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Abstract

A metric d is h-embeddabile if it can be isometrically embedded in some hypercube. Equiva-
lently, d is h-embeddable if d can be written as a nonnegative integer combination of cut metrics.
The problem of testing h-embeddability is NP-complete (Chvatal, 1980). A good characteriza-
tion of h-embeddability permitting a polynomial-time algorithm was given for several classes of
metrics, in particular, for metrics on n < 5 points (Deza, 1961), for path metrics of graphs
(Djokovic, 1973), for metrics with values in {1,2} (Assouad and Deza, 1980), for metrics on
n = 9 points with values in {1,2, 3} (Avis, 1990). We consider here generalized bipartite metrics,
i.e., the metrics d for which d(i, j) = 2 for all distinct i, j € S or i, j € T for some bipartition (S, T')
of the points. We characterize h-embeddable generalized bipartite metrics and derive a poly-
nomial recognition algorithm.

1. Introduction

Given a finite set ¥ := {1,...,n} and a mapping d: V* - R, , d is called a metric if it
satisfies d(x, x) = 0, d(x, y) = d(y, x) for all x,y € V and

dix,y)—d(x,z) —d(y,2) <0 forall x,y,ze V. (1.1)

Note that zero distances between distinct points are allowed. (Hence, we use the word
“metric” for denoting what is usually called a semimetric) Qy := {0, 1}" denotes the
hypercube of dimension N. The Hamming distance between two binary vectors of Qy is
the number of positions where their coordinates differ. A metric d on V is said to be
hypercube embeddable, h-embeddable for short, if their exist n vectors vy, ..., v, € Qy (for
some integer N) such that d(x, y} is equal to the Hamming distance between v,, v, for
all x,y e V. Clearly, if x,y are distinct points of V at distance d(x, y) = 0, then the
vectors v, and v, should coincide. Therefore, zero distances may be ignored when
studying h-embeddable metrics.
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It is an NP-complete problem to decide whether a metric is h-embeddable. In fact,
this problem is already NP-complete when restricted to the class of metrics having
a point at distance 3 from all other points and taking all their other values in {2,4,6}
[5]. Nevertheless, several classes of metrics are known for which the hypercube
embedding problem admits a good characterization yielding a polynomial-time
algorithm. This is the case, in particular, for the following classes of metrics d:

(a) d is a metric on n < 5 nodes [6, 8],

(b) d takes only the values 2,4 and some point is at distance 2 from all other points

(5],

(c) d is the shortest path metric of a graph [12],

(d) d takes only the values 1,2 [1],

(e) d is on n = 9 points and takes only the values 1,2,3 [3],

(f) d is a metric whose extremal graph is either a complete graph on 4 nodes, or a cycle
of length 5, or the union of two stars ([13], see precise definition of extremal graph
there).

In this paper, we extend the cases for which the hypercube embedding problem is
polynomially solvable, namely to the class of generalized bipartite metrics. Given
a partition of Vinto ¥ = S u T, we consider the metrics d such that d(x, y) = 2 for all
distinct x, y € S and all distinct x,y € T. We call such a metric a generalized bipartite
metric. Note that the path metric of the complete bipartite graph with node bipartition
(S, T) is indeed of this form (with d(x, y) = 1 for all (x,y) € S x T). For instance, every
h-embeddable metric whose values are either odd or equal to 2 is a generalized
bipartite metric (this includes the above cases (d), (¢)).

The problem of embedding metrics in the hypercube is related to the study of the
cut cone in the following way. For any subset A of V, let §(A4) denote the cut metric,
defined by 8(A)(x, =1 if |4 n{x,¥}| =1 and $(4)(x,y) = 0 otherwise. Clearly,
5(A) = 6(V\ A) holds. The cone generated by the 2"~ ! — 1 nonzero cut metrics is
called the cut cone and is denoted by ¥,,. In fact, €, consists of all the metrics on V that
are l;-embeddable [2]. Recall that a metric d on V is said to be [,-embeddable if there
exists n vectors vy,...,v, € RY (for some N) such that d(x,y) = |v, — v,| for all
x,y€ V.ForveRY, |v| denotesits [;-norm ¥, ¢, <y [0al; if , 0 € {0, 1}¥, then |[u — v|
coincides with their Hamming distance. Similarly, h-embeddable metrics admit the
following characterization. A metric d on V is h-embeddable if and only if d is
a nonnegative integer combination of cut metrics, i€, d =Y ,cy 446(4) for some
A4 € Z, . Therefore, every h-embeddable metric belongs to the cut cone €,. Note that
the problem of testing membership in the cut cone is also NP-complete [13]. (Several
classes of facets of €, are known, yielding necessary conditions for /,-embeddability
and thus for h-embeddability; see, e.g., [10].)

