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D Vkdgrz Sulfh Dssurdfk wr Whfkqlfdo H!flhqf|

Phdvxuhphqw

Odxuhqv FKHUFK\H dqg Wrp YDQ SX\HQEURHFN

Fhqwhu iru Hfrqrplf Vwxglhv/

Fdwkrolf Xqlyhuvlw| ri Ohxyhq/

Qddpvhvwuddw 9</ 6333 Ohxyhq/ Ehojlxp1

Odxuhqv1Fkhufk|hChfrq1nxohxyhq1df1eh

Wrp1YdqSx|hqeurhfnCplqvrf1ihg1eh

Qryhpehu 4<<<

Devwudfw

Wkh d{lrpdwlf olwhudwxuh rq whfkqlfdo h!flhqf| phdvxuhphqw kdv gudzq dwwhq0

wlrq wr wkh lqglfdwlrq sureohp ri wkh Gheuhx0Iduuhoo +GI, phdvxuh1 Zh iroorz d

vkdgrz sulfh dssurdfk wr suhvhuyh wkh GI ehqfkpdun zkloh uhfrqflolqj lw zlwk wkh

Nrrspdqv h!flhqf| fkdudfwhul}dwlrq1 Iluvw/ zh gh�qh d vhw ri Nrrspdqv h!flhqw

uhihuhqfhv wkdw fdq eh udwlrqdol}hg lq d vlplodu zd| dv wkh GI surmhfwlrq1 Wkh lqglfd0

wlrq sureohp lv wkhq fdswxuhg xvlqj d phdvxuh ri lpsolflw doorfdwlyh ru pl{ h!flhqf|/

dovr lqwhusuhwdeoh dv d grplqdqfh phdvxuh lq sulfh vsdfh1 Zh frqvhtxhqwo| suhvhqw d

pl{0dgmxvwhg GI iudphzrun iru h!flhqf| phdvxuhphqw lq zklfk h1j1 wkh ]lhvfkdqj

^57` surfhgxuh fdq eh �wwhg1
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4 Lqwurgxfwlrq

Dv d uxoh rqh lv xowlpdwho| frqfhuqhg zlwk wkh frqfhsw ri doorfdwlyh h!flhqf|/ exw wkhuh

duh lqvwdqfhv zkhuh irfxvlqj rq whfkqlfdo h!flhqf| lv qrw zlwkrxw lwv lqwhuhvw1 Wklv lv

h1j1 wkh fdvh zkhq pdunhw sulfhv iru lqsxwv dqg rxwsxwv duh qrw uhdglo| dydlodeoh1 Ru/

dv frxog eh wkh fdvh iru qrq0sur�w ru jryhuqphqw rujdql}dwlrqv/ zkhq lw lv frqfhlydeoh

wkdw vxfk sulfhv gl�hu iurp wkh vkdgrz sulfhv lpsolflwo| frqvlghuhg e| wkrvh lq fkdujh1

D whfkqlfdo h!flhqf| jdxjh kdv ehhq lqwurgxfhg e| Gheuhx ^;` dqg Iduuhoo ^47` dqg kdv

vlqfh wkhq ehhq dssolhg txlwh h{whqvlyho|1 Wklv Gheuhx0Iduuhoo +GI, phdvxuh/ zklfk lv

wkh lqyhuvh ri Vkhskdug*v glvwdqfh ixqfwlrq/ lv rewdlqhg e| htxlsursruwlrqdwh vkulqndjh

ru h{sdqvlrq ri lqsxw uhvshfwlyho| rxwsxw yhfwruv rqwr wkhlu ehvw sudfwlfh iurqwlhuv1 Lw lv

krzhyhu qr orqjhu wkh xqltxh whfkqlfdo h!flhqf| phdvxuh dydlodeoh1 Vrph rwkhu sursrvdov

hphujhg iroorzlqj wkh d{lrpdwlf dssurdfk wr whfkqlfdo h!flhqf| phdvxuhphqw dv lqlwldwhg

e| Içuh dqg Oryhoo ^45`1 Wkh prvw lpsruwdqw uhdvrq zk| vxfk dowhuqdwlyh phdvxuhv zhuh

lqwurgxfhg shuwdlqv wr wkh sureohp wkdw wkh GI phdvxuh grhv qrw dozd|v vdwlvi| wkh

udwkhu ixqgdphqwdo frqglwlrq nqrzq dv clqglfdwlrq ri h!flhqw yhfwruv*1 Wkdw lv/ iru vrph

w|shv ri surgxfwlrq whfkqrorjlhv wkh udgldo surmhfwlrq |lhoghg e| wkh GI phwkrg fdq lq

idfw vwloo eh d whfkqlfdoo| lqh!flhqw srlqw lq wkh frpprqo| dffhswhg vhqvh ri Nrrspdqv

^4:`1 Wklv lv lpphgldwho| reylrxv li rqh frqvlghuv wkh h{dpsoh ri d Ohrqwlhi whfkqrorj|1

Lq dq lqsxw0rulhqwhg frqwh{w/ udgldo vkulqndjh wr d srlqw rq wkh O0vkdshg lvrtxdqw grhv

qrw qhfhvvdulo| lpso| wkdw doo czdvwh* kdv ehhq holplqdwhg1 Rqh fdq xvxdoo| surfhhg e|

d ixuwkhu qrq0udgldo uhgxfwlrq wr duulyh dw d yhuwh{ srlqw zkhuh qr lqsxw fdq eh ixuwkhu

ghfuhdvhg zlwkrxw ghfuhdvlqj dw ohdvw rqh rxwsxw1 Li wklv +srwhqwldo, gh�flhqf| zrxog

rqo| eh dvvrfldwhg zlwk wkh Ohrqwlhi whfkqrorj| wkhq rqh lv idflqj d idluo| plqru sureohp

lqghhg1 Exw lw dovr h{whqgv wr pruh jhqhudo dqg iuhtxhqwo| hpsor|hg fdvhv zkhuh wkh

uhihuhqfh whfkqrorj| lv frqvwuxfwhg qrqsdudphwulfdoo|/ iru h{dpsoh zkhq wklv whfkqrorj|

lv rewdlqhg dv wkh frqyh{ prqrwrqlf kxoo ri revhuyhg lqsxw dqg rxwsxw yhfwruv1 Vlqfh

Diuldw ^4` wklv odvw uhsuhvhqwdwlrq lv ri sduwlfxodu lpsruwdqfh li rqh iroorzv d cuhyhdohg

suhihuhqfh* dssurdfk wr surgxfhu ehkdylru1 Lw kdv ehhq dgyrfdwhg e| Yduldq ^56` iru lwv

xvh lq whvwlqj uhjxodulw| frqglwlrqv dqg iru qrq0sdudphwulf h!flhqf| phdvxuhphqw lwvhoi

e| Edqnhu hw do1 ^6`1 Ehorz zh zloo pdlqo| zrun lq wklv vhwwlqj/ exw lw vkrxog eh uhfdoohg

wkdw wkh lqglfdwlrq sureohp ri wkh GI whfkqlfdo h!flhqf| phdvxuh/ vrphwlphv odehohg

lwv cvodfn sureohp*/ pd| dsshdu lq dq| whfkqrorj| zklfk doorzv iru wkh suhvhqfh ri }hur

pdujlqdo udwhv ri whfkqlfdo vxevwlwxwlrq +ru wudqvirupdwlrq,1

Wkh GI whfkqlfdo h!flhqf| phdvxuh uhpdlqv yhu| srsxodu/ hyhq zkhq dssolhg lq

sureohp0surqh whfkqrorjlhv1 Wkhuh duh dw ohdvw irxu jrrg uhdvrqv iru wklv1 Iluvw/ rq wkh

hpslulfdo ohyho/ uhihuhqfh whfkqrorjlhv duh qrupdoo| dssur{lpdwlyh lq qdwxuh dqg wkhuhiruh

wkh lqglfdwlrq sureohp pd| eh frqvlghuhg dv dq dfflghqwdo dqg vrphzkdw duwl�fldo frq0

vhtxhqfh1 Vhfrqg/ rq wkh wkhruhwlfdo ohyho/ wkh d{lrpdwlf dssurdfk dv ixuwkhu ghyhorshg

e| ydulrxv dxwkruv vxfk dv h1j1 Ero ^5`/ Uxvvhoo ^53/ 54` dqg Fkulvwhqvhq hw do1 ^9` kdv
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iruzdughg wkh lqvljkw wkdw qr xqlyhuvdoo| ehvw phdvxuh h{lvwv1 Wklug/ wkhvh d{lrpv prvwo|

uhihu wr ghvludeoh pdwkhpdwlfdo fkdudfwhulvwlfv ri d +h!flhqf|, jdxjh ixqfwlrq/ zkhuhdv

vrph dxwkruv +h1j1 Nrss ^4;` ru Uxvvhoo ^4<`, fohduo| wrrn d idyrudeoh vwdqfh wrzdugv wkh

GI phdvxuh jlyhq lwv hfrqrplf lqwhusuhwdwlrq iru wkh fodvv ri frqyh{ prqrwrqlf whfkqror0

jlhv1 Dqg irxuwk/ lw kdv ehhq fodlphg h1j1 e| Ihuulhu dqg Oryhoo ^48` wkdw vodfnv pd|

eh ylhzhg hvvhqwldoo| dv uhvxowlqj iurp doorfdwlyh udwkhu wkdq whfkqlfdo lqh!flhqf|1 Lq

wklv sdshu zh ghsduw iurp wkh �uvw ri wkhvh dujxphqwv dqg wkxv frqvlghu wkh lqglfdwlrq

sureohp dv d jhqxlqh sureohp lqghhg1 Zh dovr sxw ohvv hpskdvlv rq wkh sxuho| d{lrpdwlf

dssurdfk1 Wklv ohdyhv xv wr gudz rq wkh odvw wzr dujxphqwv zkhq dlplqj wr uhfrqfloh wkh

hfrqrplfdoo| dwwudfwlyh GI ehqfkpdun zlwk wkh Nrrspdqv fkdudfwhul}dwlrq ri whfkqlfdo

h!flhqf|1

Wr gr vr zh �uvw surylgh lq vhfwlrq 5 d txlfn uhiuhvkhu wr wkh srwhqwldo frq lfw ehwzhhq

wkh wzr/ skudvlqj wkh lqglfdwlrq sureohp lq whupv ri wkh vkdgrz sulfhv lpsolflwo| suhvhqw

lq wkh surgxfwlrq whfkqrorj|1 Lq wkhvh sduwlfxodu whupv �zklfk zhuh qrwdeo| wkh rqhv

xvhg e| erwk Gheuhx ^;` dqg Nrrspdqv ^4:`� lw lv hdvlo| vhhq wkdw wkh GI phwkrg pd|

|lhog ehvw sudfwlfh uhihuhqfh yhfwruv wkdw lpsolflwo| doorz iru }hur vkdgrz sulfhv1 Rq wkh

rwkhu kdqg/ frqvlvwhqw zlwk wkh wzr ixqgdphqwdo wkhruhpv ri zhoiduh hfrqrplfv lq wkh

fdvh ri d frqyh{ prqrwrqlf kxoo/ rqh qhhgv d yhfwru ri vwulfwo| srvlwlyh vkdgrz sulfhv

wr holplqdwh dq| ixuwkhu +qrq0udgldo, zdvwh dqg eh whfkqlfdoo| h!flhqw lq wkh Nrrspdqv

vhqvh14 Rqfh wklv vwdjh kdv ehhq vhw zh krog rq wr wkh vkdgrz sulfh dssurdfk lq wkh

uhpdlqghu ri wkh sdshu1 Lq vhfwlrq 6 zh xvh lw wr lghqwli| d vhw ri uhihuhqfh yhfwruv wkdw

duh Nrrspdqv h!flhqw dqg dw wkh vdph wlph uhwdlq wkh hfrqrplf lqwhusuhwdwlrq ehklqg wkh

