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Abstract

Let X be a set of vectors in R™. X is said to be a Hilbert base if every vector in R™ which
can be written both as a linear combination of members of X with nonnegative coefficients and
as a linear combination with integer coefficients can also be written as a linear combination with
nonnegative integer coefficients. Denote by # the collection of the graphs whose family of cuts
is a Hilbert base. It is known that K5 and graphs with no Ks-minor belong to 3 and that K,
does not belong to #. We show that every proper subgraph of Ks belongs to J# and that every
graph from 3 does not have K¢ as a minor. We also study how the class 3 behaves under
several operations.

1. Introduction

Let X be a set of vectors in R™. Set

Ry (X) := {Z Aex | 120 (x € X)},

x€eX

Z(X) = {Zm | €Z (x eX)},

x€X

x€X

Z.(X)= {Z Ax| A €Z, (x€ X)} .

So, R4 (X) is the cone generated by X and Z(X) is the lattice generated by X . Clearly,
Z(X)C RL(X)NZ(X). The set Z,(X) is sometimes called the integer cone generated
by X. The set X is said to be a Hilbert base if equality holds in the above inclusion,
ie., if

Z.(X) = R.(X)NZX).
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Hilbert bases were introduced in [11] to study total dual integrality. Several examples
of Hilbert bases arising from combinatorial objects are described in [15].

Let G = (V,FE) be a graph. For each subset S C V, the cut 4(S) consists of the edges
ij € E with |SN{i,j} = 1. For simplicity, we also denote by &(S) the incidence
vector of the cut determined by S; so 6(S); =1 if |SN{ij}/ =1 and §(S); =0
otherwise, for ij € E. Let A denote the set of all cuts of G. For simplicity, we let
R, (G) := R, (H) denote the cone generated by the cuts of G, and Z(G) := Z(H)
denote the lattice generated by the cuts of G. We also set Z,(G) := Z . (Hg).

Let # denote the set of graphs G whose family of cuts 4 is a Hilbert base, i.c.,
such that Z,(G) = R.(G)N Z(G).

We suppose here that the graphs are without loops and without multiple edges. This
is no loss of generality since, if a graph G has multiple edges and loops, then G € 5 if
and only if the graph obtained from G by deleting the loops and replacing the multiple
edges by single edges belongs to 5#. We recall that a graph H is said to be a minor
of a graph G if H can be obtained from G by deleting and/or contracting some edges.

In this paper, we show the following results.

Theorem 1.1. Let G be a subgraph of K¢. Then, G € # if and only if G is distinct
from K.

Proposition 1.2. If G belongs to #, then G does not have K¢ as a minor.

Hence, K¢ is the smallest example of a graph which does not belong to . To see
that K¢ € ##, consider the vector x defined by x. = 2 for all edges of K¢ except x, = 4
for one edge of Kg. Then, x € R, (K¢)NZ(Ks) but x & Z.(Ks) ([4]; see also Example
4.2). In fact, the proof of Proposition 1.2 is based on the fact that this counterexample
for K¢ can be extended to a counterexample for any graph containing Ks. The graph
K, provides, therefore, a counterexample to a conjecture of [12], stating that the cuts of
any graph form a Hilbert basis. Actually, a major open question is to decide whether
Ks is the only minimal (with respect to taking minors) graph that does not belong
to .

Let us now recall several results that we need for the paper. The lattice Z(G) can
be casily characterized. Namely, given x € Z£,

x € Z(G) if and only if x(C) =0 (mod 2) (1)

for each circuit C of G. (We set x(C) := ZeECXe for each subset C C E.) On the other
hand, characterizing the cone R, (G) or the integer cone Z,(G) are hard problems, in
general. The following Theorems 1.3 and 1.4 give the characterization of R,(G) and
Z . (G) for the class of graphs with no Ks-minor. Let x € R, (G). Then, x satisfies the
following inequality:

xe —x(C\ {e})<0 2)

for each circuit C of G and each e € C. Inequality (2) is called a cycle inequality.
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Theorem 1.3 (Seymour [18]). Let G be a graph. Then, R.(G) consists of the vectors
x € RE satisfying the inequalities (2) for all e € C, C circuit of G, if and only if G
has no Ks-minor.

Theorem 1.4 (Fu and Goddyn [10}). Let G be a graph. Then, Z,(G) consists of the
vectors x € ZE satisfying the inequalities (2) and the condition (1) for all e € C, C
circuit of G, if and only if G has no Ks-minor.

In other words, Fu and Goddyn showed that every graph with no Ks-minor belongs
to . The proof of this result is based on the following facts:

— graphs with no Ks-minor can be obtained by means of k-sums (k = 1,2,3) of
planar graphs and copies of the graph Vg (shown in Fig. 1) [19],

— planar graphs belong to 4 [16],

— Vs belongs to #,

— S is closed under the k-sum operation (see Proposition 2.7).

In fact, the graph Ks, which is excluded in Theorem 1.4, also belongs to # [5,7].
Let Hg denote the graph obtained by splitting evenly a node in Ks; He is shown in
Fig. 2. From Seymour’s splitter theorem [17], every graph with no Hg-minor can be
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obtained by means of k-sums (k = 1,2) of graphs with no Ks-minor and copies of
Ks. Hence, from Theorem 1.4 and Proposition 2.7, we deduce that every graph with
no Hg-minor belongs to 3. Note, however, that the graph Hg also belongs to o# (by
Theorem 1.1; see also Example 2.8).

The proof of Theorem 1.1 relies mainly on the following Theorem 1.5. However,
this result does not imply immediately that every subgraph of K¢ belongs to ), since
we do not know whether 5 is closed under deletion of edges (we have only a partial
result; see Proposition 2.3).

Theorem 1.5. The graph K¢\e (obtained by deleting an edge from Kg) belongs to .

The full characterization of the class # seems to be a hard problem. One reason
for that may be that we could not prove that 5 is closed under deletion of edges.
Another major difficulty for showing that a given graph G belongs to J# is that the
cone R.(G) is not known in general (i.e., if G has a Ks-minor). For instance, for
showing that K¢\e belongs to #, we need first to find the linear description of the
cone R, (Ks\e) (which we did using computer).

On the other hand, the dual problem, i.e., the characterization of graphs whose family
of cycles is a Hilbert base, is completely solved. Namely, the family € of cycles of
a graph G is a Hilbert base if and only if G does not have the Petersen graph Py, as
a minor [1]. Note that describing the cone R, (%) is ‘easy’; indeed, for any graph G,
the cone R, (%) consists of the vectors x € RE satisfying the inequalities (2) for all
e € C and all cuts C of G [16]. Hence, for a graph G with no Pjp-minor, the integer
cone Z (%) is characterized by the inequalities (2) and the parity condition (1), for
each e € C and each cut C of G.

One may ask the same questions at the more general level of binary matroids.
Let .# be a binary matroid on a set £ with family of cycles € 4. The question of
characterizing the matroids whose family of cycles forms a Hilbert basis is raised
in [12].