Let .#, denote the cut lattice, consisting of all integer combinations of cut metrics.
One can easily characterize the members of .#,. Namely, for d integral, d € £, if and
only if d satisfies the following condition, called the even condition:

d(x,y) + d(x,z) + d(y,z) is even for all x,y,ze V. (1.2)
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Clearly, every h-embeddable metric on V belongs to the cut lattice, i.e., satisfies the
even condition (1.2). In summary, we have the following implication:

d is h-embeddable = de¥%,n &,.

This necessary condition is, in general, not sufficient. We will see in Remark 3.1 an
example of a generalized bipartite metric on n > 6 points which belongs to €, N &,
but is not h-embeddable. In contrast, for the classes (a)-(f) of metrics mentioned
above, it was shown that membership in €, n &, suffices for ensuring h-embeddabil-
ity. (For the class (a), this result can be rephrased as saying that the family of cut
metrics on n < 5 points is a Hilbert basis of the cone %,.) (In fact, the following
stronger result was shown: within the classes (a)—(f), the even condition (1.2) and the
hypermetric condition suffice for ensuring h-embeddability; see, e.g., [4, 10] for defini-
tions.)

The paper is organized as follows. In Section 2, we give a characterization of the
generalized bipartite metrics that are h-embeddable. This characterization is then used
in Section 3 for deriving a polynomial-time recognition algorithm. We give in the last
Section 4 several additional results on h-embeddable metrics. In particular, we
characterize h-embeddability within the class of metrics which admit a projection on
all points but two that can be uniquely written as a positive combination of star cut
metrics (see Propositions 4.5 and 4.10).

We conclude this section with some preliminary results and definitions that we need
in the remainder of the paper.

Let d be a metric on V which is h-embeddable, ie., can be decomposed as
a nonnegative integer combination of cut metrics. Any such representation:
d=7Y ,cv446(A4) with A, e€Z_, is called a Z,-realization of d. An h-embeddable
metric is said to be rigid if it admits a unique Z . -realization (i.e., it has an essentially
unique embedding in a hypercube).

let 1, denote the metric on V that takes the value 1 on each pair of distinct points.
Given o € Z ., the equidistant metric 2o1,, which takes the value 2 on each pair of
distinct points, is clearly h-embeddable. Indeed,

200, = Y ad({x})
1<sx<n
is a Z , - realization of 2a1,, called its star realization. The following result shows that,
for n large enough, the metric 2«1, is rigid, i.e., the star realization is the only
decomposition of 2«1, as a nonnegative integer sum of cut metrics. This result will
play a crucial role in our treatment.

Theorem 1.1 (Deza [7]). If n = «® + a + 3, then the metric 201, is rigid.
For instance, the metric 21, is rigid for any n # 4. It is easy to see that 21,

admits exactly two distinct Z,-realizations, namely, 20, =Y, <, 0({x})=
Y 2<x<a O({1, X}).
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We will also use the next theorem which gives an asymptotic result about the
rigidity of the more general class of metrics of the form: ¥, ,a.6({x}) with
%y, ..., o, positive integers. It is a reformulation of Theorem 7(i) from [9].

Theorem 1.2. Consider the metric d =Y | ¢, <, %.0({x}) where a,,...,a, are positive
integers. If n is large with respect to max(ay, ...,a,), then d is rigid.

2. The structure of s-embeddable generalized bipartite metrics

In this section, we characterize the generalized bipartite metrics that are h-embedd-
able. For this, we completely describe the structure of their distance matrices and we
shall use it in the next section in order to derive a polynomial recognition algorithm.

Let d be a generalized bipartite metric on V = {1, ..., n} with bipartition (S, T), i.e.,
d(x,y) = 2 for all (x,y) € § U T? with x # y. Let D denote the |S| x| 7| matrix with
entries d(x, y) for x € S, y € T}, D is called the (S, T)-distance matrix of d. We start with
an easy observation.

Lemma 2.1. Let d be a generalized bipartite metric with bipartition (S, T). If d is
h-embeddable, then there exists an integer o such that d(x,y) € {o,a + 2,0 + 4} for all
(x,)eSxT.

