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Rswlpdo Vfuxwlq| lq Pxowl0Shulrg
Surprwlrq Wrxuqdphqwv

Sudghhs Gxeh|�dqg Rul Kdlpdqnr|

Dsulo 5333

Devwudfw

Frqvlghu d sulqflsdo zkr kluhv khwhurjhqhrxv djhqwv wr zrun iru
klp ryhu W shulrgv/ zlwkrxw sulru nqrzohgjh ri wkhlu uhvshfwlyh vnloov/
dqg lqwhqgv wr surprwh rqh ri wkhp dw wkh hqg1 Lq hdfk shulrg wkh
djhqwv fkrrvh h�ruw ohyhov dqg surgxfh udqgrp rxwsxwv/ lqghshqghqwo|
ri hdfk rwkhu/ dqg duh ixoo| lqiruphg ri wkh sdvw klvwru| ri rxwsxwv1

Wkh sulqflsdo*v pdmru remhfwlyh lv wr pd{lpl}h wkh wrwdo h{shfwhg
rxwsxw/ exw kh pd| dovr sxw vrph zhljkw rq ghwhfwlqj wkh kljkhu0
vnloohg djhqw iru surprwlrq1 Wr wklv hqg/ kh udqgrpo| vdpsohv q
rxw ri wkh W shulrgv dqg dzdugv wkh surprwlrq wr wkh djhqw zkr
surgxfhv pruh rq wkh vdpsoh1 Wklv ghwhuplqhv dq h{whqvlyh irup
jdph �+W>q,/ zklfk zh dqdo|}h iru lwv vxejdph shuihfw htxloleuld lq
ehkdylrudo vwudwhjlhv1

Zh vkrz wkdw wkh sulqflsdo zloo gr ehvw wr dozd|v fkrrvh d vpdoo
vdpsoh vl}h q= Pruh suhflvho|/ li � +W , lv wkh pd{lpdo rswlpdo vdpsoh
vl}h/ wkhq � +W , @W $ 3 dv W $ 4=

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= F:5/ G;5/
M741

Nh| zrugv= pxowl0shulrg surprwlrq wrxuqdphqwv/ h{whqvlyh irup
jdphv/ vxejdph shuihfw htxloleuld/ xqgrplqdwhg vdpsoh vl}hv1

�Fhqwhu iru Jdph Wkhru| lq Hfrqrplfv/ VXQ\ dw Vwrq| Eurrn/ Q\ 44:<71 H0pdlo=
sudghhsngxeh|C|dkrr1frp

|Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ S1R1Er{ 530;5;4/ Qhz
Kdyhq/ FW 398530;5;41 H0pdlo= rul1kdlpdqnrC|doh1hgx
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4 Lqwurgxfwlrq
Wkh olwhudwxuh rq wrxuqdphqwv frqvlghuv d sulqflsdo zkr dzdugv sul}hv wr klv
djhqwv dffruglqj wr wkh uhodwlyh udqnlqj ri wkhlu rxwsxwv +vhh/ h1j1/ Od}hdu
dqg Urvhq +4<;4,/ Juhhq dqg Vwrnh| +4<;6,/ Qdohex� dqg Vwljolw} +4<;6,/
Urvhq +4<;9,,1 Wkh remhfwlyh ri wkh sulqflsdo lv wr pd{lpl}h wrwdo h{shfwhg
rxwsxw qhw ri wkh sul}hv kh kdqgv rxw1 Djhqwv/ rq wkh rwkhu kdqg/ kdyh d
qdwxudo glvxwlolw| iru h�ruw dqg wkh sul}hv pxvw eh vx!flhqwo| oxfudwlyh lq
rughu wr lqgxfh wkhp wr zrun1 Wkh rxwsxw ri hdfk djhqw lv vwrfkdvwlf exw
srvlwlyho| fruuhodwhg zlwk klv h�ruw ohyho1

Zkloh wkh sul}h dzdughg wr dq djhqw lv kljko| ghshqghqw rq klv ulydov*
rxwsxwv/ klv h�ruw ohyho lwvhoi lv prvwo| dvvxphg wr eh xqfrqglwlrqdo rq zkdw
wkh| pd| eh grlqj1 Lq h�hfw/ wrxuqdphqwv duh ylhzhg dv rqh0vkrw vwudwhjlf
jdphv lq zklfk doo djhqwv fkrrvh h�ruw ohyhov vlpxowdqhrxvo| dqg lqghshq0
ghqwo| ri hdfk rwkhu1 Krzhyhu/ wkhuh duh pdq| vlwxdwlrqv lq zklfk djhqwv lq
idfw frpshwh ryhu d orqj uxq sulru wr ehlqj hydoxdwhg iru dzdugv/ dqg duh deoh
wr revhuyh hdfk rwkhu dv wkh frpshwlwlrq xqirogv ryhu wlph1 Wkh rqh0vkrw
prgho lv qrw dssursuldwh khuh1 Djhqwv* ehkdylru whqgv wr jhw frqglwlrqhg
txlwh gholfdwho| rq wkh revhuyhg klvwru| ri sdvw rxwfrphv1 Iru lqvwdqfh/ dq
djhqw zrxog vhh qr uhdvrq wr zrun li kh kdg vx!flhqw ohdg ryhu klv ulydov dqg
zdv forvh wr wkh hqg ri wkh wrxuqdphqw1 Exw/ li kh odjjhg ehklqg/ kh zrxog
fduhixoo| hvwlpdwh klv fkdqfhv ri ryhuwdnlqj rwkhuv ehiruh ghflglqj krz pxfk
h�ruw wr sxw lq/ dqg vwulyh kdug li wkhuh uhpdlqhg vx!flhqw krsh wr zlq1 Rxu
frqfhuq lq wklv sdshu lv zlwk orqj0uxq wrxuqdphqwv zklfk duh sod|hg ryhu A
shulrgv e| kljko| revhuydqw djhqwv1 Wr pdnh urrp iru vrsklvwlfdwhg g|qdplf
ehkdylru/ zh prgho vxfk wrxuqdphqwv dv A 0shulrg h{whqvlyh irup jdphv zlwk
shuihfw lqirupdwlrq +prgxor vlpxowdqhrxv pryhv ri djhqwv lq hdfk shulrg,1

Zh frqvlghu djhqwv zlwk khwhurjhqhrxv vnloov +phdvxuhg/ iru dq| djhqw/
e| wkh pd{lpdo rxwsxw kh fdq surgxfh rq dyhudjh lq d shulrg,/ dqg irfxv
rq A 0shulrg wrxuqdphqwv lq zklfk wkh sulqflsdo dzdugv d sul}h rqo| wr wkh
ehvw0shuiruplqj djhqw1 Vlqfh vxfk wrxuqdphqwv prvw iuhtxhqwo| rffxu lq
klhudufklfdo rujdql}dwlrqv/ zkhuh djhqwv frpshwh zlwk wkhlu shhuv rq d gdlo|
edvlv iru d �sul}h� 0 wkh fryhwhg surprwlrq wr wkh qh{w kljkhu hfkhorq/ 0 zh fdoo
wkhp surprwlrq wrxuqdphqwv1 Zh dvvxph wkdw wkh sulqflsdo lv frqvwudlqhg
wr pdnh klv ghflvlrq edvhg vroho| rq wkh revhuydwlrq ri djhqwv* rxwsxwv1 Wklv
frxog eh ehfdxvh kh lv qrw dzduh ri djhqwv* lqglylgxdo fkdudfwhulvwlfv vxfk dv
wkhlu vnloov/ ru vlpso| ehfdxvh wkh odz uhtxluhv dzdugv wr eh frpphqvxudwh
zlwk shuirupdqfh dqg wr eh edvhg rq rxwsxwv dorqh/ zlwk qr rwkhu irup ri
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glvfulplqdwlrq shuplwwhg1
Lq dq| rxwfrph ri d A 0shulrg surprwlrq wrxuqdphqw hdfk djhqw surgxfhv

d vwuhdp ri rxwsxwv ryhu wlph1 D yhu| lqwhuhvwlqj txhvwlrq/ zklfk zdv klgghq
iurp ylhz lq wkh rqh0vkrw prgho/ qrz frphv wr wkh vxuidfh1 Krz vkrxog wkh
sulqflsdo frpsduh wkh gl�huhqw vwuhdpv wr ghflgh rq wkh zlqqhuB Dw �uvw
jodqfh wkh djjuhjdwh rxwsxwv dfurvv doo A shulrgv vhhp wr surylgh wkh qdwxudo
fulwhulrq1 Exw/ li wkhuh duh frvwv wr prqlwrulqj/ wklv pd| eh lqihdvleoh1 Lq
wklv hyhqw rqh lv whpswhg wr wklqn ri vdpsolqj= wkh sulqflsdo frxog udqgrpo|
vdpsoh ? rxw ri wkh A shulrgv/ dqg surprwh wkh djhqw zlwk wkh kljkhvw rxwsxw
rq wkh vdpsoh1 Zh dujxh khuh wkdw vdpsolqj vkrxog lqghhg eh lqwurgxfhg/
exw iru hqwluho| gl�huhqw uhdvrqv1 Hyhq li wkh hqwluh vwuhdp ri rxwsxwv lv
vxvfhswleoh ri frvwohvv revhuydwlrq e| wkh sulqflsdo/ kh zrxog gr ehvw wr fkrrvh
d vpdoo vdpsoh vl}h ?1

Wkh vshfl�fdwlrq ri d vdpsoh vl}h ? ghwhuplqhv djhqwv* suredelolwlhv ri
zlqqlqj wkh surprwlrq/ dqg wkhuhe| wkhlu sd|r�v/ iru dq| sur�oh ri vwudwhjlhv
wkdw wkh| hpsor| lq d A 0shulrg surprwlrq wrxuqdphqw1 Wklv doorzv xv wr
ylhz wkh wrxuqdphqw dv dq h{whqvlyh irup jdph K EAc ?� c zklfk zh dqdo|}h
iru lwv vxejdph shuihfw vwudwhjlf htxloleuld +SVH, lq ehkdylrudo vwudwhjlhv1
Wkh sulqflsdo/ dv zdv vdlg/ ydoxhv wkh wrwdo h{shfwhg rxwsxw surgxfhg e|
djhqwv1 Exw lw lv qdwxudo iru klp wr dovr fduh derxw wkh suredelolw| zlwk
zklfk kh surprwhv wkh vwurqjhvw +prvw vnloohg, djhqw/ surylghg wklv grhv
qrw uhgxfh rxwsxw wr }hur1 Zh wkhuhiruh ghvfuleh wkh sulqflsdo*v xwlolw| dv d
ixqfwlrq ri erwk yduldeohv1 Lw lqgxfhv d suhihuhqfh uhodwlrq rq wkh vhw ri SVH
ri doo A 0shulrg surprwlrq wrxuqdphqwv1 Iurp wkh sulqflsdo*v shuvshfwlyh/ lw
lv hylghqw wkdw vdpsoh vl}h & grplqdwhv vdpsoh vl}h ? li hdfk SVH ri K EAc &�
lv suhihuuhg wr hyhu| SVH ri K EAc ?�1 Lq Wkhruhp 4 ri rxu sdshu zh suryh
wkdw li #EA � lv wkh odujhvw xqgrplqdwhg vdpsoh vl}h/ wkhq #EA �

A
$ f dv A $ 4/

l1h1/ #EA � lv d ydqlvklqj iudfwlrq ri A�
Lq idfw/ zh vkrz vrphzkdw pruh1 Vdpsoh vl}hv zklfk duh qrq0ydqlvklqj

iudfwlrqv ri A wxuq rxw wr eh txlwh glvdvwurxv dv|pswrwlfdoo| lq A = wkh| ohdg
wr h{shfwhg rxwsxwv wkdw duh ydqlvklqj iudfwlrqv ri A +Wkhruhp 5,1 Wkh
lqwxlwlrq ehklqg wklv uhvxow olhv lq wkh idfw wkdw wkh vwurqjhvw +prvw vnloohg,
djhqw fdq ghyhors d qrwlfhdeoh ohdg ryhu rwkhuv lq wkh yhu| ehjlqqlqj ri wkh
wrxuqdphqw/ e| grlqj uhodwlyho| olwwoh zrun +rq d ydqlvklqj iudfwlrq ri wkh A
shulrgv,1 Dq| odujh vdpsoh vl}h doprvw vxuho| pdnhv wkh sulqflsdo dzduh ri
wklv ohdg1 Wklv fdxvhv doo djhqwv wr dedqgrq zrun dw odwhu shulrgv lq SVH/ dv
vkrzq lq Ohppd < xvlqj edfnzdug lqgxfwlrq dujxphqwv1
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Lq frqwudvw/ d ehwwhu rxwfrph lv hqjhqghuhg iru wkh sulqflsdo wkurxjk
vdpsoh vl}hv 4 ru 51 Wkh vwurqjhvw djhqw lv wkhq irufhg wr zrun lq dw ohdvw
vrph qrq0ydqlvklqj iudfwlrq ri wkh A shulrgv/ iru rwkhuzlvh wkhuh lv d kljk
suredelolw| wkdw wkh sulqflsdo zloo idlo wr wdnh qrwlfh ri klv vxshulru vnloov
+Sursrvlwlrq 6,1 Pruhryhu/ hyhq wkh zhdnhvw djhqw qrz vwdqgv d uhdvrqdeoh
fkdqfh wr zlq e| zrunlqj dw ixoo fdsdflw| wkurxjkrxw wkh A shulrgv/ vlqfh
klv shuirupdqfh rq d vpdoo vdpsoh pd| idu h{fhhg klv dyhudjh1 Wkxv/ li wkh
djhqwv ydoxh surprwlrq kljko| hqrxjk/ wkh| zloo h{huw pd{lpdo h�ruw lq doo
shulrgv +Sursrvlwlrqv 7 dqg 8,1 \hw/ wklv grhv qrw qhfhvvdulo| lpso| wkdw
vdpsolqj rqfh ru wzlfh lv rswlpdo= wkh sulqflsdo pd| fkrrvh d odujhu vdpsoh
vl}h/ li lw grhv qrw uhgxfhv wkh wrwdo rxwsxw e| pxfk/ vlqfh wkh suredelolw| ri
ghwhfwlqj wkh vwurqjhvw djhqw lqfuhdvhv vljql�fdqwo|1 Krzhyhu/ wkh sulqflsdo
pxvw vdpsoh rq d ydqlvklqj iudfwlrq ri wkh A shulrgv/ rwkhuzlvh wkh rxwsxw
idoov gudpdwlfdoo| e| Wkhruhp 51

Rxu pdlq uhvxowv/ Wkhruhpv 4 dqg 5/ ghshqg fuxfldoo| rq wkh vxejdph
shuihfwlrq ri wkh vwudwhjlf htxloleuld1 Zlwkrxw vxejdph shuihfwlrq vhyhudo
rwkhu htxloleuld fdq eh vxvwdlqhg1 Iru lqvwdqfh/ li wkh vdpsoh vl}h lv odujh/
lqdfwlyh ulydov pd| irufh wkh vwurqj djhqw wr zrun rq d frqvwdqw iudfwlrq ri
doo shulrgv/ pruh wkdq kh qhhgv wr hvwdeolvk d vdih ohdg ryhu wkhp= iru li kh
glg dq|wklqj hovh/ wkh| zrxog ehfrph dfwlyh dqg �sxqlvk� klp e| zrunlqj
iruhyhu diwhu ghwhfwlqj klv ghyldwlrq rqh shulrg odwhu/ dqg frqvlghudeo| uhgxfh
klv suredelolw| wr zlq1 E| wkh xvh ri pruh vrsklvwlfdwhg wkuhdw vwudwhjlhv
rwkhu htxloleuld fdq eh h{klelwhg/ lq zklfk doo djhqwv zrun iru d frqvwdqw
iudfwlrq ri wlph/ surylghg wkh vdpsoh vl}h lv odujh hqrxjk1 Wkhvh htxloleuld/
krzhyhu/ duh exlow zlwk wkh khos ri �lqfuhgleoh� wkuhdwv/ zklfk duh uxohg rxw
e| vxejdph shuihfwlrq1

Wkh idfw wkdw ohvv prqlwrulqj e| wkh sulqflsdo fdq vrphwlphv holflw pruh
zrun iurp djhqwv zdv srlqwhg rxw e| Frzhq dqg Jod}hu +4<<9,1 Wkhlu prgho
lv txlwh gl�huhqw iurp rxuv1 Lw kdv mxvw rqh djhqw1 Wkh sulqflsdo r�huv klp
d frqwudfw vshfl�hg e| phdqv ri wzr sdudphwhuv= d �wkuhvkrog� dqg d �ohyho
ri vfuxwlq|�41 Wkh djhqw pxvw fkrrvh d xqlirup �vklunlqj udwh� dfurvv doo
shulrgv1 Kh zlqv wkh sul}h li kh lv revhuyhg wr zrun d iudfwlrq ri wlphv
wkdw h{fhhgv wkh wkuhvkrog1 Iru dq| �{hg ohyho ri vfuxwlq|/ wkh suredelolw|
ri zlqqlqj ghfolqhv dv wkh vklunlqj udwh lqfuhdvhv/ gh�qlqj dq �rssruwxqlw|

4Pruh suhflvho|/ frxqwdeo| pdq| shulrgv duh vfuxwlql}hg dffruglqj wr d Srlvvrq glvwul0
exwlrq zlwk phdq P> zkhuh P lv wkh ohyho ri vfuxwlq| +l1h1/ dv|pswrwlfdoo| lq W> hyhu| gd|
lv vfuxwlql}hg zlwk suredelolw| P

W
,=
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fxuyh� rq zklfk wkh djhqw rswlpl}hv1 Zkhq wkh ohyho ri vfuxwlq| lv udlvhg/ wkh
rssruwxqlw| fxuyh idoov iru wkh prvw sduw/ l1h1/ wklv suredelolw| idoov iru prvw
vklunlqj udwhv1 Wkhq lw fdq kdsshq/ iru vrph lqgl�huhqfh fxuyhv +ehwzhhq
wkh suredelolw| ri zlqqlqj dqg wkh vklunlqj udwh,/ wkdw wkh djhqw rswlpl}hv
e| vklunlqj pruh zkhq wkh ohyho ri vfuxwlq| jrhv xs1

Wkh frqwudvw zlwk rxu prgho lv fohdu1 Wkh qhhg iru uhgxfhg vfuxwlq|
krogv lq rxu prgho lq jhqhudo +iru vx!flhqwo| odujh A ,/ qrw mxvw iru vxlwdeo|
fkrvhq frq�jxudwlrqv ri suhihuhqfhv1 Pruhryhu/ lw dulvhv ixqgdphqwdoo| iurp
wkh frpshwlwlrq ehwzhhq wkh djhqwv zkr fkrrvh frpsolfdwhg qrq0vwdwlrqdu|
vwudwhjlhv dw htxloleulxp1 Wr lqwhusuhw wkhlu uhvxow zlwklq rxu iudphzrun/ rqh
frxog lpdjlqh d �sduwldo� htxloleulxp vfhqdulr= wkh djhqw fkrrvhv d vwdwlrqdu|
�ehvw uhso|� wr dq lpdjlqdu| rssrqhqw zkr lv suhvxphg wr surgxfh wkh
wkuhvkrog dprxqw lq hyhu| shulrg1

Lq d frpsdqlrq sdshu/ Gxeh| dqg Zx +5333,/ wkh ehkdylru ri djhqwv lv
�{hg dw pd{lpdo h�ruw ohyhov dqg yduldeoh sul}hv wkdw lqgxfh wklv ehkdylru
duh h{dplqhg1 Wklv frpsohphqwv rxu dssurdfk/ lq zklfk zh �{ wkh sul}h dqg
h{dplqh wkh yduldeoh ehkdylru lqgxfhg e| wkh sul}h1 Wkh dqdo|vlv lq Gxeh|
dqgZx +5333, lv jhduhg wrzdugv jdphv zlwk frduvh lqirupdwlrq dqg frqfhuqv
wkh h�hfwv ri uh�qlqj wkh lqirupdwlrq/ zkloh zh ghdo zlwk shuihfw lqirupdwlrq1
Exw lq erwk fdvhv wkh pdlq wkhph uhpdlqv lqwdfw= rswlpdo vdpsoh vl}hv ri
wkh sulqflsdo pxvw eh vpdoo1

Wkh sdshu lv rujdql}hg dv iroorzv1 Zh suhvhqw rxu prgho lq Vhfwlrq 5/
dqg vwdwh wkh pdlq uhvxowv lq Vhfwlrq 61 Jhqhudol}dwlrqv/ yduldwlrqv/ dqg rshq
sureohpv duh lq Vhfwlrq 7/ dqg surriv duh lq wkh odvw Vhfwlrq 81

5 Wkh Prgho
Iru hdvh ri h{srvlwlrq/ zh suhvhqw khuh d vwulsshg grzq yhuvlrq ri wkh prgho/
zlwk mxvw wzr djhqwv/ dqg ghihu doo jhqhudolwlhv wr Vhfwlrq 71

