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within the working age generation. The latter instrumientact, reduces (increases) the opportunity
cost of bearing children and, hence, stimulates (deprefs#ti)y. The policy implications are
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1. Introduction

The debate about the existence of an “interior” optipggulation growth rate in the basic two-
period neoclassical overlapping generations (OLG) mod#i exogenous fertility (Samuelson,
1958; Diamond, 1965) is long lasting (e.g. Phelps, 1968; Samuelsts, DSardorff, 1976; Jaeger
and Kuhle, 2009). Although the importance of such a debat@@gnomconomics is undoubted, only
recently Abio (2003), building on a textbook double Cobb-Dou@a& closed economy with
endogenous fertility has shown that an interior goldea odilpopulation growth can exist. Hence,
policies aiming at achieving the optimal rate of populagimwth in a market setting may be highly
valuable.

The achievement of a golden rule of procreatioa market setting is even more important in
presence of public pension systems (e.g. PAYG pensiomgjlg to the external effects that
children create on society as a whole, as clearly @diout by Cigno (1993). In fact, if PAYG
pensions arrangements exist, the higher the number|dfeati the higher the tax base and, hence,
the higher expected benefit received by old-aged in the futerehe viability of the PAYG system
increases along with the number of children. Hence, velmemter-generational transfer from the
young to the old is provided by the government on a PAYGshasildren imply a positive
externality in the overall economy, which howevernist taken into account by each single
individual as long as the contribution rate to the PAY&tem paid by each member of the current
working age generation is shared amongst all membetisabfgeneration, that is the benefit of
having children is too small to be internalised by each senggat in the market economy.

Therefore, thdaissez-fairefertility rate may be different from the golden rué population
growth. Hence, the study of policies aiming at elimirgtihe externalities of children and then
favouring the achievement of the command optimum in &ebaetting is high in both the political

and academic debates.



Moreover, population ageing and below-replacemeifititiephenomena currently occurring in
many developed countries have exacerbated the concerns aifspuing externalities and even
stimulated some recent analyses of welfare impticatiof public pensions in an endogenous
fertility setting. For instance, in the basic OLG moedahd under the small open economy
hypothesis, van Groezen et al. (2003) and Fenge and Meier @@0pdsitioned. In particular, van
Groezen et al. (2003) assumed a fixed cost of children awadeshthat PAYG taxes (subsidies) and
child allowances (taxes) act as Siamese twins toseettie command optimuhwhile Fenge and
Meier (2005), building on a model with time cost of childremmpared the substitutability between
the child allowance and the child factgrather then the PAYG tax) as instruments to repliteate
second best (rather than the first best) allocatidheasteady state.

In this paper we discuss an alternative way to ddal the external effects of children in the
same OLG small open economy context used by van Groézn(2003) and Fenge and Meier
(2005). In particular, we assess the effectiveness i@ditibnal instrument in the theory of public
finance, namely the tasamsubsidy (subsidgumtax) policy? that can be used — together with a
PAYG inter-generational transfer system — to correetdffspring externalities when fertility is the
result of a rationale comparison between benefitsasts of children. In particular, different from
van Groezen et al. (2003) and similarly with Fenge and ™M&i@05), we consider an OLG small
open economy with time cost of children and defimethe taxeumsubsidy (T/S) policy the case

in which a wage tax is collected and rebated as a lumpssibsidy within the same working-age

! van Groezen and Meijdam (2008) showed that PAYG taxassigies) and child allowances (taxes) act as Siamese
twins to replicate the steady-state command optimuen éa a general equilibrium OLG closed economy with
endogenous fertility and fixed cost of children.

% They defined the child factor as a parameter whightucas the relative importance of the individual number of
children on PAYG pensions.

® See, e.g., Atkinson and Stiglitz (1980). Gahvari (1993) hdysauka T/S policy in a life-cycle growth model closed
to international trade. Recently, Fanti and Gori (206@ye analysed the effects of the T/S policy on thadgtetate

second best allocation in an OLG model without PAYG tenssf



(child-bearing) generation at a balanced budget, anthé subsidyeumtax (S/T) policy the case
in which a wage subsidy is financed by a lump-sum tax.