Proof. Let o, f denote the smallest and largest value taken by d(x, y) for (x,y) e Sx T;
say « = d(x,y), B =d(x’,y’) for x,x" € 8, y,y" € T. Using the metric condition (1.1), we
obtainthat § = d(x,y') < d(x',x) + d(x,y) + d(y,y’) < 4 + a. Moreover, «, § have the
same parity by (1.2). O

Sets:= |S|and t .= |T|. Let dg (resp. dr) denote the projection of d on S x § (resp. on
T x T). Then, ds = 21, and d; = 21,. The main idea is based on the following simple
observation. If d =Y ,., 1,0(A4) is a Z,-realization of d, then its projection on S,
namely ¥ ,o, A40(A n S), is a Z,-realization of ds. Similarly, its projection on T is
a Z , -realization of dr. Recall that 21, is rigid for all n # 4. Therefore, if s # 4, then the
realization Y ,_, 440(4 N S) of ds must be the star realization, i.e., it must coincide
with ¥ _<6({x}). Recall also that the metric 21, has two realizations, namely, the star
realization: ¥, <. <, 6({x}) and the special realization: 6({1,2}) + 6({1,3}) + 6({1,4}).
Therefore, if s = 4, we have two alternatives for the realization ¥ , ., 4,6(A4 n S) of ds.
The same reasoning applies for dr.

The following definitions will be useful in the sequel. A Z , -realization of d is called
a star—star realization if both its projections on §* and on T2 are the star realizations
of 21 and 21,, respectively. A realization of d is called a star—special realization if its
projection on S is the star realization of 21, but ¢t = 4 and its projection on 72 is the
special realization of 21,. Finally, a realization of d is called a special—special realization
if s = t = 4 and both its projections on §% and TZ are the special realization of 21,.
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In the following, we analyze the structure of the h-embeddable generalized bipartite
metrics. For this, we distinguish the cases when a star—star, or a star—special, or
a special—special realization exists.

Proposition 2.2. Let d be a generalized bipartite metric with bipartition (S, T). Then,
d admits a star—star realization if and only if there exist a partition {A,B,C,D} of S and
a partition {A',B,C',D'} of T (with possibly empty members) with |A| =|A'| and
|B| = | B'| and there exist one-to-one mappings ¢: A — A’ and 1: B — B’ and an integer
f=|B| + |D| + |D’| such that

f Jor (x,y)e((Au C)yx(B'uD))vu((BuD)x(A' vl

v {(z,0(2))|z € A} U {(z,1(2))|z € B},
d(x,y) = / / 2.1)
f+2 for (x,y)e((A U C)x(4" v C)M\{(z,0(z))|z € A},

=2 for (x,y)e((Bu D)x(B v D')\{(z,t(2))|z € B}.

Fig. 1 shows the (S, 7)-distance matrix of the metric d defined by (2.1). We use the
following notation in Fig. 1 and in the next figures: I, denotes the a x a identity matrix,
J, the a x a all ones matrix, and a block marked, say, with £, has all its entries equal to
f. As a rule, we denote the cardinality of a set by the same lower-case letter; e.g.,
a=|A|,a =|A4], etc.

Proof of Proposition 2.2. Let d be a generalized bipartite metric admitting a star—star
realization: d = ¥ ;.4 0(U), where % is a collection (allowing repetition) on nonempty

A o B D'
Al(f+2da) fH2] f f
~21,
c| f+2 |f+2| f f

B f f |l (f=2)d|f-2
+21
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a b c d ¢ d' m
Al 0 0100 0 0
B |0 Iy 000 0 0
C|0 0 I.10} O 0 0
D0 0 0114] 0 0 0

c'io 1 011 |1 1 1

Dioy 1 |o0|1]0|Jy—1yp]1

Fig. 2.

subsets of V. Hence, |U n S]€{0,s,1,s— 1} and |U ~T|e {0,r,1,r — 1} for all
U € %. We can suppose without loss of generality that |U n S| e {0,1} for all U e %.
Let M denote the matrix whose columns are the incidence vectors of the members of
9. Combining the above-mentioned two possibilities for U m S with the four possibil-
ities for U n T, we obtain that M has the form shown in Fig. 2. Hence the sets
A,B,C,D and A, B, C'.D’' form the desired partitions of S and 7. We can now
compute d(x, y) for (x,v) € S x T and verify that they satisfy relation (2.1), after setting
f=|B|+|D|+|D|+ m.

