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Abstract

This paper focuses on nonparametric efficiency analysis based on robust estimation of partial
frontiers in a complete multivariate setup (multiple inputs and multiple outputs). It introduces
a-quantile efficiency scores. A nonparametric estimator is proposed achieving strong consistency and
asymptotic normality. Then if « increases to one as a function of the sample size we recover the
properties of the FDH estimator. But our estimator is more robust to the perturbations in data, since
it attains a finite gross-error sensitivity. Environmental variables can be introduced to evaluate
efficiencies and a consistent estimator is proposed. Numerical examples illustrate the usefulness of the
approach.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction and basic concepts

Foundations of the economic theory on productivity and efficiency analysis date back to
the works of Koopmans (1951) on activity analysis. Shephard (1970) proposes a modern
formulation of the problem. Following these lines, we consider a production technology
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where the activity of the production units is characterized by a set of inputs x € R used to
produce a set of outputs y € RL. In this framework the production set is the set of
technically feasible combinations of (x, y). It is defined as

¥ = {(x,y) € RZ™ | x can produce y}.

Assumptions are usually done on this set, such as free disposability of inputs and outputs,
meaning that if (x,y) € ¥, then (x', ') € ¥, as soon as' x’'>x and y’ <y. Often convexity of
¥ is also assumed, and no free lunches (if y>0 with y#0, (0, y)¢ ¥, see Shephard, 1970,
for more details). The production set can be described in terms of its sections

Input requirement sets: Vy e RL, X (») ={xe R |(x,y) € ¥},
Output requirement sets: Vx € R, Y(x)={y e RL|(x,y) € ¥}.

As far as efficiency is of concern, the boundaries of ¥ are of interest. The efficient
boundary (frontier) of ¥ is the locus of optimal production scenarios (minimal achievable
input level for a given output or maximal achievable output given the input). The Farrell
efficient frontier is defined in a “radial sense”. It can be described in the output space:”

Vx € R, YO(x) = {(x, )°(x) [)7(x) € Y(x) : HO(x)¢ Y (x), VA>1}
= {(x. )’ () € Y(x) : (v, (x) ¢ P, Vix>1),

where the points y°(x) are the maximal outputs a unit operating at the level x can produce.
Finally the Farrell efficiency scores for a given production unit (x,y) € ¥, are defined as

Mx,y) = sup{4](x,Ay) € ¥} = sup{1| Ay € Y(x)}. (M

We have A(x,y)>1 represents the proportionate increase of outputs the unit operating at
level (x, ) should attain to be considered as being efficient. Here, °(x) = A(x, ) y is the
radial projection of (x, y) on the frontier, in the output direction (orthogonal to the vector
x). Note that for the input orientation, the Farrell efficiency scores are defined as

0(x,y) = inf{0|(0x,y) € ¥} = inf{0|0x € X(y)} 2)

with an analog interpretation.

In practice ¥ is unknown and so has to be estimated from a random sample of
production units {(X;, Y;)|i=1,...,n}, where we assume that Prob((X;, Y;)e ¥)=1
(refereed in the literature as deterministic frontier models). So the problem is related to the
problem of estimating the support of the random variable (X, Y) where, for mathematical
convenience, we will assume that ¥ is compact. The most popular nonparametric
estimators are based on the envelopment ideas: we search for estimators of ¥ which
envelops at best the observed data points. The statistical properties of these estimators are
now well established (see e.g. Simar and Wilson, 2000, for a recent survey).

The most flexible nonparametric estimator, initiated by Deprins et al. (1984), is the free
disposal hull (FDH) estimator. It is provided by the FDH of the sample points

Pron = ((x,0) € R | y< Y, x>X;, i=1,...,n}.

"From here and below inequalities between vectors a,b € R* have to be understood element by element. Writing
a<b means q;<b;, fori=1,...,k.

%In what follows, we will make the presentation in the output orientation and we will only give the main results
for the input orientation.
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The FDH efficiency scores are obtained by plugging Wepy in Egs. (1) and (2) in place of the
unknown ¥. The asymptotic properties of the resulting estimators are provided by Park et al.
(2000). In summary, the error of estimation converges at a rate n'/ (”1‘1) to a limiting Weibull
distribution. If we assume that ¥ is convex, the convex hull of Ygpy provides the data
envelopment analysis (DEA) estimator of ¥ introduced by Farrell (1957). Its error of
estimation converges at a rate n%/?+4+1 to a nondegenerate distribution.

The FDH/DEA estimators envelop all the data points and so are very sensitive to
outliers and/or to extreme values. Cazals et al. (2002) have introduced the concept of
partial frontiers (order-m frontiers) with a nonparametric estimator which does not
envelop all the data points. It is shown that by selecting the value of m as an appropriate
function of n, the estimator of the partial order-m efficiency scores provides a robust
estimator of the full Farrell efficiency scores sharing the same asymptotic properties as the
FDH estimators but being less sensitive to outliers and/or extreme values. These properties
have been investigated from the robustness perspective by Daouia and Ruiz Gazen (20006).

Recently Aragon et al. (2005) have proposed an alternative to order-m partial frontiers
by introducing quantile based partial frontiers. The idea is to replace this concept of
“discrete” order-m partial frontier by a “continuous” order-o partial frontier where o €
[0, 1] corresponds to the level of an appropriate non-standard conditional quantile frontier.
A nonparametric estimator of the frontier is proposed which shares similar properties than
the order-m estimators. As pointed out in Aragon et al. (2005) and in Daouia and Ruiz
Gazen (2006), partial frontiers based on o-quantile estimators have better robustness
properties than the ones based on the order-m estimators.

Unlike the order-m partial frontiers, due to the absence of natural ordering of Euclidean
spaces for dimension greater than one, the a-quantile approach is limited to one-dimensional
input for the input oriented frontier and to one-dimensional output for the output oriented
frontier. In this paper, we overcome this difficulty and we propose an extension to the full
multivariate case, introducing the concept of a-quantile efficiency scores and the correspond-
ing o-quantile frontier set. We provide the asymptotic properties of our estimator, we
investigate its robustness characteristics and show how to introduce environmental factors.

The paper is organized as follows: in the next section, we reformulate the concept of
frontier and efficiency in a probabilistic framework, in the lines of Daraio and Simar
(2006). We characterize the monotonicity properties of the resulting efficiency scores and
show that in the case of free disposability of ¥, these scores coincide with the Farrell
efficiency scores defined above. Due to this unifying presentation it is then easy to define a
concept of a-quantile efficiency scores in a full multivariate framework and to investigate
its properties. Section 3 analyzes the asymptotic properties of the corresponding
nonparametric estimators and Section 4 investigates their reliability from the robustness
theory point of view. Then Section 5 shows how environmental variables can be introduced
to evaluate efficiencies and analyzes the properties of the resulting estimator. Section 6
illustrates with some numerical examples and Section 7 concludes.

2. Multivariate quantile-type efficiency scores
2.1. Probabilistic formulation

Daraio and Simar (2006), extending previous works of Cazals et al. (2002), propose a
probabilistic formulation of efficiency concepts. The data generating process (DGP) of
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(X, Y) is completely characterized by the knowledge of the probability function H yy(-,-)
defined as

Hyy(x,y) = Prob(X<x, Y >y).

