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Abstract

This note provides an axiomatic analysis of a social welfare ordering over infinite utility streams. We offer two
characterizations of an infinite-horizon version of the Nash criterion.
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1 Introduction

Ranking infinite utility streams has become one of the major topics in social choice theory. The
fundamental impossibility result is given by Diamond (1965). He shows that a social welfare
ordering satisfying Pareto and anonymity cannot be continuous in the topology induced by the
supremum norm. Similar difficulties are obtained by Campbell (1985), Lauwers (1997a), Shinot-
suka (1997), Basu and Mitra (2003), Fleurbaey and Michel (2003), Sakai (2006), and Hara et al.
(2008).

Recent studies indicate that if we dispense with continuity assumption, then we can avoid
impossibility results, and obtain various characterization results: Basu and Mitra (2007) propose
and characterize the utilitarian social welfare relation for infinite utility streams; Bossert et al.
(2007) give definitions and characterizations of the generalized Lorenz and leximin social welfare
relations for infinite utility streams.

In this note, we propose an infinite-horizon version of the Nash criterion and provide two
characterizations of such a relation. Our first characterization is obtained by an ethical principle?:
a social welfare ordering satisfies Pareto and ratio-incremental equity if and only if it is an ordering
extension of the Nash social welfare relation (Theorem 1). Our second characterization is obtained
by an invariance axiom: a social welfare ordering satisfies Pareto, anonymity, and partial ratio-
scale invariance if and only if it is an ordering extension of the Nash social welfare relation
(Theorem 2). In the proof of Theorem 2, we apply the result of Basu and Mitra (2007).

This note is organized as follows: Section 2 presents our notation and definitions. Section 3
proposes a Nash social welfare relation for infinite utility streams. Section 4 presents our results.
Section 5 concludes the paper. All proofs are relegated to the Appendix.

2 Notation and Definitions

Let N denote the set of natural numbers {1,2,3,---}. Let R,, be the set of all positive real
numbers. The set of infinite utility streams is X = Rlir? We write z = (21, z9, 23, . .. ) to denote
an element of X. Given an infinite utility stream = € X, for n € N, we define the n-head of x by

= (x1,...,xy)

and we define the n-tail of x by

o
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!Fleurbaey and Michel (2001), and Sakai (2003a) propose interesting ethical principles and investigate their
implications. See also Sakai (2003b).

2This assumption is essential for our analysis. If the set of infinite utility streams is X = R or X = R,
difficulties arise. One of the most important points is that a Nash social welfare function does not satisfy the
Pareto axiom for such cases. For example, consider the following the two streams: = = (0,0,1,1,1,...) and
y=1(1,0,1,1,1,...). By our definition of a Nash social welfare function, the two streams are indifferent. However,
the (strong) Pareto axiom implies that y is strictly preferred to x.

We must explain why the set of utilities is restricted in this way. One possible interpretation is that = represents
the difference with a minimum necessary for human survival. For example, each generation dies when u < u,
and the government must guarantee utilities that are strictly larger than u. Thus, we redefine the set of utilities:
r:=u—u>0.

Moreover, the requirement of positive utility introduces a degree of cardinality. This fact leads us to another
interpretation of x;: each value x; represents the income level of generation 4. In this case, u is the critical income
level.



For all z,y € X, . +y = (z1 + y1,22 + ¥o,...). Forall z,y € X, z-y = (x1y1,22y2,...). A
constant sequence satisfies z; = a for all i € N for some a € Ry, and it written as (a)eon

Forx,ye X,z >yifx; >y; foralli e N. Forx,y € X, x >y if x >y and z # y.

A social welfare relation is a binary relation = on X, which is reflexive and transitive. The
symmetric and asymmetric part of > is defined as usual sense. Hence, x ~ y if and only if x > y
and y = x; and, x = y if and only if x = y and —(y = x). A social welfare ordering is a binary
relation > on X, which is reflexive, complete and transitive. Let »=g and >r be social welfare
relations. If >¢=>7 and »g=>7, we call =7 is an extension of »=g. If an extension > of »g4
is an ordering, we call =7 an ordering extension of »g.

A finite permutation m is a permutation, such that there exists m € N with (i) = i for all
i > m. We write 7(x) for the vector (Zay, Zr(2)s - - Tr(i),--- ).