The following result is shown in [10]: The integer cone Z,(% 4) consists of the
vectors x € RE satisfying the inequalities (2) and the parity condition (1), for each
e € C and each cocircuit C of .#, if and only if .# does not have F7 (the dual Fano
matroid), Ryq, #*(Ks) (the cographic matroid of Ks), or #(P)o) (the graphic matroid
of Pyy), as a minor. The proof of this result is based on Seymour’s decomposition
for matroids with no F3, Rjp minor, and on the fact that the result holds for graphic
matroids (the above mentioned result of [1]), for cographic matroids (Theorem 1.4)
and for the Fano matroid F,. Note that the exclusion of the minors FJ, Rjo and
M *(Ks) ensures that the cone R, (% 4) is ‘easy’, i.e., is completely determined by the
inequalities (2), for C cocircuit of .# ([18]).

On the other hand, the binary matroids .# for which the lattice Z(¥ 4) is completely
determined by the parity condition (1) are characterized in [14].

The paper is organized as follows. In Section 2, we study how the class J# behaves
under several operations, namely, under contraction and deletion of edges, under the
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k-sum operation, and with respect to switching. In Section 3, we give the proof of
Theorem 1.5, i.e., we show that the cuts of K¢\e form a Hilbert base; Section 3.1 con-
tains the description of the cone R (Kg\e). In Section 4.1, we present the description
of the cones R, (Hg) and R, (Hs + e); in Section 4.2, we give the proof of Theorem
1.1 and, in Section 4.3, we prove Proposition 1.2.

2. Operations

In this section, we group several results showing that the class J# is closed under
some operations, namely, under contraction of an edge, under deletion of an edge with
some additional conditions, and under the 1-, 2-, 3-sum operations. We also give a
result on J related to the switching operation; see Proposition 2.9.

Let G/e (resp. G\e) denote the graph obtained from G by contracting (resp. deleting)
the edge e.

Proposition 2.1. If G € #, then G/e € K for each edge e of G.

Proposition 2.2. Assume that Gle € # for some edge e of G. If x € R, (G)NZ(G)
and x, =0, then x € 7 ,(G).

Propositions 2.1 and 2.2 can be easily checked directly. In fact, as was pointed
to us by Grishukhin, the proof relies essentially on the fact that the cone R,(G/e)
can be seen as a face of the cone R, (G). Namely, let ¢ be the edge uv, where
u,v € ¥, and let N,, denote the set of nodes of G that are adjacent to both u and v.
Then, the cone R;(G/e) is obviously in one-to-one correspondence with the cone
R (G)N{x € RE: x,; —xy; —x,y = 0 and xy; — X, — X, = O for all i € N,,}, which is a
face of the cone R, (G). Proposition 2.2 follows immediately, as well as Proposition 2.1
(indeed, if the generators of a given cone form a Hilbert basis, then the same property
holds for any face of this cone).

We now turn to the case of deletion minors. We can prove an analogue of
Proposition 2.1 only if we make some additional assumptions on the graph G. Consider
the following properties:

ve{0,1,-1}E, (3)

v'3(S)€2Z  for all cuts &(S) of G (4)

for each inequality v"x <0 defining a facet of R, (G). Each cycle inequality (2) clearly
satisfies the properties (3) and (4).

Proposition 2.3. Let G be a graph satisfying (3) and (&) for each inequality v™x <0
defining a facet of R.(G). If G € #, then G\e € # for each edge e of G.
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Proof. Let y € R.(G\e) N Z(G\e). We show that y € Z,(G\e). Let x € RE, where
xy = y; for each edge f # e of G and x, remains to be determined. Clearly, x € R, (G)
if and only if

Xmax $Xe & Xmins (3)

where  xpax = max(—vTy/v.|v. < 0, vTz<0 defining a facet of R, (G)) and xmin =
min(—0vT y/ve|v, > 0, vTz<0 defining a facet of R,(G)). Moreover, x € Z(G) if and
only if

x, has the same parity as y(C \ {e}), 6)

where C is an arbitrary circuit of G containing e. By (3), Xmin,Xmax € Z. Hence, if
Xmax < Xmin, then Xyay + 1 <xmin and we can choose x, satisfying the above conditions
(5) and (6). If Xmin = Xmax, then we set X, = Xmax = Xmin. We verify that x, has indeed
the correct parity. For instance, x, = vTy, where v"z<0 defines a facet of R, (G)
and v, = —1. Define x’ € RE by setting x = yyr if f is an edge of G distinct from
e, and x, =0 (resp. x, = 1) if y(C\ {e}) is even (resp. odd). Clearly, x’' € Z(G).
Therefore, using (4), we deduce that v™x’ is an even integer, implying that x, has
the same parity as x., i.e., as y(C \ {e}). Therefore, we can choose x, in such a
way that x € R.(G)N Z(G). Since G € #, we have that x € Z,(G), implying that
yE€Z(G\e). O

Note that the above proof shows, in fact, that the following weaker form of
Proposition 2.3 holds.

Proposition 2.4. Let e be an edge of a graph G. Suppose that, for each inequality
vTx <0 defining a facet of Ry (G), v, € {0,1,—1}, and v"8(S) € 2Z for all cuts 5(S)
of G. Then, G\e € # whenever G € ¥.

Example 2.5. Every graph on at most 5 nodes belongs to #. Indeed, Ks € 3 [5,7]
and every proper subgraph of Ks belongs to # (by Theorem 1.4).

Let us point out that K5 satisfies the properties (3) and (4); indeed, its facets are
defined by the triangle inequalities: x; — xi — x% <0, for i,j,k € V(Ks), and the
pentagonal inequality: x3 +x23 +X13 +X45 — Z.-;lfsa x;; <0 for any labeling of the nodes
of Ks as 1,2,3,4,5 [5,7]. '

Let G, = (V,,E,) be a graph, for t = 1,2. When the subgraph induced by ¥, NV, is
a complete graph on k := |V, N V| nodes, the k-sum of G| and G, is defined as the
graph G = (V,E) with V =V UV, and E = E; UE,.

Proposition 2.6 (Barahona [2]). Let G be the k-sum (k = 1,2,3) of two graphs G,
and G,. Then, a system of linear inequalities sufficient to describe the cone R, (G)
is obtained by juxtaposing the inequalities that define the cones R, (G,) and R, (G,)
and identifying the variables associated with the common edges of G, and G,.
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In particular, G satisfies property (3) (resp. (4)) if and only if G, and G, satisfy
property (3) (resp. (4)).

Proposition 2.7. Let G be the k-sum (k = 1,2,3) of two graphs G, and G,. Then,
Ge K ifand only if G € # and G, € K#.