The support of Hxy(-,-) is ¥ and H yy(x, y) can be interpreted as the probability for a unit

operating at the level (x,y) to be dominated. Note that this function is a nonstandard

distribution function, having a cumulative distribution form for X and a survival form for

Y. So Hyy(-,-) is monotone nondecreasing with x and monotone nonincreasing® with y.
This joint probability can be decomposed as follows:

Hyy(x,y) = Prob(X <x| Y =y) Prob(Y =y) = Fyy(x]y) Sy(y)
= Prob(Y >y | X <x)Prob(X <x) = Sy x(y|x) Fx(x),

where we suppose the conditional probabilities exits (i.e., when needed, Fy(x)>0 or
Sy(y)>0). Note that the conditional distribution Fyy and the conditional survival Sy x
are nonstandard due to the event describing the condition. We can now define, as in
Daraio and Simar (2006) efficiency scores in terms of the support of these probabilities.
For the output oriented case, for all x such that Fy(x)>0, we define the output efficiency
score as

M2, y) = sup{A| Syx(Ay|x)> 0} = sup{ | Hyy(x, 1y)>0}. 3)

This output efficiency score can be interpreted as the proportionate increase of outputs a
unit working at the level (x,y) should perform to be dominated with probability zero.
These efficiency scores share the following properties.

Proposition 2.1. Whenever defined, A(x,y) is monotone nondecreasing with x and monotone
nonincreasing with y.

If we now define 7°(x) = A(x, ) y, for fixed y, this is monotone nondecreasing with x.
This result can be seen as a multivariate extension of Theorem 2.1 of Cazals et al. (2002).
The efficient frontier, according to this probabilistic definition of efficiency, can be
described for all x such that Fx(x)> 0 by the set {(x, A(x,y)y) | (x,y) € ¥}. By construction
and by Proposition 2.1, the set bounded by this frontier is the FDH of V. If ¥ is free
disposal, the two sets coincide and A(x, y) = A(x, y). The same could be done in the input
orientation. From now on, we will assume that ¥ is free disposal.

__Natural nonparametric estimators of 0(x,y) and of A(x,y) are obtained by plugging
Hyy, in place of Hyy in the definition of the efficiency scores. Defining

- 1 n
Hyy(x,0) ==Y 1(Xi<x, Yi2y)
3
the most natural nonparametric estimators of the efficiency scores are given for the input
orientation,* by

0,(x, ) = inf{0] Fyy (0x]y) >0} = jmin max X/,

3A function f from R to R is monotone nonincreasing if a; <a, implies f(a1)=f(ay). We will say that f'is
monotone decreasing, if a; <a, and a; #a, implies f(a;)>f(az).
“For a vector a € R, we denote by & its jth component.
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where F xivax|y) = H xva(x, y)/ﬁ xvn(00,y). For the output oriented case we have

An(x,3) = sup{2| Syjxn(Ay1x)>0} = max min ¥]/¥/,
iXi<x j=l,..q
where S rixa(lx) = H xya(X,)) /ﬁ xv.x(x,0). As pointed out in Daraio and Simar (2006),
these estimators are the FDH estimators of the Farrell efficiency scores. Note also that the
FDH efficiency scores share the properties of Proposition 2.1.

2.2. Conditional quantile-based efficiency scores

Aragon et al. (2005) have introduced the conditional quantile frontier function for a
production (output) function when the output is unidimensional and for a cost (input)
function when the input is one-dimensional. We extend the ideas to a full multivariate
setup. Since a natural ordering of Euclidean spaces of dimension greater than one does not
exist, we overcome the difficulty by defining a-quantile efficiency scores as follows.

Definition 2.1. For all y such that Sy(y)>0 and for o €]0, 1], the a-quantile input efficiency
score for the unit (x,y) € ¥ is defined as

O0x(x,y) = inf{0 | Fxy(0x|y)>1 — a}.

For all x such that Fy(x)>0 and for o €]0, 1], the a-quantile output efficiency score for the
unit (x,y) € ¥ is defined as

2o(x,y) = sup{A| Sy x(Ay|x)>1 — a}. 4)

For instance, in the output direction, 4,(x, y) is the proportionate reduction (if <1) or
increase (if >1) of outputs, a unit working at the level (x,y) should perform to be
dominated by firms using less input than the level x with probability 1 — «. Clearly when
o = 1, this is, under free disposability of ¥, the Farrell output efficiency score and roughly
said, 4,(x, y) is the output efficiency score of (x, y) at the level « x 100%.

We can now for all x such that Fy(x)>0 define the a-quantile efficient frontier in the
output direction as the set

YO(x) = {(x, 2(x, ) ») | (x,y) € P).

The points y%(x) = /,(x,y)y represent the efficient outputs for the input x at the level
a x 100% and the pairs (x, y2(x)) have a probability Hyy(x,y%(x)) = (1 — &) Fy(x)<1 —«
of being dominated if Hxy(:,-) is continuous on ¥.

Note that in the particular case of ¢ =1, for any x such that Fy(x)>0, the output
efficient frontier at the level « x 100% may be described as the set Yg(x) = {(x, p(x))}
where ¢,(x) = 4,(x, 1) is the conditional quantile production function of order o of Aragon
et al. (20095).

As shown below, the a-quantile efficiency scores share most of the properties of their
univariate correspondent. We remind here that ¥ is assumed to be free disposal. We define
P*={(x,y) € P|0<Hyy(x,y)<Sy() A Fx(x)} as being the interior of V.

Proposition 2.2. Assume that F x|y is continuous and monotone increasing in x and that Sy x
is continuous and monotone decreasing in y. Then, for all (x,y) € ¥, there exist o and f
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in 10, 1] such that

0.(x,y) =1 where o =1— Fyy(x|y),
p(x,y) =1 where f=1— Sy x(y|x).

Proposition 2.2 shows that any point (x,y) in the interior of ¥, belongs to an
appropriate a-quantile efficient frontier in both directions (input and output). For instance
in the output orientation, it can be described as the set Yg(x) where o = 1 — Sy x(¥]x).
Since for any (x,y) belonging to the efficient frontier of ¥, 6(x,y) = 60;(x,y) =1 and
AMx,y) = A1(x,y) =1, we can use the value of « = a(x,y) and of f = f(x,y) of the
proposition to define a new concept of input and output efficiency score. This is in the
same spirit as in Aragon et al. (2003), this will not be pursued here.

Proposition 2.3. For all y such that Sy(y)>0, we have lim,_,1 \ 0,(x,y) = 0(x,y) and for
all x such that Fy(x)>0, lim,_,; 7 1,(x,y) = Ax, ).

The o-quantile input efficiency score 6,(x, y) is clearly monotone nonincreasing with x
but it is in general not monotone in y, unless we add an assumption on Fyy.

Proposition 2.4. Assume that Fy y(-|y) is continuous for any y. Then, for points (x,y) such
that Fx y(x|y)<1, the two following properties are equivalent.
Fxy(x|y) is monotone nonincreasing withy, (5
0,(x,y) is monotone nondecreasing withy for all o. (6)
Note that both conditions of the proposition are quite reasonable in production
analysis. The first relation (5) says that there is less probability to observe a level of input
lower than a fixed value x for firms producing more than a level y,, than for firms
producing more than a level y; <y,. It is more difficult to reduce inputs when producing
higher level of outputs. Whereas (6) states that everything else being kept constant,
the a-quantile input efficiency score cannot decrease when the output increases.

Of course, mutatis mutandis, we have the same property in the output direction. 4,(x, y)
is monotone nonincreasing with y, but for the monotonicity with respect to x, we have:

Proposition 2.5. Assume that Sy x(-|x) is continuous for any x. Then, for points (x,y) such
that Sy \x(y|x)<1, the two following properties are equivalent.

Syx(y|x) is monotone nondecreasing with x,

Ay(x,y) is monotone nondecreasing with x for all o.