We show that, depending on the mutual relationship battteeconstant world interest rate and
the social discount factor, a PAYG transfer fromybang (old) to the old (young) and a T/S (S/T)
policy act as Siamese twins to realise the commandhaptiin a market setting (see van Groezen
et al, 2003). This implies that the T/S (S/T) instrumesnt be used as an alternative to child
allowances (taxes) to correct offspring externalitieeconomies where the public PAYG transfers
exist. This result occurs because a T/S (S/T) policy aeslincreases) the opportunity cost of
children.

Moreover, while Fenge and Meier (2005) abstract ftvenRareto efficiency issue, van Groezen
et al. (2003) find that introducing a child allowance in a PAfé§&d economy may represent a
Pareto improvement. In this paper we show that the dottion of a T/S (S/T) policy in an
economy with PAYG pensions (transfers from the oldh young) may also represent a Pareto
improvement.

This paper contributes to the OLG economic litemtwith public PAYG pensions and
endogenous population by evaluating the conditions undehvehtexeumsubsidy policy can be
used as an alternative instrument for optimality purposes.

The remainder of the paper is organised as followSekbtion 2 we build on the decentralised
economy. In Section 3 we show that the command optiroan be achieved by a government who
has at its disposal both a PAYG transfer from thengo(old) to the old (young) and a T/S (S/T)
instrument in a market setting. In Section 4 we distheswelfare implications of the T/S (S/T)

policy. Section 5 concludes.

2. The market economy

2.1. Firms



Consider a small open economy with perfect capital liplihat faces an exogenously given

(constant) interest rate. Production takes place according to a standard neaahssinstant-
returns-to-scale technologf/(k,,h ), wherek and h represent the per capita stock of capital and
the units of time supplied by each member of the working-agerggon on the labour market,

respectively. Since capital is perfectly mobile, bl tapital-labour ratio and the wage rateare

fixed and constant.

2.2. Government

In every period the government runs separati¢la (balanced PAYG pension budget (i.e. current
pensions are paid out on the basis of current contritm)tto redistribute across generations, and
(i) a T/S policy to redistribute within the working age getiera It is worth noting that for the
sake of notational convenience we build the model witkf @Adensions and T/S policy, rather than
the opposite PAYG transfer from old to the young ar®fT policy. The cases PAYG pensions (tax
on the old) and T/S (S/T) will be specified when neagssa

The government pension budget &in per worker terms) reads as:
P =Ny, 1)
where p, > O is the pension0<7<w is the fixed contribution rate, and_, represents the

average rate of fertility in the whole economyimtett —1.*
The per worker T/S formula &t instead, reads as:
I, =owh, (2)
where 7, > Ois a lump-sum subsidy) <o <1 a fixed wage tax anav the unitary wage income

earned workers.

* Note that a PAYG subsidy is defined/as< 0, while a S/T scheme ag <0.
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2.3. Individuals

We assume a three-period OLG economy populatedidaytical individuals. Life is divided into
childhood, young-adulthood (working period) and-afge (retirement period). As a child each
individual does not make economic decisions. Adhdividuals belonging to generation (N,)

have a homothetic and separable lifetime utilityction (U, ) defined overc,, c,,,, andn,, i.e.

young-aged and old-aged consumptions and the nuohlodildren (see, e.g., Eckstein and Wolpin,
1985; Galor and Weil, 1996).
Young-adult individuals are endowed with onet wif time. Child rearing activities require a

time costO < g < 1per child, withg being the exogenous fraction of the time endowrtteatt must
be spent raising a child. Therefore, as an adadth goung devotes a fractidn=1-qn of time to
work on the labour market withn, being the share of time spent raising childten.