Proof. We give the proof in the case k = 3; the cases £k = 1,2 are similar but easier.
Set Vi NV, := {u,v,w}. We first suppose that G|, G, € # and we show that G € #.
Let x € R.(G)N Z(G). The projection x, of x on R belongs to R.(G,)N Z(G,),
for t = 1,2. Since G, € #, then x, € Z,(G,), for t =1,2. Say, x; =, &(4),
X; = EBG.Q 6(B), where & is a multiset of cuts of Gy, i.c., repetition is allowed in
o, and # is a multiset of cuts of G,. We can suppose, without loss of generality,
that w € A,B for all 4 € &/, B € B. Let &/ (resp. &, &/, &3) denote the multiset
consisting of all members 8(4) of o/ such that u,v ¢ 4 (resp. (u €A, v€ A), (Ug A,
v € 4), (u,v € A)). Define similarly %y, #,, #,, and %3. Hence,

x(uv) = x)(uv) = x2(uv) = || + | 2| = |%1| + | 8],
x(uw) = x| (uw) = xp(uw) = || + | 3| = | B + | B,
x(vw) = xl(vw) = XQ(UW) = |M2| + Iﬂ:;l = |932| + |£3|,

yielding that |.o7 || =|%,| = (x(uv) + x(uw) — x(xw))/2, |A2| =B, | = (x(uv) + x(vw)—
x(uw))/2 and |of3| = | B3| = (x(uw) + x(vw) — x(uv))/2. Since |fx| = |B|, we can
order the members of ./, as Av,. Ay and those of %; as B,,...,BW”, for each
k=123, Then, x = Fye o, 80) + Zpen, 0B) + Ty 23 (T ciciony i UBY))-
This shows that x € Z,(G). Hence, G € #.

Conversely, let us assume that Ge #. We show that G, € #. Let y € R.(G;)N
2(Gy). So, y = ¢ As8(S) for some scalars Ag>0, where the cuts 6(S) are taken in
G, with w ¢ S. Set x = ) Ag0(S), where the cuts §(S) are now taken in the graph
G. Hence, x;, = 0, Xiy = Yyw, Xiu = yuw for each node i € V3 — V|, and x;; =0 for
all nodes i,j € V> — V7. This observation permits to check that x(C) € 2Z for each
circuit of G, i.e., x € Z(G). Therefore, x € Z,(G) since G € . This implies that
y € Z,(G1). Hence, G, € #. O

Example 2.8. .As an application of Proposition 2.7, we obtain that the graph K¢ — P;
(i.e., K¢ with a path on three nodes deleted) belongs to # (since it is the 3-sum of
K4 and K5 and K4, K5 € #, as mentioned in Example 2.5). By Propositions 2.3 and
2.6, we deduce that the graph obtained by deleting an edge from K¢ — P;3 still belongs
to . In particular, the graph Hg + e (i.e., Hg with one more edge among its nodes)
belongs to #. (Heg is shown in Fig. 2 and Hg + e in Fig. 7.) Then, He too belongs
to H# since all the inequalities defining facets of Hg + e satisfy (3) and (4) (see
Section 4.1).
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We conclude this section with a result related to the switching operation. Given
a cut 8(4) in G and v € RE, define v*“ € RE by (1¥4), = —v, if 8(4), =1 and
(v*®), = v, if &(4). =0, for all edges e € E. Then, the mapping rs : RE — RE
defined by r54)(v) = v’ + 8(4), for all v € RE, is called a switching mapping. 1t is
well known that any switching mapping rs4) preserves the cut polytope [3].

Switching also preserves the cone R, (G) in the following sense [5]. Suppose that
the inequality v»"x<0 is valid for R;(G) and that v75(4) = 0; then, the inequality
(*“NTx <0, obtained by switching w'x<0 by the cut 5(4), is valid for R.(G).
Moreover, (1%4))Tx <0 defines a facet of R, (G) if and only if vTx <0 defines a facet
of R, (G).

In other words, if & is a face of Ry(G) with & := {6(4,),...,6(A4,)} denoting the
set of nonzero cuts lying on #, then the set F%4) := {1,8(41)+ 3, ., ¢, 4b(4:Ad41)]
MsA2s-.., A, 20} is also a face of R.(G), obtained by switching the face # by the
cut d(4y).

We now give a result which will be very useful for showing that some given graph
G belongs to #°. For this, we need two more definitions. Given x € R, (G), we define
its minimum R, -size s(x) by

s(x) := min ( D aslx =) asd(S) with all ocs>0>

sCv SCv

and, given x € Z,(G), we define its minimum Z ,-size h(x) by

h(x) := min ( D aslx =) as6(S) with all as € z+>.

scv scv

As above, let # be a face of R, (G) and let # = {6(4;),...,8(4,)} denote the set
of nonzero cuts lying on %. We consider the following two properties:

If xe R.(G)NZ(G) and x € &, then x € Z,(G) 7N

If x € R(G)YNZ(G) and x € &, then s(x) € Z; moreover,
Ti<icihi = s(x) for each decomposition x = X ¢;<,4:0(4;) with (8)
Ai=z0 for 1<i<t.

Proposition 2.9. Assume that the face & has the property (7) and that both faces
F and F¥4) have the property (8). Then, the face F¥4) has the property (7).

Proof. Let z € R,(G)N Z(G) such that z € #°4) We show that z € Z,(G). By
assumption, we have that z = 1,8(4;)+ ZKK, A:0(A;ANAy) for some scalars
A,...,4>0. Since F%4) has the property (8), we have that 3, ., ., 4 = s(z) € Z.

Set y =3 ) ;< 4id(4;). Hence, y € #. Since F has the property (8), we deduce
that >, .., 4 =s(y) € Z. Note also that y = rs,)(z) + 6(4;)(s(z) — 1). Moreover,
y € Z(G); indeed, z € Z(G) which implies obviously that rs.4,y(z) € Z(G).
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Therefore, from the property (7) applied to &, we deduce that y € Z,(G), i.e.,
Y = Y1<ic: %0(4;) for some nonnegative integers o;. Moreover, 3, & = ().
Then, from z = rs4,)(¥) + 3(4)(s(z) — 1), we obtain that z = 3, ., 0:6(4;) +
8(4,)(s(z) — s()). This shows that z € Z,(G), since s(z) —s(y)=A4 € Z,. O

3. The cuts of K¢\e form a Hilbert base

In this section, we show that the cuts of K¢\e form a Hilbert base. Let Gg denote the
graph on the nodes 1,2,3,4,5,6 whose edges are all pairs except the pair (5,6), ie.,
G = Kg\e for e = 56. We present the description of the facets of the cone R, (Gg) in
Section 3.1 and we show that G € # in Section 3.2. We use the following notation
throughout: For b € R", the vector Q(b) € R() has ijth entry b;b;, for 1<i < j<n.

3.1. Description of the cone R, (Gg)

The facets of R (Gs) are grouped into three classes.

(a) The first class is composed of 48 triangle facets; they are induced by the cycle
inequalities (2), where C is one of the 16 triangles of G, namely, C = (i,/, k) for
I<i< j<k<4,C=(ij,5) and C = (i,},6) for 1 <i < j<4. There are 23 nonzero
cuts lying on each triangle facet.

(b) The second class consists of 20 pentagonal facets. They are induced by the
inequalities

Q(b1, b, by, ba, bs,bg) x = bibyx; <0,

1<i<j<6

where b = (by,...,bs) is one of the sequences (b; = b, = —1, by = 1fork €
{1,2,3,4,5} \ {i,j}, b = 0) for 1<i < j<5, 0or (bi=b;=—1, by=1fork €
{1,2,3,4,6}\ {i,j}, bs =0) for i < j, i,j € {1,2,3,4,6}. There are 19 nonzero cuts
lying on each pentagonal facet. For instance, the vector O(1,1,1,—1,—1,0) is shown
in Fig. 3. We use the following notation: a plain edge ij represents a component +1
for the ij-coordinate and a dotted edge represents a component —1, while no edge
means a component 0.