Conversely, suppose that d is defined by (2.1). Set 4= {x,,...,x.4} and
B = {y1,.... ¥ ). One can easily check that J satisfies:

d= Z 5({Xi~0'(-‘<i)})+ Z (S(T\\{T(,V.')}U{.\'i})‘l‘ Z ()({x})

1<i<|A] 1<i<|(B| xeCul’

+ X HTox))+ 3 ST\{x))+ (f— Bl — D= DT}

xeD xeD’
This realization is clearly a star—star realization. [J
Proposition 2.3. Let d be a generalized bipartite metric with bipartition (S,T) and

suppose |T| = 4. Then, d admits a star—special realization if and only if there exist
a partition {A,B,C,D} of S and a partition {A’, B, C’,D’,E'} of T (with possibly empty
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members) with |A| = |A’|, |B| = |B'| and |E'| = 1 and there exist one-to-one mappings
6:A— A and 1: B— B’ and nonnegative integers f,g,m such that

{f=|B|+]D+|D’|+m.
g=141+ D[+ |C+m—1T,

d(x,y) =

{g Jor (x,v)€(Au D)x E", 22)

g+2 for (x,v)e(BuC)xE’,

with the values d(x, y) for (x,y) € S X (T\E’) being given by (2.1).

Proof. Suppose that d is given by (2.1) and (22). Set A= {xy...x4)}
B={yi,....,yp} and E' = {='}. Then d admits the following star—special realization:

d= Y O(xnox). 2D+ Y (T it(y). 2} u i)+ Y a({x})

1<i<|A| 1€igs|B: xeC

+ Y dx. I+ Y HT U X))+ Y T\ {x.2))+ md(T).
xeC’ xeD xebD’
Conversely, suppose that d admits a star-special realization: ¥ ,,_, 6(U), for some
collection % (allowing repetition) of nonempty subsets of V. Let M denote the matrix
whose columns are the incidence vectors of the members of %, let z' € T, and let M’
denote the submatrix of M obtained by deleting its z’-row. The projection of d on
T\ |z'} is the rigid metric 21 ;. Therefore, by the proof of Proposition 2.2, the matrix
M’ has the form shown in Fig. 2. By assumption, we have the special realization of 21,
onT,ie,|Un T|=0,2ordforall Ue%. This observation permits us to determine
the z’-row of M. Namely, it has the following form (keeping the notation of Fig. 2.):

a b ¢ d ¢ d m

E{t]ololiJi o]

One can now verify that d satisfies (2.1) and (2.2), after setting f = b + d + d' + m and
g=a+d+c+m—-1. 0

As a consequence of Proposition 2.3, we deduce that any generalized bipartite
metric admitting a star—special realization takes, besides the value 2, the following
three values:

o f+2,f+4ifa+c =3 ie,g=1+2.
o f—4,f—2 fifa+¢ =0,1e,9g=f—4,
o f—2ff+2ifa+c =2 (ile,g=f)orifa+c =1(e,g=f—2).

One can also characterize the generalized bipartite metrics with bipartition (S, T),
[S| = [T| = 4, that admit a special-special realization. This characterization is ana-
logous to that of Proposition 2.3 for the star—special case. We state the result without
proof.
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Proposition 2.4. Let d be a generalized bipartite metric with bipartition (S, T) and
suppose that |S| = | T| = 4. Then, d admits a special-special realization if and only if
there exist a partition {A,B,C,D,E} of S and a partition {A',B',C',D’,E'} of T (with
possibly empty members) with |A| = |A’|, |B| = |B'| and |E| = |E'| = | and there exist
one-to-one mappings o: A — A’ and 1: B — B’ and nonnegative integers f, g, h,i,m such
that

S=IBl+|D|+[D'|+m,
g=I1A|+|D|+|C|+m—1,
h=|A|+|C|+|D'|+m—1,
i=|B+|C|+|C'|+m,

h for xeE, ye A uD,
dx,yy)=< h+2 for xeE, ye B u C’, (2.3)
i for xeE, ye E',

with the values d(x, y) for (x,y) € (S\E) x T being given by (2.1) and (2.2).

In fact, using the fact that |[S\E|=|T\E'| = 3, we can explicitely describe the
generalized bipartite metrics admitting a special-special realization. There are 50
possibilities for the sequence (g, b, ¢, d, c’,d’). Up to permutation on S and 7, this gives
9 possibilities for the (S, T7)-distance matrix. For example, the two parameter sequences
(2,0,1,0,0,1) and (2,0,0,1,1,0) give, respectively, (f,g,h,i) =(1,1,3,1), (1,3,1,1); one
can see easily that the corresponding (S, 7)-distance matrices are identical up to
permutation of the rows and columns. We display in Fig. 3 all the nine distinct
(S, T)-distance matrices for generalized bipartite metrics admitting a special-special
realization; note that we have substracted the value m from all the entries.