3. Nonparametric estimator

A natural nonparametric estimator of the a-quantile efficiency scores is obtained by
plugging the empirical H yy,(x,y) in the above formulas so we have:

On(x,y) = inf{0] Fy |y 1(0x]y)>1 — a},
Tn(,3) = SUp{A | Sy x a(2y1x)>1 — a,

where Fyy, and Sy x,, were defined in Section 2.
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These nonparametric estimators can be computed very easily. Indeed, define

and let N, = nI-AIXy,n(x, 0) be nonnull. For j=1,...,N,, denote by ?’/6) the jth order
statistic of the observations %; such that X;<x: #{, <% 5 < --- <%y ). Then

R Yy, ifaN,eN,
/wc,n(x, y) = g( N+ otherwise, (7)

where N* denotes the set of positive integers and [xN,] denotes the integral part of oN.
Likewise, let M, = nH yy 4(c0,y)>0, and define

Forj=1,...,M,, denoted by %’6) the jth order statistic of the observations Z; such that
Yizy: 20 < A5 < -+ <2y, Then

y .
oy [Ty A= 0M e,
X, V) = ) :
i Z—wm,j+1) Otherwise,

where N denotes the set of all nonnegative integers.
The nonparametric a-quantile efficiency scores 0“ a(x,y) and /la n(x, ) share the following
properties:

Proposition 3.1. For all y such that H xvn(00,)>0, we have lim,_,; \ ga,,,(x, y) = @,,(x, »)
and for all x such that H xva(x,0)>0, lim,_,; Zx,n(x, y) = Zn(x, »).
Now we investigate some of the asymptotic properties of our estimators. In what

follows, we limit the presentation for the nonparametric estimator in the output oriented
case. The same properties hold for the input oriented case.

Theorem 3.1. Let (x,y) € ¥ be such that Fy(x)>0 and let 0<a<l. Assume that
A= Syx(Ay|x) is decreasing in a neighborhood of 7,(x,y). Then, for every ¢>0,

PrOb(ﬁa,n(X, ) = Au(x,p)|>6) < 2™ eens forall n>=1,

where

aner = 5 min((1 —2)  Syix(ale ) + )

Syx((Aa(x, ) — &)ylx) — (1 — o)}
Proof. Let ¢>0. We have Prob(|Z,,(x, ) — Z,(x, )| > &) = Prob(Zua(x, ) > i,(x,y) + &)+
Prob@“(x, ¥)<Zy(x,y) — ¢). By applying the fact that E“,,,(x, y)> 2 implies S Yix p(Ay]x) >
1—o, we get Prob(za,,,(x, V)>2(x,9) + €)<Prob(>_r_ Vi — > E(V;)>nd;), where
Vi=1(Xi<x, YiZ(Z(x, ) + )y) — (1 = )1(X;<x) and 9, = —E(V1) = Fx(x)[(1 — o)—
Syix((Au(x,y) + &)yIx)]>0. Since Prob(a — 1< V;<1)=1, for each i, we obtain by
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applying Hoeffding’s Inequality (Hoeffding, 1963),
Prob(Guyn(x, y) > Au(x, y) + &) <e 201/

Likewise, by applying the fact that Ea,n(x, y)</Z implies §Y|X,,,()Vy|x)<l —a, we get

Prob(Z(X, ) < Za(x, 1) — £) <&~/ where 8y = Fy(X)[Syx(Aa(x, ) — )ylx) — (1—
)]>0. Putting 0, ., = min{d; >} /(2 — ), the proof is complete. [

Thus Prob(lza,,,(x, ) — 2y(x,y)|>¢) — 0 exponentially fast, which implies that Em(x, »)
converges completely to Z,(x,y). This generalizes the exponential probability inequality
obtained in Daouia (2005, see Theorem 2.3) for the nonparametric a-quantile frontier
)72,”(x) = //{a,n(x, y)y in the univariate case where p>1 and ¢ = 1.

We also obtain the following asymptotic normality result which extends the one
established in Aragon et al. (2005, see Theorem 4.1) to the more general case where p, g > 1.

Theorem 3.2. Let 0<a<1 be a fixed order and let (x,y) € ¥ be a fixed unit such that
Fx(x)>0. Assume that G(1) = Syx(Ay|x) is differentiable at A,(x,y) with negative
derivative G'(A,(x,y)). Then,

V(. 3) = 2, 7)) = NO,02(x, ) as 1= 0,
where 63(x, ) = o1 — @) /[G' (Au(x, )} F x (x).

Note that this theorem requires a slightly stronger hypothesis on the function G(1) =
Sy x(4y|x) than in the preceding theorem. This assumption is standard in quantile theory
for the generalized inverse of the cdf Sy x(4y|x) to coincide with the reciprocal.

Proof. Let V, = /i(Ayn(x, ) — A4(x, y)) and write

1 (=o)X <) — 1<, Y > Aa(x, 9)p)
Wy=—74>" : :
\/ﬁ =1 G'(A(x, ) F x(X)
By using the fact that H yy(x, 4,(x,)y) = (1 — 2)F x(x), we obtain in view of the central
limit theorem that 1, -, N(0, 62(x,y)). To show that ¥, has the same asymptotic normal
distribution, it suffices to prove that

R,=V,—W,-20. ®)

Using Em(x, y)>/1©§Y|X,n()»y|x)>l — o (this can be easily proved from the definition
of Zw and by using the left-continuity of l— S yix.2(Ay|x)), we get for any real ¢
~ ) t
(Vazt} = {Syx,n<</w(x,y) + ﬁ)ylx) >1 - ﬁ%} ={Ziy>Tu}, ©)

where

. ﬁﬁxy,n(x, 0) t ~ t
20 = G e ) Fx () [G ()”“(x’ N+ ﬁ) ~ S ( (}““(x’ N+ %)y 'Xﬂ ’

_ J/nHyy (x,0) { ( L)_ B ]
= Gy Fro [\ A 5 ) A=)

T,
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Since G()W(x, »)+ ﬁ) —1-a)= ﬁG’(ix(X, »)+ ﬁo(l) and I—AIXY,n(x, 0) L Fy(x), as
n — oo, we obtain

Tn—p>t as n — oo. (10)
We also have

_ JnHyy,(x,0) t ~ t
Zin—W,= m {(G(/la(x,y) + 75) —Syixn ( (/Lx(x’y) + %)ﬂx))

(1 =2~ §Y.X,,,((Au<x,y>y|x)>] :
An easy computation shows that
E[(Z1 — W) NG (2a(x, »)F x ()
= (1 —a)Fy(x) — (1 — )’ Fx(x)

— Fx(x)G? (;La(x, )+ i) + (1 +2(1 —)Fx(x)G (il(x, y) +
Jn

t
- 2FX(x)G(/1a(x,y) + <W \ 0) )
Using the continuity of G(-) in 4,(x,y), we then obtain E[(Z,, — W,)*] — 0, and so

7)

Zin—W,5>0 asn— oco. (11)
To prove (8), it suffices to show that {V/,,} and {W,} satisfy the two conditions of Ghosh
(1971, Lemma 1, p. 1958). Since W, converges in law in view of the central limit theorem,
it is uniformly tight and thus the first Ghosh’s condition is satisfied. On the other hand, for
any k and any >0, putting t = k 4 ¢, we obtain in view of (9),

Prob(V,=k + ¢, W,<k) =Prob(Z,,>T,, W, <t —¢)

<Pr0b(|(zt,n - W,)— (T, —1)]=e¢).

Then it follows immediately from (10) to (11) that lim,_ Prob(V,=k +¢, W,<k) = 0.
Similarly, by applying (9) to t = k, we get

Prob(V,<k, W=k + e)<Prob(|(W, — Z;,) + (T, — )| =2e)—0 asn— oo,
and so the second Ghosh’s condition is also satisfied, which completes the proof. [l

Note that this convergence result can be extended to the analysis of the asymptotic
properties of a vector (y(ya(x', 1) = Au(x", YY), - . . s /Gogn(X", 37) = J(x", 3))). We still
have the asymptotic r-variate normal distribution with asymptotic covariances given by
i = BII(XK, yk X, Y)I(x,)', X, Y)], where
(I =l(X<x) - 1X<x, Y2 4(x,0)p)

G (2%, ) F x () '
The expression of the variance factors can be used to derive asymptotic confidence
intervals for the order-a efficiency scores. For instance, consistent estimators for the
factors 02(x,y) and X, can be obtained by plugging nonparametric estimators for G'(4)
and Fy(x) and taking the empirical mean for the expectation.

