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Generalized monotonicity and strategy—proofness: A note
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Abstract

In this note we define generalized monotonicity which is a generalized version of
monotonicity due to Muller and Satterthwaite (1979) for a social choice function under
individual preferences which permit indifference, and shall show that generalized
monotonicity and strategy—proofness are equivalent.
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1 Introduction

In this note we define generalized monotonicity which is a generalized version
of monotonicity in Muller and Satterthwaite (1979) for a social choice function
under individual preferences which permit ifidrence, and we shall show that
generalized monotonicity and strategy-proofness are equivalent.

2 Notation, definitions and preliminary results

There are a set of individuals, and a set of alternatives for a social problem.

The number of individuals is a finite positive integer which is larger than or
equal to 2. The number of alternatives is also a finite positive integer which is
larger than or equal to 3. The individuals are represented by indivigdyand

so on, and the alternatives are represented,lyy zand so on. The preference

of individual i about the alternatives is represented by a weak dRdewhich is
reflexive, complete (connected) and transitive. The asymmetric part (strict pref-
erence) and the symmetric part (iffdrence) olR are denoted by, andl;. We
allow indifference in individual preferences.

A social choice function (or voting rule) is a mapping frommtuple of re-
ported preferences of the individuals to an alternative.nAaple of individual
preferences is called @rofile of individual preferences (or aindividual prefer-
ence profilg. Each profile is denoted bg, b, c and so on. At a profile, for
example, individual’'s preference is denoted %, P* and1?. When a social
choice function choosesat a profilea, we denoteC(a) = x. We call the alter-
native which is chosen by a social choice functionwhiener of the social choice
function. We consider a resolute social choice function, which chooses only one
of the alternatives at any profile. Further we assume that social choice functions
arenon-imposedr onto. It means that for any alternative and any social choice
function there is a profile of individual preferences at which the alternative is cho-
sen by the social choice function.

We define strategic manipulability and strategy-proofness of a social choice
function.

Strategic manipulability There are two individual preference profilasandb
such as a social choice function choogest a andy atb. Betweena and
b only the preference of one individual (denotedipis different p is ani-
variant ofa). Ifindividual i has a preference™y, the social choice function
is strategically manipulable by him &tbecause he can make the social



choice function choos& by reporting falsely his preferend& when his
true preference i&. Similarly, if he has a preferencgx, the social
choice function is strategically manipulable by himaat

Strategy-proofnessif a social choice function is not strategically manipulable
by any individual at any individual preference profile, isisategy-proof

Next, we define generalized monotonicity which is a generalized version of
monotonicity due to Muller and Satterthwaite (1979).

generalized monotonicity There is a profile of individual preferencasuch as
for alternativesx andy
(1) individuals in a groupy (V c N): xPy
(2) individuals ina group/’ (V' c N, V' NV = 0): xI2y
(3) others (groupy”): yPx
and a social choice function choosefC(a) = x). We do not assume any
specification of individual preferences about alternatives othentlaaualy.
There is another profile such as
(1) individuals inV: xPPy, other preferences are not specified
(2) individuals inV’: xPPy or their preferences are the same as those at
(3) V”: not specified

Then, the social choice function does not chopaeb (C(b) # y).
Now we show the following lemma.
Lemma 1. Strategy-proofness implies generalized monotonicity.

In the following proof we use notation in the above definition of generalized
monotonicity.

Proof. Let individuals 1 tom (0 < m < n) belong toV, individualsm + 1 to '

(m < nY < n) belong toV’, and individualsm + 1 to n belong toV”. Consider
a preference profile other thama andb such as individuals iV andV’ have a
preferencexPryPrz, and individuals inv” have a preferencgP xP:z, wherez is

an arbitrary alternative other tharandy.