Fig. 3. O(1,1,1,—1,—-1,0).
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(c) The third class consists of 56 facets, which are grouped into 4 switching classes.
Set

T, ._
WX 1= X6 + X46 + X45 — X15 + X23 — E Xij.

i=2,3
j=4,5.6

The vector w, is shown in Fig. 4. The inequality wlx <0 is valid for the cone R, (Gé).
There are exactly 13 nonzero cuts satisfying the equality wlx = 0, namely, the cuts of
the set

o) = {8(4) | A=1,4,6,14,15,24,26,34,36,124,125,134,135}.

(For simplicity, we use the following notation throughout this section: we denote
the set {1,4} by the string 14, similarly for the other sets.) The set .o/, is linearly
independent. Hence, the inequality w]x <0 defines a simplex facet of R (Gg). Observe
that the inequality w]x <0 arises as the sum of the pentagonal inequality: Q(0,—1,—1,
1,1,1)"x <0 and of the triangle inequality: x;6 — x5 — xs56 <0, which both define facets
of the cone R, (Kg). _

For each 6(4) € .o/, the inequality (w‘l)(A) )Tx <0, obtained by switching the in-
equality w]x <0 by the cut 6(4), defines another (simplex) facet of R, (Gs). We show
in Fig. 5 the vector wfm . In fact, Figs. 4 and 5 show the two possible patterns for the
coefficients of the switchings of w;.

By permuting cyclically the nodes of (1,2,3,4), we obtain three more inequalities
wix< 0, wix<0, wix <0, defined by

T ._
WX 1= Xz6 + Xi6 + X15 — X25 + X34 — E Xijs

i=3,4
J=45,6

T, ._
W3X 1= x36 + X26 + X25 — X35 + X14 — E Xijs

i=1,4
j=2,5.6

T, ._
WX 1= Xa6 + X36 + X35 — X45 + X2 — E Xij.

i=1,2
j=35.6
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Each of them yields, via switching, 14 other facets of R,(Gg). We show in Fig. 6
the vectors wy, ws and wy. Let o/, denote the set of nonzero cuts satisfying the equality
wiTx =0, for i = 2,3,4, they are easily obtained from .«/,.

We refer to the facets of R,(Gs) induced by the inequalities w/x<0 and their
switchings (wf(A))Txgo, for 4 € o, i = 1,2,3,4, as the special facets of R,(Gg).
We call the facet induced by wlx <0 the main special facet of R.(Gs).

We checked, using computer, that the above triangle facets, pentagonal facets and
special facets constitute all the facets of R (Gg). Hence, R (Gg) has 48+20+56 = 124
facets in total. We conclude with an observation.

Remark 3.1. (i) If tTx<0 defines a triangle facet, then v76(4) € {0,~2} for all cuts.
(ii) If vTx<O0 defines a pentagonal facet, then v76(S) € {0, -2} for all cuts except
two cuts for which vT8(S) = —6. Namely, v78(ij) = v 6(hkl) = —6 for the pentagonal
inequality Q(b)'x<0 with b; =b; = —1 and b, = b, = b, = 1.
(iii) If pTx <O defines a special facet, then v78(S) € {0,-2} for all cuts except
four cuts for which vT3(S) = ~4, —6. Namely, for the main special facet, w]d(45) =
wl(146) = —4 and wld(23) = w]§(123) = —6. (One deduces easily for which cuts
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every other special facet takes value —4 or —6 using permutation and switching; for
instance, w16(15) = wl8(126) = —4 and w]8(34) = wl6(234) = —6.)

3.2. The Proof of Theorem 1.5

In this section, we show that G belongs to 3, i.e., that Z(Gg) R (Gg) C Z,(Gs).
Our proof is by contradiction. We suppose that there exists y € Z(Gg) N R4(Ge) \
Z.(Gg) and we take such y for which the sum ZeEE(GG) Y, is minimum, Qur goal
is to show that no such y exists. This is done by a careful analysis of the possible
locations of the point y within the cone R, (Gg). Clearly, y satisfies:

y—0(4) € R (Gg) for all cuts 6(4). 9

(For, if not, then y — 6(4) € Z.(Gs) by the minimality of y, which would imply that
y € Z,(Gs).) Let # denote the smallest face of R,(Gs) that contains y, let # denote
the set of nonzero cuts lying on %, and let ¥~ denote the set of vectors v for which
the inequality vTx <0 defines a facet of R, (Gs) such that vTy = 0. The proof can be
sketched as follows: We show in Claim 3.5 and Corollary 3.7 that & is not contained
in any pentagonal or special facet. Hence, y may lie only on some triangle facets.
This fact, combined with the observation from Claim 3.3, permits to exclude many
cuts from the set #. We can show, in fact, that # C{d(4) | 4 = 12,13,14,23,24,34}.
A direct argument permits then to conclude that y € Z,(Gg), in contradiction with our
assumption.

From now on, y is a nonzero vector of Z(Gg)NR(Gs)\Z+(Gs), which satisfies (9).
We shall use throughout the following notation: For distinct i, j, k, we set y([ijlk) :=
Yij — Yik — k- We start with some easy observations.

Claim 3.2. y.>1 for all e € E(Gg).

Proof. This follows from Proposition 2.2 and the fact that every contraction minor of
Gg belongs to #. O

Claim 3.3. For each cut 5(A) € R, there exists an inequality v'x <0 defining a facet
of R, (Gs) such that (v'y = =2,078(4) € {—4,—6}) or (VTy = —4,076(4) = —6).

Proof. As y — 6(4) ¢ R,(Gs), there exists an inequality v"x <0 defining a facet of
R, (Gs) such that v7(y — 6(4)) > 0. Hence, 0=0"y > v78(4) with vy < — 2 (else,
0Ty = vT8(4) =0 as 6(4) € #). One can conclude using Remark 3.1. O

Corollary 3.4. Every cut of R is of the form &(A), where A belongs to the set
{5,6}U{12, 13, 14,23,24,34}U{15, 16,25, 26, 35, 36, 45,46} U{56 }U{123, 124, 134,156}
U {125, 126,135,136, 145, 146}. (We have grouped together the sets according to the
symmetries of Gg.)
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Proof. By Claim 3.3, (i) ¢ # since no inequality v"x <0 defining a facet of R,(Gs)
satisfies: vTo(i) = —4, —6, for i = 1,2,3,4 (see Remark 3.1). O

Claim 3.5. The vector y does not lie on any of the special facets.

Proof. Let %, denote the main special facet of R,(Gs), defined by the inequality:
wlx<0. We show that & has property (7). For this, let z € R.(Gs) N Z(Gs) N Fy;
$0,z=1 SAYEA) a40(A4), for some scalars a4 >0 and z satisfies (1). We show that all
a4’s are integers:

o Since z([16]2) = —2a4 € 27, we deduce that a4 € Z. Similarly, o34, %124 € Z, from
z([16]3),z({12]5) € 2Z.

From z([16}4) € 2Z, a4 + o4 + o34 € Z, implying that a4 € Z.