GI phdvxuh1 Zh dovr vkrz wkdw wkh phwkrg sursrvhg e| ]lhvfkdqj ^57` vhohfwv uhihuhqfh

yhfwruv wkdw ehorqj wr wklv vhw1 Wklv phwkrg kdv wkh fkdudfwhulvwlf wkdw rqh �uvw udgldoo|

surmhfwv rq d uhihuhqfh lvrtxdqw/ dqg wkhq fruuhfwv iru uhvlgxdo zdvwh dorqj wkh lvrtxdqw

wr rewdlq dq dghtxdwh uhihuhqfh1 Qrwh wkdw wkh frpshqvdwhg sulfh uhvsrqvh wr zklfk wklv

vhfrqg vwdjh dprxqwv idoov lq olqh zlwk wkh deryh fodlp wkdw vodfnv uhvxow iurp +lpsolflw,

doorfdwlyh lqh!flhqf| udwkhu wkdq sxuho| whfkqlfdo lqh!flhqf|1

Wklv ohdgv xv lq vhfwlrq 7 wr h{solflwo| dgguhvv wkh txhvwlrq uhjduglqj wkh phdvxuhphqw

ri lpsolflw doorfdwlyh h!flhqf|/ ru cpl{ h!flhqf|* iru vkruw1 Vhyhudo htxlydohqw uhsuhvhqwd0

wlrqv iru jdxjlqj wklv nlqg ri h!flhqf| duh iruzdughg= gluhfwo| lq whupv ri surgxfw pl{hv

zkhq gudzlqj rq d gluhfwlrqdo frvlqh uhsuhvhqwdwlrq ri yhfwruv/ dv d uhodwlyh Hxfolghdq

glvwdqfh phdvxuh lq frpprglw| vsdfh +l1h1 lq wkh vdph zd| wkh ruljlqdo GI phdvxuh lv

xvxdoo| uhsuhvhqwhg,/ ru dv d uhodwlyh glvwdqfh phdvxuh ehwzhhq lvrfrvw k|shusodqhv +zklfk

gluhfwo| uhyhdov wkh grplqdwlqj fkdudfwhu ri cpl{ h!flhqw* uhihuhqfhv,1 D vkruw glvfxvvlrq

shuwdlqlqj wr wkh frpphqvxudelolw| ri wkh sursrvhg pl{ h!flhqf| phdvxuh irupv wkh

4Rq wkh prvw jhqhudo ohyho/ wkh vhfrqg zhoiduh wkhruhp dv gh�qhg zlwk uhvshfw wr frqyh{ whfkqrorjlhv
grhv doorz iru wkh suhvhqfh ri vrph }hur sulfhv1 Wklv vshfldo/ vrphzkdw sdwkrorjlfdo fdvh rffxuv zkhq wkh
pdujlqdo udwh ri whfkqlfdo vxevwlwxwlrq +wudqvirupdwlrq, vprrwko| jrhv wr }hur dw fhuwdlq h!flhqw srlqwv1
Zkloh rxu glvfxvvlrq ehorz irfxvhv rq whfkqrorjlhv zlwk qrq0vprrwk wudqvlwlrqv iru vdnh ri fodulw|/ lw fdq
hdvlo| eh h{whqghg wr fryhu vxfk d fdvh1
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vxemhfw ri vhfwlrq 81

Dv uhjdugv wkh txhvwlrq ri whfkqlfdo h!flhqf| phdvxuhphqw/ dgkhulqj wr wkh vkdgrz

sulfh shuvshfwlyh wkxv lpsolhv wkdw wkh lqglfdwlrq sureohp ri wkh rwkhuzlvh lqwxlwlyh GI

phdvxuh fdq eh ryhufrph e| frpsohphqwlqj lw zlwk wkh pl{ h!flhqf| phdvxuh1 Ru vwdwhg

rwkhuzlvh/ wkdw dw ohdvw iru vrph qrq0udgldo h!flhqf| jdxjhv wkh hduolhu fulwltxh shuwdlqlqj

wr wkhlu ydjxh hfrqrplf lqwxlwlrq vhhpv ohvv ydolg1 Lq vhfwlrq 9 zh vkrz wkdw wkh wudglwlrqdo

GI phdvxuh fdq eh frpsohphqwhg zlwk wkh nlqg ri pl{ h!flhqf| frpsrqhqw lghqwl�hg

lq vhfwlrq 7 wr |lhog d pl{0dgmxvwhg GI phdvxuh1 Rxu pdlq �qglqjv dv zhoo dv vrph

dgglwlrqdo frpphqwv duh vxppdul}hg lq vhfwlrq :1

Wkurxjkrxw wkh sdshu zh irfxv rq lqsxw h!flhqf| exw dq dqdorjrxv wuhdwphqw dssolhv

wr wkh rxwsxw rulhqwhg fdvh1 Dovr/ zkloh rqo| wkh Diuldw whfkqrorj| lv h{solflwo| frqvlghuhg/

wkh lqvljkwv vwudljkwiruzdugo| fduu| ryhu wr rwkhu frqyh{ slhfhzlvh olqhdu irupxodwlrqv

vxuyh|hg lq Içuh/ Jurvvnrsi dqg Oryhoo ^44`1 Ixuwkhupruh/ wkh rewdlqhg uhvxowv fdq eh

uhdglo| dgdswhg wr d sdudphwulf vhwwlqj1 Wkh iroorzlqj yhfwru lqhtxdolw| frqyhqwlrqv zloo

eh xvhg= iru {>| 5 LU?/ +l, { A | li dqg rqo| li {� A |�> l @ 4> ===> q/ +ll, { � | li dqg rqo|

li {� � |�/ dqg +lll, { � | li dqg rqo| li {� � |� dqg { 9@ |= Zh xvh +{�> {�, wr uhsuhvhqw

wkh +froxpq, yhfwru zlwk +urz, hohphqwv {� dqg {� 1

5 Fkdudfwhul}lqj whfkqlfdo h!flhqf|

Wkh vwduwlqj srlqw lv wkh surgxfwlrq whfkqrorj| W wudqviruplqj dq lqsxw yhfwru { @

+{�> ===> {?, 5 LU
?

n lqwr dq rxwsxw yhfwru x @ +x�> ===> x6, 5 LU
6

n zlwk dw ohdvw rqh hohphqw

ri hdfk { dqg x vwulfwo| srvlwlyh=

W �
�
+{>x, 5 LU

?n6

n
m { fdq surgxfh x

�
1

Vxssrvh d vhw ri Q lqsxw0rxwsxw frpelqdwlxrqv ehorqjlqj wr W lv revhuyhg1 Wr vlp0

soli| h{srvlwlrq zh zloo ixuwkhu frqfhqwudwh rq wkh Diuldw ^4` whfkqrorj| uhsuhvhqwdwlrq W�/

zklfk lv wkh vpdoohvw frqyh{ vhw wkdw lqfoxghv doo revhuydwlrqv dqg vdwlv�hv wkh prqrwrqlf0

lw| surshuw|=

W
�
�

;?
=+{>x, 5 LU

?n6

n m { �
�[

�'�

��{� >x _

�[

�'�

��x� >

�[

�'�

�� @ 4> ���3 ;��

<@
> =

Ehfdxvh ri lwv frqyh{ qdwxuh dqg slhfhzlvh +olqhdu, frqvwuxfwlrq W
� lv sduwlfxoduo|

zhoo vxlwhg iru looxvwudwlqj wkh gl�huhqfh ehwzhhq wkh GI dqg Nrrspdqv h!flhqf| fkdu0

dfwhul}dwlrqv1 Pruhryhu lw lv zhoo0jurxqghg erwk lq wkh olwhudwxuh rq whvwlqj iru uhjxodulw|

frqglwlrqv ri surgxfwlrq +vhh ^56` dqg ^7`, dqg wkh d{lrpdwlf qrq0sdudphwulf dssurdfk wr

surgxfwlrq whfkqrorj| hvwlpdwlrq +vhh ^6`,1

Vxssrvh wkh revhuyhg lqsxw0rxwsxw yhfwru +{J>xJ, 5 W lv wr eh hydoxdwhg dqg idfwru

sulfhv duh xqnqrzq1 Whfkqlfdo lqsxw h!flhqf| lv hvwlpdwhg e| frpsdulqj {J wr wkh lqsxw
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fruuhvsrqghqfh=

O
�+xJ, �

;?
={ 5 LU

?

n m { �
�[

�'�

��{� >xJ_

�[

�'�

��x� >

�[

�'�

�� @ 4> ���3 ;��

<@
> =

Wzr vxevhwv ri O�+xJ, wkdw duh sduwlfxoduo| uhohydqw lq wkh iroorzlqj glvfxvvlrq duh

lwv lvrtxdqw dqg h!flhqw vxevhw/ uhvshfwlyho|=

Lvrt O�+xJ, �

�
{ 5 LU

?

n m { 5 O�+xJ, dqg �{ @5 O�+xJ, iru � 5 ^3> 4,
�
> +5,

Hii O�+xJ, �

q
{ 5 LU

?

n m { 5 O�+xJ, dqg {

�

� { wkhq {
�

@5 O�+xJ,
r

= +6,

Wkh GIphdvxuh ri whfkqlfdo h!flhqf| iru dq revhuydwlrq +{J>xJ,/ ghqrwhg dvH(8 +{JcxJ,/

lv gh�qhg dv iroorzv iru O�+xJ,=

H(8 +{JcxJ, �plq
�
� 5 LUn m �{J 5 O

�+xJ,
�

=

Lq zrugv/ H(8 +{JcxJ, jlyhv wkh pd{lpxp htxlsursruwlrqdwh uhgxfwlrq ri doo lqsxwv lq