Let a! be a preference profile such as only the preference of individual 1 has
changed fronR; to RS, and suppose that at the social choice function chooses
an alternative other thax Then, individual 1 has an incentive to report falsely
his preferencé&® when his true preference K, and so we hav€(a') = x. By
the same logic we find that when the preferences of individualsrt tchange
from R® to RS, the social choice function choose¢C(a™) = x). Next, leta™**
be a preference profile such as the preference of indivisual 1, as well as the
preferences of the firsty individuals, has changed froRf, ., to R®, . ,, and sup-
pose that af™+! the social choice function choosgs Then, individualnt + 1
has an incentive to report falsely his prefereREge ; when his true preference is
R, ., becausgP:, x. On the other hand, if the social choice function chooses an
alternative other thar andy ata™**, individualnv + 1 has an incentive to report
falsely his preferenc&, ., when his true preference K, , becausexP: . z
Therefore, we hav€(a™*!) = x. By the same logic we find that when the pref-
erences of all individuals have changed fr&hto R, the social choice function
must choose (C(c) = X).

Now, suppose that frora to b the individual preferences change one by one
from R to RP. Then, when the preference of some individual changes, the winner
of the social choice function can not change directly frerto y. If the social
choice function choosgswhen the preference of an individualN\for vV’ (denoted
by j) changes fronRJ? to Rﬁ’ individual j has an incentive to report falsely his
preferenceR’ when his true preference B becausexP}y. On the other hand,
if the social choice function choosgswvhen the preference of an individual in
V” (denoted byk) changes fronk; to RE individual k has an incentive to report
falsely his preferenc@}j when his true preference g becausg/P;x.

It remains the possibility, however, that the winner of the social choice func-
tion changes fronx throughz(# x,y) toy. Suppose that when the preferences of
some individuals have changed frd&nto R°, the winner of the social choice func-
tion isz(# x, y), and further when the preference of individulks changed from
R to R'b the winner of the social choice function becomeSince he prefergto
zatc, he can gey by misrepresenting his prefererﬁ%when his true preference
is R'. Therefore, if the social choice function is strategy-proof, in the sequence
of changes of individual preferences the winner of the social choice function does
not change fronx throughztoy. Hence, we must havg(b) # y. m|

A groupV in this lemma may be the set of all individuals, or may be a set
consisting of only one individual.



3 Equivalence of generalized monotonicity and strategy-proofness

In this section we shall show the equivalence of generalized monotonicity and
strategy-proofness.

Theorem 1. Generalized monotonicity and strategy-proofness are equivalent.

Proof. Lemma 1 has shown that strategy-proofness implies generalized mono-
tonicity so that only the converse needs to be proved.

Suppose that at a profile of individual preferenaes social choice function
choosesx (C(a) = x), and assume that the social choice function which satis-
fies generalized monotonicity is strategically manipulable. Then, there is a case
where, when the preference of one individual (denoted) lshanges froniR? to
R (denote such a profile by), the winner of the social choice function changes
from xtoy, and individual has a preferencgP?x.

Consider another profile of individual preferencest which individuali has
a preferencgP°xP:zwherez is a arbitrary alternative other tharandy, and the
preferences of the other individuals are the same as th@séfdhe social choice
function choosey at ¢, since individuali prefersy to x ata andc, generalized
monotonicity implies that the social choice function does not chaage. This
contradicts with the assumption, andys@ not chosen at. Comparinga and
¢ aboutx and z, the preferences of individuals other than individu&lave not
changed, and individualhas a preferenceP‘z atc and his preference atabout
x andzis not specified. Therefore, from generalized monotonizig/not chosen
atc, and so the social choice function must chorseéc.

On the other hand, comparirgand c aboutx andy, the preferences of in-
dividuals other than individualhave not changed, individuahas a preference
yPex atc, and his preference &tis not specified. Therefore, from generalized
monotonicityx is not chosen at. This contradicts with the above result. Hence,
the social choice function must be strategy-proof. O

4 Concluding remarks

The equivalence of strategy-proofness and generalized monotonicity presented in
this paper does not require all preference orderings to exist like as the proof of
the Gibbard-Satterthwaite theorem by Sen(2000) in the case of linear individual
preferences. All that is required is that for all pairs of alternativesdy there

exists an admissible ordering whexds ranked first uniquely ang is ranked
second uniquely.



We can show the Gibbard-Satterthwaite theorem (Gibbard(1973) and Satterth-

waite(1975)) in the case of individual preferences which permitiiedince using
generalized monotonicity.
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