From z({12]3) — 2([12]4) € 2Z, o3 + 124 — 04 € Z and, thus, a3 € Z.

From z(2[36]) € 2Z, o4 + a36 + %24 + o125 € Z, implying that a5 € Z.

From z({1216) € 27, ag + a36 + o124 + o125 € Z, implying that ag € Z.

From z(1[23]) — z(1{34]) € 22, a14 — 234 — o125 € Z, implying that a4 € Z.

From z(1{35]) € 2Z, oy + s + 424 € Z, 6., o) € Z.

From z([14]2) — z(1[25]) € 2Z, oy — ) € Z, i.€., oy € Z.

From z(1{34]) € 2Z, oy + o15 + o34 + 2125 € Z, 1.e., a5 € Z.

From z(2[14]) € 2Z, 014 + 026 + 0134 € Z, 1.€., A134 € Z.

Finally, z(1{24]) € 27, i.e., oy + 015 + opq + 0335 € Z, i.€., t135 € Z.

Hence, the main special facet & has property (7). Moreover, & has property (8);
indeed, s(x) = (x14+x16+x46)/2 for any x € F (since the triangle (1,4,6) cuts all the
cuts of 71). It is easy to see that every switching & g(B Y of # o by a cut 6(B) € o/
also has property (8). Therefore, by Proposition 2.9, the face # gw) has property (7).
Hence, by symmetry, every special facet has property (7). This shows that the vector
y cannot lie on any special facet. []

Let & denote the face of R, (Gg) which consists of the vectors x € R, (Gg) satisfying
the pentagonal equality: Q(1,1,1,—1,—1,0)Tx = 0 and the three triangle equalities:
x(1[45]) = 0, x(2[45]) = O and x(3[45]) = 0. The set of nonzero cuts lying on
g is

Rg = {0(4) | A =16,14,146,15,156,24,246,25,256,34,346,35,356}.

Note that the only cuts lying on the pentagonal facet defined by Q(1,1,1,—1,—1,0)"x
<0 but not on ¥ are 8(4) for 4 € {1,2,3,16,26,36}.

Claim 3.6. The vector y does not lie on the face %.
Proof. Suppose, for contradiction, that y € 4. Then, y = ) SA)ERy 240(A) for some

scalars a4 >0. We can assume that 0<a, < 1 for all &(4) € A4. (Else, if ay>1 for
some 4 € &, then y — 6(4) would still belong to the cone R, (Gs), contradicting (9).)
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Set
es 1= as + asy(ey for § € & :={14,15,24,25,34,35}.

Let K5 denote the subgraph of G induced by the nodes: 1,2,3,4,5 and let yx, denote
the projection of y on the edge set of Ks. Then,

yeo=Y_&sd(S) and y=asd({6})+ > asd(S) + (es — a5)(S U {6}).
N34 Se¥

As a consequence,
es € {0,1} for all § € .

(This follows from the fact that yy, lies on a simplex facet of R, (Ks), namely, the one
defined by the pentagonal inequality: Q(1,1,1,~1,—1)Tx<0, and the fact that K5 €
. Alternatively, this follows from the fact that y(4[if]), y(5[ij]) € 2Z for 1<i <
j<3.) The following conditions on the og’s and gg’s can be derived from the parity
condition (1):

o As y(6[45]) = 26 € 2Z, we deduce that

e = 0, Yae + Ys6 = Zﬁs- (10)
Se¥

e From y(6[ij]) € 2Z, for 1<i < j<3, we obtain that

g + 015, 024 + 025,034 + 035 € {0, 1}, (1)
e From yp(i[46]) € 2Z, for 1<i<3, we obtain that
Ois + €24 — 0o + 634 — 34 € Z, (12)
g5 + €14 — 14 + €34 — 034,035 + 14 — 014 + E24 — 024 € Z.
e From y(6[i4]) € 2Z, for 1<i<3, we obtain that
14 + €25 — O2s + &35 — a35 € Z, a3)
Oig + €15 — o5 + €35 — *35, 0034 + €15 — 15 + &5 — o5 € Z.

We now distinguish two cases depending whether some &g is equal to 0 or not. In both
cases, we find that y belongs to Z,(Gg), which contradicts (9).
Case A: ¢s = 1 for all S € &. Then, ya + ¥s6 = 6 and yj2 = yi3 = y»3 = 4,

Y14 = Y15 = Y = Y25 = y3a = y35 = 3, yas = 6. Moreover,

Y16 =4+ ot1g + %15 — %94 — G5 — O34 — 035,

Y26 =4 — oa — a5 + 0pg + Olp5 — 034 — O35,

Y36 =4 — oia — s — 0pq — G5 + 034 + a35,

Yag =3 + 0lig — 15 + g — o5 + 034 — U3s.

Ys6 =3 — olia + tis — Ogq + tios — %34 + 035,
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From (11), we know that the three sums: o4 + 15, %4 + 225,234 + d35 belong to
{0,1}. This gives (up to symmetry) the following four possibilities:

Case Al: Ol + O0ljs = 0Ol4 + 05 = d3g4 + 35 — 0. Then, y= ZSEy; 855(5) S Z+(G(,).

Cuse A2: aya+ o5 =1 and apq + a5 = o34+ 035 = 0. Then, yi6 =95, v26 = y36 =3
and ys € {2,4}. By symmetry between the nodes 4 and S5, we can suppose that
yas = 2. Then, y = 8(146) + 8(15) + 5(246) + 5(256) + 3(346) + 8(356) € Z.,
(Gs)

Case A3: a4 + o5 = o4+ 05 = 1 and 034 + 35 = 0. Then, Yie = V26 = 4, Vie = 2
and ys € {1,3,5}. By symmetry, we can suppose that ps € {1,3}.

— If yag = 1, then y = 5(146) + 8(15) + 5(246) + 8(25) + 6(346) + 8(356) € Z.(Go).
—If yag =3, then y = 8(14) + 6(156) + 5(246) + 6(25) + 5(346) + 8(356) € Z.(Gs).

Case A4: a4+ a5 = 04 + %5 = o34 + o35 = 1. Then, yj6 = y26 = y36 = 3 and, up
to symmetry, v = 2. Then, y = 6(14) + (156) + 6(246) + 6(25) + 6(346) + 6(35) €
Z4(Ge).

Case B: Some ¢ is equal to 0. Say, €4 = 0. Then, 14 = 0 and, using (11), a;5s = 0.
From (11) and (12), we deduce that o4 + 025, 234 + o35, 025 + €34 — 234 € {0,1}. If one
of these three quantities is equal to 0, then o4 = ays = 234 = a35 = 0, which implies
that y = ) ¢ 858(S) € Z,(Gs). Otherwise, the above three quantities are equal to 1,
which implies that a5 = a34 := o and a4 = o35 = 1 —o for some 0 <a < 1. Moreover,
using (12), (13), &4 = €5 = €34 = €35 = 1. Hence, y = a(d(25) + 6(246) 4+ 6(34) +
8(356)) + (1 — a)(8(24) + 6(256) + 6(346) + 5(35)). Therefore, y, = 2 for all edges
except y23 = ysas = 2, in which case y = 8(246) + 5(25) + 6(34) + 6(356) € 7,
(Ge). O

Corollary 3.7. y does not lie on any pentagonal facet.