{J wkdw vwloo doorzv wr surgxfh xJ1 Iurp +5,/ H(8 +{JcxJ, dwwdlqv wkh pd{lpxp ydoxh

ri rqh li dqg rqo| li {J 5 Lvrt O�+xJ,1 Wkh lqglfdwlrq sureohp uhodwhv wr wkh idfw wkdw

H(8 +{JcxJ, @ 4 lv qrw vx!flhqw iru {J 5 Hii O�+xJ,/ zkhuh +6, lv frqvlvwhqw zlwk

wkh frpprqo| dffhswhg Nrrspdqv ^4:` fkdudfwhul}dwlrq1 Wkh odwwhu ghfoduhv dq lqsxw

frpelqdwlrq h!flhqw li dqg rqo| li/ iru d jlyhq rxwsxw ohyho/ lw lv lpsrvvleoh wr uhgxfh

dq| lqsxw zlwkrxw vlpxowdqhrxvo| lqfuhdvlqj dqrwkhu1 Lqghhg/ zkloh Hii O�+xJ, � Lvrt

O�+xJ, erwk vxevhwv gr jhqhudoo| qrw frlqflgh dqg lw iroorzv wkdw revhuydwlrqv lghqwl�hg

dv GI h!flhqw duh qrw qhfhvvdulo| h!flhqw lq wkh Nrrspdqv vhqvh1 Ixuwkhu/ iroorzlqj wkh

GI surfhgxuh lqh!flhqw lqsxw0rxwsxw frpelqdwlrqv pd| eh hydoxdwhg zlwk uhvshfw wr d

uhihuhqfh wkdw lv Nrrspdqv grplqdwhg e| dqrwkhu ihdvleoh srlqw1

Wkh srwhqwldo frq lfw ehwzhhq wkh wzr frqfhswv lv looxvwudwhg iru d wzr0lqsxw vlwxdwlrq

lq �jxuh 4 zkhuh wkh lqsxw h!flhqf| ri d yhfwru +{�>x�, lv wr eh phdvxuhg1 Lq wkh gldjudp

Hii O�+x�, fruuhvsrqgv wr wkh idfhw DE zkhuhdv Lvrt O�+x�, dovr frqwdlqv wkh yhuwlfdo

dqg krul}rqwdo idfhwv DF dqg EG1 Pd{lpdo udgldo frqwudfwlrq ri wkh wzr lqsxwv uhvxowv

lq surmhfwlqj {� rq {e dqg fruuhvsrqglqjo| H(8 +{�>x�, @ n{en @ n{�n1 Fohduo| {e lv qrw

Nrrspdqv h!flhqw dv lw h{klelwv d vodfn lq wkh vhfrqg lqsxw1

Erwk h!flhqf| fkdudfwhul}dwlrqv dovr kdyh d vshfl�f vkdgrz sulfh uhsuhvhqwdwlrq1 Ohw

xv �uvw gh�qh wkh fruuhvsrqghqfh fdswxulqj doo vkdgrz sulfh yhfwruv xqghu zklfk { 5 Lvrt

O�+xJ, lv frvw plqlpl}lqj ryhu O�+xJ,=

;{ 5 Lvrt O�+xJ, = S +{>xJ, �
q
s 5 LU

?

n m 3 ? s � { _ s � {
�

;{
�

5 O
�+xJ,

r
=

S +{>xJ, gh�qhv wkh vhw ri wkh vxssruwlqj k|shusodqh+v, wdqjhqw wr O� +xJ, lq {1
5

5Wkhuh lv dq lpphgldwh olqn ehwzhhq rxu gh�qlwlrq ri wkh fruuhvsrqghqfh � E c�J� dqg wkh srsxodu/

vlqjoh0ydoxhg frvw ixqfwlrq frqfhsw1 Iru rxu sxusrvhv wkh xvh ri � E c�J� lv pruh dghtxdwh jlyhq wkdw d
vlplodu dssurdfk zdv iroorzhg e| Gheuhx ^;`1

8



Wzr ixuwkhu gh�qlwlrqv duh xvhg iru qrwdwlrqdo frqyhqlhqfh=

{(8 +{J>xJ, � H(8 +{J>xJ,{J>

S(8 +{J>xJ, � S +{(8 +{J>xJ, >xJ, =

Ru/ {(8 +{J>xJ, lv wkh uhihuhqfh |lhoghg e| wkh udgldo GI surmhfwlrq dqg S(8 +{J>xJ, lwv

dvvrfldwhg vhw ri lpsolflwo| frvw plqlpl}lqj sulfh yhfwruv1

Zh fdq qrz vwdwh wkh htxlydohqw irupxodwlrq ri H(8 +{J>xJ, zklfk Gheuhx ^;` ghulyhg

lq rughu wr mxvwli| wkh froolqhdu surmhfwlrq=6

Sursrvlwlrq 4 +Gheuhx ^;`, Iru doo {J 5 O� +xJ, >{
�

5 Lvrt O�+xJ,>s(8 5 S(8 +{J>xJ,

dqg s
�

5 S+{
�

>xJ, =

H(8 +{J>xJ, @
s(8 � {(8 +{J>xJ,

s(8 � {J

�
s

�

� {

�

s
�

� {J

=

Wkh GI surfhgxuh wkxv dssolhv dq lpsolflw cehqh�w0ri0wkh0grxew* zhljkwlqj zkhq orrn0

lqj iru d ehvw sudfwlfh uhihuhqfh1 Wkdw lv/ lw |lhogv d pd{lpdo udwlr ri uhihuhqfh wr dfwxdo

frvwv zlwk sulfhv fkrvhq vr dv wr pdnh {(8 +{J>xJ, frvw plqlpl}lqj1 Dv vxfk/ wkh GI

phdvxuh srvvhvvhv dq hyrfdwlyh lqwhusuhwdwlrq dv dq xsshu erxqg wr hfrqrplf h!flhqf|

+vhh dovr Uxvvhoo ^4<`,1 Wklv ehqh�w0ri0wkh0grxew fkdudfwhul}dwlrq lv dovr fohdu iurp �jxuh

41 Lqghhg/ n{en @ n{�n iru h{dpsoh h{fhhgv

�
�
�{

�

e

�
�
� @ n{�n dqg �wr dq hyhq juhdwhu h{whqw�

�
�
�{

��

e

�
�
�@ n{�n/ zkhuh erwk {

�

e
dqg {

��

e
uhvshfwlyho| olh rq wkh vxssruwlqj +clvrfrvw*, k|shu0

sodqhv ri wkh lvrtxdqw idfhwv DE dqg EG1

A

xe

x i

B

input 1

in
p

u
t 

2

L
A

(u i )

C

D

x
'

e

x
''

e

ILJXUH 4
6Vkhskdug ^55` rewdlqhg wkh vdph uhvxow iurp wkh gxdolw| ehwzhhq klv lqsxw glvwdqfh ixqfwlrq dqg wkh

frvw ixqfwlrq1 Iru d uhfhqw glvfxvvlrq ri wkh vkdgrz sulfh lqwhusuhwdwlrq ri wkh Vkhskdug glvwdqfh ixqfwlrqv
+dqg frqvhtxhqwo| wkh GI phdvxuhv, zh uhihu wr ^43`1
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Lw vkrxog eh qrwhg wkdw s(8 lq sursrvlwlrq 4 pd| frqwdlq vrph }hur hqwulhv/ zkhuhdv

Nrrspdqv ^4:` vkrzhg=

Sursrvlwlrq 5 +Nrrspdqv ^4:`, Iru { 5O�+xJ, =

{ 5 Hii O�+xJ,/ <s 5 S +{>xJ, = s 5 LU
?

nn=

Vr/ iru hdfk hohphqw ri wkh h!flhqw vxevhw rqh fdq frqvwuxfw d vwulfwo| srvlwlyh sulfh

yhfwru xqghu zklfk lw ehfrphv frvw plqlpl}lqj1 Lq wkh looxvwudwlrq ri �jxuh 4 doo hohphqwv

rq wkh vhjphqw DE fohduo| phhw wklv Nrrspdqv frqglwlrq1 Krzhyhu/ wklv lv qr orqjhu vr

iru {e/ iru zklfk d }hur vkdgrz sulfh lv dffrughg wr wkh vhfrqg lqsxw lq wkh fruuhvsrqglqj

frvw udwlr ri sursrvlwlrq 41

Wklv lpsolflw sulfh fkdudfwhul}dwlrq surylghv dq hfrqrplf lqwxlwlrq iru wkh lqglfdwlrq

sureohp dvvrfldwhg zlwk GI phdvxuhv1 Lq wkh qh{w vhfwlrq zh wdfnoh wkh txhvwlrq zklfk

uhihuhqfhv frpelqh wkh dwwudfwlyh lqwhusuhwdwlrq ri wkh GI surmhfwlrq zlwk wkh lqwxlwlyh

qrwlrq ri Nrrspdqv h!flhqf|1

6 Ehqh�w0ri0wkh0grxew sulflqj dqg Nrrspdqv h!flhqf|

Sursrvlwlrq 4 surylghv d vkdgrz frvw h!flhqf| fkdudfwhul}dwlrq iru {(8 +{J>xJ, zklfk

pdnhv lw lqwhuhvwlqj iurp dq hfrqrplf srlqw ri ylhz1 Krzhyhu/ lw pd| vwloo eh wkdw

{(8 +{J>xJ, @5 Hii O�+xJ,1 Zh qrz vkrz wkdw uhihuhqfhv zklfk suhvhuyh erwk d ehqh�w0

ri0wkh0grxew lqwhusuhwdwlrq dqg sdvv wkh whvw iru Nrrspdqv h!flhqf| ehorqj wr=

[( +{J>xJ, �
�
{ m { 5 Hii O�+xJ, dqg { _ {(8 +{J>xJ,

�
=

Wklv vhw frqwdlqv doo { 5 Hii O�+xJ, wkdw zhdno| grplqdwh {(8 +{J>xJ,1 Lq wkh

looxvwudwlrq ri �jxuh 4 zh kdyh [( +{�>x�, @ iDj1

Zlwk uhvshfw wr [( +{J>xJ, zh fdq vwdwh d uhvxow yhu| vlplodu wr wkdw irupxodwhg lq

sursrvlwlrq 4=7

Sursrvlwlrq 6 Iru doo {( 5 [( +{J>xJ, >{
�

5 Hii O�+xJ,q[( +{J>xJ, >s( 5 S+{(/xJ,

dqg s
�

5 S+{
�

/xJ, =

s( � {(

s( � {J

�
s

�

� {

�

s
�

� {J

1

Wkxv/ iru hdfk {( 5 [( +{J>xJ, wkh dvvrfldwhg vkdgrz frvw udwlr zloo qhyhu eh orzhu

wkdq iru dq| {

�

5 Hii O�+xJ, q [(1 Wkh lqwhusuhwdwlrq lv dqdorjrxv wr wkh rqh ri

sursrvlwlrq 41 Wkh lpsruwdqw gl�huhqfh lv wkdw sursrvlwlrq 6 lv gh�qhg zlwk uhihuhqfh wr