D A 0shulrg surprwlrq wrxuqdphqw lv frqgxfwhg dv iroorzv1 Dw wkh vwduw ri
dq| shulrg | 5 i�c ���c Aj djhqwv 4 dqg 5 vlpxowdqhrxvo| fkrrvh wr hlwkhu zrun
ru vklun1 Zh dvvxph wkdw li djhqw � vklunv/ klv rxwsxw lv f( exw/ li kh zrunv/
wkhuh lv d pryh ri fkdqfh zklfk vhohfwv rxwsxw � zlwk suredelolw| R� dqg
rxwsxw f zlwk suredelolw| �� R�� Rqfh wkh rxwsxwv ri djhqwv duh ghwhuplqhg/
wkh wrxuqdphqw hqwhuv shulrg |n �c zkhq djhqwv vlpxowdqhrxvo| pryh djdlq
+xqohvv | ' Ac lq zklfk fdvh wkh jdph hqgv,1 Dw dq| wlph/ hdfk djhqw lv
ixoo| lqiruphg ri wkh hqwluh sdvw klvwru| ri h�ruwv xqghuwdnhq dqg rxwsxwv
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uhdol}hg1 Wkxv wkh wrxuqdphqw pd| eh ylhzhg dv d wuhh ri shuihfw lqirupdwlrq
zlwk vlpxowdqhrxv pryhv1 Iljxuh 4 vkrzv wkh vhfwlrq ri wkh wuhh zkhq djhqwv
fkrrvh d sdlu ri h�ruw ohyhov Ee�c e2� 5 i�Jo&c r��o&j2 dw wkh qrgh /c dqg
wkhq fkdqfh vhohfwv rxwsxwv E^�c ^2� 5 ifc �j2 c ohdglqj wr qrgh / lq wkh qh{w
shulrgG

w w
_

ch

(e1,e2) (q1,q2)

Iljxuh 4

+Wkh sdlu E^�c ^2� lv fkrvhq zlwk suredelolw| Re�� E^���Re22 E^2� c zkhuh R
e�
� E^�� '

� li e� ' r��o& dqg ^� ' f( dqg Re�� E^�� ' R� li e� ' �Jo& dqg ^� ' ��, Wklv
frpsohwhv wkh ghvfulswlrq ri wkh h{whqvlyh irup ri wkh jdph1 Lw vwloo uhpdlqv
wr gh�qh djhqwv* sd|r�v dw wkh whuplqdo qrghv1

Ohw �� ghqrwh �*v xwlolw| iru jhwwlqj wkh surprwlrq> e| d!qh wudqvirupd0
wlrqv ri djhqwv* xwlolwlhv/ li qhfhvvdu|/ zh pd| dvvxph wkdw �� ' �2 ' �
dqg wkdw wkh vwdwxv0txr xwlolw| ri qr surprwlrq lv f iru erwk djhqwv1 Ohw S�
ghqrwh wkh glvxwlolw| lqfxuuhg e| djhqw � zkhq kh zrunv lq doo A shulrgv1 Zh
vxssrvh wkdw wklv glvxwlolw| lv xqlirup dqg dgglwlyh dfurvv wlph1 Wkxv S�

A
lv

�*v glvxwlolw| iurp zrun lq dq| vlqjoh shulrg1 Iru vlpsolflw| ri h{srvlwlrq zh
dovr vxssrvh S� ' S2 +vhh/ krzhyhu/ Vxevhfwlrq 715,1

Wr gh�qh wkh sd|r� ri dq djhqw � dw dq| whuplqdo qrgh // frqvlghu wkh
xqltxh sdwk lq wkh wuhh iurp /W +wkh vwduw ri wkh jdph, wr /� Djhqw �*v
glvxwlolw| (/

� dw / lv wkh vxp ri wkh rqh0shulrg glvxwlolwlhv ri klv h�ruw rq
wklv sdwk1 Wkh suredelolw| R/� wkdw � jhwv surprwhg dw / lv ghwhuplqhg dv
iroorzv1 Wkh sulqflsdo vdpsohv ? gl�huhqw shulrgv iurp � wr A / xqlirupo|
dqg udqgrpo|/ dqg frpsduhv wrwdo rxwsxwv ri djhqwv 4 dqg 5 dw wkh vdpsohg
shulrgv dorqj wkh sdwk iurp /W wr /1 Dq djhqw lv surprwhg li klv wrwdo
rxwsxw lv kljkhu wkdq klv ulydo*v1 Lq wkh hyhqw ri d wlh/ hdfk lv surprwhg zlwk
suredelolw| �

2
� Wkxv wkh h{shfwhg sd|r� wr djhqw � dw wkh whuplqdo qrgh / lv=

R/� �� �(/
� �

9



Wklv gh�qhv d A 0shulrg surprwlrq wrxuqdphqw zlwk vdpsoh vl}h ?/ zklfk
zh ghqrwh e| KR�cR2cSc� EAc ?� +ru mxvw K EAc ?�,� Qrwlfh wkdw djhqwv nqrz wkh
qxpehu ? ri gd|v ehlqj vdpsohg/ exw qrw zklfk gd|v> wklv lv uhyhdohg wr wkhp
rqo| h{0srvw diwhu wkh jdph lv ryhu1

Ohw lEA � ghqrwh wkh vhw ri doo qrghv lq wkh A 0shulrg jdph wuhh/ dw zklfk
djhqwv pryh +l1h1/ doo qrq0whuplqdo qrghv wkdw gr qrw fruuhvsrqg wr fkdqfh
pryhv,1 Iru dq| / 5 lEA �zh ghqrwh e| KR�cR2cSc� EAc /c ?� +ru mxvw K EAc /c ?�,
wkh vxejdph ri KR�cR2cSc� EAc ?� wkdw vwduwv dw /1

D +ehkdylrudo, vwudwhj| ri dq djhqw lv jlyhq e| d fkrlfh ri suredelolw|
glvwulexwlrqv ryhu klv h�ruw ohyhov +zrun ru vklun, dw hyhu| qrgh lq lEA �1 Zh
dvvxph wkdw wkh suredelolwlhv R�/ R2 ri surgxfwlrq duh frpprq nqrzohgjh
wr wkh djhqwv1 Wkxv dq| sdlu ri vwudwhjlhv ri wkh wzr djhqwv ghwhuplqhv d
suredelolw| glvwulexwlrq rq wkh whuplqdo qrghv lq wkh reylrxv pdqqhu/ dqg
wkhuhe| h{shfwhg sd|r�v1

D sdlu ri vwudwhjlhv lq d jdph lv fdoohg d vwudwhjlf htxloleulxp +ru VH, li
qr sod|hu fdq lpsuryh klv sd|r� e| xqlodwhudoo| fkdqjlqj klv rzq vwudwhj|1
Dq VH Ej�c j2� ri K EAc ?� lv fdoohg d +vxejdph, shuihfw VH +ru SVH, li/ iru
hyhu| / 5 lEA � c wkh uhvwulfwlrq ri vwudwhjlhv Ej�c j2� wr qrghv ri wkh vxewuhh
vwduwlqj dw / frqvwlwxwh dq VH ri wkh vxejdph K EAc /c ?� �

Uhpdun 4 D SVH dozd|v h{lvwv lq d surprwlrq wrxuqdphqw1 Pruhryhu/ lw
h{lvwv hyhq lq vwudwhjlhv wkdw duh qrw frqglwlrqhg rq sdvw h�ruw ohyhov/ exw rqo|
rq sdvw rxwfrphv1 Zh suryh wklv lq Vhfwlrq 81

6 Wkh Pdlq Uhvxowv
Il{ wkh sdudphwhuv R�c R2c S/ �c dqg z1o1r1j1 dvvxph wkdw R� � R2� Ohw L G
dfc �o2 $ -n eh d frqwlqxrxv qrq0ghfuhdvlqj ixqfwlrqc dqg dvvxph L E%c +� '
f li dqg rqo| li % ' f� Wkh sulqflsdo*v remhfwlyh lq rxu zruog lv wr pd{lpl}h
L

�
^
A
c R

�
c zkhuh ^ lv wkh h{shfwhg wrwdo rxwsxw ri wkh djhqwv/ dqg R lv wkh

suredelolw| wkdw wkh �uljkw jx|� +l1h1/ djhqw 4, lv surprwhg1 Lw lv lpsolflw
lq wklv irupxodwlrq wkdw wkh sulqflsdo grhv qrw nqrz djhqwv* vnloov/ l1h1/ wkhlu
suredelolwlhv R� ri ehlqj surgxfwlyh1 Kh ydoxhv wkhlu rxwsxw/ dqg pd| dovr
eh lqwhuhvwhg lq wkh fruuhfw surprwlrq/ surylghg lwv lpsohphqwdwlrq grhv
qrw uhgxfh rxwsxw wr }hur1 +Vxfk d ixqfwlrq L fdq dulvh/ iru d ulvn0qhxwudo
sulqflsdo/ dv dq h{shfwdwlrq ri xwlolw| gh�qhg rq sxuh rxwfrphv= li djhqw � lv
surprwhg dqg wkh wrwdo rxwsxw lv ^c wkh sulqflsdo rewdlqv @�^ xwlohv iurp wklv

:



rxwfrph/ zkhuh @� � @2� Zkhq @� ' @2 wkh sulqflsdo fduhv rqo| derxw wkh
wrwdo h{shfwhg rxwsxw�,

Ohw j ' Ej�c j2� eh d sdlu ri djhqwv* vwudwhjlhv lq K EAc ?�1 Ghqrwh ^ Ej� �
wkh wrwdo h{shfwhg rxwsxw xqghu jc R Ej� �wkh suredelolw| wkdw 4 lv surprwhg
xqghu j/ dqg L Ej� � L

�
^Ej�
A

c R Ej�
�
� Gh�qh5

L EAc ?� ' 4@ iL Ej� m j lv d SVH ri K EAc ?�j
dqg

L EAc ?� ' 4�? iL Ej� m j lv d SVH ri K EAc ?�j �
Zh vd| wkdw vdpsoh vl}h ? grplqdwhv vdpsoh vl}h & lq A 0shulrg surprwlrq
wrxuqdphqwv li L E?� : L E&� � Vdpsoh vl}h & lv vdlg wr eh xqgrplqdwhg li qr
vdpsoh vl}h grplqdwhv lw1 Ohw

# EA � ' 4@ i& ' �c ���c A m & lv xqgrplqdwhgj �
Qr pdwwhu krz shvvlplvwlf dqg fdxwlrxv wkh sulqflsdo pd| eh/ kh zloo uhmhfw
dq| vdpsoh vl}h & : # EA � ehfdxvh wkh zruvw SVH rxwfrph xqghu # EA � lv
vwloo ehwwhu iru klp wkdq wkh ehvw SVH rxwfrph xqghu &� Wkxv # EA � vhuyhv
dv qdwxudo xsshu erxqg rq dffhswdeoh vdpsoh vl}hv lq A 0shulrg surprwlrq
wrxuqdphqwv�

Zh pdnh wkh iroorzlqj dvvxpswlrqv rq wkh sdudphwhuv R�c R2c S dqg �=
+L, Djhqw 4 lv vx!flhqwo| pruh vnloohg6 wkdq 5=