Proof. There are, up to symmetry, two pentagonal facets to consider, namely, those de-
fined by the inequalities QO(1,1, 1,-1,-1,0)Tx<0 and o,1, -1, 1,—1,0)Tx<0. Note
that the second one arises by switching the first one by the cut §(34).

Suppose first that Q(1,1,1,~1,~1,0)Ty = 0. Then, y = > scayca 40(4) for some
scalars 0oy < 1, where ZC Ry U {0(16),0(26),5(36)} (recall that §(1),8(2),
0(3) ¢ # by Corollary 3.4). From yp(i[45]) € 2Z, for i = 1,2,3, we obtain that
o6 € Z and, thus, a6 = 0, for i = 1,2,3. Hence, y lies on the face ¥, contradicting
Claim 3.6.

Suppose new that O(1,1,~1,1,—1,0)Ty = 0. Then, y = 35, 4 %49(4) for some
scalars 0<ay < 1, where # C Ryson U {5(16),5(26),5(46)} and Ryin = {5(4) |
A =6,13,136,15,156,23,145,25,134,34,125,45,123} denotes the set of nonzero cuts
lying on the switching 4% of 4 by §(34). Again, from y(i[35]) € 2Z, for i = 1,2,4,
we obtain that o;s = 0, for i = 1,2,4. Hence, y lies on the face %°G%). Note that the
proof of Claim 3.6 shows that the face 4 has the property (7). Moreover, both faces
% and %°CG* have the property (8); indeed, s(x) = (x45 + x46 + x56)/2 if x € ¥ and
S(x) = (x35 + x36 + x56)/2 if x € %39 Therefore, by Proposition 2.9, the face %4
also has the property (7). Hence, y € Z,(Gs), contradicting (9). O
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From now on, we can suppose that y does not lie on any pentagonal or special
facet, i.c., the set ¥~ of the facets of R;(Gs) that contain y consists only of triangle
facets. We conclude the proof in the following way. In the following Claims 3.8-3.11,
we show that

R C{8(4) | 4 = 12,13,14,23,24,34}.

Therefore, y = 238(12) + a135(13) + 2140(14) + 0230(23) + 0246(24) + 0345(34) for
some nonnegative o’s. Using the fact that y([ij]k) € 2Z for 1<i < j<3 and k = 4,5,
we deduce that the a’s are all integers, which contradicts (9). This terminates the proof
of Theorem 1.5.

Claim 3.8. The cuts 6(5),0(6),0(56) do not belong to .

Proof. Suppose that 6(5) € #£. By Claim 3.3, there exists an inequality #Tx <0 defin-
ing a facet of R.(Gs) such that u*6(5) € {~4,-6} and 4"y > u"8(5). There are four
possibilities for u, namely, u = ’5(4), wa(15) 6(2) and w4(3) for which ¥T6(5) = —4
By symmetry, it suffices to consider the case u = 6(4) . Hence, we have that (wé(“))T
—2. On the other hand, we know from Corollary 3 4 that 5(1) € #. Hence, there ex-
ists v € 7" such that v78(1) < 0; it is necessarly a triangle inequality and there are,
up to symmetry, the following three triangle inequalities: x(1[23])<0, x(1[25])<0,
x(1[26])<0 to consider.

(i) Suppose that the inequality x(1[23]) <0 belongs to ¥, i.e., y(1[23]) = 0. After
rearranging the terms, we obtain that y(1[23]) + (wf“) YWy=0(-1,1,1,1,0,-1)Ty +
y(5[14])+ y(5[23]). But, O(—1,1,1,1,0,—1)T y <0, y(5[14])< —2 and y(5[23])< -2
(indeed, the inequalities x(5[14]) <0 and x(5[23])<0 do not belong to ¥~ since they
are not satisfied at equality by 4(5)). Hence, y(1[23])+ (w] (4))T y <& —4, contradicting
the fact that y(1[23]) = 0 and (w>®)Ty = —2.

(ii) Suppose that y(1{25]) = 0. Then, y(1[25D+W )Ty = O(~1,1,1,1,0,—1)T y+

y(5[13]) + y(5[14])< — 4, yielding again a contradiction.

(iii) Suppose that y(1[26]) = 0. Then, y(1[26])+(W?*)Ty = ¥(6[34])+ y(5[24]) +
y(1[23]5)< — 4, yielding a contradiction.

So, we have shown that 6(5)¢ #. Similarly, (6)¢& %, implying that §(56)¢#. O

Claim 3.9. The cuts 6(123),8(124),5(134),6(156) do not belong to AR.

Proof. Suppose, for instance, that 3(123) € #. By Claim 3.3, there exists u x<0
defining a facet of R;(Gs) such that u76(123) € {—4,—6} and uTy > u'6(123).
The possibilities for u are two pentagonal facets and four switchings for each spe-
cial facet w;, i = 1,2,3,4. By symmetry, it suffices to consider the cases (i) u'x =
O(1,1,1,~-1,-1,00Tx<0, (ii) u = wi, (iii) u = w?? (for which 4T8(123) = —6),
and (iv) u = "“5) , (v) u=wi® (for which £75(123) = —4).

(i) Suppose that 0(1,1,1,—1,-1,0)Ty = 0. Since 8(5) ¢ # (by Claim 3.8), let
v € ¥ such that v75(5) < 0; it is the triangle inequality x(5[i4])<0, for i = 1,2,3.
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Suppose, for instance, that y(5[14]) = 0. Then, y(5[14]) + Q(1,1,1,—1,—-1,0)Ty =
y(4[23]) + y(5[13]) + ¥(5[12])< — 6, yielding a contradiction.

(ii) Suppose that wly € {~2,—4}. Since &(6) & &, there exists v € ¥~ such that
vT8(6) < 0; it is one of the triangle inequalities x(6[14]) <0, x(6[24]) <0 (or x(6[34])
<0). But, y(6[14]) +wly = p(6[23]) + ¥(2[45]) + »([14]35)< — 6 and ¥(6[24]) +
wiy = p(6[23]) + ¥(3[45]) + ¥([61]52)< — 6, yielding a contradiction.

(iii) The case when (w‘fm)T y € {—2,—4} is identical to the case (ii), exchanging
the nodes 5 and 6.

(iv) Suppose that (w‘ls(15 ))T y = —2. As in (ii), we can suppose that y(6[14]) =0
or y(6[24]) = 0. But, p(6{14]) + W'Yy = O(—1,1,1,-1,1,0)Ty + »(6[12]) +
Y(6[131)< ~ 4 and p(6[24]) + (W{"N)Ty = p(4[35]) + »([2316) + ¥(1[52]6)< — 4,
yielding a contradiction.

(v) The case when (w‘ls((’))T y = —2 is identical to the case (iv), exchanging the
nodes 5 and 6. []

Claim 3.10. The cuts 6(125),8(126),(135),6(136),5(145),5(146) do not belong
to R.