3 The Nash Social Welfare Relation

We propose an infinite-horizon version of the Nash criterion. Let us define a social welfare relation
>n on X by

x =y v if and only if In € N such that (H x> (H Yy

i=1

Note that a binary relation >y is reflexive and transitive, but it is not necessarily complete. This

definition is a simple extension of the standard definition of the Nash criterion. For the argument

for the finite version of the Nash criterion, see Kaneko and Nakamura (1979) and Roberts (1980).
A social welfare relation =y has the following properties:

dn € N such that (ﬁ x;,xt Hyz, ) = Vm >n, sz, ) > (ﬁ Uiy,
i=1 i=1

dn € N such that (ﬁ T, T Hyu ) = V¥m >n, H:Cz, ) > (ﬁ Uiy
i=1 i=1 i=1

By the contributions of Arrow (1951) and Szpilrajn (1930), we know that every binary relation
that is reflexive and transitive has an ordering extension. Therefore, there exists a social welfare
ordering > that is an ordering extension of > .

4 The Results

We introduce four axioms on >. The following axiom is well-known and therefore requires no
explanation.

Pareto: Forall z,y e X,z >y =2 > y.
Next, we propose ratio-incremental equity.

Ratio-incremental equity: For all z,y € X, for all s, € N, and for all e € R, if (i) [ys = zs€
Ay = x¢/€], and (ii) zp = yx for all k € N\ {s,t}, then x ~ y.



This is an equity axiom that requires an impartial treatment of a utility ratio change.® This
axiom has a role similar to the incremental equity axiom proposed by Blackorby et al. (2002).1
The following axiom requires the equal treatment of generations.

Anonymity: For all z € X and all finite permutations 7 of N, z ~ 7 (z).

Note that our definition of anonymity does not allow an infinite permutation. Lauwers (1997b,
1997¢) and Mitra and Basu (2007) discuss classes of permutations that include infinite permuta-
tions.?

The following axiom is an adaptation of the invariance transformation condition used in clas-
sical social choice theory.® This axiom is an appropriate counterpart of partial-unit comparison,
introduced by Basu and Mitra (2007).

Partial ratio-scale invariance: For all z,y,a € X, and for all n € N, if 2™ = y™ and z > y,
thenx-a >y -a.

We present our results. Our first result characterizes all ordering extensions of >y by ratio-
incremental equity.

Theorem 1. A social welfare ordering = on X satisfies Pareto and ratio-incremental equity if
and only if > is an ordering extension of > .

Note that in this characterization, we do not impose anonymity.
Our second result characterizes all ordering extensions of > by partial ratio-scale invariance.

Theorem 2. A social welfare ordering = on X satisfies Pareto, anonymity, and partial ratio-scale
invariance if and only if > is an ordering extension of > .

5 Concluding Remarks

In this note, we characterize the Nash social welfare relation for infinite utility streams in two
ways. In our first characterization, the key axiom is ratio-incremental equity. This axiom is in the
spirit of impartiality assumptions emphasized by many authors. Bossert et al. (2007) investigate
two classical equity axioms, which have an ethical motivation. They characterize the infinite
version of the generalized Lorenz criterion and of leximin by the Pigou-Dalton equity principle
and the Hammond equity principle, respectively. In our second characterization, the key axiom
is partial ratio-scale invariance. This axiom specifies the informational structure of individual’s
utilities.

3An anonymous referee points out the problem of the ethical appeal of ratio-incremental equity as the impar-
tiality of utility ratio changes. Consider © = (a)con, € X for some positive constant a € R;;. Let ¢ be a very
large positive value. Let y € X be such that [ys = zs¢ A yp = x/€] and zp, = yi, for all k € N\ {s,t}. The
ratio-incremental equity requires that x ~ y for any €. Note that ys — oo and y; — 0 as € — co. These facts imply
that ratio-incremental equity allows inequality among individuals.

4Kamaga and Kojima (2008a) characterize an infinite version of utilitarian social welfare relation by the incre-
mental equity axiom proposed by Blackorby et al. (2002). Their characterization is closely related to Theorem 1
above. They also investigate the extended anonymity axiom, which is proposed and studied in Mitra and Basu
(2007), and characterize the extended versions of the generalized Lorenz and leximin criteria.

°See also Banerjee (2006), Kamaga and Kojima (2008a), and Kamaga and Kojima (2008b).

6For example, see Roberts (1980).



Appendix

Proof of Theorem 1. Sufficiency: Suppose that > is an ordering extension of >5. We check
that Pareto is satisfied. Suppose that = > y. Obviously, we have that there exists n € N such
that (T[T, zi, ™) > (I, ¥i»y™). Then, x >y y. Since > is an ordering extension of >y, we
have x > y. Now, we show that ratio-incremental equity is satisfied. We consider two sequences
x,y € X such that (i) ys = xse and y, = z;/€, and (ii) xp = y,. for all k € N\ {s,¢}. Obviously,
we have that for n = max{s,t} € N, (I[\_; z;,2™) = ([[\-, vi,y™). Then, by definition of >y,
x ~py y. Since > is an ordering extension of >y, we have x ~ y.