I'(x,y,X,Y)= (12)
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A more robust estimator of the Farrell efficiency scores A(x, y) than the standard FDH
estimator l,,(x y), which however shares the same asymptotic distribution with this later
one, can be derived as follows.

Lemma 3.1. Assume that the support of Y is bounded. Then, for any (x,y) € ¥,

D6, 1) = Taa(% 1)) =0 as n— oo,
where the order a(n)>0 is such that: n?+4t0/C+9(1 — o(n)) — 0 as n — oo.

Proof. We have from (7),

T, 9) = Zama(X9) = Wy ) = Yy )IMN . € N¥)
+ Wy = Vn 1e) 1N ¢ N).

Let Cyyx(n) = %N“" for ke {l,...,Ny—1}, and let C,,(n) = max|<r<n,—1 Cxpxi(n).
It can be then easily seen that

vy = Yiomn PNMNy € NS Cyy(n)(1 — o(m))1(a(n) N € N¥),
vy = Y en o) 1MN ENF) S Cy (m)(1 — a(n)) 1 (o(m) N ¢ N7)

which gives n"/CTD(7,(x, 1) = Ayumn(x, y)) <n/PTOC, (n)(1 — o(n)). Since the support of ¥
is bounded, there exists a constant M, >0 (dependlng on y) such that %;< M, almost
surely, for dny i=1,...,n. Hence, 17/6\,) Yiy<¥n, <M, almost surely, for any
k=1,. — 1. Usmg the fact that {— TR/, <N, we therefore obtain Cy,(n)<M,N,

almost surely, and so

10D (x,3) = oty (s ) <O MUN (1 = ()
= M Hyy (5, /O] — o)
almost surely. The conclusion follows by applying the strong law of large numbers. [

Making use of this lemma and the following decomposition

! D, ) = L. )
= n!/PrOC(x, y) = 26, ) + 1OV (x, ) = D n(x, 7))
we get immediately from Corollary 3.2 of Park et al. (2000) the following result.
Theorem 3.3. Under Assumptions AI-AIIl of Park et al. (2000), we have for any (x,y)
interior to ¥,
, ~ Kz .

n DX, p) = Duyn(X, ) —> Weibull(ily 5.9 +q)  as n — oo,

where HUnw,o IS a constant.

An explicit expression of the Weibull parameter uyw o is given in Park et al. (2000, see
Definition A.2 of the appendix). A consistent estimator of this unknown parameter is also
provided (see Park et al., 2000, Theorem 3.4).

The nonparametric cond1t10na1 quantile efficiency scores /Iu(,,) #(x, ) lead to an estimator
of the full frontier Y°(x). For all x such that H yy,(x,0)>0, we have

Yo () = (05, 2o (69 9) 1 (5, 3) € o).
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This estimator does not envelop all the observed data points and so, is more resistant to
extremes than the usual nonparametric envelopment estimators (FDH, DEA).

4. Robustness properties

The most popular nonparametric estimators (FDH,DEA) of the Farrell technical
efficiency are not robust to the perturbations in data. A robust estimator has been
suggested recently by Cazals et al. (2002). It is based on a concept of expected order-m
efficiency scores, where m is a positive integer. For instance, in the output direction, in
place of looking for the full upper boundary of Y(x), as it is the case for defining A(x, y),
the partial order-m efficiency score 4,,(x, y) can roughly be viewed as the expectation of the
maximal output efficiency score of the unit (x,y), when compared to m units randomly
drawn from the population of units using less inputs than the level x (see, e.g., Definition
2.2 and Theorem 2.2 of Daraio and Simar, 2006). In this section, we analyze and compare
the reliability of the nonparametric estimators based on the two concepts of order-m and
order-u efficiency measures from a theoretical point of view.

Let us start by the robustness properties of the order-« efficiency scores. From now on we
only focus on the output oriented case to save place. The same presentation can be done in the
input direction. The estimators 4,,(x, y) are representable as a functional 77, of the empirical
version of the probability function H yy which characterizes completely the DGP:

\ | Hxy(x, 4 o

/Li(xsy) = Sup{/L % > 1 — OC} = T‘xy(HXY)y

> , ﬁXYn(X, 2y) o (1T

Aon(X, ) =sup A| —=———""=>1—0p = T% (Hxyn)-
g { Hyy n(x,0) S

Therefore, the reliability of {Ew,(x, )}, in estimating A,(x,y) can be analyzed from a
robustness theory point of view. The richest robustness information is provided by the
influence function (X;, Y,))—>IF((X;, Y;); Ti‘,y,HXy) of Tf;y at Hyy (Hampel, 1974). It is
defined as the first Gateaux derivative of T ‘;‘y at Hyy in the direction of
Ax,v, () =UX;<.Y;>"). Formally, IF(X;,Y); T3, Hxy)=(0/00) T%,(Hxy + 6(Ax,y,—~
Hxy))ls=0+-

The importance of the IF lies in the fact that it allows to assess the relative influence of
individual observations towards the value of the estimate. If it is unbounded, even a single
outlier may cause trouble. Its maximum absolute value y*(T73,,Hyy)=
sup,epete [ IF(u; T féy,H xy)| defines the gross-error sensitivity of chy at Hyy. It measures
the effect of contamination of the data by gross-errors, whereby some of the observations
(X, Y;) may have a distribution grossly different from H yy. Specifically, y* is interpreted
as the worst possible influence which a fixed amount of contamination can have upon the
estimator.

Proposition 4.1. Under the same conditions of Theorem 3.2, the gross-error sensitivity of the
sequence of estimators {.y,(x, )}, is given by
min(—a, o — 1)
G (2o, ) F x (%)
We have almost surely IF(X;, Y;); T% ,Hyy) = I'(x,y, X;, Y;), where I is described in (12).

xy?

V(T Hyy) =

xy?
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Proof. We have
Ti’y(HXY + 5[AX,’Y[ - HXY])

_ sup{/u Sy () >(1 — ) + 01 — M <X) = 0, iy)}

(1= O)Fx()
it g D

= sup{A< Wil G()>(1 — o) (1- 5)FX(X)}
vsup{A>gl|G()~)>(1 o) + (1 = 0)Fyx(x) }

The last equality is obtained by using the fact that Y;>Ay<%;> /. For ¢ small enough, if
Aa(x,y)<%; then the second supremum on the right-hand side of this equality is —oo and,
if A,(x,y)>%,, then the first supremum is %;. Therefore, for ¢ sufficiently small,

1] IS
Ty(Hxy +0[4x,y, = Hxy) = G~ ((1 —0- ('1(5—(5752)

+ A (X, NT(Aa(x, ) = %)

Ll 81— 1<)
+G ((l o) + (1= 5)Fr(x)

)ﬂ(@(x,y)wi)

)ﬂ(ix(x,y)>?’/i)-

Hence

IF((X3, Yi); T, Hyy)
=X <) 1(Aa(x, ) <) + (1 — ) 1(X; S 0)1(Ao(X, 1) > W)
B G (Zo(x, Y))F x(x) '

More generally, we have for any (xo, y,) € R’

IF((-XOs yO)v Tf;y’ HXY)

_ T(xo<x) ) yﬁ
~ G (X, ) Fx(x) { “ <M’“’ V< min

+(1 — o)1 (/la(x,y)> min y—é> }

I<k<q yk

A simple computation gives then the desired conclusion. [

Thus the sequence of estimators {Em(x, y)} is bias-robust (Rousseeuw, 1981) in
estimating A,(x,y) since it possesses a finite gross-error sensitivity. The approximate
influence of the observations (X, Y;) toward the error of estimation is described by the
following asymptotic bias representation which follows from (8):