Proof. Suppose, for instance, that §(146) € #. By Claim 3.3, let #"x <0 define a facet
of R,(Gs) such that uT5(146) € {—4,—6} and u'y > u'8(146). So, u'x<0 is the
pentagonal inequality Q(1,—1,-1,1,0,1)Tx<0, u = wX", for which u(146) = —6,
or u = w, for which ¥T6(146) = —4. (The case when u is one of two switchings of
Wy, w3, or wy follows by symmetry.)

(i) Suppose that Q(1,—1,-1,1,0,1)Ty € {~2,—4}. Since 5(6) ¢ R, there exists
v € ¥ such that vT6(6) < 0; we can suppose that it is one of the inequalities x(6[12])
<0 or x(6[14])<0. But, »(6[12]) + O(1,—1,—1,1,0,1)Ty = p(2[46]) + »(6[23]) +
y(3[14])< -6 and p(6[14)+0Q(1,~1,~1,1,0,1)Ty = p(6[23])+y(2[14])+y(3[14]) <
— 6, yielding a contradiction.

(i) Suppose that (wf(ls))Ty € {—2,—4}. From the fact that §(5) & #, we know
that one of the inequalities x(5[1{])<0 (i = 2,3), x(5[23])<0, x(5[[4]) <0 (i = 2,3)
belongs to ¥, But, y(5[12])+(w‘,s(15))Ty = 0(1,1,1,-1,0, - )T y+ p(1[351)+ »([14]5)
< =6, Y(5123D)+ Wiy = y(12316) + ¥(12314) + »(15[46])< — 6 and ¥(5[24]) +
WXy = y([2316) + p([3514) + »(15[46])< — 6, yielding a contradiction.

(ili) Suppose that w]y = —2. From the fact that 6(6) ¢ %, we can assume that
one of the inequalities x(6[12])<0, x(6[14])<0, x(6[24])<0 belongs to ¥ . But,
¥(6[12]) +wiy = y(2[46]) + y([2316) + y([12]5) + y(3[45]) < ~ 4, ¥(6[14]) +w]y =
¥([2316) + »(2[45]) + ¥(3[41]15)< — 4 and y(6[24]) + wiy = ¥(3[45]) + »([2316) +
y([16]25)< — 4, yielding a contradiction. [J

Claim 3.11. The cuts 6(15),0(16),3(25),5(26),3(35),5(36),5(45),5(46) do not be-
long to A.

Proof. Suppose, for instance, that 6(45) € #. Then, there exists u#'x <0 defining a
facet of R.(Gs) such that u'6(45) € {—4,~6} and u"y > uT8(45); it is (up to
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symmetry) Q(1,1,1,—1,—1,0)Tx<0, (w®)Tx<0, for which uT6(45) = —6, or wlx
<0, for which ¥75(45) = —4.

(i) Suppose that Q(1,1,1,-1,—-1,0)Ty € {-2,—4)}. We can suppose that
x([14]5)<0 belongs to ¥~ (since d(5) ¢ % and using symmetries). But, y([14]5) +
o1, 1,1,-1,—-1,0)Ty = p([12]15)+ ¥([13]5)+ »([23]5) < — 6, yielding a contradiction.

(i1) Suppose that (wf(6))Ty € {-2,-4}. We can suppose that x([14]5)<0 or
x([2415)<0 belongs to ¥". But, »([14]5) + W)y = O(-1,1,1,-1,0,1)Ty +
P([12]5)+1([1315)<—6 and y([24]5)+(w} )Ty = y(4[36])+1((23]5)+ ¥(15[26]) < —
6, yielding a contradiction.

(iii) Suppose that w/y = —2. We can suppose that x([14]5)<0 or x([24]5)<0
belongs to ¥". But, y([24]5)+wly = Q(—1,1,1,—1,0, 1) y+ »([13]5)+ »([12]5) < —4
and y([24]5) + wly = »([23]5) + ¥([61]52) + ¥(3[46])< — 4, yielding a contradic-
tion. 0O

4. The role of K¢ in the class #

In this section, we give the proofs of Theorem 1.1 and Proposition 1.2, i.e., we
show that every proper subgraph of K¢ belongs to 5#, and that every graph belonging
to # has no Kg-minor. For the proof of Theorem 1.1, we need to know the explicit
description of the facets of the cone R, (Hs+e), where Hg+e is the graph Hg with one
added edge; see Fig. 7. We present this description in Section 4.1; we also give there,
for information, the description of the cone R (Hs). We give the proof of Theorem 1.1
in Section 4.2 and the proof of Proposition 1.2 in Section 4.3.

4.1. Description of the cones R (Hg) and R, (Hg + €)

We consider the graphs H¢ and Hg + e from Figs. 2 and 7. So, He + e is obtained
from Hg by adding the edge ¢ = 46 and Hs + e = K¢\ {12,13,56}. We checked, using

1 6

5 3

Fig. 7. Hg +e.
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computer, that the cone R, (Hg + ) has 49 facets in total. They are grouped in two

classes.

e The first class consists of the 9 x 3+ 2 x 4 = 35 facets that are defined by the cycle
inequalities (2), where C is one of the 9 triangles (i,4,j) (i = 1,2,3; j = 5,6),
(2,3,i) (i =4,5,6), or of the two circuits (1,5,2,6) and (1,5,3,6).

e The second class consists of 14 facets, that are all switching equivalent. Set

T, .__
U X = X1 — X15 +X23 + X45 + X46 — E Xij-

=23
j=4.5.6

The vector u is shown in Fig. 8. The inequality u'x <0 defines a facet of R (Hs +e).
There are exactly 13 nonzero cuts satisfying the equality #"x = 0; namely, the cuts of
the set

o, = {64) | 4=1,4,6,14,15,24,26,34,36,124,125,134, 135}.

Hence, for each 8(4) € 7, the inequality (4*4)Tx <0 defines a facet of R, (Hs+e).
Observe that all the inequalities defining facets of R, (Hg + ¢) satisfy both conditions
(3) and (4).

For information, we also give the description of the facets of R,(Hs). The cone
R+ (Hsg) has 46 facets in total. Besides the facet defined by the inequality x5 >0, they
are grouped in two classes.

e The first class consists of the 6 x 3 + 4 x 4 = 34 facets that are defined by the
cycle inequalities (2), where C is one of the 6 triangles (i,4,5) (i = 1,2,3), (2,3,i)
(i = 4,5,6), or one of the 4 circuits (1,2,4,6), (1,5,3,6), (1,6,3,4) and (1,6,2,5).

o The second class consists of 11 facets, that are all switching equivalent. Set

wix = 2x16 + X23 + Xa5 — X26 — X36 — Z Xij.

i=1,2,3
j=4,5

The vector w is shown in Fig. 9 (the double edge indicates the coefficient 2 for the
variable x6). The inequality w'x <0 defines a simplex facet of R, (Hg). There are 10
nonzero cuts satisfying w'x = 0, namely, the cuts of the set

Ay =1{6A4) | 4=1,6,14,15,26,36,125,124,134,135}.
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Fig. 9. w.

For each 6(4) € o, the inequality (W*)Tx <0 defines a facet of R, (Hs). (Note
that the inequality w'x <0 arises by summing the inequality #"x <0 and the triangle
inequality x5 — x14 — x4¢ <0, both defining facets of the cone R, (Hs + e).)