When old individuals are retired and live om thasis ofif the amount of resources saved when
young-adult &) plus the accrued interest at the constant waitlerest rater , and (i) the public
provided pension benefitd(,, ).

The representative individual entering the viegkperiod at time faces the following problem:

max o, 01U (GGt ) = (e )+ BIn(c, ) + yin(n), (P)
subject to

Cu*+§ =wW(l-an)i-o)+z7, -1
Crir1 = (1+ I’)St *+ P

® Individuals do not take Egs. (1) and (2) into account wieriding on the number of children and on material

consumption over the life cycle.
® The conditionl— gn, > 0 implies n, <1/q, i.e., the higher the time spent raising a child, dveer the number of

children.



where 0 < £ < lis the individual subjective discount factor and th@ taste for children.

The first order conditions for an interior s are:

CZ,'[+1 G]; :1+r
G B

%D/=QW(1-0)-

3)

(4)

Eqg. (3) equates the marginal rate of substitutietwben young-adult and old-age consumption to

the constant world interest rate, whereas Eq. gdpes the marginal rate of substitution between

material consumption when young and the numberddren to the marginal cost of raising an

additional child. Notice that the wage tax acts as a child allowance by reducing the cost of

children.

Combining Egs. (1)-(4) with the lifetime budgemnstraint gives the demand for children and the

working period consumption function, that is:

o ylw-n) |
WL+ B)-o)+ -y T

o (w-plaw@t-0)
L+ B)-o)+ -y T

From Eq. (5) the following proposition holds:
Proposition 1. A T/S policy always stimulates individual fertility

Proof. The proof uses the following derivative:

on' _  yw-n)isrfawi+p) o
o0 {awlt+r )+ p)i-o)+yl-ynf

foranyO0O<o<1.Q.E.D.

(5)

(6)

(6.1)



Proposition 1 show that when a time cost of childeeconsidered the introduction of a T/S policy,
through wage taxation, reduces the opportunity @cst the net wage) of losing an additional unit
of time spent working to care about children arehde, stimulates individual fertility by reducing

the labour supply. From Eqg. (6.1), the oppositeltebat a S/T policy is always fertility-reducing

can easily be derived since, through wage subsiolisdhe opportunity cost of losing an additional
unit of time spent working is augmented in thatecag. the S/T policy increases the labour supply.

In the next section we derive the first bedtome and analyse how the government can use the

intra- and inter-generational instruments discussleave to realise the command optimum in a

market setting.
3. Thefirst best solution

Following van Groezen et al. (2003), we assume tti@social planner maximises the discounted

flow of individual lifetime utilities over an infibe horizon

W =35 w(e, cpn). (PP)

i=t

subject to the economy’s resource constfaint

fk.h)=c, +%+nik_nidi+1+(l+r)di’

-1
where d is the amount of per capita foreign debt< d <1 is the social discount factor and
h=1-qn.

Maximisation of (PP) gives the first order citiachs for the command optimum:

Céiﬂ = 5(1n+ ). (7)

" We assume that capital totally depreciates at the®eakch period.
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Genpl o4y, (8)
G B
%[qy'l'ﬁ):qw"'k_dwl- 9)

Comparison of Egs. (4) and (9) makes clear theoreasy the privately chosen number of children
may differ from golden rule of population growtlinet planner takes into account both bhier-
generational transfer effe¢the marginal benefit) and tlvapital dilution effec{the marginal cost)
of raising children, which, instead, are not tak&o account by individuals. The former effect is

captured by the subjective discount factdin Eq. (9): it implies that the number of childrierthe

market economy may be too low as compared wittstizgal optimum. The latter effect describes
how fertility affects savings: it is measured bg termk —d in Eq. (9) and implies that individuals
in a market economy may decide to have a too highber of children. Only when these two
opposite forces both exactly cancel out the indigicdlemand for children is optimal.