~ 1< ; 1
Foun(%,9) = A%, 9) = > IF((Xi, Y i): Ty Hyy) +—= R,
i=1

N
= I/_\IXYJI(X’ 0) — -5 A o,Xy
T G (Jn(x, ) Fx(x) [(1 = ) = Sypxa(Zax, Y)y1)] + R,

where /nR;™ = o0,(1) as n— oo. The fact that IF((X;, Y;);T%,, Hyy) is zero when

xy?
1(X;<x) =0 ensures that the efficiency scores 4,,(x,y) are not influenced by outlying
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production units (X;, ¥;) whose inputs X;#x. Because of the irregularity of the IF due to
the discontinuity of the indicator functions, the local-shift sensitivity of {4,,(x, »)} defined
as the smallest Lipschitz constant the influence function obeys, i.c.,
T, Hyy) = sup [IF(s;T%,, Hyy) — IF(; T, Hxy)l/lls — |l
s#teRIHe
is infinite. By | - || we denote the usual Euclidean norm on RP™4. This means that the

estimators {4,,(x,y)} may be sensitive to rounding errors. But this is much less important

than the fact that »*(77,,Hxy) is finite. Note also that, if G(4) = Syx(4ylx) is

continuously differentiable on its support with negative derivative G'(4), then
1

|G (A, P)IFx(x)”

This implies that Em(x, y) can be resistant to outliers even for large values of .
Let us now turn to robustness characteristics of the expected order-m efficiency scores:

A _ *© HXY(X,;LJ/) " T om
Am(X,y) = /0 [1 - <1 —m> ] di = Sy,(Hxy),

~ m

~ o0 H .

/lm,n(xay) = / 1—-11- M di= SZ;(HXY,n)a
0 Hxyn(x,0) J

Jim 7Ty, Hyy) = (13)

where the integrands are identically zero, respectively, for 1> A(x,y) and i)ﬁn(x, ) (see
Definition 2.2 and Theorem 2.2 of Daraio and Simar, 2006). It can be then easily seen that
the influence function (xo,y,) € REM (@ /00)SY,(Hxy + 6(Ax,y, — Hxy))ls—o+ of the
sequence of estimators {4,,,(x, )} is given by

IF((x0, 39); Sys Hxy)

~ s < /0 [ = Sy GOl A0 = 9) — Sy (rl) di

Like the order-a efficiency measure, Em,,,(x, ») rejects outlying production units using inputs

X;%£x, for any sample size n. But unlike jw,,,(x, y), the order-m efficiency measure is not
bias-robust since its gross-error sensitivity equals infinity. Indeed,

(S, Hyy) =

T sup

FX(X) YoeR?

/O [ = Sy Gyl (1 > 49) — Sy (iyl) di‘
k

minj<x<q ,_?
sup [ 0= v
0

Yo€RY | miny << g (7 /3) > Ax.3)

m
=
Fy(x)

k

m . \

> 7 sup ( min y_g - /»(Xd’)) = 0.
X(x)yoeR‘mminlgkgq(yz/y’fmu,y) Isk<qy

This reflects the fact that even a single outlier (X;, Y;) with a level of inputs X; <x, if it is

far enough from the cloud of data points in the direction of Y, can attract (x, Zm,n(x, y)y)
nearly to its outlying output Y;. Besides this deficiency, the local-shift sensitivity is infinite
too due to the discontinuity of the indicator function xyp—1(x < x).

However, if A(x,y) is majorized by a finite constant, then y*(SZ’y,HXY) is finite.
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Proposition 4.2. Let m>=1 be a fixed order and let (x,y) € ¥ such that Fx(x)>0. If
A(x,y)<p, a finite positive constant, then the gross-error sensitivity of the sequence of
estimators {Amn(x,y)}, is such that
* mp

—((p - <y(STL,Hyy)< ——.

F ( )(p /“(x y)) /( xy° XY) F (x)
Proof. Let (xo,y9) € R1™ and put hy = Hyy + 0(dy,y, — Hxy). Then IF((xo,,): Sy,
Hyy) = 5S7.(hs)5-0.» Where

" g (x,3) hs(x, ) me
syoa= [ 1= (1-568) o

with  A,(x,») = sup{/| /}f(ff({;) >0}. Here hs(x,0)>0 for all 6 small enough since
limgs o 25(x,0) = Fx(x)>0. It can be easily seen that hmo\o Jny(X, y) = Ax, ), which gives
Jny(x,y)<p for & sufficiently small. Hence S7(hs) = [3[1 — (1 — %53y d] for & small

hs(x,0)
enough. Therefore

IF((X(), yO) S,\;, HXY)

p
— s 100 <) [T = Sy Gl (1002 29) = Sy G120 02

It is then immediate that (8", H Xy)Z#Ex) f(x’y)[l — Syx(Wlx)]"di = o (p Ax,y))

xy?

and V*(S ,,ny)\ Fx (v)' UJ

The lower and upper bounds of y*(SY},H yy) indicate that the nonparametric expected
order-m efficiency scores are all the more sensitive to extreme values as the order m is large:

11m V(8% Hxy) = 00. (14)
This means in particular that Zmn(x y), when considered as an estimator of the Farrell
efficiency score A(x, y) = limy, 700 Am(X, y), may be very sensitive to extreme values.

It should be clear that the partial efficiency scores {S’" (H xv)}and {T% (H xv.x)} do not
estimate the same quantity. But in the limiting case Where m tends to 1nﬁn1ty and « to one,
both sequences coincide with {1,(x,y)} and can be then viewed as estimators of the full
efficiency measure A(x,y). Results (13) and (14) indicate then that extreme order-o
efficiencies are more robust than extreme order-m measures for estimating A(x, y). It is also
important to note that by an appropriate choice of m and o as functions of n, the

functionals {Sff}(,”)(lfl xv.)} and {Tff,g@(ﬁ xv )} estimate the true efficiency measure A(x, y).
The advantage of quantile-type efficiency scores can be then clearly showed by comparing
im0 7*(-, Hyy) of both estimators S7")(H yy,,) and T (Hyy,) of i(x,y).

Theorem 4.1. Let (x,y) € ¥ such that Fx(x)>0 and let {u(n)},>, and {mn)},>, be
nondecreasing sequences such that 0<a(m)<l1, lim, o am) =1, mn)=1 and lim,_
m(n) =

1. y*(S’I’y("),HXy) is infinite for any n unless the condition of Proposition 4.2 holds.
Furthermore, limy, oo y*(Sf:’y(”), Hyy) = limy, 700 y*(S;f’y, Hyy) = oo.
2. If G(L) = SY|X()Ly|x) is differentiable at lymy(x,y) with derivative G'(Jym(x,))<0,

then y*(TU , H xy) = min(—o(n), o(n) — 1)/ G (o) (x, »))F x (x). If furthermoreG(-) is
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continuously differentiable on its support with negative derivative G'(-), then lim, s
YT, Hoyy) = limy 1 9*(T%,, Hxy) <o0.

Xy xy?

In both cases the local-shift sensitivity equals infinity.
5. Introducing environmental variables

The analysis of the preceding section can easily be extended to the case where additional
information is provided by other variables Z € R”, exogenous to the production process
itself, but which may explain a part of it. The basic idea for introducing this additional
information in the model is to condition the production process to a given value of Z = z.
Inspired from Cazals et al. (2002), Daraio and Simar (2006) introduce the concepts of
conditional efficiency measure and of partial conditional efficiency measure of discrete
order m>=1. Similarly, we propose below the idea for conditional quantile efficiency
measure of continuous order « € [0, 1].

If the joint distribution of (X, Y) conditional on Z = z defines the production process,
the efficiency measure A(x,y) defined in (1) and (3) has to be adapted to the condition
Z = z as follows:

Mx,ylz) = sup{A| Syx,z(Ay|x, 2) >0},

where Sy xz(y|x,z) = Prob(Y 2 y| X <x,Z = z).