Hii O�+xJ,/ zkhuhdv sursrvlwlrq 4 frqfhuqv Lvrt O�+xJ,1 Khqfh/ uhfdoolqj sursrvlwlrq

5/ wkh uhvxow mxvw vwdwhg lv dsshdolqj vlqfh lw doorzv wr xvh vwulfwo| srvlwlyh vkdgrz sulfh

yhfwruv lq frpsdulvrqv1

7Surriv ri rxu uhvxowv duh jlyhq lq wkh dsshqgl{1

:



Wr pdnh wkh uhvxow vrphzkdw pruh lqwxlwlyh/ wdnh djdlq �jxuh 41 Vkdgrz frvw udwlrv

ri {� rewdlqhg xvlqj dq| s� 5 S+D/x�, duh qrw ehorz

�
�
�{

�

e

�
�
� @ n{�n1 Lq jhrphwulf whupv/

rqh fdq dozd|v �qg d vxssruwlqj k|shusodqh wkurxjk D wkdw furvvhv wkh udgldo vrphzkhuh

ehwzhhq {
�

e
dqg {e1 Reylrxvo|/ qr rwkhu hohphqw ehorqjlqj wr wkh idfhw DE zrxog |lhog d

vwulfwo| kljkhu udwlr ydoxh1

Zkloh sursrvlwlrq 6 lqglfdwhv wkdw dq dssursuldwh uhihuhqfh +iurp d vkdgrz sulfh shu0

vshfwlyh, fdq eh irxqg lq[( +{J>xJ, > lw grhv qrw lpphgldwho| lghqwli| d xqltxh uhihuhqfh1

Ri frxuvh/ li {(8 +{J>xJ, 5 Hii O�+xJ, wkhq [( +{J>xJ, @ i{(8 +{J>xJ,j1 Dovr/ hyhq

zkhq {(8 +{J>xJ, @5 Hii O�+xJ, wkh vhw [( +{J>xJ, zloo dozd|v eh d vlqjohwrq li q @ 5

+vhh rxu looxvwudwlrq,1 Lq jhqhudo lw frxog eh wkdw [( frqwdlqv pruh hohphqwv1 Wkh iroorz0

lqj sursrvlwlrq ghprqvwudwhv wkdw hdfk lqsxw yhfwru {( 5 [( +{J>xJ, lv mxvwl�deoh iurp

d vkdgrz frvw h!flhqf| shuvshfwlyh=

Sursrvlwlrq 7 Iru doo {(>{

�

(
5 [( +{J>xJ, zlwk {( 9@ {

�

(
/ jlyhq d vwulfwo| srvlwlyh

s
�

(
5 S +{�

(
>xJ,/ wkhuh dozd|v h{lvwv d vwulfwo| srvlwlyh s( 5 S +{(>xJ, vxfk wkdw=

s( � {(

s( � {J

�
s

�

(
� {

�

(

s
�

(
� {J

1

Dv sursrvlwlrq 7 dssolhv wr doo {( 5 [( +{J>xJ, wkhuh lv qr d sulrul uhdvrq wr ixuwkhu

glvfulplqdwh lq whupv ri lpsolflw frvw h!flhqf|1

Lq wkh olwhudwxuh wkhuh kdyh ehhq vrph sursrvdov wkdw lq idfw |lhog uhihuhqfhv ehorqjlqj

wr [( +{J>xJ,1 Frqfhswxdoo|/ wkh| fdq eh lqwhusuhwhg dv pxowl0vwdjh surfhgxuhv zkhuh

wkh GI phwkrg lv dssolhg lq wkh �uvw vwdjh1 Li wkhuh uhpdlqv dq lqglfdwlrq sureohp zlwk

wkh rewdlqhg {(8 +{J>xJ, lw lv vxevhtxhqwo| ryhufrph e| prylqj grzqzdug dorqj wkh

lvrtxdqw xqwlo Hii O�+xJ, lv uhdfkhg1 Dq h{dpsoh lv wkh surfhgxuh ri ]lhvfkdqj ^57`/

zkhuh wkh vhfrqg vwdjh dssolhv wkh qrq0udgldo surmhfwlrq sursrvhg e| Içuh dqg Oryhoo

^45` wr {(8 +{J>xJ,1 Wkdw lv/ {~ +{J>xJ, � b
~ +{J>xJ, � {(8 +{J>xJ, zlwk b~ +{J>xJ, @�

�
~

�
> ===> �~

?

�
5 U

?

n vroylqj=

plq
b�c���cb?

+
?[

,'�

�, m +��{(8 �> ===> �?{(8?, 5 O
� +xJ, >�� 5 ^3> 4` iru l @ 4> ===> q

,
>

zkhuh {(8�> ===> {(8? duh wkh urz hohphqwv ri {(8 +{J>xJ, = Wkh vxp ri xqlglphqvlrqdo

vkulqndjh idfwruv +frqwdlqhg lq b~, lv plqlpl}hg1 Ri frxuvh/ zkhq {(8 +{J>xJ, 5 Hii

O� +xJ, hdfk ri wkhvh idfwruv htxdov xqlw| +l1h1 b~ @ +4> ===> 4, dqg wkh vhfrqg vwdjh lv

uhgxqgdqw,1 Lw lv hdvlo| fkhfnhg wkdw {~ 5 Hii O+xJ, dqg {~ +{J>xJ, _ {(8 +{J>xJ, e|

frqvwuxfwlrq/ vr wkdw {~ +{J>xJ, 5 [( +{J>xJ, =
8 c9

8Vwulfwo| vshdnlqj wkh srvvlelolw| ri }hur lqsxw ydoxhv lv h{foxghg1 Krzhyhu/ Içuh/ Oryhoo dqg ]lhvfkdqj
^46` sursrvhg d zd| wr flufxpyhqw wklv sureohp +vhh dovr ]lhvfkdqj ^57`,1

9Wzr rwkhu h{dpsohv ri pxowl0vwdjh surfhgxuhv wkdw vhohfw uhihuhqfhv lq f( E Jc�J� duh suhvhqwhg lq
^6` dqg ^:`1

;



Vr idu zh kdyh vkrzq wkdw yhfwruv {( 5 [( +{J>xJ, kdyh d vrxqg hfrqrplf jurxqglqj

dv lqsxw uhihuhqfhv iru +{J>xJ,/ dqg zh dovr suhvhqwhg d surfhgxuh wr rewdlq vxfk dq

dssursuldwh uhihuhqfh1 Krzhyhu/ zh kdyh qrw |hw uhodwhg wklv wr dq h!flhqf| phdvxuh1

Wkh dwwudfwlyhqhvv ri wkh GI jdxjh +vhh sursrvlwlrq 4, grhv qrw vwudljkwiruzdugo| h{whqg

zkhq xvlqj [( +{J>xJ,1 Lq sduwlfxodu/ iru {( 9@ {(8 +{J>xJ, w|slfdoo| S +{(>xJ, zloo eh

pxowl0ydoxhg uhvxowlqj lq gl�huhqw vkdgrz frvw udwlrv1 Wklv suhyhqwv gluhfw frqvwuxfwlrq

ri dq h!flhqf| phdvxuh zlwk dq dvvrfldwhg wudglwlrqdo vkdgrz sulfh uhsuhvhqwdwlrq1

Zh wkhuhiruh rsw iru dqrwkhu dyhqxh lq wklv sdshu/ dqg h{solflwo| vsolw xs lqh!flhqf|

lq wkh srwhqwldo udgldo lpsuryhphqw dv fdswxuhg e| wkh srsxodu GI phdvxuh dqg wkh

uhvlgxdo Nrrspdqv lqh!flhqf| uhvxowlqj iurp wkh srvvlelolw| wkdw {(8 +{J>xJ, @5 Hii

O� +xJ,1 Lq idfw/ exloglqj rq wkh uhvxowv klwkhuwr rewdlqhg/ zh krog rq wr wkh GI sur0

fhgxuh wr surmhfw rq Lvrt O� +xJ, dqg surfhhg e| hydoxdwlqj dq| suhvhqfh ri vodfnv lq d

vhfrqg vwdjh1 Wkh txhvwlrq lv wkhq krz wklv uhvlgxdo lqh!flhqf| lv wr eh wuhdwhg1 Zh wdnh

wkh shuvshfwlyh wkdw }hur vkdgrz sulfhv +ru }hur pdujlqdo udwhv ri whfkqlfdo vxevwlwxwlrq,

uh hfw lpsolflw doorfdwlyh lqh!flhqf|1 Wklv lq wxuq uhihuv wr vxerswlpdo sursruwlrqv ri

wkh gl�huhqw dprxqwv ri lqsxwv frqvxphg1 Sxwwlqj lw gl�huhqwo|/ wkh uhpdlqlqj Nrrs0

pdqv lqh!flhqf| hvvhqwldoo| shuwdlqv wr lqsxw pl{hv dqg frxog wkxv dovr eh whuphg cpl{

lqh!flhqf|*1 Lq wkh qh{w vhfwlrq zh sursrvh d zd| wr hydoxdwh wklv dgglwlrqdo vrxufh ri

vxerswlpdo ehkdylru1

7 Wkh phdvxuhphqw ri pl{ h!flhqf|

Wr hqdeoh wkh phdvxuhphqw ri pl{ h!flhqf| zh qhhg d fkdudfwhul}dwlrq ri lqsxw pl{hv1

D srvvlelolw| lv wr frqvwuxfw wkh yhfwru ri gluhfwlrqdo frvlqhv/ zklfk lv gh�qhg dv iroorzv

iru d yhfwru { 5O�+xJ,=

frv �

{

n{n
1 +7,

Lq frv @ +frv%� > ===> frv%?
, 5 LU

?

n hdfk frv%, 5 ^3> 4` +o @ 4> ===> q, jlyhv wkh frvlqh ri

wkh dqjoh ehwzhhq wkh yhfwru { dqg wkh owk lqsxw d{lv1 Wr foduli| wkh frqfhsw zh uhwxuq

wr rxu looxvwudwlrq dv uhfdswxuhg lq �jxuh 51 Xvlqj D @ +d�> d2, dqg {e @ +{e�> {e2, wkh

gluhfwlrqdo frvlqhv fruuhvsrqglqj wr D dqg {e duh uhvshfwlyho| frv@,
@ frv�, @ d,@ nDn

dqg frv%e,
@ frv�, @ {e,@ n{en +o @ 4> 5,1

<



A

xe

xi

B

input 1

in
p

u
t 

2

L A (ui )