3. Recognition of h-embeddable generalized bipartite metrics

In this section, we see that generalized bipartite metrics can be tested for h-
embeddability in polynomial time. Let d be a generalized bipartite metric with
bipartition (S, 7). In order to check whether d is h-embeddable, one must check
whether d admits a star—star, or a star—special, or a special-special realization.
Clearly, if s,t # 4, then only the first situation can occur and the last situation can
occur only if s = ¢t = 4. In view of Propositions 2.2-2.4, this amounts to check whether
d is of the form indicated in (2.1), (2.2) or (2.3). It is quite clear that this can be done in
polynomial time. Actually, it can be done in O(n?) if d is on n points. Though there
is no real conceptual difficulty, we give nevertheless, for the sake of completeness,
a brief account of the algorithm.
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The description from Proposition 2.2 enables us to design a polynomial algorithm
for testing whether a generalized bipartite metric has a star—star realization and
finding such a realization if one exists. Let d be a generalized bipartite metric. We
consider three cases.

Case 1: d(x,y) = «for all (x, y) € S x T'( for some % € Z..). Suppose first that x = 1.
If |T|=1, then d =Y _¢0({x}) is a star—star realization of d. If [S|=1T|=2,
S=1{1,2}, T=1{3.4}, then d = 3({1,3}) + 6({1,4}) is a star—star realization of d.
Otherwise |S| = 3,|T| = 2 and then d is not h-embeddable (since d does not belong to
the cut cone). If x> 2, thend =Y _, 6({x}) + (x — 2)6(T) is a star—star realization
of d.

Case 2: d(x,y) takes the two values z,2 + 2 for (x,y) € Sx T (for some ae Z,).
Suppose that d has a star—star realization, i.e., its distance matrix is of the form shown
in Fig. 1. Then, one of 2, % + 2 is equal to the value f from Proposition 2.2. Suppose
o = f (the case « + 2 = f is similar). Note that one of the following two conditions
holds: either (i) B=B =0 and D'=0 (or D=0), or (ii) |B|=|B|=1 and
D=D = 0. Let H=(Vy,Ep) (resp. K = (Vy, E¢)) denote the graph whose edges are
the pairs (x, y) € S x T such that d(x, y) = f (resp. / + 2). Up to permutation of S and T,
at least one of the following is true:

(a) H is a matching of size |S| = |T| ( in which case 4 = S and A" = T),

(b} H contains a complete bipartite subgraph with parts $’< S and T,

(c) H contains a complete bipartite subgraph with parts §' < S and 7, and a complete

bipartite subgraph with parts 7' < T and S,

(d) K contains a complete bipartite subgraph with parts S” < S and T.

(For example in the above case (ii), (¢) occurs with 1 < [§'|<2 and 1 < |T'| < 2;
moreover, if |S'| = 2 then |[T'| =1, |T| = 2 and d has indeed a star—star realization
with 4'=T\T', B =T, AuB=2Y§, C=5\5, C'=0) We choose the maximal
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such sets §',S”, T'. Then, it remains only to discuss a small (in O(1)) number of cases.
We leave out the details.

Case 3. d(x,y) takes the three values o — 2,0, + 2 for {x,y) e Sx T (for some
o € Z ). Suppose that d has a star—star realization. Then, a is equal to the value ffrom
Proposition 2.2. Let H = (Vy, Ey) (resp. K = (Vi, Eg)) denote the graph whose edges
are the pairs (x, y) € S x T such that d(x,y) = f — 2 (resp. f + 2). Then Vy and Vx are
disjoint, Vgn(AuCuAd uC)=0, Vy<BuDuUB uD, and the edges
e = (x, y) not belonging to H with x,y € V' form a matching and satisfy d(x, y) = f.
Similarly for K. Note that if an element x belongs to B D\ Vyorto A u C\ Vi then
d(x,y)=f for all yeT. Setting S,;:={xeS|d(x,y)=f for all yeT}, then
VynS=BuDand Vx n S =AU Cwhenever S, = 0. Defining similarly the set T,
we have Vy=BuDu B uD and Vy=Au Cu A U C whenever both S, and
T, are empty. If this is the case, then the properties mentioned above permit us to
determine the sets 4, B,C,D, A’, B', C’, D’ and to conclude the verification for d. Note,
moreover, that S, Nn(CuD)=T,n(C'uD)=9, and [4]=1 C =9 if
S;nA#0@,and |B|=1,D" =0if S; n B #§. Hence, |S;|, | T¢| < 2. Based on these
observations, one can describe all possible cases (whose number is clearly in O(1)) and
conclude the verification for d.