R� : �R2�

+LL, Djhqwv* glvxwlolw| iurp zrun lv qrw wrr kljk uhodwlyh wr wkhlu surgxf0
wlylw| dqg wkh ydoxh wkh| sodfh rq surprwlrq=

d, S 	
�
R� E�� R2�� �

2

�
�(

e, S 	 R2 E�� R����

Wkhruhp 4 Dvvxph +L, dqg hlwkhu +LLd, ru +LLe,1 Wkhq iru �{hg R�c R2c Sc �

# EA �

A
$ f

dv A $ 4�
5Zh zulwh pd{>plq lqvwhdg ri vxs> lqi ehfdxvh wkh vhw ri SVH*v lv frpsdfw lq hyhu|

� +W> q, > dqg qrqhpsw| e| Uhpdun 41
6Zh gr qrw nqrz li wklv frqglwlrq fdq eh gursshg +vhh Vxevhfwlrq 716,1

;



Wkhruhp 4 lv edvhg xsrq wkh iroorzlqj wkuhh uhvxowv/ zklfk duh ri lqwhuhvw
lq wkhlu rzq uljkw1

Wkhruhp 5 Dvvxph +L, dqg ohw 0c r 5 Efc �o � Wkhuh h{lvwv A : f vxfk wkdw/
li A dqg ? duh lqwhjhuv zlwk A � A dqg A � ? � rAc wkhq wkh h{shfwhg
qxpehu ri zrungd|v ri hdfk djhqw grhv qrw h{fhhg 0A lq dq| SVH ri wkh
jdph KR�cR2cSc� EAc ?� �

Wkhruhp 5 uhyhdov wkdw odujh vdpsohv +zklfk duh qrq0ydqlvklqj iudfwlrqv
ri A , duh txlwh glvdvwurxv= wkh qxpehu ri zrungd|v/ dqg khqfh h{shfwhg
rxwsxw/ ehfrphv dq duelwudulo| vpdoo iudfwlrq ri A iru odujh hqrxjk A +fkrrvh
0 vpdoo iru �{hg r,1

Wkh rwkhu wzr uhvxowv +Sursrvlwlrqv 6 dqg 7 ehorz, vkrz wkdw/ xqghu
vdpsoh vl}h 4 ru 5/ wkh h{shfwhg rxwsxw dw dq| SVH lv dv|pswrwlfdoo| deryh
d srvlwlyh frqvwdqw iudfwlrq ri A� Wkxv/ lq frqmxqfwlrq zlwk Wkhruhp 5/ wkh|
lpphgldwho| |lhog Wkhruhp 4= odujh vdpsohv +qrq0ydqlvklqj iudfwlrqv ri A ,
duh grplqdwhg e| vdpsohv hyhq dv vpdoo dv 41

Sursrvlwlrq 6 Dvvxph +LLd,1 Wkhq U zrunv dw ohdvw E
R�E�3R2�3 �

2��3S
�

A shul0
rgv +lq h{shfwdwlrq, lq hyhu| VH ri KR�cR2cSc� EAc �� �

Sursrvlwlrq 7 Dvvxph +LLe,1 Wkhq erwk djhqwv zrun lq hyhu| shulrg zlwk
suredelolw| 4 lq dq| SVH ri KR�cR2cSc� EAc �� �

Xqghu d vwurqjhu frqglwlrq/ Sursrvlwlrq 8 ehorz jxdudqwhhv wkdw erwk
djhqwv zrun doo wkh wlph lq dq| SVH li wkh vdpsoh vl}h lv 51 Wkxv/ vr orqj
dv wkh sulqflsdo fduhv derxw wkh fruuhfw surprwlrq/ vdpsoh vl}h 5 grplqdwhv
vdpsoh vl}h 4 ehfdxvh wkh suredelolw| ri ghwhfwlqj djhqw 4 dv d zlqqhu jrhv
xs1 Wklv lqglfdwhv wkdw lq jhqhudo # EA � h{fhhgv 41

Sursrvlwlrq 8 Dvvxph wkdw

S 	
R2�

�
�4�? ER�c �� R�� � +4,

Wkhq erwk djhqwv zrun lq hyhu| shulrg zlwk suredelolw| 4 lq dq| SVH ri
KR�cR2cSc� EAc 2� iru A � S�

Surriv ri doo rxu uhvxowv duh jlyhq lq Vhfwlrq 81

<



7 Uhpdunv

714 Wkh udwh ri gurs ri vdpsoh vl}h lq Wkhruhp 4

41 Wkhruhp 5 vkrzv wkdw/ jlyhq f 	 r � �c doo vdpsoh vl}hv deryh rA pdnh
wkh wrwdo rxwsxw idoo ehorz dq duelwudulo| vpdoo iudfwlrq ri Ac surylghg A lv
odujh hqrxjk1 Lw fdq eh vkrzq/ e| plplfnlqj wkh h{lvwlqj surri/ wkdw wklv
xsshu erxqg rq xqgrplqdwhg vdpsoh vl}hv fdq eh orzhuhg wr r

s
A c ru lq

jhqhudo dq| ixqfwlrq JEA � wkdw kdv wkh iroorzlqj wzr surshuwlhv=
+l, JEA � lv d ydqlvklqj iudfwlrq ri Ac l1h1/

*�4
A<"

JEA �

A
' f(

+ll, JEA � jurzv pxfk idvwhu wkdq *?Ac l1h1/

*�4
A<"

JEA �

*?A
' 4�

Wkxv # EA � lv +dv|pswrwlfdoo| lq A , erxqghg iurp deryh e| dq| vxfk ixqfwlrq
J EA � �

51 Lw fdq dovr eh vkrzq wkdw/ xqghu wkh deryh dvvxpswlrq rq wkh vdpsoh
vl}h/ wkh h{shfwhg wrwdo rxwsxw lq SVH lv lwvhoi dv|pswrwlfdoo| erxqghg e| d
ixqfwlrq J�EA � zlwk surshuwlhv +l, dqg +ll,1

715 Jhqhudol}dwlrqv dqg Yduldwlrqv ri wkh Prgho

41 Wkh dvvxpswlrq ri elqdu| h�ruw ohyhov +zrun/ vklun, dqg surgxfwlrq ohyhov
+}hur/ rqh, fdq eh uhsodfhg e| pruh jhqhudo dvvxpswlrqv/ dqg fhuwdlq yhuvlrqv
ri Wkhruhpv 4 dqg 5 zloo vwloo krog1 Iru lqvwdqfh/ dvvxph wkdw wkhuh duh
�qlwho| pdq| djhqwv/ zkrvh h�ruw ohyhov dqg rxwsxwv olh lq �qlwh vhwv/ dqg
zkrvh glvxwlolwlhv iurp h�ruw pd| gl�hu exw duh srvlwlyh zkhqhyhu wkh h�ruw
ohdgv wr srvlwlyh h{shfwhg rxwsxw1 Ghqrwh e| .� wkh pd{lpdo h{shfwhg rqh0
shulrg rxwsxw ri djhqw � ryhu doo srvvleoh h�ruw ohyhov1 Lw fdq eh vkrzq wkdw
wkhuh h{lvwv _ : � zklfk pdnhv wkh iroorzlqj uhvxow wuxh1 Vxssrvh wkhuh lv dq
djhqw � zlwk

.� : _.�

iru doo � 9' �� Wkhq/ jlyhq 0c r 5 Efc �oc wkhuh h{lvwv A : f vxfk wkdw/ iru dq|
lqwhjhuv A dqg ? zlwk A � A dqg A � ? � rAc wkh h{shfwhg qxpehu ri
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zrungd|v ri hdfk djhqw grhv qrw h{fhhg 0A lq dq| SVH ri wkh surprwlrq
wrxuqdphqw ri ohqjwk A zlwk vdpsoh vl}h ?1 Wkh surri ri wklv uhvxow iroorzv
forvho| wkh rqh jlyhq lq wkh sdshu/ exw lv phvvlhu1

51 Vxssrvh wkh djhqwv pryh vhtxhqwldoo| udwkhu wkdq vlpxowdqhrxvo|
+wklqn ri gd| dqg qljkw vkliwv lq d idfwru|,/ dqg kdyh shuihfw lqirupdwlrq
lq wkh jdph1 Lq wklv fdvh Nxkq*v wkhruhp jxdudqwhhv wkh h{lvwhqfh ri SVH
lq sxuh vwudwhjlhv1 Rxu pdlq uhvxowv duh d�hfwhg rqo| voljkwo|1 Vxssrvh wkdw
wkh shulrgv lq zklfk djhqwv 4 dqg 5 pryh kdyh d �B0xqlirup� pl{/ iru vrph
vx!flhqwo| vpdoo B( l1h1/ wkhuh h{lvwv & lqghshqghqw ri A vxfk wkdw lq dq|
vhtxhqfh ri & shulrgv hdfk djhqw pryhv dw ohdvw

�
�
2
� B

�
& wlphv1 Wkhq wkhuh

h{lvwv _ EB� : � vxfk wkdw wkh dvvhuwlrqv ri Wkhruhpv 4 dqg 5 krog/ surylghg
dvvxpswlrq +L, lv uhsodfhg e|=

R� : _ EB� R2�

Lq idfw/ zh pd| dovr doorz dq| pl{ ri vlpxowdqhrxv dqg vhtxhqwldo pryhv lq
wkh deryh vfhqdulr1

Zkhq wkh jdph kdv rqo| vhtxhqwldo pryhv/ xqgrplqdwhg vdpsoh vl}hv duh
jhqhulfdoo| rswlpdo1 Li zh lqghshqghqwo| shuwxue/ dw hyhu| qrgh ri wkh jdph
wuhh/ erwk wkh glvxwlolwlhv ri zrun dqg wkh suredelolwlhv ri surgxfwlrq +lq vpdoo
qhljkerukrrgv ri S dqg R�,/ rxu pdlq uhvxowv uhpdlq lqwdfw1 Jhqhulfdoo| lq
wkh shuwxuedwlrq/ krzhyhu/ SVH lv xqltxh dqg frqvlvwv ri sxuh vwudwhjlhv iru
doo vdpsoh vl}hv1 Dqg wkhq xqgrplqdwhg vdpsoh vl}hv duh mxvw wkrvh wkdw
pd{lpl}h wkh sulqflsdo*v xwlolw|1

716 Rshq Txhvwlrqv

41 Gr Wkhruhpv 4 dqg 5 krog li dvvxpswlrq +L, lv zhdnhqhg wr R� : R2B Li wklv
zhuh wkh fdvh/ zh frxog suredeo| h{whqg rxu dqdo|vlv wr jhqhudo wrxuqdphqwv
dqg jhw vlplodu uhvxowv1 Lq d surprwlrq wrxuqdphqw wkhuh lv rqo| rqh sul}h/
exw lq d jhqhudo wrxuqdphqw wkhuh duh pxowlsoh sul}hv/ dzdughg wr djhqwv
edvhg rq wkh udqnlqj ri wkhlu rxwsxwv1 Rxu fxuuhqw dqdo|vlv dv lw vwdqgv dovr
h{whqgv wr jhqhudo wrxuqdphqwv/ exw xqghu surjuhvvlyho| uhvwulfwlyh dvvxps0
wlrqv= djhqw 4 pxvw eh pxfk vwurqjhu wkdq djhqw 5/ 5 pxfk vwurqjhu wkdq 6/
hwf1