α 2

β 2

α 1

β 1

C

D

ILJXUH 5

Wkh yhfwru frv frqwdlqv glphqvlrqdo fkdudfwhul}dwlrqv ri wkh pl{ ri {1 Wkh sursru0

wlrqv ehwzhhq hdfk sdlu ri urz hqwulhv ri { fdq htxlydohqwo| eh uhsuhvhqwhg lq whupv ri

gluhfwlrqdo frvlqhv dv {�@{� @ frv%�
@ frv%�

iru doo l> m 5 i4> ===> qj1 Wzr lqsxw yhfwruv duh

froolqhdu li dqg rqo| li wkh| vkduh wkh vdph yhfwru ri gluhfwlrqdo frvlqhv1 Irupdoo|/

iru {>{

�

5 O
�+xJ, = { @ �{

�

zlwk � 5 LUnn +, frv @ frv
 

� = +8,

Khqfh/ jlyhq +8,/ zkhq hydoxdwlqj wkh lqsxw pl{ h!flhqf| ri wkh yhfwru +{J>xJ, zh

fdq frq�qh dwwhqwlrq wr lwv froolqhdu lqsxw surmhfwlrq {(8 +{J>xJ,1 Vxssrvh dq lqsxw

uhihuhqfh {
W

(
+{J>xJ, 5 [( +{J>xJ, kdv ehhq vhohfwhg iru +{J>xJ, +h1j1 {

W

(
+{J>xJ, @

{~ +{J>xJ,,1 Voljkwo| dexvlqj qrwdwlrq/ zh ghqrwh wkh gluhfwlrqdo frvlqh yhfwruv fruuh0

vsrqglqj wr {(8 +{J>xJ, dqg {
W

(
+{J>xJ, e| uhvshfwlyho| frv (8

dqg frv 
W

(
1 Pl{ h!0

flhqf| hydoxdwlrq dprxqwv wr frpsdulqj wkhvh wzr yhfwruv1

Hdfk udwlr frv (8c,
@ frv

 
W

(c,
+o @ 4> ===> q, jlyhv dq dqjxodu uhsuhvhqwdwlrq ri pl{ gh0

yldwlrq +h1j1 lq �jxuh 5 wkhvh duh frv%e�
@ frv@� ? 4 dqg frv%e2

@ frv@2 A 4,1 Wr rewdlq

dq ryhudoo pl{ h!flhqf| phdvxuh wkhvh glphqvlrq0vshfl�f ydoxhv vkrxog eh frpelqhg1 Lq

dqdorj| wr wkh GI whfkqlfdo h!flhqf| phdvxuh zh sursrvh wr wdnh wkh udwlr ri sulfh0

zhljkwhg vxpv ri wkh gl�huhqw urz hohphqwv ri frv (8 dqg frv
 
W

(
/ xvlqj s 5 S(8 +{J>xJ,

dv wkh zhljkwlqj yhfwru1 Wkh ryhudoo pl{ h!flhqf| phdvxuh lv khqfh gh�qhg dv=:

H�. +{J>xJ, �
s � frv (8

s�frv 
W

(

;s 5S(8 +{J>xJ, = +9,

Ri frxuvh/ lq ylhz ri +8, zh fdq uhzulwh +9, dv=

H�. +{J>xJ, �
s � frv J

s�frv 
W

(

;s 5S(8 +{J>xJ, > +:,

: Lw zloo ehfrph fohdu lq zkdw iroorzv zk| +9, krogv iru doo T M�(8 E Jc�J�1

43



zklfk olqnv H�. +{J>xJ, gluhfwo| wr wkh lqsxw pl{ surshuwlhv ri +{J>xJ,1

Wkh idfw wkdw zh xvh S(8 +{J>xJ, udwkhu wkdq h1j1 S +{W
(

+{J>xJ, >xJ, dv wkh vhw ri

dgplvvleoh vkdgrz sulfh zhljkwlqj yhfwruv lq +9, doorzv iru d frqyhqlhqw uhirupxodwlrq ri

H�. +{J>xJ,1 Dv lw lpsolhv s � {(8 +{J>xJ, @ s � {
W

(
+{J>xJ, dqg uhfdoolqj +7, zh jhw d

wklug gh�qlwlrq ri H�. +{J>xJ,=

H�. +{J>xJ, �
n{W
(

+{J>xJ,n

n{(8 +{J>xJ,n
> +;,

iurp zklfk lw lv lpphgldwh wkdw H�. +{J>xJ, _ 4 dqg wkdw H�. +{J>xJ, @ 4 li dqg rqo|

li {(8 +{J>xJ, 5 Hii O+xJ,= Wklv qrup udwlr irupxodwlrq fohduo| uhyhdov wkh dqdorj| zlwk

wkh zd| wkh GI whfkqlfdo h!flhqf| phdvxuh lv frpprqo| suhvhqwhg1

Wkh clqgl�huhqfh* uhvxow dv lghqwl�hg lq Sursrvlwlrq 7 fduulhv ryhu wr wkh phdvxuhphqw

ri pl{ h!flhqf|1 Wkdw lv/ gh�qlwlrqv +9,/ +:, dqg +;, dsso| wr dq| vhohfwlrq ri {W
(

+{J>xJ, 5

[( +{J>xJ,1 Frqyhuvho|/ htxlydohqfh ri wkh wkuhh fkdudfwhul}dwlrqv fuxfldoo| ghshqgv rq

wkh idfw wkdw {W
(

+{J>xJ, ehorqjv wr [( +{J>xJ,1

Wkh xvh ri S(8 +{J>xJ, lpsolhv wkdw }hur zhljkwv duh dvvljqhg wr wkrvh lqsxw glphq0

vlrqv lq zklfk {(8 +{J>xJ, h{klelwv vodfn1 Wkh lqwxlwlrq fdq eh vkdushqhg e| phdqv ri

�jxuh 51 Rqo| wkh gluhfwlrqdo frvlqhv zlwk uhvshfw wr wkh �uvw d{lv duh zhljkwhg srvlwlyho|

dv {e� lpsolflwo| dwwulexwhv d }hur sulfh wr wkh vhfrqg lqsxw1 Wkh pl{ h!flhqf| hvwlpdwh

lv frv��@ frv�� @ nDn @ n{en1 Lq jhqhudo/ zkhq {(8 +{J>xJ, h{klelwv vodfn lq d sduwlfxodu

glphqvlrq wkh fruuhvsrqglqj gluhfwlrqdo frvlqh ydoxh zloo eh orzhu iru {(8 +{J>xJ, wkdq

iru d yhfwru ehorqjlqj wr [( +{J>xJ, +h1j1 lq �jxuh 5 frv%e2
A frv@2

,1 Dv wklv fdqqrw eh

ylhzhg dv pl{ grplqdqfh lw lv qdwxudo wr dffrug d }hur zhljkw wr wkhvh frvlqhv1

H�. +{J>xJ, fdq dovr eh ylhzhg dv d phdvxuh ri grplqdqfh lq sulfh vsdfh1 Zh nqrz

wkdw wkh frvw ohyho dvvrfldwhg zlwk {(8 +{J>xJ, dqg {W( +{J>xJ, lv wkh vdph iru wklv sulfh

yhfwru1 Ohw xv wkhq uhyhuvh wkh slfwxuh dqg frqvlghu doo sulfh yhfwruv wkdw lpso| wkh vdph

frvw ohyho +duelwudulo| �{hg dw xqlw|, iru erwk lqsxw yhfwruv1 Wkdw lv/ zh frqvlghu wkh

iroorzlqj wzr k|shusodqhv lq sulfh vsdfh=

K +{(8 +{J>xJ, > 4, �
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+{J>xJ, @ 4
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Zh suhvhqw wkhvh k|shusodqhv iru lqsxw yhfwruv {e dqg D ri rxu looxvwudwlrq lq �jxuh

61 Dw wkh vkdgrz sulfh yhfwru fruuhvsrqglqj wr {e +zlwk }hur zhljkw iru wkh vhfrqg lqsxw,

erwk k|shusodqhv lqwhuvhfw1 Wkh lpsolflw doorfdwlyh +ru pl{, lqh!flhqf| ri {e lv khuh

uhyhdohg e| wkh cgrplqdqfh* ri wkh k|shusodqh dvvrfldwhg zlwk D ryhu wkh rqh dvvrfldwhg

zlwk {e1 Wkh uhdvrq lv wkdw/ ehfdxvh lw xvhv vwulfwo| ohvv ri wkh vhfrqg lqsxw/ revhuydwlrq D

doorzv kljkhu +srvlwlyh, vhfrqg lqsxw sulfhv wr lpso| wkh vdph frvw ohyho iru hdfk srvvleoh

sulfh dvvljqhg wr wkh �uvw lqsxw1 Wklv odvw srlqw fdq eh jhqhudol}hg= wkurxjkrxw wkh

grpdlq LU?

n lvrfrvw k|shusodqhv dvvrfldwhg zlwk {
W

(
+{J>xJ, 5 [( +{J>xJ, duh orfdwhg dw

ohdvw dv idu dzd| iurp wkh ruljlq dv wkrvh fruuhvsrqglqj wr {(8 +{J>xJ,1 Pl{ h!flhqf|

ghfuhdvhv wkh pruh wkhvh glvwdqfhv gl�hu1
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ILJXUH 6

D qdwxudo zd| wr hydoxdwh wklv grplqdqfh lq sulfh vsdfh lv wr frpsduh wkh Hxfolghdq

glvwdqfhv iurp wkhvh k|shusodqhv wr wkh ruljlq1 Wkhvh glvwdqfhv duh jlyhq e|=

g (8 +{J>xJ, � plq

Z(8MLU
?

n

inZ(8 n m Z(8 � {(8 +{J>xJ, @ 4j >

g W
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Z
W

(
MLU

?

n

inZW

(n m ZW

( � {W( +{J>xJ, @ 4j >

dqg zh kdyh=

H�. +{J>xJ, �
g (8 +{J>xJ,

g
 
W
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+{J>xJ,

= +<,

Wkh htxlydohqfh ri wklv csulfh edvhg* grplqdqfh fkdudfwhul}dwlrq zlwk wkh ctxdqwlw| edvhg*

fkdudfwhul}dwlrq lq +;, iroorzv gluhfwo| iurp wkh idfw wkdw wkh glvwdqfh iurp d k|shusodqh

wr wkh ruljlq fdq eh uhwulhyhg xvlqj lwv qrupdo1 Lq wklv fdvh/ vxevwlwxwlqj

g (8 +{J>xJ, �
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lq +<, lpphgldwho| |lhogv +;,1