Exploiting Egs. (7)-(9) and the economy’s ra@seuconstraint at the steady-state, we get the

optimal amount of per capita foreign debt, that is:

- 5+ﬁ+5(y+ﬂ)} w y+B
d =k- ) 10
qWEE(wﬁ)(l— J=o-8) Ter (y+BL-0)-5-5 (10)

Combining Egs. (9) and (10), and using Eq. (7)hat $teady-state, we obtain the golden rule of

population growth and the optimal amount of youdgfaconsumption, respectively:

N =3(1+r), (11)
o _ OWL-g(l+r)] | 12)
31+ B+y)-y

From Eq. (12) it can readily be seen >0 if

+ Case(a)r<randd<d<1l



+ Case (b):r > and0<J<9,

where 7:=(1-q)/q and J:=y/(1+B+y). Moreover, using Eq. (11), the conditiom<1/q

implies thato < o= 1/q(1+ r) must hold to ensure the existence of a positipplsuof labour, i.e.

h>0.
Let
0:=000, (13)
r=(q@)* -1, (14)
and

P= (i)Y -1, (15)

be a threshold value of the social discount faatud two threshold values of the constant world
interest rate, respectively, whefe<r <r always holds. Moreoved <3 (5>3) for anyr >r

(r <?). Then the following proposition holds:

Proposition 2. Let Case (a) {Case (b)} hold. Thén>1 and 5 >3 {d<1 and & <35 }. Therefore,

foranyr<r {r<r <r [r >?]} the command optimum can be decentralised bywegonent in a

market economy:

(1) without intervention i® = 9J;

(2) using both a PAYG tax (tax on the old)y=/.:(d)>0 (<0) to redistribute across

generations, and a T/S (S/T) poligy=04,(0)>0 (<0) to redistribute within the working-age

generation, if6 < 5<1 (5 <5< d) {if 0<3<d (6<5<5)[0<F<d (0<I<J)]}, where



Teal0):= quc(,lé j)}}j 0 i)_ Hew, (16)

_ oq+r)u+Bry)-y o a7)

%er(0):= q@+r)s+B+y)-y]

Proof. See Appendix A.

Given the parametric structure as regards prefese(l€, y) and the child-bearing technologyg),

and depending on the mutual relationship betweensttial discount factord() and the world
interest rate (), Proposition 2 reveals that the first best outeaan be realised by a government in
a market setting using appropriately both an imsémnt to redistribute across generations, i.e. a
PAYG tax (tax on the old) and a T/S (S/T) policyréalistribute within the working age generation.

In particular, if the interest rate is relativebwl, r <1, Case (a) then when lifetime utilities are

discounted at too high (low) a rate by the planner, 5595 (5<c=5), the command optimum is
achieved with both a PAYG tax (tax on the old)remsfer resources from the young (old) to the old
(young) and a T/S (S/T) system to promote (disitigepfertility, since in that case the individual
demand for children is too low (high) as comparetth whe golden rule of population growth, i.e.,
the inter-generational transfer effect dominatesd@minated by) the capital dilution effect. By
contrast, if the interest rate is relatively high>r, Case (b) then, different fronCase (a)the

government must use a PAYG tax (tax on the oldettegy with a T/S (S/T) policy to incentive
(disincentive) fertility when the social discouattor is sufficiently low (high), ied<o (5>3).
In the special cas@ =0, the market solution automatically coincides wiitle first best and no

government intervention is required. In other wortlte recommended policy is symmetrical

depending on the mutual relationship between th@kdiscount factor and the interest rate.

We note that if social discount factor is redalty high, ie.,5>0, then only inCase (a):r <t

and d <J<1, aT/S policy should be used together with a PA¥Gto redistribute from the young
10



to the old to realise the fist best, while in thmpositeCase (b):r >F and0<d < , the condition

5>0 implies that the government should adopt a S/icpallong with a PAYG tax on the old.
Therefore, when fertility is an endogenous eoic variable and child bearing activities are

time-consuming, a PAYG tax (tax on the old) and'@ (I5/T) policy act like Siamese twins.

