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MATHEMATICS

On the mean summability by Cesaro (C, a) and Abel-Poisson methods of
trigonometric Fourier series in the weighted Lorentz spaces

D. M. Israfilov', V. Kokilashvili?, Y. E. Yildirir®

Abstract

In the paper the classical results on the mean convergence and summability
of trigonometric Fourier series are extended to the weighted Lorentz spaces.
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Let 1" he the interval (—w.m). In the theory of triponometric Fourier seriea it iz well
kmown (see, [1]) that Cesaro and Abel-Poisson means converges in LP(T) (1 < p < oo).
The problem of mean summability in weighted Lebesgue spaces has been investizated in
[2]. [3] In the frame of 4, classes,

In the present paper we study the mean swmmability problems in weighted Lorentez
spaces, Let f be 2r-periodic measurable function. Then let w be 2a-periodic nonnegative
integrable on Y, The last functions are called as weighta, For the Horel set e by

we = [rr:i.].‘]rﬁu'

we denote the Borel measure generated by the function w, For the funetion f consider its
non-lnereasing rearrangement with respect to measure wy

ity =sup{sz0:wizeT:|f(z) > 5 >t} (1)

Then consider the average of f*:

t
1
(1) - Ef_.r'-:r.n']{i'f;.'. (29

It b8 easy to see that £ (t) = 0, when ¢ = 27, Let 1 < p, 5 < oo, The weighted Lorentz

gpace L (1) is defined as the set of all measurable functions f, for which

e 1/m

; comiaalh v
I_f—li e — [{Jrr-rl:“ |.I":I || < B |:.':||

It i= known, that L2° (1) is & Banach space (see, example e, g. [4]}.

Let f & LYT) and

o

; fly ; y .

flz) - =4 S (@, tosnT + b, sinnx) (4}
i
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be the Fourier series of function f & LYT). Let

aolx. fi = -i;ff{u: + t) K2 {t)dE, a0 (5}
when in
™ . - I-
Ko(t) = Z &k;{_}
k=il q"
with [L 1}|
= gin |k + = t
Dilt) = 2ain ,_']-!
and

4 o "
AT = e
R ( m ) [fex+ 1)
Defination. A weight function w is said fo be of class A, if
n—1

S ﬁf‘w{m}r&ﬂ ﬁfwi #(\dr < 20,
i 7

where the least upper bownd s taken over all ntervals 1, the length of which ave not greater
than 2,
Let

-. J' ] (=1 t
fl@) = o [ 1 Oetggat
and
l 24+
M@)o [ 1700 de
a0 2h .
[n the sequel we need the following two statements,

Proposition 1. Let 1 < p, 5 < og. Then the operator f i bounded in L2Y if and only
i we A

Proposition 2, Let 1 < p. 5 < oo, Then the operator M s bounded in LE' if and only

i we A,

For the proof of these Propositions see [4] and [5].
Let

.
Z[aﬂr_aium—b“cuﬂnm] {6}

M=l

ke the conjugate series to the Fourier series (4). Let S.(z, F) and .‘.:';'..{'.t‘._ fl dencte the
partial sums of (4) and {£) respectively.

Thegrem 1. Let 1 < p < oo and w € A,. Then we have

i) im [[Sa(e f) = fllgge = 0
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and

ii) lim || Si(:, f) - IIL

The proof of Theorem s similar as in classical case for £2 spaces, basing on Proposition
1 {se=. [1]).

Theorem £ Let 1 < p, 5 < oo and let w € A,. Then

Tim o3 f) ~ fllgge =0, O<a<l.

Far 0 <oy <1 let

Uz, f) = 20

3 + Z (e, coa i + b, sinng) "
n=1
he the Abel-Foisson means of function [,
Theorem 8, Let 1 <p, 5 < oo and et w e A, Then
tim [0, )~ fllgge = 0
Note that from Propesition 2 and the following estimates (see, [1]

sup |Up(z, f)| < eMf(z)

Oeral

and for pesitive fonetions f

eiMflz) = H“p [ )

L |

wea conclude

Proposition 8. Let 1 < p, 5 < oo, Then the operator

Nf{z) = sap |Ii(z, F)|

O]
is bownded e L2 & and only if w € A,

Froposition {. Lei | <p, 5 < o0 and let w e A, Then the operator

f H;I;flv!ﬂﬂ{-.- 1l
is bounded m LY.
The last Propesition follows from the known estimate (see [1])
sup|ol(x, f]] <clMfiz)

nzxl

and the Proposition 2.
The proof of Theorem 2, Let us consider the sequence of aperator

Un:f =0, £y n=1,2

p o e
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Let us show that each 7, is linear and bounded in L27. The linearity is clear. Applying

the sstimate
K3{t) < 2n

} |fit)| et

But using the generalized Holder's inequality for L2 (see e [5]) we get

we get
I

llem (- f“lm‘{ =ty

I
L1l

|I:|L:;f-‘ =c |:J‘r||,{.::' .

[ 1701t < 11z
|

Thus the operator L, is bounded for each n. On the other hand by Proposition 4, the
sequence of operator norms

(U g e
is bounded,

The et of continnous functions iz dense in 287 and the Fourier series of continunous
functions on the real line converges uniformly to f. Thus the Cesaro means of continnons
functions converges in the norm L2, Applying the Banach-Steinhaus theorem we concluds
that we have the (', &) summability for arbitrary function f & LB,

Theorem is proved,
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