D frqyhqlhqw e|0surgxfw ri fkdudfwhul}dwlrq +<, lv wkdw lw doorzv wr frph ixoo flufoh

zlwk rxu sduwlfxodu fkrlfh ri s 5S(8 +{J>xJ, dv wkh zhljkwlqj yhfwru lq +9,1 Iru wklv

sxusrvh zh vzlwfk wr wkh Khvvh qrupdo irup uhsuhvhqwdwlrqv ri K +{(8 +{J>xJ, > 4, dqg
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Xvlqj wklv uhsuhvhqwdwlrq lw fdq eh vhhq wkdwH�. +{J>xJ, � ^Z(8 � frv (8
` @

k
Z
W

(
� frv 

W

(

l

iru Z(8 5 K
? +{(8 +{J>xJ, > 4, dqg ZW

(
5 K

?+{W
(

+{J>xJ, > 4,1 Wkh rqo| ohjlwlpdwh zd|

wr hpsor| d frpprq sulfh0zhljkwlqj yhfwru lq wkh qxphudwru dqg wkh ghqrplqdwru dv

lv grqh lq +9,/ lv wr wdnh yhfwruv wkdw olh lq wkh lqwhuvhfwlrq ri K? +{(8 +{J>xJ, > 4,

dqg K
?+{W

(
+{J>xJ, > 4,1 Wkhvh yhfwruv duh lqghhg doo s 5S(8 +{J>xJ, iru zklfk s �

{(8 +{J>xJ, @ s � {
W

(
+{J>xJ, @ 41;

8 D gljuhvvlrq rq frpphqvxudelolw|

Wkh pl{ h!flhqf| phdvxuh dv lw kdv ehhq lqwurgxfhg deryh lv qrw lqyduldqw wr wkh xqlwv

lq zklfk wkh gl�huhqw lqsxw txdqwlwlhv duh phdvxuhg1 Wkh frpphqvxudelolw| surshuw| kdv

ehhq hvshfldoo| dgyrfdwhg e| Uxvvhoo ^53`/ dqg lv lqghhg ri lqwhuhvw lq fdvhv zkhuh lw lv qrw

lpphgldwho| fohdu zklfk sduwlfxodu phdvxuhphqw xqlw wr fkrrvh1 Ehiruh dgguhvvlqj wkh

lvvxh pruh wkrurxjko|/ uhphpehu wkdw vr idu zh kdyh dvvxphg wkh surmhfwlrq {W
(

+{J>xJ,

wr eh jlyhq1 D �uvw srlqw ri lqwhuhvw wkhq frqfhuqv wkh surmhfwlrq surfhgxuh lwvhoi1 Wkh

]lhvfkdqj surfhgxuh suhvhqwhg lq vhfwlrq 6/ iru h{dpsoh/ grhv vdwlvi| wkh frpphqvxudelolw|

surshuw| +vhh ^53`,1 Dv vxfk/ frpphqvxudelolw| srvhv d sureohp rqo| wr wkh h{whqw wkdw

lw d�hfwv wkh hyhqwxdo pl{ h!flhqf| hvwlpdwh1

Wr rewdlq xqlwv lqyduldqfh ri H�. +{J>xJ, gdwd uhvfdolqj fdq eh dssolhg1 Wkh wkuhh

h{dpsohv suhvhqwhg ehorz |lhog sduwlfxoduo| lqwxlwlyh uhirupxodwlrqv ri wkh pl{ h!flhqf|

phdvxuh +frpsxwhg zlwk uhvshfw wr wkh uhvfdohg gdwd, lq whupv ri wkh ruljlqdo lqsxw ydoxhv1

Wkh qrup uhsuhvhqwdwlrq dv jlyhq lq gh�qlwlrq +;, surylghv d frqyhqlhqw srlqw ri

ghsduwxuh1 Zh uh0h{suhvv lw dv=
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Zh ixuwkhu xvh kdwv wr ghqrwh wkh uhvfdohg frxqwhusduwv ri dq lqsxw yhfwru { dqg lwv hqwulhv

{, +o @ 4> ===> q,1 Zh vlploduo| xvh eH�. +{J>xJ, wr lqglfdwh wkh pl{ h!flhqf| hvwlpdwh

frpsxwhg zlwk uhvshfw wr wkhvh uhvfdohg yhfwruv1
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+l1h1 zh glylgh hdfk lqsxw ydoxh e| wkh jhrphwulf

phdq ri lwvhoi dqg wkh fruuhvsrqglqj ydoxh lq {(8 +{J>xJ,, zh jhw iurp +43,=
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; Lw lv lpphgldwh wkdw wkh ydolglw| ri +<, grhv qrw ghshqg rq wkh idfw wkdw zh frqvlghuhg d frvw ohyho ri
xqlw|1 Wklv dovr lpsolhv wkdw wklv ohjlwlpdwlrq ri +9, krogv iru doo T M �(8 E Jc�J�1
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Wklv lv d prqrwrqlf wudqvirupdwlrq ri wkh dulwkphwlf phdq ri wkh ruljlqdo lqsxw sursru0

wlrqv1 Lw lv suhflvho| wklv ydoxh zklfk lv plqlpl}hg lq wkh vhfrqg +Içuh0Oryhoo, vwdjh ri

wkh ]lhvfkdqj surmhfwlrq surfhgxuh +fiu1 vxsud,1 Iru wklv sduwlfxodu uhvfdolqj/ rqh fdq

wkxv uh0lqwhusuhw wkh ]lhvfkdqj uhihuhqfh vhohfwlrq surfhgxuh dv rqh wkdw plqlpl}hv pl{

h!flhqf|1

H{dpsoh 5 Iru e{, �

�
{,@
s
{,{

W
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�
+l1h1 zh glylgh hdfk lqsxw ydoxh e| wkh jhrphwulf

phdq ri lwvhoi dqg wkh fruuhvsrqglqj ydoxh lq {
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/ +45,

Wklv lv d prqrwrqlf wudqvirupdwlrq ri wkh kduprqlf phdq ri wkh ruljlqdo lqsxw sursru0

wlrqv1 Wkh idfw wkdw wkh kduprqlf phdq lv rewdlqhg lqvwhdg ri wkh dulwkphwlf phdq gluhfwo|

exlogv rq wkh rulhqwdwlrq fkdqjh lpsolflw lq fkrrvlqj {W
(

+{J>xJ, dv d edvlv ri frpsdulvrq=

Zkhuhdv lq +44, rqh dyhudjhv ryhu lqsxw uhgxfwlrqv zkhq jrlqj iurp {(8 +{J>xJ, wr

{
W

(
+{J>xJ,/ zh qrz orrn dw lqsxw h{sdqvlrqv wr jhw iurp {

W

(
+{J>xJ, wr {(8 +{J>xJ, dqg

d pl{ h!flhqf| hvwlpdwh lv frqvhtxhqwo| rewdlqhg dv wkh lqyhuvh ri dq dulwkphwlf phdq1

Wkh rulhqwdwlrq lv wkxv uhyhuvhg/ uhvxowlqj lq dq clqyhuvh ]lhvfkdqj surfhgxuh* dqg d fru0

uhvsrqglqjo| gl�huhqw pl{ h!flhqf| hvwlpdwh +vhh dovr ^8`,1
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zklfk lv wkh jhrphwulf phdq ri wkh hvwlpdwhv lq +44, dqg +45, +ljqrulqj wkh vtxduh urrwv iru

vlpsolflw|,1 Vrphzkdw vlplodu wr d Ilvkhu lghdo lqgh{ dv d phdqv wr dqvzhu wkh txhvwlrq

derxw wkh prvw dssursuldwh sulfh ru txdqwlw| edvh/ wklv dowhuqdwlyh pd| kdyh sduwlfxodu

dsshdo wr vrph dv lw dyrlgv kdylqj wr fkrrvh ehwzhhq wkh wzr suhylrxv rulhqwdwlrqv1

9 D pl{0dgmxvwhg Gheuhx0Iduuhoo phdvxuh

Dv zh kdyh lqglfdwhg lq wkh lqwurgxfwlrq/ rxu dlp zdv wr suhvhuyh wkh frpprqo| hpsor|hg

GI phdvxuh ri whfkqlfdo h!flhqf| lq ylhz ri lwv hfrqrplf lqwxlwlrq zkloh dw wkh vdph wlph

ghdolqj zlwk lwv srwhqwldo cd{lrpdwlf* lqglfdwlrq sureohp1 Wklv fdq qrz eh dfklhyhg e|

frpelqlqj wkh phdvxuh H(8 +{J>xJ, dqg wkh H�. +{J>xJ, phdvxuh ri lpsolflw doorfdwlyh

h!flhqf| lqwr d pl{0dgmxvwhg Gheuhx0Iduuhoo lqgh{=<

H�� +{J>xJ, � H(8 +{J>xJ, �H�. +{J>xJ, 1 +47,

<Iru hdvh ri h{srvlwlrq zh dvvxph wkdw wkh frpphqvxudelolw| sureohp ri wkh pl{ h!flhqf| frpsrqhqw

kdv dghtxdwho| ehhq ghdow zlwk1 Dovr qrwh wkdw wkh GI frpsrqhqw .(8 E Jc�J� vdwlv�hv wkh frpphqvx0
udelolw| surshuw| +vhh ^53`,1
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Lq ylhz ri gh�qlwlrq +;, dqg jlyhq wkdw H(8 +{J>xJ, � n{(8 +{J>xJ,n @ n{Jn zh fdq

uhzulwh +47, dv=

H�� +{J>xJ, �
n{W
(

+{J>xJ,n

n{Jn
/

zklfk lqglfdwhv wkdw H�� +{J>xJ, fdq dovr eh frpsxwhg gluhfwo|1 Wkh frpsrvlwh lqgh{

H�� +{J>xJ, wkhq dfwv dv d qrq0udgldo phdvxuh iru wkh uhodwlyh glvwdqfh iurp {J wr Hii

O +xJ,1 Lwv GI frpsrqhqw H(8 +{J>xJ, jlyhv wkh wudglwlrqdo vkdgrz frvw h!flhqf| hvwl0

pdwh iru {J dqg phdvxuhv wkh glvwdqfh iurp {J wr Lvrt O� +xJ,1 Lw grhv qrw rqo| hvwlpdwh

wkh +pd{lpxp, frvw h!flhqf| ri {J zlwk uhvshfw wr {(8 +{J>xJ, exw dovr zlwk uhvshfw wr