Necessity: Suppose that a social welfare ordering > satisfies Pareto and ratio-incremental
equity. To prove > is an ordering extension of >y, we have to show that >y=> and »y=>.
We take z,y € X such that x >y y. By definition of >y, there exists n € N such that

ﬁxi > ﬁyl and x1" > 41"

i=1 i=1
Now we prove that x > y. Ratio-incremental equity implies the following results:

_ E T1 2y
([L’ n’x-i-n) ~ (( xi)l/nax%"'an—ax—’_n)
g (TTiey i)'/

1=

n

~ <(Z1i $z‘)1/na(H x)n (Hﬁﬂ%’ I+n>

i=1 i=1Ti

n

~ (11 :ci)l/",<f[ :vi>1/"7~->(ﬁwi)”n’“’+n)'

i=1
Therefore,

(7" ™) ~ (&7, ™) (1)
where Z = ((TT'_, i)™ )con- By the same argument, we obtain

™" y™) ~ @ "™ (2)

where § = ((JT/_, ¥:)"/")eon. Note that in this case, we have (T]r, z:)"™ > ([Ti-, v:)"/" Hence,
Pareto implies that (z7",2%") = (g™, y™™). Therefore, in combination with (1) and (2), the
transitivity of > implies that x > .

Next, we take x,y € X such that x =y y. By definition of >, there exists n € N such that

(Iz2™ = QL wv™-
i=1 i=1

If ([T, zi2™) > (IT=, vi»y™™), then x > y by the above argument. Hence, we have to consider
the case where ([, z;, %) = ([T, v, y™"). In this case, (7", ™) = (=", y™™). Hence, by
(1) and (2), the transitivity of > implies that z ~ y. Therefore, > is an ordering extension of
=n. B



Before proving Theorem 2, we refer to the result of Basu and Mitra (2007). They propose the
following criterion. Let us define a social welfare relation >=; on RY by

x =y y if and only if 3n € N such that (Z z, ") > (Z v,y ).
i=1

i=1
Basu and Mitra (2007) introduce the following axiom.

Partial-unit comparability: For all z,y,b € RY, and for all n € N, if 27 = y* and = > v,
then x + 0 > y + b.

They show that a social welfare ordering > on RY satisfies Pareto, anonymity, and partial-unit

comparability if and only if it is an ordering extension of >y (Basu and Mitra (2007), Theorem
1).7

Proof of Theorem 2. Sufficiency: Suppose that > is an ordering extension of >y. In the proof
of Theorem 1, we have already checked that Pareto is satisfied. Now, we show that anonymity
is satisfied. Let x € X and 7 be a finite permutation of N. There exists m € N such that
z; = m(z;) for all ¢ > m. Obviously, we have that (], z;,2™) = (I~ i, y™™). Then,
x ~py y. Since > is an ordering extension of >, we have z ~ y. Finally, we show that ratio-scale
invariance is satisfied. We take z,y € X such that 2™ = y™ for some n € N, and = = y. Cleary,
[T, =i > [1;-, vi- Thisimplies that for all a € X, [, z;a; > [[}; yia; and 21" -0t = y*.at".
Since = is an ordering extension of >y, we have x -a > ¥y - a.

Necessity: Suppose that a social welfare ordering =* on RN satisfies Pareto, anonymity,
and partial-unit comparison. By Theorem 1 of Basu and Mitra (2007), if »=* satisfies Pareto,
anonymity, and partial-unit comparability, then =* is an ordering extension of >y. Now we
define an ordering >~ on X as follows: for all z,y € X,

(e, e™,...) = (e",e?,...) e x ="y

It is straightforward to show that > satisfies Pareto and anonymity. Furthermore, by taking
a; = e, we can check that > also satisfies ratio-scale invariance. By definition of =, 2 = y holds
if and only if (logz1,logxs,...) =* (logy1,logys,...). Since »=* is an ordering extension of >, if
there exists n € N such that (3, logx;,log zpi1,...) > (O 1ogyi, log Ynt1, ... ), then z = y.
Note that Y " ;logz; = log[[;_; z;. This implies that z > y = z > y. Similarly, we can show
that x >=xn y = = > y. Therefore, > is an ordering extension of >,. W
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