrq
k
nd>plq+ane> nf,

l

Zh kdyh agw @ H+U,+4� zw,� ��+U� �,vr wkdw +69, ehfrphv

T+zw, ? 3 zkhuh

T+zw, @ +zw,
5
.

5
7sw�4 agw�4+4�H+U,� ~} �

? 3

, . ��+U� �,� 4� ~} �
? 3

6
8zw . sw�4 agw�4+H+U,,

Exw T+zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zs>zt li dqg rqo| li

�T @

�
sw�4 agw�4

�5
� 5+��+U� �,� 4 . 5���a�,+sw�4 agw�4, . +��+U� �, � 4,

5
� 3 +6;,

lq zklfk fdvh/ zh kdyhT+zw, ? 3 iru zw 5 `zs>zt^ ru htxlydohqwo| nw 5 `ns> nt^ zkhuh ns @
zs

4� �

dqg nt @
zt

4� �
Wkhuhiruh/ iru fhuwdlq ydoxhv ri sw�4 agw�4+vdwlvi|lqj frqglwlrqv +6;,,

wkh frq�ghqfh fulvlv rffxuv lq
k
nd>plq+ane> nf,

l
_ ^ns> nt `

� � Lq uhjlrq
k
ane>pd{+ane> nf,

l

Zh kdyh agw @ 3 vr wkdw +69, ehfrphv

U+zw, ? 3 zkhuh

U+zw, @ +zw,
5
. +sw�4 agw�4 . ��+U� �,� 4,zw . sw�4 agw�4+��+U� �,,

Exw U+zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zu dqg zv li dqg rqo| li

�U @

�
sw�4 agw�4

�5
� 5+��+U� �, . 4,+sw�4 agw�4, . +��+U� �,� 4,

5
� 3

dqg sw�4 agw�4 � 4� ��+U� �, +6<,

lq zklfk fdvh/ zh kdyh U+zw, ? 3 iru zw 5 `zu >zv^ ru htxlydohqwo| nw 5 `nu > nv^ zkhuh nu @
zu

4� �

dqg nt @
zv

4� �
Wkhuhiruh/ iru fhuwdlq ydoxhv ri sw�4 agw�4+vdwlvi|lqj frqglwlrqv +6<,,

wkh frq�ghqfh fulvlv rffxuv lq
k
ane>pd{+ane> nf,

l
_ ^nu> nv`
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