3.1. The special cas¢=1

In the cased =1, i.e. the social planner treats all generationswmsgtrically, the first best
outcome at the steady-state can be realised inrketnsetting by means exclusively of an intra-
generational T/S (S/T) policy as long as the wartérest rate is high (low) enough, i.é.<r <F
(r <r), while it is realised with no government intertien if and only if r =f, irrespective of
whether a PAYG pension system is in place or noteiVr #f, a too high (low) interest rate
implies that the number of children in a marketreoay is too low (high) as compared with the
golden rule of population growth. Therefore, féstimay be stimulated (discouraged) — and thus
the command optimum may be replicated — simply laking the time-child-rearing activities less

(more) costly with an appropriate use of the T/&)$strument.

Proposition 3. Let r <7 and d =1 hold. Then the command optimum can be decentiabgea

government in a market setting:

(1) without intervention if =7 ;

(2) by means exclusively of a T/S (S/T) palicyo.(1)>0 (<0) if f<r<F (r<f), for any

—oo</7<w_
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Proof. See Appendix B.

In the next section we look at the welfare @feof the T/S policy, i.e. a wage tax rebated as a

lump-sum subsidy when the government redistribatess generations through a PAYG system.
4 Welfare effects of the T/S policy

In almost all industrialised countries retired pletgconsumption plans are based essentially on the
generosity of the social security system, which baen characterised in the last decades —
especially in Anglo-Saxon countries — on unfundé&' 8 pension schemes. Our objective in this
section is to assess the welfare properties oTt8¢(S/T) policy when the government redistribute
across generations through a PAYG system.

We will show that in a PAYG-taxed economy imtuging a T/S policy can represent a Pareto

improvement.

Proposition 4. Let (7<0) 0<p<w hold. Then introducing a T/S policy (is always €tar

worsening)0< g < g is Pareto-improving and

/)
g=0 .—W, (18)

is Pareto efficient.
Proof. See Appendix C.

Therefore, if a PAYG inter-generational transfemalssent f = Q) a T/S policy is always Pareto-
worsening because it will actually promote fenilivhile reducing monotonically consumption over

the life cycle. By contrast, in a PAYG-taxed ecoppmwage taX0< g <J rebated as a lump-sum

12



subsidy within the same working-age (child-beariggheration makes all individuals better off and
thus implies a Pareto improvement as compared thithcase in the absence of such a policy.
Moreover, a T/S policyy = ¢ is Pareto efficient, because it is not possiblengke the current as
well as all subsequent generations better off byeeiincreasing or decreasing the wage daxin
particular, the optimal T/S policy is obtained ke present value of the PAYG tax divided by the
cost of raising a child.

The following figure clearly depicts in a ssdd way the welfare gains obtained by all
generations when the government introduces a Tli8ypm a PAYG-taxed economy. The solid
line refers to the welfare level in an economy VRAY G pensions and T/S policy, the dashed line

to thelaissez faireeconomy. Introducing a T/S policy in the range& o <J represents a Pareto

improvement, whileg™ corresponds to the Pareto efficient allocation.

-
(T

Figure 1. The lifetime welfare as a function of in a PAYG-taxed economy (i.e0,<7 <w).
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Finally, we note that the introduction of a $dlicy 0< o < ‘a‘ represents a Pareto improvement

with a:‘a*‘ being Pareto efficient for any < ,Q.e. the indirect lifetime utility index of all

generations can be maximised even with the S/Tum&nt when a PAYG transfer from the old to
the young is realised. However, this appears assrkalistic case. For this reason and for economy

of space, we abstract from a formal and graphicalyaes of the S/T policy.
5. Conclusions

Using an overlapping generations small open econwitly endogenous fertility and time cost of
children, we show that the government can let tleeket solution coincide with the command
optimum using both a PAYG tax (tax on the old) edlistribute across generations and ¢ax:
subsidy (subsidgumtax) policy: if the government redistribute acragsnerations through a
PAYG tax (tax on the old), and child rearing ad¢ies are time consuming, a T/S (S/T) policy,
through a reduction (increase) in the net wage eshrioy the members of the working age
generation, reduces (increases) the opportunityafdesing an additional working unit of time to
take care of children, and, hence, acts as aitfgrethhancing (fertility-reducing) device allowirng
eliminate the external effects of children on stcias a whole. Moreover, in a PAYG-taxed
(subsidised) economy a T/S (S/T) scheme can bed~eifeient.