A nonparametric estimator of the conditional full-frontier efficiency A(x, y|z) is given by
plugging in its formula a nonparametric estimator of Syxz(y|x,z). We can use the
following smoothed estimator:

Yo WX <x, Y= y)K((z — Z) /hy)
Y W Xi<0)K(z—-Z)/h)

where K is the kernel and 7, is the bandwidth of appropriate size. Practical bandwidth
selection issues, based on a k-nearest neighbor method, are addressed in Section 4 of
Daraio and Simar (2006) in the input oriented framework. As also pointed out there, the
estimate of the conditional full-frontier efficiency for kernels with unbounded support is
unable to detect any influence of the environmental factors. Therefore, kernels with
compact support have to be used. Let the observations (X;, Y;, Z,) e RFTI™ i=1,...,n,
be independent with the same distribution as (X, Y, Z).

Syix.zaylx,z) =

Lemma 5.1. If the kernel K is of bounded variation with bounded support and the band
sequence h, — 0 in such a way that ), exp[—pnh,]<oo for all p>0, then

- n a.s.
Syix.zn(Aylx,z) — Syix,z(Aylx,z) asn— oo

for any A, y and any x interior to the support of X and for almost all z, i.e., for all z¢ N where
N is such that Prob(Z € N) = 0.

Proof. Since the indicator functions 1(X <x) and 1(X' <x, Y > Ay) are bounded, Theorem 1
of Stute (1986a) immediately implies almost sure convergence of the Nadaraya—Watson
estimates > . 1(X;<x, Y; =Kz — Z)/h)/> i K(z — Z;)/hy) and Y7 1(X;<x)
K((z = Z)/ 1)/ K((z = Z)/h) to E[N(X<x,Y>2))|Z=2] and E[I(X <x)|Z = 2],
respectively, as n — oo, for any /, x, y and for all z¢ N. Which implies the desired almost
sure convergence of Syjx z,(Ay|x,z) to Sy xz(Aylx,z). O
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By following the idea of Definition (4), we can define the conditional order-a output
efficiency measure as follows:

Definition 5.1. For any y € R%, the conditional order-o output efficiency measure given
that Z = z, denoted by A,(x, y|z) is defined for all x in the interior of the support of X as

(X, ¥12) = sup{A| Syx.z(Ay|x,2) > 1 — a}.

Therefore, for any y € R%, the conditional order-o quantile frontier given that Z = z, is
defined as the set of points y2(x|z) = A,(x,y|z)y, y € RL. As above we have immediately the
following result.

Proposition 5.1. For any y € RL and for all x in the interior of the support of X,
o—

A nonparametric estimator of A,(x,y|z) is provided by plugging in its formula the
nonparametric estimator of Sy x z(y|x,z). Formally, it is defined as

Ton(X, y12) = sup{A| Syix za(Aylx, 2)>1 — a}.
Here also we have
lim 7 (X, 312) = (x,312) = supli] Syix.za(2y1x,2)>0).

These conditional nonparametric estimators are very easy to implement and very fast to
compute in practice. Indeed, for j=1,...,N,, denote by Z[f-] the observation Z;
corresponding to the order statistic @6), and let R,. =Y . 1(X ,—<x)K(Z;—MZ")>O. Then,

1 N,
R, *
e
1 i<y,
= Lisy i Wy <A<T, k=1, Ny — 1,
0 A>T,

Syix.za(ylx,z) = 1A<W5)K(z — Ziy) /)
1

where Lyt = (1/Re2) 300 K((z — Z55)/hy). Tt follows

~ @(Xk) if Ly <l—oa<Ly, k=1,...,Ny—1,

/loc,n(xayv) = @’(YN,\.) if 0< 1 — OC<LN1.
Theorem 5.1. Let x € R be an interior point of the support of X, y € RL, z¢ N and o €]0, 1.
If 2= Syx,z(Ay|x, z) is decreasing in a neighborhood of A.(x,y|z), then

Ia,,,(x,y|z) 25 Ay(X,y|2) as n— oo.

Proof. Let >0 and G(4) = Sy|x,z(Ay]x,z). We have in view of the definition of Z,(x, y|z)
and the regularity condition

G(Ay(x,y12) + &) <1 — a < G(Ay(x, y|2) — &).

LeatS @n(/l) = §y‘x,z,n(/1y|x,zA). It follows asfrom Lemma 5.1 that Gn()w(x,ylz) +
&) — G(Ay(x,y|z) + &) and G,(Ay(x,y|z) — &) > G(ly(x,y|z) —¢) as n — oco. This yields
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(see, e.g., Serfling (1980, p. 6), for an equivalent condition for the almost sure convergence)

V>0 : Prob{sup |G (A, ¥12) + &) — G(iy(x, y|2) + €| >11} —~ 0, n— 00,

m=n
V6>0: Prob{sup |G (A, ¥]2) — &) — G(Ay(x, p|2) — €| >5} —~ 0, n— oo.
m=n

Putting n = (1 — o) — G(4,(x, y|z) + ¢) and 0<d < G(Ay(x, y|z) — &) — (1 — &), we get
Prob[G(Ay(x, 12) + €) <1 — 2 < G(Ao(x, p|2) — &) for all m>n] — 1, n — oo.
Hence, by using the fact that /):a,m(x, ylz)= 4 if and only if @m(}v)>(1 — o), we obtain

Prob[A,(x, y|z) — 6<E“,m(x,y|z)</1a(x,y|z) +e¢forallmz=n]— 1, n— oo.

That is Prob(sup,,~, |Za,m(x, ylz) — Ay(x, y|z)| >¢€) — 0 as n — oo. This is equivalent to the

almost sure convergence of 4,,(x,y|z) to A,(x,y|z) asn — co. O

Note that the asymptotic properties of In(x, y|z) have not yet been derived in the
literature. Its weak consistency can be easily derived from Theorem 5.1 as follows.

Corollary 5.1. Let x € R, be in the interior of the support of X, y € R%, z¢ N and let
K(x,y|z) = sup{/1|Sy|X,z(/Ly|x 2y =1} If A=>Syixz(Aylx,z) is decreaszng on [k(x,yl|z),
2 Y21, then

E,,(x,y|z) LN AMx,ylz) asn— oo.
Proof. Let £>0. Because lim, »i/4,(x,y|z) = A(x,p|z), there exists 0<wo,<1 such that
|25, (X, ¥|2) — A(x, y|2)| <&/2. Since Ay n(X,y12) <An(x, y|z) <A(x,y|z) with probability 1,
we obtain [4,(x,712) = A, Y1) < (6, 712) = 23 Y12 <6, 712) = o (. 912)] 4 /2
with probability 1. Whence Prob[|4,(x,y|z) — A(x,y|z)| > e] <Prob[|i,, ,(x,y|z) — A4, (X,

y|z)|>¢/2]. Since 11,,1(x,y|z) 25 Ao(x,y|z) for all O<a<l, Prob[|za8,n(x,y|z) — Ao, (X,
y|2)|>¢/2] — 0 as n — oo. This ends the proof. [

A slightly different version of the estimator §y\ x.za(Ay|x,z) can be adapted from a
proposal by Yang (1981) and is given by

S A<, Y2 NK(F2,(2) — F2,(Z)) /)
S X <SOK((F2,(2) — F20(Z)) /1)

where F za(+) denotes the empirical distribution function of values of Z. It turns out that
this estimator is more efficient than SY|X za(Ay|x,z) if there are few observations in
neighborhoods of z (see, e.g., Stute, 1984). Consistency of the resulting estimator
Aan(X,y|z) = sup{4 ISY‘XZH(Ay|x z)>1—a} can be easily derived from consistency of
Syix.za(4y|x, z). Note also that the asymptotic normality of /m,(x ylz) and 4,,(x,y|z) as
estimators of A,(x,y|z) can be established by using a similar method as for showing
asymptotic normality of unconditional quantiles (see, e.g., Wretman, 1978). Compared

with Wretman’s proof, the uniform tightness of { /nh2(§y|X,Z,n(iy|x, z) — Syx.z(Aylx, 2))}
as a process indexed by A should be proved and used rather than Chebyshev’s inequality.
This prescription can be found, e.g., in Stute (1986b).