51 Zkdw kdsshqv zkhq R� ' R2= lv wkhuh 0f : f vxfk wkdw wkh h{shfwhg
qxpehu ri zrungd|v ri wkh djhqwv h{fhhgv 0fAc iru dq| qxpehu ri shulrgv A
dqg dq| vdpsoh vl}hB
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61 Gr Wkhruhpv 4 dqg 5 krog li zh uhtxluh d zlqqlqj sod|hu lq K EAc ?�
wr eh dkhdg ri klv ulydo e| kAc iru vrph k : fB

71 Vxssrvh wkdw wkh sulqflsdo grhv qrw fduh derxw wkh fruuhfw surprwlrq/
exw rqo| derxw wrwdo rxwsxw/ l1h1/ L lv d ixqfwlrq ri rqo| wkh �uvw frruglqdwh1
Lw lv hdv| wr vhh wkdw li wkh vdpsoh vl}h ? � � wkhq/ iru doo vx!flhqwo| odujh Ac
wkhuh lv qr SVH lq zklfk djhqwv zrun doo wkh wlph zlwk suredelolw| 41 Wkhq
Sursrvlwlrqv 7 dqg 8 lpso| wkdw wkh rqo| xqgrplqdwhg vdpsoh vl}hv duh 4
dqg 5/ surylghg +4, krogv1 Lv wklv frqfoxvlrq vwloo wuxh zlwkrxw dvvxpswlrq
+4,/ l1h1/ zkdw kdsshqv zkhq qr vdpsoh vl}h lv fdsdeoh ri lqgxflqj ixoo0wlph
zrunB

8 Surriv

814 Ohppdv

Ohw � ghqrwh wkh vhw ri qdwxudo qxpehuv/ dqg dvvxph +L, wkurxjkrxw wklv
vxevhfwlrq1

Ohppd 9 Ohw f 	 B� Jlyhq ( 5 � dqg d vhw ri ( shulrgv/ vxssrvh wkdw
djhqw � zrunv xqfrqglwlrqdoo|7 lq hdfk ri wkhvh shulrgv1 Wkhq wkh suredelolw|
wkdw kh surgxfhv pruh wkdq ER� n B�( xqlwv ri rxwsxw gxulqj wkhvh shulrgv/
dqg wkh suredelolw| wkdw kh surgxfhv ohvv wkdq ER� � B�( xqlwv/ duh erwk dw
prvw e3@(c iru vrph @ : f lqghshqghqw ri (�

Surri1 Wkh surri lv wulyldo li R� ' f ru �c vr zh dvvxph f 	 R� 	 �1 Wkh
qxpehu ri xqlwv 7( wkdw djhqw � surgxfhv lq wkh ( shulrgv lv d vxp ri
( lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeohv f|/ vxfk wkdw
f| ' � li � surgxfhv rqh xqlw ri rxwsxw lq shulrg | +zklfk kdsshqv zlwk
suredelolw| R�,/ dqg f| ' f rwkhuzlvh1 Wkh yduldeoh 7( kdv phdq R�( dqg
vwdqgdug ghyldwlrq

t
R� E�� R��(� Wkh suredelolw| wkdw � surgxfhv pruh wkdq

ER� n B�( xqlwv lv wkhuhiruh

7Li dq djhqw zrunv dw hyhu| qrgh ri d vxevhw 
 ri 
+W ,/ zh vd| wkdw kh zrunv xq0
frqglwlrqdoo| lq 
= Li 
 lv wkh vhw ri doo qrghv lq shulrg w> zh vd| wkdw wkh djhqw zrunv
xqfrqglwlrqdoo| lq shulrg w= Xqfrqglwlrqdo vklunlqj lv gh�qhg vlploduo|1
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wkh suredelolw| lq +5, lv dw prvw

�h

3
C 7(t

R� E�� R��(
� R�(t

R� E�� R��(
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s
(

4
D �

E| D +l, rq s1 587 ri Orhyh +4<93,/ wklv suredelolw| lv dw prvw
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EC�
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s
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C�� _�

s
(

2
t
R� E�� R��(

4
D
4
FD � i T

#
�_2�(

e

$
�

Lw fdq eh vkrzq vlploduo| wkdw i T
�
�_2

�
(

e

�
erxqgv �h E7( � R�( � �B(�

iurp deryh� Wdnlqj @ ' 4�?�'�c2

�
_2
�

e

�
�qlvkhv wkh surri1

Ohppd : Ohw f 	 B � R� � R2� Jlyhq ( 5 � dqg d vhw ri ( shulrgv/
vxssrvh wkdw djhqw 4 zrunv xqfrqglwlrqdoo| lq hdfk ri wkhvh shulrgv1 Wkh
suredelolw| wkdw kh surgxfhv dw ohdvw ER� � R2 � B�( xqlwv pruh wkdq 5 gxulqj
wkhvh shulrgv lv erxqghg iurp ehorz e| ��2e3@( iru vrph @ : f lqghshqghqw
ri (�

Surri1 Wkh uhtxluhg suredelolw| lv plqlpdo zkhq 5 dovr zrunv xqfrqglwlrq0
doo| lq hdfk ri wkh( shulrgv1 Lw lv erxqghg iurp ehorz e| wkh suredelolw| wkdw
4 surgxfhv dw ohdvw

�
R� � B

2

�
( xqlwv/ dqg 5 surgxfhv dw prvw

�
R2 n

B
2

�
( xqlwv

gxulqj wkhvh shulrgv1 E| lqghshqghqfh ri surgxfwlrq/ wklv lv wkh surgxfw ri
wkh suredelolwlhv ri wkh wzr hyhqwv1 E| Ohppd 9/ wkh uhtxluhg suredelolw| lv
dw ohdvw

�
�� e3@(

�2 � �� 2e3@(c iru @ : f lqghshqghqw ri (�
Jlyhq d qrgh /c ghqrwh wkh wrwdo rxwsxw ri � rq wkh sdwk iurp /W wr /

e| �� E/�/ iru � 5 i�c 2j1
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Ohppd ; Ohw 0c r 5 Efc �o � Wkhuh h{lvwv @ : f vxfk wkdw/ iru hyhu| A dqg ?
lq � zlwk A � 4@ E?c 2� � ? � rAc dqg hyhu| whuplqdo qrgh / ri wkh jdph
K EAc ?� zlwk

�� E/� � �2 E/� n 0Ac

wkh suredelolw| wkdw 4 zlqv wkh surprwlrq lv dw ohdvw �� 2e3@A c frqglwlrqdo rq
wkh uhdol}dwlrq ri /�

Surri1 Ghqrwh e| 7� wkh qxpehu ri �*v rxwsxwv vdpsohg e| wkh sulqflsdo rq
wkh sdwk iurp /W wr /( qrwh wkdw wkh h{shfwdwlrq ri 7� lv htxdo wr ?

A
�� E/� �

Wkh suredelolwlhv ehorz duh doo frqglwlrqdo rq wkh uhdol}dwlrq ri / G

�h E4 zlqv wkh surprwlrq� � �h
�
7� � ?

A
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e
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Ohw xv hvwlpdwh wkh vhfrqg whup lq +7,1 Vxssrvh �uvw wkdw�� E/� �
�
�� 0?
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E| Ohppd 916 ri Urvhq +4<98, wklv suredelolw| lv dw prvw
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Wkhuhiruh
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�
7� � ?

A
�� E/� 	 �0?

e

�
� i T E�?@�� �

Qrz/ li �� E/� :
�
�� 0?

eA

�
Ac wkhq wkh sulqflsoh vdpsohv dw prvw 0?

e
shulrgv

rq zklfk 4 glg qrw surgxfh/ dqg vr dw ohdvw ? � 0?
e

+� ?
A
�� E/� � 0?

e
, xqlwv

ri 4*v rxwsxw duh vdpsohg1 Wkhuhiruh �h
�
7� � ?

A
�� E/� 	 �0?

e

�
' fc dqg/ lq

sduwlfxodu/ lv ehorz i T E�@�?� �
Wkh h{lvwhqfh ri @2 : f vxfk wkdw

�h
�
72 � ?

A
�2 E/� :

0?

e

�
� i T E�@2?�

iru doo A lv vkrzq vlploduo|1 Lw iroorzv iurp +6, dqg +7, wkdw

�h EU zlqv wkh surprwlrq� � �� 2 i T E�4�? E@�c @2�?�

� �� 2 i T E�4�? E@�c @2� rA � � �� 2 i T E�@A � �

Ohppd < Dvvxph +L,c dqg ohw 0c r 5 Efc �o � Wkhuh h{lvwv A : f zlwk wkh
iroorzlqj surshuw|= vxssrvh wkdw A dqg ? duh lqwhjhuv vxfk wkdw A � A dqg
A � ? � rAc Ej�c j2� lv d SVH ri KR�cR2cSc� EAc ?� c dqg / 5 lEA � lv vxfk wkdw

�� E/� � �2 E/� n 0A ( +8,
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wkhq wkh vwudwhjlhv Ej�c j2� c uhvwulfwhg wr wkh vxejdph K EAc /c ?� c lqgxfh d
xqltxh sdwk dorqj zklfk erwk djhqwv vklun1 Lq rwkhu zrugv/ li djhqwv hpsor|
Ej�c j2� lq K EAc /c ?� c wkh| vklun dw hyhu| shulrg ri wkh jdph zlwk suredelolw|
41

Surri1 Vhw 0� ' 0
�
dqg B ' R�3�R2

e
� Ohw A : �

0
eh vxfk wkdw iru dq| A � A wkh

iroorzlqj lqhtxdolwlhv krog iru srvlwlyh @�c @2c @� wkdw zloo eh vshfl�hg odwhu=
+d,

S

A
: 2�

�
e3@�A n e3@�A

�
(

+e,

2
�
��

�
�� 2e3@2A

� �
�� 2e3@�A

��
�n

�
�� 2e3@2A

� 20�A ER2 n B�

R� � R2 � B
Snee3@2A S� d0�A o S

A

	 2e3@�A� � S

A
(

+f, %
0� ER2 n B�

R� � R2 � B
A

&
ER� � R2 � B� :

#
R2 n

B

2

$
0�Ac

zkhuh d6o vwdqgv iru wkh lqwhjhu sduw ri wkh uhdo qxpehu 6� Dovr vhohfw dqg
�{ d SVH lq hyhu| surprwlrq wrxuqdphqw K EAc ?� c iru doo A dqg A � ? � rA�

Jlyhq lqwhjhuv A dqg ? vxfk wkdw A � A dqg A � ? � rAc zh suryh wkh
ohppd iru hyhu| / 5 lEA � vdwlvi|lqj +8,c e| edfnzdug lqgxfwlrq rq �� E/� �
Il{ rqh vxfk /� Vlqfh rqo| wkh vxewuhh vwduwlqj dw / zloo eh frqvlghuhgc zh
fdq dgg wr doo sd|r�v ri djhqw � wkh qxpehu �� E/� 0 klv glvxwlolw| iurp zrun
lqfxuuhg sulru wr /� Wkh qhzo| gh�qhg sd|r�v ljqruh frvwv iurp zrun sulru
wr /c dqg gr qrw fkdqjh vwudwhjlf ehkdylru lq wkh vxewuhh1

Iluvw vxssrvh wkdw wkhuh duh dw prvw d0�A o shulrgv iurp / wr wkh hqg ri
wkh jdph +zklfk pxvw eh wkh fdvh li �� E/� � E�� 0��A ,1 Ohw @� eh wkh
srvlwlyh frqvwdqw iurp Ohppd ;/ dssolhg iru 0� dqg r� Wkhq wkh suredelolw|
wkdw 4 zlqv wkh surprwlrq/ frqglwlrqdo rq wkh SVH sdwk uhdfklqj /c lv dw
ohdvw ��2e3@�A c qr pdwwhu zkdw wkh djhqwv gr diwhu / +lqghhg/ wkh gl�huhqfh
�� E/

����2 E/
�� lv dw ohdvw 0�A iru dq| whuplqdo qrgh /� iroorzlqj /,1 Wkxv

li djhqw 4 fkrrvhv wr vklun dw / dqg wkhq iroorz klv SVH vwudwhj|/ kh jhwv
dw ohdvw

�
�� 2e3@�A

�
� +wklv sd|r� fdq eh jxdudqwhhg e| grlqj qrwklqj,� Li

djhqw 4 zrunv dw / dqg wkhq iroorzv klv SVH vwudwhj|/ kh lqfxuv d glvxwlolw| ri
S
A
dqg fdq jhw dw prvw �� Wkh fkdqjh lq xwlolw| lv wkxv dw prvw 2�e3@�A � S

A
�
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Vlqfh A � A c +d, lq wkh gh�qlwlrq ri A lpsolhv wkdw lw lv dozd|v ehwwhu wr
vklun dw // dqg vr 4*v SVH vwudwhj| zloo qrw sxw d srvlwlyh suredelolw| rq
zrun dw /� Vlploduo|/ li 5 vklunv dw / dqg wkhq iroorzv klv SVH vwudwhj|/ kh
uhfhlyhv vrph srvlwlyh sd|r� +zklfk fdq eh jxdudqwhhg e| grlqj qrwklqj,� Li/
krzhyhu/ 5 zrunv dw / dqg wkhq iroorzv klv SVH vwudwhj|/ kh fdq jhw dw prvw
2e3@�A�c dqg lqfxuv d frvw ri S

A
� Wkh fkdqjh lq xwlolw| lv djdlq qhjdwlyh e|

+d,c khqfh 5*v SVH vwudwhj| zloo whoo klp wr vklun dw /1 D uhshwlwlrq ri wkhvh
dujxphqwv vkrzv wkdw qr djhqw zrunv dw dq| /� iroorzlqj /c dqg vr wkhuh lv
qr zrun diwhu /�

Qh{w vxssrvh wkdw wkhuh duh pruh wkdq d0�A o shulrgv iurp / wr wkh hqg ri
wkh jdph +dqg vr �� E/� 	 E�� 0��A ,/ dqg wkh dvvhuwlrq ri wkh ohppd krogv
iru doo /� zlwk �� E/

�� : �� E/� � Zh zloo vkrz wkdw 5*v SVH vwudwhj| whoov
klp wr vklun dw /�

Zh �uvw suryh wkdw li 5 ghflghv wr zrun dw / dqg wr iroorz klv SVH vwudwhj|
wkhuhdiwhu/ dqg 4 vwlfnv wr klv SVH vwudwhj| dw doo wlphv/ wkhq 5*v h{shfwhg
sd|r� lv qhjdwlyh� Ghqrwh e| l� wkh vhw ri qrghv /� 5 lEA � vxemhfw wr wkh
iroorzlqj wkuhh frqglwlrqv=

l, 5 zrunv dw /�(
ll, wkhuh duh h{dfwo| d0�A o shulrgv rq wkh sdwk ohdglqj iurp / wr /� rq

zklfk 5 zrunv>
lll, wkhuh duh pruh wkdq d0�A o shulrgv iurp /� wr wkh hqg ri wkh jdph�
Ohwl�� eh wkh vhw ri qrghv /� 5 l� vxfk wkdw 5 surgxfhv dw prvw

�
R2 n

B
2

�
0�A

xqlwv ri rxwsxw gxulqj wkh d0�A o zrungd|v ehwzhhq / dqg /�� Ghqrwh e| 8
wkh hyhqw wkdw d qrgh lq l� lv uhdfkhg/ dqg e| . � 8 wkh hyhqw wkdw d qrgh
lq l�� lv uhdfkhg1 Frqglwlrqdo rq . dqg /� ehlqj d qrgh uhdfkhg lq l��c zh
frph wr wkh jdph K EAc /�c ?� � Ghqrwh e| C� E/

�� wkh SVH sd|r� ri djhqw 4
lq wklv jdph/ zklfk ljqruhv frvwv ri zrun lqfxuuhg sulru wr /�1

Wr erxqg C� E/
�� iurp ehorz zh frqvlghu wkh iroorzlqj vwudwhj| ri 4 +wkdw

pd| gl�hu iurp klv SVH vwudwhj|,= ohw 4 zrun xqfrqglwlrqdoo| iru
k
0�ER2nB�
R�3R23BA

l
frqvhfxwlyh shulrgv diwhu /� +xqwlo/ vd|/ /�� 5 l EA �,c dqg wkhq vzlwfk wr klv
SVH vwudwhj|1 E| Ohppd : wkhuh lv @2 : f lqghshqghqw ri A vxfk wkdw/ lq wkhk
0�ER2nB�
R�3R23BA

l
shulrgv iroorzlqj /�c 4 surgxfhv dw ohdvw

k
0�ER2nB�
R�3R23BA

l
ER� � R2 � B�

xqlwv pruh wkdq 5 grhv gxulqj wkhvh shulrgv/ zlwk suredelolw| dw ohdvw � �
2e3@2A � Vlqfh A � A c +f, lq wkh gh�qlwlrq ri A lpsolhv wkdw wkh suredelolw|
ri �� E/

��� : �2 E/
��� n 0A dqg �� E/

��� : �� E/� lv dw ohdvw � � 2e3@2A � E|
rxu lqgxfwlrq dvvxpswlrq qhlwkhu djhqw zrunv diwhu /�� rq wkh sdwk lqgxfhg
e| wkh SVH vwudwhjlhvc zlwk suredelolw| dw ohdvw � � 2e3@2A � Jlyhq wkdw wkh
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djhqwv gr qrw zrun diwhu /�� rq wklv sdwk dqg �� E/
��� : �2 E/

��� n 0Ac wkh
suredelolw| wkdw 4 zlqv wkh surprwlrq lv dw ohdvw ��2e3@�A c e| wkh gh�qlwlrq
ri @�� Wkxv

C� E/
�� �

�
�� 2e3@2A
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Xvlqj +9,/ wkh suredelolw| k wkdw 4 zlqv wkh surprwlrq lq wkh jdph
K EAc /�c ?� fdq eh hvwlpdwhg1 Ohw q eh wkh suredelolw| ri d wlh1 Wkhq zh
pxvw kdyh
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Wkhuhiruh 5*v suredelolw| ri jhwwlqj wkh surprwlrq +wkurxjk d zlq ru d wlh, lv
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Wkxv wkh SVH sd|r� ri 5 lq wkh jdph K EAc /�c ?� lv dw prvw
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+ljqrulqj frvwv lqfxuuhg iurp zrun sulru wr /�,� Li wkh frvwv ri zrun duh
ljqruhg sulru wr / rqo|/ 5*v sd|r� lv dw prvw

2
�
��

�
�� 2e3@2A

� �
�� 2e3@�A

��
�n

�
�� 2e3@2A

� 20� ER2 n B�

R� � R2 � B
Snee3@2A S� d0�A o S

A
�

Zh qrz surfhhg wr hvwlpdwh wkh suredelolw| ri 8�.� Frqvlghu d vhtxhqfh
ri lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeohv Et?�

"
?'� c vxfk
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wkdw t? ' � zlwk suredelolw| R2 dqg t? ' f zlwk suredelolw| � � R21 Ohw xv
frxqw rqo| wkrvh shulrgv/ vwduwlqj iurp /c rq zklfk djhqw 5 zrunv1 Wklqn ri
t? dv wkh rxwfrph ri 5*v zrun dw shulrg ? +ri frxuvh rqo| d �qlwh qxpehu ri

t?*v duh hyhu orrnhg dw,1 Li wkh hyhqw 8�. rffxuv/ wkhq
Sd0�A o

?'�
t?

d0�A o
:

�
R2 n

B
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�
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Wklv lqhtxdolw| krogv zlwk suredelolw| dw prvw 2e3@�A c iru vrph @� : f zklfk
lv lqghshqghqw ri A 0 wklv lv vkrzq e| wkh vdph dujxphqwv dv lq Ohppd 91
Wkhuhiruh wkh suredelolw| ri 8 �. lv erxqghg iurp deryh e| 2e3@�A �

Frqglwlrqdo rq 8 S +l1h1/ 8 grhv qrw rffxu, lw lv fohdu wkdw

�� E/� � �2 E/� n E0� 20��A ' �2 E/� n 0�Ac

dqg vr wkh suredelolw| wkdw 5 zlqv ru wlhv lv dw prvw 2e3@�A c e| wkh gh�qlwlrq
ri @�� Wkhuhiruh 5*v sd|r� lv dw prvw 2e3@�A�� S

A
+khuh zh xvh rxu dvvxpswlrq

wkdw 5 zrunv dw /c dqg wkxv lqfxuv d glvxwlolw| ri dw ohdvw S
A
,1

Wkhuhiruh wkh sd|r� wkdw 5 uhfhlyhv lv erxqghg iurp deryh e|#
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Xvlqj +e, lq wkh gh�qlwlrq ri A c wkh deryh h{suhvvlrq lv pd{lpdo zkhq
�h E.� ' fc dqg vr wklv h{suhvvlrq lv erxqghg iurp deryh e|