{
W

(
+{J>xJ, +dv S(8 +{J>xJ, � S +{(8 +{J>xJ, >xJ, � S +{W

(
+{J>xJ, >xJ, e| gh�qlwlrq,1

Rq wkh rwkhu kdqg/ H�. +{J>xJ, ghdov zlwk wkh suhvhqfh ri dq| vodfn lq {(8 +{J>xJ, dqg

shuwdlqv wr wkh pl{ surshuwlhv ri {J1

Lq idfw/ iru wkh sduwlfxodu uhvfdolqj frqvlghuhg lq h{dpsoh 5 wkh pl{0dgmxvwhg GI

phdvxuh gh�qhg deryh lv txdvl0lghqwlfdo wr wkh ]lhvfkdqj ^57` phdvxuh +h{fhsw iru wkh

vtxduh urrw lq +44,,1 Lq wklv uhvshfw h{dpsoh 5 lv lqwhuhvwlqj lqvridu dv lw olqnv wkh vkdgrz

sulfh dssurdfk iroorzhg khuh wr wkh vhdufk iru ghvludeoh h!flhqf| jdxjhv lq wkh d{lrpdwlf

olwhudwxuh143

: Vxppdu| dqg frqfoxglqj uhpdunv

Lq wklv sdshu zh kdyh dgguhvvhg wkh zhoo0nqrzq lqglfdwlrq sureohp ri wkh GI whfkqlfdo

h!flhqf| phdvxuh irfxvlqj rq wkh riwhq hpsor|hg fodvv ri frqyh{ prqrwrqlf whfkqrorjlhv/

zklfk doorzhg xv wr iroorz d vkdgrz sulfh dssurdfk1 Rxu pdlq �qglqjv fdq eh vxppdul}hg

dv iroorzv1

Iluvw/ zh kdyh fkdudfwhul}hg wkh vhw[( ri Nrrspdqv h!flhqw uhihuhqfhv wkdw pdlqwdlq

wkh Gheuhx vkdgrz frvw ohjlwlpdwlrq1 Zh kdyh vxevhtxhqwo| lqglfdwhg wkdw wkh surfhgxuh

lqwurgxfhg e| ]lhvfkdqj ^57` dozd|v vhohfwv vxfk zhoo0jurxqghg uhihuhqfhv1

Vhfrqg/ zh kdyh suhvhqwhg d phdvxuh H�. ri lpsolflw doorfdwlyh ru pl{ h!flhqf|/

zklfk fdq dovr eh lqwhusuhwhg dv d phdvxuh ri grplqdqfh lq wkh sulfh vsdfh1 Frpphqvx0

udelolw| ri wklv phdvxuh fdq eh dvfhuwdlqhg e| dssursuldwho| uhvfdolqj wkh ruljlqdo gdwd1

Rqh vxfk uhvfdolqj |lhoghg d qhz fkdudfwhul}dwlrq ri wkh ]lhvfkdqj surmhfwlrq dqg phd0

vxuh1 Dqrwkhu rqh vhhpv dsshdolqj jlyhq lwv crulhqwdwlrq0lqghshqghqfh*1

Wklug/ zh kdyh lqwurgxfhg d pl{0dgmxvwhg GI phdvxuh H�� wkdw lv ghfrpsrvdeoh

lq wkh GI dqg pl{ h!flhqf| hvwlpdwh1 Lq olqh zlwk Uxvvhoo*v ghihqvh ri wkh ruljlqdo GI

phdvxuh lq ^4<` zh vxjjhvw wr zrun qrwdeo| zlwk wkh ghfrpsrvhg uhsuhvhqwdwlrq lq rughu

wr uhyhdo wkh wzr0vwdjh qdwxuh ri wkh qrq0udgldo surmhfwlrq +�uvw wrzdugv wkh lvrtxdqw/

dqg qh{w dorqj wkh lvrtxdqw wrzdugv wkh h!flhqw vxevhw, pruh fohduo|1

43Ri frxuvh/ wkh d{lrpdwlf olwhudwxuh frqvlghuv d |hw eurdghu fodvv ri whfkqrorjlhv wkdq zh gr lq wklv
sdshu1 Iru d frqyh{ prqrwrqlf kxoo/ wkh dwwudfwlyhqhvv ri wkh ]lhvfkdqj phdvxuh rq d{lrpdwlf jurxqgv lv
glvfxvvhg e| Ihuulhu hw do1 ^49`1
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Wkh suhflvh ydoxh ri H�� ri frxuvh ghshqgv rq wkh fkrlfh ri d uhihuhqfh {( 5 [(1

Sursrvlwlrq 7 ohduqv wkdw/ zkhq [( lv qrw d vlqjohwrq/ hdfk ri lwv hohphqwv lv htxdoo| zhoo

mxvwl�deoh iurp d vkdgrz frvw h!flhqf| shuvshfwlyh1 Wkurxjkrxw zh kdyh gholehudwho|

ohiw rshq wkh txhvwlrq zklfk +qrq0udgldo, uhihuhqfh ehorqjlqj wr [( lv wkh prvw suhihuuhg

rqh1 Gl�huhqw shuvshfwlyhv frxog eh dgrswhg1 Rqh frxog wdnh lqwr dffrxqw ihdvlelolw|

uhvwulfwlrqv rq pl{ dgmxvwphqwv1 Ru rqh frxog uhwxuq wr wkh d{lrpdwlf olwhudwxuh +vhh h1j1

rxu glvfxvvlrq ri wkh ]lhvfkdqj phdvxuh,1 Wkh deryh glvfxvvlrq pdnhv fohdu wkdw wkhuh lv

suredeo| qr xqltxh d sulrul dqvzhu1 Lqghhg/ lw pd| zhoo eh wkdw iurp rqh shuvshfwlyh wkh

]lhvfkdqj surfhgxuh lv prvw uhfrpphqgdeoh zkloh dqrwkhu vwduwlqj srlqw ohdgv wr dqrwkhu

{(1 Qhyhuwkhohvv/ zh krsh wkdw wkh lqvljkwv iruzdughg lq wklv sdshu pd| vhuyh dv d jxlgh

zkhq dgguhvvlqj wklv lvvxh pruh wkrurxjko|1

Dfnqrzohgjhphqwv

Zh kdyh ehqh�whg iurp frqvwuxfwlyh uhpdunv ri sduwlflsdqwv dw wkh Hxurshdq Zrunvkrs

rq H!flhqf| dqg Surgxfwlylw| dqg H!flhqf| Dqdo|vlv +Frshqkdjhq/ 5;064 Rfwrehu 4<<<,1

Zh duh sduwlfxoduo| lqghewhg wr W1 Nxrvpdqhq/ F1D1N1 Oryhoo/ W1 Srvw dqg K1 Vfkhho iru

ydoxdeoh frpphqwv1

Dsshqgl{

Surri ri Sursrvlwlrq 6 Iru {(8 5 Hii O
� +xJ, wkh uhvxow iroorzv gluhfwo| iurp sursr0

vlwlrq 41 Ohw xv wkhq frqvlghu {(8 @5 Hii O� +xJ,1 Zh kdyh wr frpsduh lqsxw yhfwruv

{(5[(+{J>xJ, dqg {

�

5 Hii O�+xJ, q[(1 Wr idflolwdwh h{srvlwlrq zh frqvlghu vfdohg

vkdgrz sulfh yhfwruv s( 5 S +{(>xJ, dqg s
�

5 S

�
{

�

>xJ

�
vxfk wkdw s( �{( @ s

�

�{

�

@ 4

lq wkh iroorzlqj1 Zh duh ohg wr surri wkdw iru doo sdluv
�
s(>s
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�
=

4

s( � {J
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4

s
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� {J

ru s
�

� {J � s( � {J= +48,

Pxowlso|lqj erwk vlghv ri wkh vhfrqg h{suhvvlrq lq +48, e| H(8 +{J>xJ, zh rewdlq=

s
�

� {(8 � s( � {(8 > +49,

zkhuh {(8 @ {(8 +{J>xJ, wr vdyh rq qrwdwlrq1 Ri frxuvh/ iurp sursrvlwlrq 4 +49, krogv

iru s( 5 S(8 +{J>xJ,1 Ohw xv wkhuhiruh irfxv rq s( @5 S(8 +{J>xJ,1 Dv d suholplqdu| vwhs

uhphpehu wkdw S(8 +{J>xJ, � S +{>xJ, zkloh S(8 +{J>xJ, - S

�
{

�

>xJ

�
e| frqvwuxfwlrq1

Wkdw lv/ iru s(8 5 S(8 +{J>xJ, +zlwk djdlq iru vlpsolflw| s(8 � {(8 @ 4, wkh iroorzlqj

frqglwlrq lv vdwlv�hg=

s
�

� {(8 A 4 @ s(8 � {(8 > = +4:,
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Gh�qh s4 � �s(8 . +4 � �,s(1 Iru doo � 5 ^3> 4` zh kdyh s4 5 S +{(>xJ, Lqghhg/

s(8 � {( _ s(8 � { dqg s( � {( _ s( � { iru doo { 5 O+xJ,/ vr dovr s4 � {( _ s4 � { iru

doo � 5 ^3> 4`1

Qrz vxssrvh +49, lv qrw phw vr wkdw=

s
�

� {(8 ? s( � {(8 = +4;,

Iurp +4:, dqg +4;, wkhuh vkrxog h{lvw d s4 iru � 5 +3> 4, vxfk wkdw s
�

�{(8 @ s4 �{(8 1

Vroylqj iru � |lhogv=

� @
s

�

� {(8 � s( � {(8

4� s( � {(8

= +4<,

Dv s4 5 S +{(>xJ, zh vkrxog dozd|v kdyh 4 @ s4 � {( _ s4 � {(8 1 Krzhyhu/ xqghu

+4<, wklv frqglwlrq lv htxlydohqw wr 4 � s
�

� {(8 / zklfk frqwudglfwv +4:,1 Zh wkhuhiruh

frqfoxgh wkdw +4;, grhv qrw krog dqg +49, lv lqghhg vdwlv�hg1

Surri ri Sursrvlwlrq 7 Zh frqvlghu wzr lqsxw yhfwru {( 5 [(+{J>xJ, dqg {

�

(
5

[( +{J>xJ, q i{(j1 Zh dvvxph s
�

(
5 S +{>xJ, zlwk s

�

(
5 LU?

nn
jlyhq1 Zh kdyh wr surri

wkdw d s( 5 S +{(>xJ, zlwk s( 5 LU
?

nn fdq dozd|v eh frqvwuxfwhg vxfk wkdw=

s( � {(

s( � {J

�
s

�

(
� {

�

(

s
�

(
� {J

= +53,

Glylglqj erwk vlghv ri +53, e| H(8 +{J>xJ, jlyhv wkh htxlydohqw frqglwlrq=

s( � {(

s( � {(8

�
s

�

(
� {

�

(

s
�

(
� {(8

> +54,

zkhuh {(8 @ {(8 +{J>xJ, wr vdyh rq qrwdwlrq1 Zh fdq ghfrpsrvh {(8 / {( dqg {

�

(

lq d vodfn dqg qrq0vodfn vxeyhfwru1 Ohw xv ghqrwh {( @ +{(> h{(, >{

�

(
@

�
{

�

(
> h{

�

(

�
dqg

{(8 +{J>xJ, @ +{(8 > h{(8 , vxfk wkdw +iru wkh qrq0vodfn vxeyhfwruv, {
�

(
@ {( @ {(8

zkloh +iru wkh vodfn vxeyhfwruv, h{( A h{(8 dqg h{

�

(
A h{(8 1 Zh uhvwdwh +54,=

s
( � {(8 . hs( � h{(

s
( � {(8 . hs( � h{(8

�
s

�

(
� {(8 . hs

�

(
� h{

�

(

s
�

(
� {(8 . hs

�

(
� h{(8

> +55,

zlwk fruuhvsrqglqj ghfrpsrvlwlrqv s( @ +s
(

> hs(, dqg s
�

(
@

�
s

�

(
> hs

�

(

�
1 Reylrxvo|/ iru

s(>s
�

(
5 LU

?