§Y|X,Z,n(/1y|xa z) =
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5.1. Stressing the influence of Z on the production process

The comparison of E,,(x, y|z) with E,,(x, y) is certainly of interest for analyzing the global
influence of Z on the production process. When Z is univariate, Daraio and Simar (2006)
suggest that the use of a scatter plot of the ratios 4,(x,y|z)/A.(x,y) against Z and its
smoothed nonparametric regression line would be helpful to describe the influence of Z on
efficiency. An increasing regression corresponds to favorable environmental factor
and a decreasing regression indicates an unfavorable factor. The correspondent
a-quantile efficiency scores provide a more robust analysis, robust to extremes or outliers.
Of course, we do not propose any inference here, but only an easy and useful descriptive
diagnostic tool.

In the input oriented case, the interpretation of the shape of the regression line of the
ratios 0,(x, y|z)/0,(x, y) against Z (and of their correspondent a-quantile based measures),
is in the opposite direction.

6. Numerical illustrations

We illustrate first the estimation of the a-quantile frontiers in some simulated data sets
and compare with the FDH and the order-m frontiers and even with some traditional
parametric estimators. Then in a second part, we will show through a multivariate
simulated data set, the behavior of the estimators of the «-quantile efficiency scores,
conditional to environmental variables and compare with alternative nonparametric
estimators (FDH and order-m). Finally, we illustrate how our procedure works with a real
data set.

6.1. Estimation of the frontier functions

We will compare the estimators with two simulated data sets used in Florens and Simar
(2005) and one proposed in Simar (2003).

Example 1 (Cobb—Douglas with exponential). We choose here a concave frontier given by
the Cobb-Douglas model Y = X'/?exp(—U), where X is uniform on [0,1] and U,
independent of X, is exponential with parameter A = 3. Here the true frontier function is
given by ¢(x) = x!/2. In this particular model, it can be shown that the true x-quantile
frontier is given by ¢,(x) = x'/?/,, where 1, = cos(%)—}—%, whereas the true
order-m frontier is given by ¢,,(x) = x'/?,,, where 2, =1— B,, with B, = o
(=2)"73/ /(3m — j + 1). In general, these partial order frontiers are different, except for the
limiting case where m tends to infinity and « to one. But in this particular example, if
o =1(1 — cos[3arccos(} — By,) — 4n]), then A, = 4,. We choose here m =20 and o=
0.9612 to compare the two estimates of the same object. We will then compare with the
FDH frontier, the deterministic Cobb—Douglas fit (shifted-OLS, so that all the residuals
are negative) and a stochastic parametric model with a correct specification for the frontier
and for the efficiency distribution (exponential) plus, as usual in these models, a normal
noise.

The results are illustrated in Fig. 1, for one sample of 100 observations generated by the
model above where we add three outliers. For this case, when ones estimates the true full
frontier ¢(x) = x'/2, there is no way to obtain better results than the stochastic parametric
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Fig. 1. Results for Example 1. In solid black line, the true frontier y = x%>. In cyan solid, the FDH frontier
estimate, in blue dashed the estimated order-m frontier and in dash-dot red the estimate of the order-« frontier. In
black dotted, the shifted OLS estimate and in dash-dot black, the parametric stochastic fit.

fit which is able to handle the three outliers by the normal noise term (estimated variance
of the noise is 0.0308). Note however, as well known in stochastic frontier models with
cross-sections, it is very difficult in these models to estimate the individual inefficiencies.
Remember that the two estimators of the partial frontier estimate another object, situated
below the full frontier (¢,,_,0(X) = @,_g9612(X) = 0.8815x!/? is not reproduced on the
figure for clarity) and we see, as expected by the theoretical properties developed above,
that the order-a frontier estimate shows much more resistance to the outliers than the
order-m. It is also interesting to see how both partial order frontiers behave pretty well
even for estimating the full frontier in spite of not using any parametric assumption. As
expected, the parametric deterministic estimate and the nonparametric full frontier
estimate (FDH) are too sensitive to the outliers and miss the target.

Example 2 (Cobb—Douglas with uniform). We first consider a slightly different case where
the frontier is linear (particular case of a Cobb—Douglas) but the stochastic scenario is
different. We choose (X,Y) uniformly distributed over the region D = {(x,))[0<
x<1, 0<y<x}. Here the true frontier ¢(x) = x. The true conditional a-quantile frontier
is @ (x)=x(1 —+1—0a), for 0<x<1, and the order-m frontier can be computed as
¢©,,(x) = x(1 — A4,,), where 4,, = 271:0(;”)(—1)'"_12'/(2m —j+1). Again, in this particular
example, if o =1 — Ai, then both partial frontiers coincide and we choose m = 20 and
o = 0.9622 to achieve this and facilitate the comparison of both estimators. We generate a
sample of n =100 observations and we add here four outliers, we use here for the
parametric estimators the same specification as in Example 1 and we do the same exercise
as above. The results are displayed in Fig. 2.

The comments are very similar to the preceding example: deterministic (parametric or
FDH) break down and the stochastic parametric estimate (same specification as in
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Fig. 2. Results for Example 2. In solid black line, the true frontier y = x. In cyan solid, the FDH frontier estimate,
in blue dashed the estimated order-m frontier and in dash-dot red the estimate of the order-o frontier. In black
dotted, the shifted OLS estimate and in dash-dot black, the parametric stochastic fit.

Example 1), behaves well but, as expected, not so well as above. This is due to the fact that
the parametric specification of the model is correct (Cobb—Douglas) but the stochastic
specification of the model is incorrect (as above we specified a normal noise minus an
exponential in the log scale). So the estimated stochastic parametric frontier under-
estimates the true frontier. Remember that both partial frontier estimates estimate a
different object, slightly below the full frontier. However, note again that even without any
parametric assumptions, the partial frontiers behave not so badly when considered as
estimates of the full frontier ¢(x) = x, with again a clear advantage to the order-« frontier.
This is the main advantage of these robust nonparametric estimators.

Example 3 (Logit with exponential). As just noticed, the advantages of the nonparametric
estimators rely on the fact that no particular parametric specification is assumed for the
frontier and for the efficiency term. To illustrate further, we did the same exercise as the two
preceding examples but here the parametric specifications for the parametric models will be
wrong. We use a Cobb-Douglas with exponential inefficiency term specification, as above,
whereas the true model is ¥ = exp(10X — 5)/(1 + exp(10X — 5)) exp(—U), with X and U as
in Example 1. For the robust nonparametric estimators, we choose values of o = 0.95 and
m = 20, so that both order-o and order-m efficiency scores are very close. With little surprise,
the nonparametric estimators clearly show their superiority as shown in Fig. 3.

6.2. A multivariate simulated example

In this set-up, we cannot produce pictures of the frontier surfaces, so we will focus
on the detection of the effect of environmental variables on the efficiency scores
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Fig. 3. Results for Example 3. In solid black line, the true logit frontier. In cyan solid, the FDH frontier estimate,
in blue dashed the estimated order-m frontier and in dash-dot red the estimate of the order-« frontier. In black
dotted, the shifted OLS estimate and in dash-dot black, the parametric stochastic fit.

and focusing on the comparison between the nonparametric estimators (full and
partial frontiers).

Here a multi-input (p = 2) and multi-output (¢ = 2) data set is simulated and the
function describing the efficient frontier is (as in Park et al., 2000)

y(2) — 1.0845()6(1))0'3()6(2))0'4 o y(l)’

where y), (x%), denotes the jth component of y, (of x), for j=1,2. We draw X
independent uniforms on (1,2) and f’?) independent uniforms on (0.2,5). Then the
generated random rays in the output space are characterized by the slopes S; = ¥ 52) / f’il).
Finally, the generated random points on the frontier are defined by
Y(]) _ 10845(X§1))03(X52))04
ieff Si + 1

2 110.3/ 1-(2)10.4 1
Y = 1.0845(X () (x4 — v

The efficiencies are generated by exp(—U;) where U; are drawn from an exponential with
mean pu =%. Finally, in a standard setup (without environmental factors), we define
Y;= Y xexp(—U;).