One can check whether d has a star-special realization in the following way.
Suppose | 7| = 4. Let 2’ € T and let d’ denote the restriction of d to the set ¥\ {z'}. If
d has a star—special realization then d’ has a star—star realization. We see easily that
there are O(1) possible star—star realizations for d’ and all of them can be found in
polynomial time. One then checks whether they can be extended to a star—special
realization of d.

Finally, one can verify trivially whether d has a special-special realization. Indeed,
this is the case if and only if, for some m € Z . , the (S, T)-distance matrix of the metric
d — mdé(T) is one of the nine matrices from Fig. 3 (up to permutation on § and 7).

In conclusion, we have shown that one can test in polynomial time whether
a generalized bipartite metric is h-embeddable.

Remark 3.1. We give an example of a generalized bipartite metric on n > 6 points
which is not h-embeddable, but belongs to the cut lattice &, and to the cut cone €,,.
Given an integer k > 5, we consider the metric d,, defined on 2k points by:
dyu(i,i+ k)=4 for any 1<i<k and d;(,j)=2 for all other pairs (i,j),
1 <i#j< 2k Hence, dy, is a generalized bipartite metric with bipartition
({12, ...k} {k + Lk +2,...,2k}). (Note that 1d,, is the path metric of the 1-skeleton
of the k-dimensional cross polytope B;, which is defined as the convex hull of the 2k
vectors + e; (1 < i< k), where ey, ...,e, are the unit vectors in RF) It is an easy
exercise to verify, for instance using the above procedure, that d,, is not h-embedd-
able. On the other hand, one verifies easily that d,, belongs to the cut cone .
Indeed, for some «, take a Z ,-realization ¥ Agd(S) of 2«1, such that N =3 A5 < 4«
(e.g, consider Y 8(S), where the sum is taken over all subsets S of {1,...,k} of
cardinality | k/2 |). Then, TAs8(S U {i + k: i ¢ S}) + (4a — N)O({k + 1,...,2k}) =
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ady. Let d, denote the projection of d,;, on the first n elements of the set {1, ...,2k} for
1 < n < 2k. One can also verify that d, is not h-embeddable if k + 1 < n < 2k, while
d, belongs to ¢, n ¥,. Note that, for n =k + 1, %d,, is the path metric of the
complete graph K, with one deleted edge.) This example was first given in [1].

4. Some more results on A-embeddable metrics

In this section we give additional results on hypercube embedding that are obtained
by application of some extension of the method used in the preceeding sections for
studying generalized bipartite metrics.

Let d be a metric on V. Suppose that there exists a bipartition (S, 7) of ¥ such that
the projections dg and dr of d on S and T are of the form:

ds = Zsaxé({x}), dr = Y, B.o({x}) @.1)

xe xeT

for some positive integers a,, 8. From Theorem 1.2, we know that dg and d are rigid
if | S| is big enough with respect to max,.sa, and | 7| is big enough with respect to
max,.r f. S0, theoretically, one could use the same technique as the one used in
Proposition 2.2 for studying h-embeddability of these metrics. However, a precise
analysis of the structure of the distance matrix of such metrics seems technically much
more involved than in the case where all o, 8, are equal to 1, considered in Section 2.

The next simplest case to consider after the case of generalized bipartite metrics
would be the class of metrics d for which d(x, y) = 4 for x # y € S and d(x,y) = 2 for
x#yeT (e, all a,’s are equal to 2 and all B,s to 1). One can characterize
h-embeddability of these metrics by a similar reasoning as was applied to generalized
bipartite metrics in Section 2 and, as a consequence, recognize them in polynomial
time. Indeed, the metric 41, is rigid for n =3 and n > 9 and has exactly three
Z ,-realizations: its star realization and two special ones for each n € {4,5,6,7,8} [11].
We do not give the details.

In the following, we give a complete characterization of h-embeddability for the
metrics satisfying (4.1) in the case | 7| < 2. We first consider the case |T| = 1. We
introduce some notation.