� �h E8 � .� n
�
2e3@eA� � S

A

�
� 2e3@�A� n 2e3@�A� � S

A
�

E| +d,c wklv qxpehu lv qhjdwlyh1 Wkhuhiruh 5 uhfhlyhv d qhjdwlyh sd|r� li kh
zrunv dw / dqg iroorzv klv SVH vwudwhj| wkhuhdiwhu1 Rq wkh rwkhu kdqg/ li
5 vklunv dw doo shulrgv iroorzlqj // kh uhfhlyhv d qrq0qhjdwlyh sd|r�� Wklv
lpsolhv wkdw li 5 vklunv dw / dqg wkhq iroorzv klv SVH vwudwhj|/ kh dovr uhfhlyhv
d qrq0qhjdwlyh sd|r�� Zh ghgxfh wkdw lw lv ehwwhu iru 5 wr vklun dw / dqg wr
iroorz klv SVH vwudwhj| wkhuhdiwhu/ wkdq wr zrun dw / dqg wr iroorz klv SVH
vwudwhj| wkhuhdiwhu/ surylghg 4 vwlfnv wr klv SVH vwudwhj|1 Lw iroorzv wkdw 5*v
SVH vwudwhj| lqvwuxfwv klp wr vklun dw / zlwk suredelolw| 41

Qrz/ ohw 4 xqfrqglwlrqdoo| vklun/ vwduwlqj dw /� Zh nqrz wkdw 5*v SVH
vwudwhj| whoov klp wr vklun dw /1 Wklv ohdgv wr d odwhu qrgh /�c lq zklfk
�� E/

�� � �2 E/
�� n 0A� E| wkh vdph surri 5 dovr vklunv dw /�� Vxffhvvlyh

uhshwlwlrqv ri wklv dujxphqw vkrz wkdw li 4 xqfrqglwlrqdoo| vklunv/ vwduwlqj
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dw /c vr grhv 5� Wklv jlyhv 4 d sd|r� ri dw ohdvw
�
�� 2e3@�A

�
�� Wkxv/ li

4 vklunv dw / dqg iroorzv klv SVH vwudwhj| wkhuhdiwhu/ kh lv dovr jhwwlqj dw
ohdvw

�
�� 2e3@�A

�
�� Rq wkh rwkhu kdqg/ li 4 zrunv dw / dqg iroorzv klv SVH

wkhuhdiwhu/ kh jhwv dw prvw �� S
A
� Xvlqj +d,/ wklv lv ohvv wkdq

�
�� 2e3@�A

�
�1

Wkxv wkh SVH vwudwhj| ri 4 zloo lqvwuxfw klp wr vklun dw /1
Zh kdyh vkrzq wkdw erwk djhqwv vklun dw / lq SVH1 Wklv ohdgv wr d odwhu

qrghc iru zklfk wkh vdph surri zrunv= SVH vwudwhjlhv whoo djhqwv wr vklun
wkhuh1 Uhshwlwlyh dssolfdwlrqv ri wklv dujxphqw hvwdeolvk wkdw qhlwkhu djhqw
zrunv rq wkh SVH sdwk vwduwlqj dw /� Wklv frpsohwhv wkh lqgxfwlyh vwhs/ dqg
frqfoxghv wkh surri1

815 Surri ri Wkhruhp 5

Il{ d SVH lq hyhu| surprwlrq wrxuqdphqw K EAc ?�/ iru doo A dqg A � ? � rA�
Ohw 0� ' 0

�
� Iru @�c @2c dqg A � wkdw zloo eh vshfl�hg odwhu/ zh wdnh A : f eh

dq lqwhjhu vxfk wkdw iru doo lqwhjhuv A � A =
4,
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Dvvxph wkdw 5 vwlfnv wr klv SVH vwudwhj| dw doo wlphv/ dqg frqvlghu wkh
iroorzlqj vwudwhj| ri 4 lq K EAc ?�= ohw 4 zrun iru wkh �uvw d0�A o shulrgv/ dqg
wkhq vzlwfk wr klv SVH vwudwhj|1 Zlwk suredelolw| dw ohdvw � � 2e3@�A kh
zloo uhdfk d qrgh lq zklfk klv rxwsxw lv dw ohdvw R�3R2

2
� d0�A o xqlwv dkhdg

ri 5 +vxfk @� : f h{lvwv lqghshqghqwo| ri A dqg ? � rAc e| Ohppd :,1
Iru vrph A � ' A � Er� dqg hyhu| A � A � dqg ? � rAc wkh djhqwv zloo vklun
vwduwlqj dw wklv qrgh +Ohppd <,/ lq zklfk fdvh wkh suredelolw| ri 4 zlq0
qlqj wkh surprwlrq lv dw ohdvw � � 2e3@2A +iru vrph @2 : f lqghshqghqw
ri A dqg ? � rAc e| Ohppd ;,1 Wkhuhiruh 4 fdq jxdudqwhh d sd|r� ri
dw ohdvw

�
�� 2e3@�A

� ��
�� 2e3@2A

�
� � 0�S

�
� 2e3@�A S� Li/ krzhyhu/ wkh h{0

shfwhg qxpehu ri zrungd|v ri 4 lq wkh SVH h{fhhgv 0A / wkhq 4 lv jhwwlqj dw
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prvw � � 0Sc zklfk lv ehorz wkh jxdudqwhhg sd|r� li A � A � Vr 4 grhv qrw
zrun pruh wkdq 0A shulrgv lq h{shfwdwlrq1

Hpsor|lqj dq dujxphqw vlplodu wr wkh rqh xvhg lq Ohppd < iru wkh frp0
sxwdwlrq ri k +wkh suredelolw| ri 4 zlqqlqj wkh surprwlrq, rqh fdq vkrz wkdw/
jlyhq wkdw 4 fdq jxdudqwhh d sd|r� ri dw ohdvw

�
�� 2e3@�A

� ��
�� 2e3@2A

�
� � 0�S

�
�

2e3@�A Sc wkh suredelolw| ri 5 jhwwlqj wkh surprwlrq +wkurxjk d zlq ru d wlh,
lv dw prvw�

��
�
�� 2e3@�A

� �
�� 2e3@2A

��
� n

�
�� 2e3@�A

�
0�Sn 2e3@�A S

�
2
�

�

Vr/ li wkh h{shfwhg qxpehu ri 5*v zrungd|v h{fhhgv 0Ac wkhq 5*v sd|r� lq wkh
SVH lv dw prvw

2
�
��

�
�� 2e3@�A

� �
�� 2e3@2A

��
� n 2

�
�� 2e3@�A

�
0�Sn ee3@�A S� 0S�

Wkhuhiruh/ li A � A c 5 zrxog eh ehwwhu r� vklunlqj/ frqwudglfwlqj wkh gh�ql0
wlrq ri SVH1 Wklv �qlvkhv wkh surri1

816 Surri ri Wkhruhp 4

Li +LLd, ru +LLe, duh dvvxphg/ wkhq Sursrvlwlrqv 6 dqg 7 jxdudqwhh dq h{lvwhqfh
ri B : f vxfk wkdw ^Ej�

A
� B dw dq| SVH j ri K EAc �� � Wkxv L EAc �� : f�

Vlqfh *�40<f L E0c �� ' f e| wkh frqwlqxlw| ri Lc zh fdq �qg 0 : f vxfk
wkdw L E0c �� 	 L EAc �� � Wkhruhp 5 lpsolhv wkdw iru dq| � � r : f wkhuh
h{lvwv A ' A E0c r� : f vxfk wkdw/ iru doo A : A dqg A � ? � rAc dqg d SVH
j ri K EAc ?� c

^ Ej� � 0A�

Vlqfh L lv qrq0ghfuhdvlqjc

L EAc ?� 	 L E0c �� c

dqg vr L EAc ?� 	 L EAc �� � Vdpsoh vl}h 4 wkxv grplqdwhv doo vdpsoh vl}hv
juhdwhu wkdq rA lq A 0shulrg surprwlrq wrxuqdphqwvc iru A : A� Wkhuhiruh

*�4 t�T
A<"

# EA �

A
� r�

Vlqfh wkh lqhtxdolw| krogv iru dq| � � r : fc zh ghgxfh wkdw

*�4
A<"

# EA �

A
' f�
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817 Surri ri Sursrvlwlrq 6

Li 4 zrunv xqfrqglwlrqdoo| lq doo shulrgv/ kh jxdudqwhhv d sd|r� ri dw ohdvw
�S n R� E�� R2�� djdlqvw dq| vwudwhj| ri 5 +wklv lv wkh dfwxdo sd|r� lq wkh
zruvw fdvh vfhqdulr iurp 4*v shuvshfwlyh= 5 dovr zrunv xqfrqglwlrqdoo|,1 Li
wkh h{shfwhg qxpehu ri zrungd|v ri 4 lv dw prvw 0Ac iru f 	 0 � �c kh jhwv
dw prvw 0� n �

2
� +dvvxplqj wkh ehvw fdvh vfhqdulr iurp 4*v shuvshfwlyh= 5

vklunv xqfrqglwlrqdoo|/ dqg 4 vxffhhgv wr surgxfh zkhqhyhu kh zrunv,1 Iru

hyhu| f 	 0 	
ER�E�3R2�3 �

2��3S
�

0� n
�

2
� 	 �Sn R� E�� R2���

Wklv phdqv wkdw/ li wkh h{shfwhg qxpehu ri 4*v zrungd|v lq dq| VH lv ohvv
wkdq 0Ac wkhq 4 grhv qrw jhw wkh plqlpxp kh fdq jxdudqwhh/ frqwudglfwlqj
wkh gh�qlwlrq ri VH1

818 Surri ri Sursrvlwlrq 7

Surri1 Zh zloo vkrz e| edfnzdug lqgxfwlrq wkdw lq hyhu| shulrg erwk djhqwv
zrun xqfrqglwlrqdoo| lq dq| SVH ri K EAc �� � Ohw / 5 lEA � eh d qrgh lq wkh
odvw shulrg A 1 Wkhq/ e| fkrrvlqj wr zrun udwkhu wkdq vklun dw /c djhqw �
lqfuhdvhv klv suredelolw| wr zlq e| dw ohdvw �

A
R� E�� R�� c zkdwhyhu wkh dfwlrq

ri wkh rwkhu djhqw � pd| eh dw / + �
A
lv wkh suredelolw| wkdw wkh odvw shulrg lv

vdpsohg> R� E�� R�� erxqgv iurp ehorz wkh suredelolw| wkdw � surgxfhv rqh
xqlw ri rxwsxw dw wklv shulrg/ zkhuhdv klv ulydo � grhv qrw,1 Lw lv wkxv fohdu
wkdw wkh fkdqjh lq �*v sd|r� zkhq kh vzlwfkhv iurp vklun wr zrun dw / lv
dw ohdvw �

A
R� E�� R���� S

A
c dqg wklv qxpehu lv srvlwlyh e| dvvxpswlrq +LLe,1

Wkxv djhqwv* SVH vwudwhjlhv zloo whoo wkhp wr xqfrqglwlrqdoo| zrun dw wkh
odvw shulrg1

Qrz/ dvvxph wkdw / 5 l EA � lv d qrgh lq shulrg | 	 A / dqg wkdw wkh
djhqwv zrun dw hyhu| qrgh iroorzlqj /1 Qr pdwwhu zkdw djhqwv* dfwlrqv dw /
pd| eh/ rq vxevhtxhqw shulrgv erwk djhqwv zrun e| wkh lqgxfwlyh dvvxps0
wlrq1 Wkhuhiruh/ dv lq wkh deryh sdudjudsk/ wkh fkdqjh lq sd|r� zkhq djhqw �
vzlwfkhv iurp vklun wr zrun dw / lv dw ohdvw �

A
R� E�� R���� S

A
c zklfk lv srvl0

wlyh1 Wkhuhiruh wkh SVH vwudwhjlhv ri erwk djhqwv whoo wkhp wr xqfrqglwlrqdoo|
zrun dw /� Wklv �qlvkhv wkh lqgxfwlyh surri�
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819 Surri ri Sursrvlwlrq 8

Wkh surri surfhhgv e| edfnzdug lqgxfwlrq/ lq d pdqqhu vlplodu wr wkh surri
ri Sursrvlwlrq 7 deryh1 Ohw / 5 lEA � eh d qrgh lq wkh odvw shulrg A / dqg
ohw � eh dq djhqw zkrvh wrwdo rxwsxw dorqj wkh sdwk ohdglqj iurp /W wr / lv
qr pruh wkdq klv ulydo*v�

Zh fodlp wkdw wkh fkdqjh lq �*v sd|r�/ zkhq kh vzlwfkhv iurp vklun wr
zrun dw /c lv srvlwlyh/ qr pdwwhu zkdw dfwlrq wkh rwkhu djhqw � fkrrvhv dw /1
Lqghhg/ frqvlghu wkh hyhqw . wkdw wkh odvw shulrg lv vdpsohg/ wrjhwkhu zlwk
dqrwkhu shulrg lq zklfk � grhv qrw surgxfh pruh wkdq wkh rwkhu djhqw �> lwv
suredelolw| lv erxqghg iurp ehorz e| 2

�
�
A
� �
�

�
vlqfh A � S1 +Lq zkdw iroorzv

wkh glvxwlolw| iurp zrun zloo eh ljqruhg1, Jlyhq . dqg wkdw erwk djhqwv
surgxfh wkh vdph dprxqw rq wkh rwkhu vdpsohg shulrg/ li � vklunv dw / wkhq/
e| zrunlqj dw // � hqvxuhv wkh sd|r� ri R�� n E�� R��

�
2
c frpsduhg wr �

2

zkhq kh vklunv1 Li � zrunv dw / wkhq/ e| zrunlqj dw // � hqvxuhv wkh sd|r�
ri dw ohdvw R� E�� R���nE�� R�� E�� R��

�
2
c frpsduhg wr E�� R��

�
2
zkhq kh

vklunv1 Qh{w/ jlyhq . dqg wkdw djhqwv surgxfh gl�huhqw dprxqwv rq wkh rwkhu
vdpsohg shulrg +l1h1/ � surgxfhv � dqg � surgxfhv f,/ li � vklunv dw / wkhq/ e|
zrunlqj dw // � hqvxuhv wkh sd|r� ri R� �2 c frpsduhg wr f zkhq kh vklunv1 Li �
zrunv dw / wkhq/ e| zrunlqj dw // � hqvxuhv wkh sd|r� ri dw ohdvw R� E�� R��

�
2
c

frpsduhg wr f zkhq kh vklunv1 Wr vxppdul}h= frqglwlrqdo rq .c wkh vzlwfk
iurp zrun wr vklun ohdgv wr d jdlq lq sd|r� ri dw ohdvw R� E�� R��

�
2
� Ilqdoo|

revhuyh wkdw li . grhv qrw rffxu/ wkh suredelolw| wkdw � jhwv d surprwlrq grhv
qrw ghfuhdvh zkhq kh vzlwfkhv dw / iurp vklun wr zrun1 Wkxv wkh fkdqjh lq
wkh xqfrqglwlrqdo sd|r� +qrz wdnlqj wkh frvwv ri zrun dovr lqwr dffrxqw, li
djhqw � vzlwfkhv iurp vklun wr zrun dw / lv dw ohdvw

2
�
�

A
� �
�

�
R� E�� R��

�

2
� S

A
'

�

A
R� E�� R��

�

�
� S

A
c

zkdwhyhu lv wkh dfwlrq ri � dw / pd| eh� Wklv qxpehu lv srvlwlyh e| dv0
vxpswlrq +4,1 Wkhuhiruh �*v SVH vwudwhj| zloo whoo klp wr zrun dw / zlwk
suredelolw| 41

Jlyhq wkdw ghflvlrq e| �/ wkh rwkhu djhqw � zloo dovr zrun dw / zlwk sure0
delolw| �� Lqghhg/ lw fdq eh vkrzq dv ehiruh wkdw wkh fkdqjh lq �*v sd|r�
+ljqrulqj wkh glvxwlolw| iurp zrun, li kh vzlwfkhv wr zrun dw / lv dw ohdvw
R� E�� R��

�
2
c surylghg wkh odvw shulrg lv vdpsohg dqg wkdw rq wkh rwkhu vdp0

sohg shulrg � grhv qrw surgxfh pruh wkdq �1 Li wkh odvw shulrg lv vdpsohg dqg
rq wkh rwkhu vdpsohg shulrg � surgxfhv 4 dqg � surgxfhv 3/ wkhq/ e| zrunlqj
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dw /c � fdq hqvxuh wkh sd|r� ri R��nE�� R��
�
E�� R��� n R�

�
2

�
c frpsduhg

wr E�� R��� n R�
�
2
zkhq kh vklunv1 Wkxv wkh fkdqjh lq �*v sd|r� uhvxowlqj

iurp wkh vzlwfk wr zrun dw / lv dw ohdvw R� �2 4�? ER�c �� R�� c surylghg wkh odvw
gd| lv vdpsohg1 Wkxv wkh xqfrqglwlrqdo sd|r� ri � +qrz wdnlqj wkh glvxwlolw|
iurp zrun lqwr dffrxqw, jurzv e|

2
�

A
R� 4�? ER�c �� R��

�

2
� S

A
'

�

A
R� 4�? ER�c �� R��� � S

A

li � zrunv/ udwkhu wkdq vklunv/ dw /c dqg wklv qxpehu lv srvlwlyh/ dv fdq eh
vhhq iurp +4,1 Wkxv wkh SVH vwudwhj| ri � whoov klp wr zrun xqfrqglwlrqdoo|
dw /1

Wkh surri ri wkh lqgxfwlyh vwhs lv yhu| forvh wr wkh rqh mxvw jlyhq deryh
iru wkh odvw shulrg/ dqg zh rplw lw +doo frpsdulvrqv pxvw eh grqh qrz frq0
glwlrqdo rq d sdwk ri rxwsxwv iurp wkh qh{w shulrg rq/ zkrvh glvwulexwlrq lv
ghwhuplqhg e| wkh lqgxfwlyh dvvxpswlrq wkdw djhqwv zrun xqfrqglwlrqdoo| lq
wkh vhtxho,1

81: Surri ri Uhpdun 4

Zh frqvwuxfw d SVH Ej�c j2� e| +edfnzdug, lqgxfwlrq rq wkh wlph shulrg
wr zklfk d qrgh lq lEA � fruuhvsrqg1 Sduwlwlrq �uvw wkh qrghv ri wkh odvw
shulrg ri wkh jdph +A 0qrghv, lqwr w|shv= wzr A 0qrghv duh vdlg wr eh ri wkh
vdph w|sh li wkh sdwkv ohdglqj iurp /W wr wkhp kdyh wkh vdph klvwru| ri
rxwsxwv1 Dw hyhu| A 0qrgh hdfk djhqw kdv wzr dfwlrqv +zrun/ vklun,/ dqg d
sdlu ri dfwlrqv/ rqfh wdnhq/ ohdgv wr d sd|r�1 Wkxv dw hdfk A 0qrgh zh kdyh
d rqh0vkrw wzr0shuvrq jdph/ zklfk srvvhvvhv d pl{hg vwudwhj| htxloleulxp1
Ohw E� �c � 2� eh rqh vxfk htxloleulxp/ dqg ohw j� whoo djhqw � wr hpsor| � � xsrq
uhdfklqj wklv qrgh1 Vlqfh wklv rqh0vkrw jdph lv lghqwlfdo dw doo A 0qrghv ri
wkh vdph w|sh/ vr duh wkh vhwv ri htxloleuld/ dqg zh fdq pdnh rxu vhohfwlrq
ri E� �c � 2� lqyduldqw dw doo qrghv ri wkh vdph w|sh1 Wkxv wkh vwudwhjlhv j�
duh �w|sh0v|pphwulf� lq shulrg Ac l1h1/ suhvfuleh lghqwlfdo ehkdylru dw doo
A 0qrghv ri wkh vdph w|sh1

Vxssrvh qrz wkdw w|sh0v|pphwulf vwudwhjlhv Ej�c j2� kdyh ehhq frqvwuxfwhg
iru doo shulrgv juhdwhu wkdq |� Rqfh djdlq sduwlwlrq |0qrghv lqwr w|shv edvhg
rq wkh sdvw klvwru| ri rxwsxwv1 Dw dq| |0qrgh d rqh vkrw wzr0shuvrq jdph
lv gh�qhg/ lq zklfk djhqwv ghflgh vlpxowdqhrxvo| wr hlwkhu zrun ru vklun/
dqg wkh sd|r� lv ghwhuplqhg edvhg rq wkh |0shulrg rxwsxwv/ dqg rq wkh dv0
vxpswlrq wkdw ixwxuh ehkdylru lv dffruglqj wr wkh w|sh0v|pphwulf Ej�c j2� �
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D pl{hg vwudwhj| htxloleulxp h{lvwv lq wklv jdph/ dqg zh slfn rqh= E� �c � 2� �
Qrwh wkdw/ dw dq| wzr |0qrghv ri wkh vdph w|sh/ wkh vdph sdlu ri dfwlrqv
ohdgv wr lghqwlfdo h{shfwhg sd|r�v1 Wklv lv vr ehfdxvh Ej�c j2� c ehlqj w|sh0
v|pphwulf/ grhv qrw glvwlqjxlvk ehwzhhq odwhu qrghv zkhq wkh| duh suhfhghg
e| wkh vdph klvwru| ri rxwsxwv1 Wkhuhiruh zh fdq pdnh wkh fkrlfh ri E� �c � 2�
lqyduldqw dw doo |0qrghv ri wkh vdph w|sh1 Dv ehiruh/ ohw j� whoo djhqw � wr hp0
sor| � � xsrq uhdfklqj d |0qrgh1 Wkh vwudwhjlhv j� duh fohduo| w|sh0v|pphwulf
lq shulrg |1

Wkh frqvwuxfwlrq lv �qlvkhg zkhq zh jhw wr wkh urrw ri wkh jdph wuhh1
Wkh sdlu Ej�c j2� lv d SVH/ e| vwdqgdug edfnzdug lqgxfwlrq dujxphqwv +h1j1/
Nxkq +4<86,,1
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