Remark that the property (4) is closed under deleting edges (since the facets of
R, (G\e) arise from those of R, (G) by projecting out the variable x.). However, this
is not the case for the property (3). For instance, the facets of R.(Hgs + e), or of
R, (Ks\e), have the property (3), but not those of R..(Hg).

4.2. Proof of Theorem 1.1

Let D be a nonempty subset of edges of K4 and let G = K¢\D denote the graph
obtained by deleting D from Kg. We show that G € #. This is the case if |D| =1 by
Theorem 1.5.

o If |D] = 2, then G € 5#; this follows from Theorem 1.5 since all the facets of K¢\e

satisfy (3) and (4).

e If |D| = 3, then we are in one of the following cases:

(i) D=K;; (eg. D= {12,13,14}),

(i) D =P, UP; (e.g. D ={12,13,56}),

(iii) D = P, (e.g. D = {12,23,34}),
(iv) D =C; (e.g. D = {12,23,13}),

(v) D=P,UP, UP; (e.g. D={12,34,56}).

In the cases (iii){v), G € # since G has no Ks-minor.In the case (i), G € #
since G is the 2-sum of K3 and K5 (recall Example 2.8). In case (ii), G € # since
G arises by deleting an edge from K¢ — P; which is the 3-sum of K, and K.

e Suppose that |D| = 4. If G is a subgraph of K¢ — P4, then G € 3 since G has no

Ks-minor. Else, we are in one of the following cases:

(i) D=Ky4 (e.g. D ={12,13,14,15}),

(i) D=K,3UP; (e.g. D={12,13,14,56}),

(ili) D= P3 UP; (e.g. D ={12,13,46,56}).

In the case (i), G € # since G is the 1-sum of K5 and K;. In the cases (ii) and
(iii), G € M since G arises by deleting an edge from the graph Hgs + e (see Fig. 7)
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whose facets all satisfy (3) and (4) (see Section 4.1) and Hy + e belongs to 3 (see
Example 2.8).
o Suppose that |[D|>S5. Then, G is a subgraph of K5 or of K¢ — P4, implying that
Ge X
This concludes the proof of Theorem 1.1. L[]

4.3. Proof of Proposition 1.2

We start by recalling some facts on the antipodal extension operation (see, e.g., [9]).
Given x € R(2) and a € R, define the antipodal extension y = ant,(x) € RG) of x by

Yij = Xij if 1<i < an,

Vint1 = &,

Yin+t1 = & — Xy if 2<l<n
It is easy to see that, if x € R, (K,) and x = ngl ..... n} asd(S) with ag=0, then
anty(x) = Y g1e5 45H(S) + Pg1gs HS U {n + 1}) + (@ — 35 25)0({n + 1}) and, con-
versely, if ant,(x) € R, (K,+1), then every decomposition of ant,(x) as a nonnegative
combination of cuts has the above form. Hence, we have the following result.

Proposition 4.1 (Deza and Laurent [9]). (i) ant,(x) € R(K,y1) if and only if x €
R.i(Ky), a € Ry and a=s(x).

(il) anty(x) € Z(Kpt1) if and only if x € Z.(K,,), @ € Z and o= h(x).

(iii) anty(x) € Z(K,11) if and only if x € Z(K,) and a € Z.

Note that Proposition 4.1 remains valid under the following conditions: G is a graph
with node set {1,...,n} and with the node 1 being adjacent to all other nodes of G,
G’ is the graph obtained from G by adding a new node n + 1 adjacent to all nodes
of G, x € RE®_ and y = ant,(x) € REC) is defined by y. = x, for e € E(G) and
Yiny1 = & — xy; for all nodes i of G.

Proposition 4.1 provides a useful tool for constructing counterexamples for the
Hilbert base property. Indeed, if we can find x € R.(K,)NZ(K,) and a € Z such that
s(x)<a < h(x), then anty(x) € R (Kpy1)NZ(Kyi1)\Z 1+ (K,41). We now present such
an example.

Example 4.2. Consider the vector x, € RG) defined by (xp); =2 forall 1<i < j<n
and set a,,1 =ants(x,). So, all components of a,, are equal to 2 except (@1 a1 =4.
Clearly, s(x,) = n(n — 1)/|n/2][n/2] since x, can be written as a nonnegative com-
bination of cuts using only equicuts, i.c., cuts with |n/2|[n/2] edges. Moreover, for
nz5, h(x,) = n since x, = le:‘@: o(i) is the only way of writing x, as an integer
nonnegative sum of cuts [6]. Hence, for n= 5, s(x,) <4 < h(x,), and we deduce from
Proposition 4.1 that a,1; € Z(Kn+1) N Ry (Knt1) \ Z+(Kns1).

One can also show directly that a,.1 € Z,(K,+1) by checking that a,, — &(4) ¢
R, (K1) for all cuts 6(4). Indeed, a,,1—9(4) violates either the pentagonal inequality



278 M. Laurent| Discrete Mathematics 150 (1996) 257-279

o(1,1,1,—-1,—-1,0,...,0)Tx<0, or the inequality Q(2,1,1,—1,-1,~1,0,...,0)"x<0
(for a suitable labeling of the nodes), which both define facets of R (K, ) if n=5.

Explicit decompositions of x, and a,., are as follows. Let &, denote the set of the
equicuts of K,. Then,

n=2 Y )

" s(S)es,

an+.=ci( > s+ Y 6<Su{n+1}))+(4—s(xn))é<{n+1}),

" \§S)eé.,. 1€S HS)EE,, 14S

where ¢, = (n72_—21) if n is even and ¢, = 2((,1"__3%/2) if n is odd.

Therefore, the cuts of K¢ do not form a Hibert basis, as the point g from
Example 4.2 belongs to Z(Ks) N R4 (Ks) \ Z,+(Ks). It is shown in [13] that the cuts
of K¢ together with the 15 permutations of ag form a Hilbert basis. Moreover, all
elements of Z(Kg¢) N R, (Kg) \ Z,+(Kg) are described; up to permutation, they are of
the form ag + ad({i}), where « € Z and i € {2,3,4,5}. For n>7, several other classes
of vectors belonging to R, (K,)NZ(K,)\ Z.+(K,) are constructed in [8], in particular,
using other extension operations.

Claim 4.3. Let G be a graph which contains K¢ as a subgraph. Then, G does not
belong to #.

Proof. By assumption, the edge set £ of G contains the edge set E(Ks) of a Ks
subgraph. Define a € RE by a, = 2 for all edges e € E except a, = 4 for one edge
e € E(Ks). Then, a € Z(G) N R.(G), but a € Z,(G). Indeed, a € R(G) since a is
the projection of a, € R (K,) (n is the number of nodes of G); a & Z,(G) since its
projection ag on RE¥s) does not belong to Z,(Ks). This shows that G & #. [

Proposition 1.2 now follows easily. Indeed, suppose G has a K¢-minor, i.e., G\D/
C = K, for some disjoint subsets C and D of the edge set of G. Then, G/C does not
belong to S since it contains Kg as a subgraph (by Claim 4.3) which implies that
G ¢ # (by Proposition 2.1).
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