Let d be defined on the set {1,...,n,n+ 1} and let p,o, € Z for xe S:= {1,...,n}.
For x € §, set

o :=1<Z d(yn+ 1)—%) P 2+ 1) - ), “2)
2 yeS 2
— Ox — B
8. = == 4.3)

o :=min(o,|x € S),

(4.4)
. (d(x,n+1)—d(y,n+1)+d(x,y)’
7:= min x

) #yeS).
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Proposition 4.1. Let d be a metric one the set V= {1,...,n,n + 1} which satisfies the
even condition (1.2). Suppose that the projection ds of d on the subset S = {1,...,n}
satisfies: ds = Y| < . <, ®.0({x}) for some positive integers «,, ...,o, and that ds is rigid.
Then, d is h-embeddable if and only if o, = 0 for all x € S. Moreover, the Z , -realizations
of d are all the realizations of the form:

d=po({n+1}) + ¥ Bo({x,n+ 1}} + (ox — BIS({x}), (4.5)

xe8

where B, (x € S) are given by (4.3) and B is a nonnegative integer satisfying

G—(—Dr<f<o and %ez (4.6)

(with 6, 0,1 being given by (4.2), (4.4)). In particular, d is rigid whenever d satisfies some
inequality (1.1) at equality.

Proof. Suppose first that d is h-embeddable. Let Y ,;_, 6(U) be a Z ,-realization of d.
Its projection on S is a Z , -realization of the metric ds = ¥ g, 6({x}), assumed to be
rigid. Hence, the sets U N § are the singletons {x} for x € S, each repeated «, times,
and the empty set repeated, say f times. Denote by 5, the number of sets U € % for
which U n S = {x} and n + 1 € U. Then, the realization ¥ ,,_, 6(U) can be rewritten
as (4.5). Hence, d(x,n + 1) = f + «, — 2B, + ¥ ¢ B, from which we obtain

ax=ﬁ+(n_2)ﬁx'

This shows that ¢, > 0, ¢ = f5, and (4.3). We check that § > ¢ — (n — 2)7. For this,
note that, for x,x’ € S,

B2 = A+ 1) = dlxn + 1) = d(xx) + @.7)
n—
Note also the identity:

2dx,n + 1) —d(y,n + 1) + d(x, ) = o, = S + By
Therefore, there exist x, # yo € S such that

Oy — O o — [)’
n—2 * n—2"
Hence, 1 2 (6 — B}/(n — 2) and (¢ — B)/(n — 2) € Z by (4.7).
Conversely, suppose that ¢, = 0 for all x € S, where the ¢,’s are given by (4.2). As g,
can be rewritten as

Tzaxo_ﬁxo+ﬁyo=axo—ﬁxo+

1
or=m—Na,+dx,n+ 1)+ ) E(d(y,n +1)=dx,n+ 1) —d(x, y),
yes
we deduce that o, is an integer. Let § be a nonnegative integer satisfying (4.6) (note
that one can always choose f§ = o) and let j,,0,t be defined by (4.3) and (4.4). We
show that (4.5) is a Z . -realization of d. Clearly, £, > 0. Choosing x’ € S such that
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o, =0, we deduce from (4.8) that (6, —0)/(n—2)eZ and (o, — 0)/(n —2)
£ — 1+ o. Therefore, B, =(o,— p)/(n —2)=(o, —0)/(n—2)+ (6 — B)/(n — 2)
€ Z and B, < a,. Finally, we check that (4.5) holds. The distances between pairs of
points of S agree clearly and it is not difficult to check that

B+ Y By +o,— 2B, =d(x,n+1).

yeS

Hence, we have shown that d is h-embeddable and that all its Z , -realizations are as
indicated in Proposition 4.1. In particular, if d satisfies an inequality (1.1) at equality,
then T = 0 which implies that § = ¢ and thus all §, are uniquely determined. Hence,
dis rigid. O

The following result can be deduced as an application of Proposition 4.1.

Corollary 42. Let d be defined on the set V =1{1,...,n,n+ 1}. Suppose that its
projection ds on the subset S = {1,...,n} satisfies ds =Y | <. <,%0({x}) for some
positive integers oy, ...,a, and that dg is rigid. Set = d(1,n + 1) and suppose that
dix,n+ 1)=p—d(l,x)for2< x < n.

(i) d satisfies the metric condition (1.1) if and only if

B =a; + max(e, + o, 2 < x < y<n).