Now we introduce the dependency on an favorable environmental factor Z (we adapt
Case 1 of Daraio and Simar, 2006): Z is uniform on (0.5,1.5) and

Y = Z % YU xexp(—U)),
2 2
Y = Z % YO xexp(=U)).
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For the nonparametric estimation, we have chosen a triangle kernel for the smoothing: the
results are very stable with respect to other choice of the kernel with compact support. For
the partial frontier we have chosen m = 20 and o« = 0.90, just to illustrate the procedures.
In practice, the choice of these two “tunning” parameters may be governed by their
economic interpretation (a benchmark against the best of m virtual competitors, or against
a level of production with a probability (1 — o) x 100% of being dominated) but these
estimators are so fast to compute that in practice, a sensitivity analysis could be performed
to select an appropriate level for m and for « (see Simar, 2003 for more details). The values
chosen here are such that both order-o. and order-m efficiency scores are very close in
absence of outliers.

We simulate n = 100 observations according to this scenario and we will compare
our results with those obtained when adding five outliers. The latter are introduced
at the following values of X: (1.25,1.5),(1.25,1.75),(1.5,1.5),(1.75,1.25) and (1.5,1.25),
the corresponding values for the slopes in the Y space are (0.25,0.75,1,3,5).
The corresponding values of Z have been chosen in the range of Z as
(0.6,0.8,1,1.2,1.4). Finally the outliers in the output direction were projected outside
the true frontier by a factor 3 for the first three points and a factor of 2 for the remaining
two outliers.

The results are displayed in Fig. 4. On the left panels, we have the results for the regular
sample: we see that all the ratios allow to detect the favorable “linear” effect of Z on the
production process. On the right panels, we see the results when the five outliers have been
added. The comparison of the left to the right panel allows to appreciate the robustness of
the measures to the outliers. The FDH estimator fails to detect the correct effect when the
outliers are added and even shows a negative slope at the right. The order-m resists better
to the outliers, although after Z = 1.1 indicate a flat slope. The a-quantile measures being
the more robust to extreme values, give the best picture: the difference between the left and
the right panels is the weakest; in both cases they indicate correctly the positive influence of
Z on the production process.

6.3. Mutual funds data

We also illustrate our methodology analyzing US Mutual Funds data. We use a cross-
section data set, collected by the reputed Morningstar, which consists of the US Mutual
Funds universe updated at 05-31-2002. Among this universe we select the aggressive-
growth (AG) category of mutual funds. These are funds that seek rapid growth of capital
and that may invest in emerging market growth companies. For details about the data, the
variables and references to this literature, see Daraio and Simar (2006), where the analysis
is also fully motivated.

We have a sample of 129 mutual funds and we apply an input oriented framework. The
traditional output in this framework is the total return of funds (the annual return
at the 05-31-2002, expressed in percentage terms). Most returns were negative in this
period, hence we shift them to get all positive returns by adding 100. This does not
change our input oriented analysis. The inputs are risk (standard deviation, or volatility
of the return), expense ratio (the percentage of fund assets paid for operating
expenses, management fees, administrative fees, and all other asset-based costs) and
turnover ratio (a measure of the fund’s trading activity). In our illustration we use the
market risks of mutual funds (the percentage of fund’s movements that can be explained
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Fig. 4. Simulated example, n = 100: “positive” effect of Z on production efficiency (output oriented framework).
Left panels, regular data and right panels, same data plus with 5 outliers. Scatterplot and smoothed regression of
the ratios ;ln(x, ylz)/ /:L,,(x7 y) on Z (top panels), of j.m,n(x, y|2) /;l,n,n(x, y) on Z (middle panels) and of
L,,,(x, viz)/ }W,(x, y) (bottom panels) on Z.

by movements in its benchmark index) as environmental variable, to investigate its effect
on our data, i.e. if it is detrimental or favorable to the performance of mutual funds in the
period under consideration.
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We compare FDH, order-m (with m = 25, chosen in Daraio and Simar, 2006) and
a-quantile efficiency scores, unconditional and conditional to Z. We have chosen four
values of «, from 0.80 to 0.975 for showing the sensitivity of the procedure to this choice.
The results are displayed in Fig. 5. We see indeed that for the order-o measures, the choice
of o is not so important (the case « = 0.99 is not reproduced here but is very similar, as it
should be, to the FDH case). All the pictures confirm the global positive effect of the risk
market on the performance of the funds, as expected from the literature (Sengupta, 2000
used this variable as additional input in this framework), but here this interpretation is a
result of our analysis. We note also that the FDH measures fail to give this global
interpretation, but we know this data set contains a lot of outliers (see Daraio and Simar,
2006). The effect appears more clearly with the order-o measures, because they are less
sensitive to extreme values, and the robustness properties developed in Section 4 lead us to
favor this measure. We see also that the results are rather stable when choosing
“reasonable” values for o not far from the standard level of 95% of the statistical
literature.

7. Conclusions

In this paper we develop a generalized concept of efficiency measure, the o-quantile
efficient scores, related to a nonstandard conditional «-quantile frontier in a full
multivariate set-up. The approach can be viewed as an alternative to the order-m
efficiency scores and order-m efficient frontier developed by Cazals et al. (2002) and Daraio
and Simar (2006).

Both approaches provide nonparametric estimators of the efficient frontier which are
more robust than the usual envelopment estimators (like FDH/DEA estimators). The a-
quantile approach is more easy to interpret since the parameter o is just the selected level of
the quantile. The choice of m in order-m efficient frontier is more delicate although it can
be interpreted as the number of potential firms against which the benchmark is done to
determine the efficiency score of a particular firm. The choice of m can also be indirectly
piloted by the percentage of observed firms staying above the frontier for a given m, but the
a-quantile approach seems to be more direct.

The asymptotic normality of our estimator is provided for a fixed order a<1. An
exponential probability inequality yielding the complete convergence of the estimator is
also established. Then, by letting the order « increase to 1 as a function of the sample size,
we derive an estimator of the full true Farrell efficiency scores which converges to a
limiting Weibull distribution with the same rate as the FDH estimator.

The estimation procedure is robust to the perturbations in data, which attains a
bounded influence function. A theoretical analysis shows that the multivariate quantile-
type efficiency scores are more robust to extremes than the nonparametric order-m
efficiency scores. Moreover, as for the order-m frontiers, the a-quantile frontiers can also
be used to detect outliers in the spirit of Simar (2003).

In this framework, it is also easy to introduce environmental factors and we propose
useful tools for detecting their influence on efficiencies. Here also, we derive some
asymptotic properties for the resulting estimator and we show how it can be easily
calculated. Numerical examples (with simulated data and with mutual funds data)
illustrate the usefulness of the approach.
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Fig. 5. Aggressive-growth US mutual funds. Scatterplot and smoothed regression of the ratios é,,(x, ylz)/ @,,(x, »)
on Z (top left), of 0,,,(x,y|2)/0m.(x,y) on Z (top right, with m = 25) and of 0,,(x, y|z)/0y.(x,y) on Z (middle
panel, left « = 0.80 and right « = 0.90 and bottom panel, left « = 0.95 and right « = 0.975).

__ Finally, since for every attainable point (x;,y;), there exists a o such that @w =1 (or
Agn = 1), this o could serve as an alternative measure of input (or output) efficiency. In

other words, one may set the performance measure for the unit (x;, y;) to be the order o of
the quantile frontier which passes through this unit. For instance, in the output
orientation, it can be easily seen that a(x;, ;) = 1 — Syx..(v;lx:) + (1/nH xy (i, 0)).
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