The policy implications are straightforward: evhindividuals take into account the effects of
child rearing activities on their labour supply d#&mns a government can avoid to implement a
child allowance (tax) system to internalise offsgrexternalities: it is sufficient to use a traofital

instrument in the theory of public finance, namiglg T/S (S/T) policy.

Appendix A

® The proof is available on request.
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Proof of Proposition 2.

Let =0 hold. Substituting out =77 = @nto Egs. (5) and (6) gives' =", ¢, =c,  for any

Let 5 # J hold. Combining (5) with (11) and (6) with (12)dasolving foro andn gives
a=0on), (A1)
n=nlo), (A2)

respectively. From Egs. (A1) and (A2) we ggi(d) and o (d), see Egs. (16) and (17) in the
main text.

If r<randd<d<1{r>F and0<d<J}, then 0</.(0)<w (<0) and0<o,(d)<1 (<0)

if and only if 6< <1 (5<3<3){0<I<0 (6<d<3)[0<I<J (3<5<)]} Substituting
out 77 =17x(0)>0 (<0) and 0 =0.,(3)>0 (<0) into Egs. (5) and (6) gives' =n", ¢, =¢,
for any 0<d<1 (5<d<J) and r<r {0<d<d (0<d<3) and F<r<r [0<d<3

(0<3<d)andr >r]}. QED.

Appendix B

Proof of Proposition 3.

Let r <7 and d =1 hold. Combining either (5) with (11) or (6) with?) and solving foro

gives 0 = aq(1).

15



If r=F<F, then substituting oup =0 into Egs. (5) and (6) gives =n", ¢, =c, for any
— 00 </7 <W.

If r#f,then0<0,(d)<1 (<0)ifand onlyf<r<F (r <f). Substituting outg.,(1)>0 (<0)

into Egs. (5) and (6) gives' =n", ¢, =¢, foranyf<r<F (r<f).Q.E.D.
Appendix C
Proof of Proposition 4.

Assume that the government introduces an intrargéineal T/S schemed(< g <1) in periodt to
redistribute within the working age (child bearinggneration. Then, the welfare of the current
(time-t) elderly is not affected by such a policy. Therefdhe indirect lifetime utility index of the

time-t working age generation as well as the welfare I$ewd the generations born in all

subsequent periods are exactly the sameM.e=V" . This implies that, for any given value gf,

the maximisation of/™ with respect too gives the maximum social welfare as well. Therefor

assume the government faces the following problem:
max, V' = (- o) dawlte it Aa- o) -y #00), e
whereH := g7 [j¥ tlgw)""” tfL+ r )2 tfw - }*#*, for anyn.
Differentiating Eq. (C1) with respect to gives:

oV (o) _ y1+ Bl - oawt+r)] | ©2)
0o (L-ofawl+r)a+B)i-o)+y]-yn}

* If <0 then a\g (a)<0 foranyO<o <1.
o

* If O<p<w then

16



W_@zo - O'ia'*’ (C3)
0o < >

with o=0" (see Eq. 18 in the main text) being an interiabgl maximum. Since/*(a) is a

positive (negative) monotonic function ofg for any O<o<o (0 <o<1) and

lim, ,V'(0)=-w, then there always exists a threshold vafue o” such thatv*(5)=V"(0) for

any 0<n<w. HenceV'(g)>V*(0) (V' (o)<V'(0)) forany0<o <4 (6 <o <1). Q.E.D.
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