(i) d satisfies the even condition (1.2) if and only if f is an integer.
(i) d is h-embeddable if and only if B is an integer and f = Y _ o; moreover, d is rigid.
Let us now turn to an analogue of Proposition 4.1 for the case | 7’| = 2. Let d be defined
on the set V:={l,...,n,n + L,n+ 2}. let ds,d’,d" denote the projections of d on the
subsets S:={1,...,n}, Su{n+1}, Su{n+2}, respectively. We suppose that
ds =¥ __s%.6({x}) for some positive integers &, and that d is rigid. Hence, we can apply
Proposition 4.1 for testing h-embeddability of d' and d”. Let o7, B, 0,7’ be defined by
relations (4.2)—(4.4) (where f is to be determined) when considering the metric d’ instead
of d. Similarly, let g%, fx,0”,t" be defined by (4.2)—(4.4) (where 8" is to be determined)
when considering the metric d” instead of d and the point n + 2 instead of n + 1.

Proposition 4.3. Let d be a metric on V= {1,...,n,n + 1,n + 2} that satisfies the even

condition (1.2). Suppose that its projection ds on the subset S := {1, ...,n} is of the form:

ds =Y ,.s0x0({x}) for some positive integers o, and that ds is rigid. Then d is h-

embeddable if and only if (i), (ii) hold.

(i) The projection d' (resp. d"yof d on S U {n + 1} (resp. on S U {n + 2}} is h-embedd-
able.

3 {d(n +Ln+ 2)< B+ 7+ Y smin(Bi + By, 20, — B — B3),
1
d(n + 1,n + 2) > max(f', ") — min(f', ) + ¥, smax (5, f5) — min(;, B3),

’

where B',B" are nonnegative integers satisfying o —(n—2)7U < p <o,
(0 —=p)n—2)yeZando" —(n—2)t" < "< 0", (6" — ")/ (n—2)e Z
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Proof. Suppose that d is h-embeddable. Then, a Z,-realization of d is of the
form:

d= 3 v0({x}) + pd({x,n + 1}) + 930({x,n + 2})

xe§

+ Y (e — 7 — ¥ — ¥)0({x,n+ 1,n + 2})

xe€8
+9'8({n+ 1}) +y"6({n +2}) +yé({n + L,n + 2}),

where all the coefficients are nonnegative integers. We obtain the following decompo-
sition for d:

d=@G+7)({n+1})+ Y (x +700({x}) + (s — 7. — y)({x,n + 1}).

xeS8

Comparing with (4.5), we deduce that 8’ := y + 7' satisfies (4.6), and S = o, — v, — 75
for x € S. Similarly, when considering d”, we obtain that 8" .= y + 7" satisfies (4.6), and
W= o, — Yx — ¥x for x € S. Therefore,

dn+ Ln+2)=y +y"+ Y (ye+ %)

x€eS

=p + 5 =27+ Y Qo — 2y, — B — 7).

xeS

As max (B, B7) — min (B, BY) < 2a, — 2y, — B — i < min(B; + B3, 20 — B — B7)
(since 75,7y 20 and a2y, + e +7yx) and max(f,5") — min(f’,f") <
B +B"—2y< B + B (since y,7,y" = 0), we deduce that (ii) holds.

Conversely, suppose that (i), (ii) hold. Then, we can write

dn+1,n+2)=B+ Y B,

xeS

where B, B, are chosen in the following way: B has the same parity as ' + f and
satisfies

max(f',f") — min(f’,f") < B< ' + p”
and, for x € S, B, has the same parity as f; + fix and satisfies
max (B, %) — min(f;, %) < B, < min(f + B, 20, — B — BY).

For x e S set

’ /I_B 2 — I_ //_B
a, = ﬂx+ﬁx x, dx — Oy ,Bx X x’
2 2

b,: 3 s Cy >
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and set

a _ ﬂ’ + BII — B b _ ﬂl —_ ﬂ/l + B B!I _ ﬂ/ _+_ B
=, = =
Hence, a,,b,,c,,d,,a,b,c are nonnegative integers. One can easily check that

d= <Z ad({x,n+ Ln+2})+b.d({x,n+ 1}) + c,.d({x,n + 2}) + dxé({x}))

xe8

+ad({n+ Ln+2})+ bd({n+ 1}) + cd({n + 2}),
which shows that d is h-embeddable. O

Finally, let us consider the class of metrics taking their values in {1, 20, 2o + 1} for
some integer « > 2. The case « = 1 was studied in [3] and the case « > 2 can be easily
settled as follows.

Proposition 4.4. Assume d takes all its values in {1,20, 200 + 1} for some integer o > 2.
Then, d is h-embeddable if and only if d satisfies the metric condition (1.1) and the even
condition (1.2).

Recently, h-embeddability was characterized within the class of metrics taking their
values in {a, 8, + f}, where o, § are nonnegative integers such that at least one of , f,
or a + f is odd, yielding a polynomial recognition algorithm [14].
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