nn=

s
( � {(8

s
( � {(8

@

s
�

(
� {(8

s
�

(
� {(8

@ 4 dqg
hs( � h{(

hs( � h{(8

? 4/

hs
�

(
� h{

�

(

hs
�

(
� h{(8

? 4= +56,

Erwk wkh ohiw dqg uljkw kdqg vlgh ri +55, duh vwulfwo| vpdoohu wkdq rqh1 Ohw=

s
�

(
� {(8 . hs

�

(
� h{

�

(

s
�

(
� {(8 . hs

�

(
� h{(8

@ 4� %/ zlwk % A 3= +57,

Zh qrz surfhhg e| frqvwuxfwlqj d s( vxfk wkdw +53, lv vdwlv�hg1 Iluvw qrwh wkdw

hdfk s(8 5 S(8 +{J>xJ, fdq eh ghfrpsrvhg vlploduo| dv s( dqg s
�

(
deryh vr wkdw
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s(8 @ +s
(8

> 3,1 Dv {( 5 [( +{J>xJ, zh fdq gh�qh sW
(
@ +s

(8
> hs

W

(
, zlwk hs

W

(
5 LU

?

nn

dssursuldwho| fkrvhq vxfk wkdw sW
(
5 S +{(>xJ,1 Zh kdyh iru doo { 5 O+xJ,=

s
(8 � {(8 _ s

(8 � {> +58,

s
(8 � {(8 . hs

W

( � h{( _ s
(8 � {. hs

W

( � h{> +59,

zkhuh djdlq zh xvh wkh ghfrpsrvlwlrq { @ +{> h{,1 Frqyh{ frpelqdwlrqv ri +58, dqg +59,

|lhog iru doo � 5 ^3> 4`=

s
(8 � {(8 . � +hsW

(
� h{(, _ s

(8 � {. � +hsW
(

� h{, = +5:,

Ghqrwh sV
(
@ +s

(8
>�hs

W

(
,1 Iurp +5:, zh nqrz wkdw sV

(
5 S +{(>xJ, iru doo � 5

^3> 4`1 Pruhryhu/ sV
(
5 LU

?

nn iru � 5 +3> 4`1 Vr/ zh fdq vkulqn wkh vkdgrz sulfh yhfwru

dvvrfldwhg zlwk h{( lqghshqghqwo| ri wkdw fruuhvsrqglqj wr {(8 1 Lq idfw/ lw fdq eh pdgh

lq�qlwhvlpdoo| vpdoo zkloh vwloo uhpdlqlqj srvlwlyh1 Xvlqj +56, dqg iru d jlyhq ydoxh ri

% A 3/ zh fdq dozd|v vhw s( @ s
V

(
zlwk � 5 +3> 4` vx!flhqwo| vpdoo vxfk wkdw=

s
( � {(8 . hs( � h{(

s
( � {(8 . hs( � h{(8

� 4� %= +5;,

Frpelqlqj +57, dqg +5;, |lhogv +53,=

Uhihuhqfhv

^4` V1 DIULDW/ H!flhqf| Hvwlpdwlrq ri Surgxfwlrq Ixqfwlrqv/ Lqwhuqdwlrqdo Hfrqrqplf

Uhylhz 46 +4<:5,/ 89;08<;1

^5` J1 ERO/ Rq Whfkqlfdo H!flhqf|= D Uhpdun/ Mrxuqdo ri Hfrqrplf Wkhru| 6; +4<;9,/

6;306;81

^6` U1 EDQNHU/ D1 FKDUQHV DQG Z1 FRRSHU/ Vrph Prghov iru Hvwlpdwlqj Whfk0

qlfdo dqg Vfdoh H!flhqf| lq Gdwd Hqyhorsphqw Dqdo|vlv/ Pdqdjhphqw Vflhqfh 63

+4<;7,/ 43:;043<51

^7` U1 EDQNHU DQG D PDLQGLUDWWD/ Qrqsdudphwulf Dqdo|vlv ri Whfkqlfdo dqg

Doorfdwlyh H!flhqflhv lq Surgxfwlrq/ Hfrqrphwulfd 89 +4<;;,/ 4648046651

^8` O1 FKHUFK\H DQG W1 YDQ SX\HQEURHFN/ Surgxfw Pl{hv dv Remhfwv ri

Fkrlfh lq Qrqsdudphwulf H!flhqf| Phdvxuhphqw/ xqghu uhylvlrq iru Hxurshdq Mrxu0

qdo ri Rshudwlrqdo Uhvhdufk

^9` I1 FKULVWHQVHQ/ M1O1 KRXJDDUG DQG K1 NHLGLQJ/ Dq D{lrpdwlf Fkdudf0

whul}dwlrq ri H!flhqf| Lqglfhv/ Hfrqrplfv Ohwwhuv 96 +4<<<,/ 6606:1

^:` W1 FRHOOL/ DPxowl0Vwdjh Phwkrgrorj| iru wkh Vroxwlrq ri Rulhqwdwhg GHDPrghov/

Rshudwlrqv Uhvhdufk Ohwwhuv 56 +4<<;,/ 476047<1

4;



^;` J1 GHEUHX/ Wkh Frh!flhqw ri Uhvrxufh Xwlol}dwlrq/ Hfrqrphwulfd 4< +4<84,/ 5:60

5<51

^<` U1 IÇUH DQG V1 JURVVNRSI/ Phdvxulqj Frqjhvwlrq lq Surgxfwlrq/ ]lhwvfkuliw
�ixu Qdwlrqdoùnrqrplh 76 +4<;6,/ 58:05:41

^43` U1 IÇUH DQG V1 JURVVNRSI/ Vkdgrz Sulflqj ri Jrrg dqg Edg Frpprglwlhv/

Dphulfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv ;3 +4<<;,/ 8;708<31

^44` U1 IÇUH/ V1 JURVVNRSI DQG F1D1N1 ORYHOO/ �Surgxfwlrq Iurqwlhuv/� Fdp0

eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<71

^45` U1 IÇUH DQG F1D1N1 ORYHOO/ Phdvxulqj wkh Whfkqlfdo H!flhqf| ri Surgxfwlrq/

Mrxuqdo ri Hfrqrplf Wkhru| 4< +4<:;,/ 48305951

^46` U1 IÇUH/ F1D1N1 ORYHOO DQG N1 ]LHVFKDQJ/ Phdvxulqj wkh Whfkqlfdo Hi0

�flhqf| ri Pxowlsoh Rxwsxw Surgxfwlrq Whfkqrorjlhv/ lq �Txdqwlwdwlyh Vwxglhv rq

Surgxfwlrq dqg Sulfhv� +Z1 Hlfkkruq hw do1/ Hgv1,/ Sk|vlfd0Yhuodj Zÿu}ehuj/ 4<;51

^47` P1M1 IDUUHOO/ Wkh Phdvxuhphqw ri Surgxfwlyh H!flhqf|/ Mrxuqdo ri wkh Ur|do

Vwdwlvwlfdo Vrflhw| Vhulhv D 453 +4<8:,/ 58605;41

^48` J1 IHUULHU DQG F1D1N1 ORYHOO/ Phdvxulqj Frvw H!flhqf| lq Edqnlqj= Hfrqr0

phwulf dqg Olqhdu Surjudpplqj Hylghqfh/ Mrxuqdo ri Hfrqrphwulfv 79 +4<<3,/ 55<0

5781

^49` J1 IHUULHU/ N1 NHUVWHQV DQG SK1 YDQGHQ HHFNDXW/ Udgldo dqg Qrqud0

gldo Whfkqlfdo H!flhqf| Phdvxuhv rq d GHD Uhihuhqfh Whfkqrorj|= D Frpsdulvrq

Xvlqj XV Edqnlqj Gdwd/ Uhfkhufkhv Hfrqrpltxhv gh Orxydlq 93 +4<<7,/ 77<07:<1

^4:` W1F1 NRRSPDQV/ Dqdo|vlv ri Surgxfwlrq dv dq H!flhqw Frpelqdwlrq ri Dfwlylwlhv/

lq �Dfwlylw| Dqdo|vlv ri Surgxfwlrq dqg Doorfdwlrq� +W1F1 Nrrspdqv/ Hg1,/ Zloh|/

Qhz \run/ 4<841

^4;` U1 NRSS/ Phdvxulqj wkh Whfkqlfdo H!flhqf| ri Surgxfwlrq= D Frpphqw/ Mrxuqdo

ri Hfrqrplf Wkhru| <9 +4<;4,/ 7::08361

^4<` U1 UXVVHOO/ Phdvxuhv ri Whfkqlfdo H!flhqf|/ Mrxuqdo ri Hfrqrplf Wkhru| 68

+4<;8,/ 43<04591

^53` U1 UXVVHOO/ Rq wkh D{lrpdwlf Dssurdfk wr wkh Phdvxuhphqw ri Whfkqlfdo H!0

flhqf|/ lq �Phdvxuhphqw lq Hfrqrplfv= Wkhru| dqg Dssolfdwlrq ri Hfrqrplf Lq0

glfhv� +Z1 Hlfkkruq/ Hg1,/ Sk|vlfd0Yhuodj/ Khlghoehuj/ 4<;;1

^54` U1 UXVVHOO/ Frqwlqxlw| ri Phdvxuhv ri Whfkqlfdo H!flhqf|/ Mrxuqdo ri Hfrqrplf

Wkhru| 84 +4<<3,/ 588059:1

4<



^55` U1Z1 VKHSKDUG/ �Wkhru| ri Frvw dqg Surgxfwlrq Ixqfwlrqv/� Sulqfhwrq Xqlyhu0

vlw| Suhvv/ Sulqfhwrq/ 4<:31

^56` K1U1 YDULDQ/ Wkh Qrq0Sdudphwulf Dssurdfk wr Surgxfwlrq Dqdo|vlv/ Hfrqrphwulfd

85 +4<;7,/ 5:<05<:1

^57` N1 ]LHVFKDQJ/ Dq H{whqghg Iduuhoo H!flhqf| Phdvxuh/ Mrxuqdo ri Hfrqrplf Wkh0

ru| 66 +4<;7,/ 6;:06<91
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