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Abstract

In this paper, we show that any solution of the nonlinear Schrédinger equation iu: + Au +
|u|%u = 0, which blows up in finite time, satisfies a mass concentration phenomena near the
blow-up time. Our proof is essentially based on the Bourgain’s one [3], which has established this
result in the bidimensional spatial case, and on a generalization of Strichartz’s inequality, where
the bidimensional spatial case was proved by Moyua, Vargas and Vega [17]. We also generalize
to higher dimensions the results in Keraani [13] and Merle and Vega [15].

1 Introduction and main results

Let v € R\ {0} and let 0 < a < #-. It is well-known that for any ug € L?(R"), there exists a unique

maximal solution

4(a+2)

u € C((*Tmina Tmax); Lz(RN)) N Lloé\,a ((*Tmina Tmax); La+2(RN))7

of

ou
’L.7+AU+’)/’UJ&UZO, t,l' S 7TminaTmax X]RN7
i = 0, (1,0) € ) -

u(0) = ug, in RY,
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satisfying the conservation of charge, that is for any ¢t € (—Thin, Tmax), |u(t)||L2@yy = |luollL2@n)-

The solution u also satisfies the following Duhamel’s formula
t
Vit € (~Tonims o), () = T (E)up + iy / (t — s){lul*u}) (s)ds, (12)
0

where we design by (7 (t))¢cr the group of isometries (e?*2);cr generated by iA on L2(RY;C). More-

over u is maximal in the following sense. If a < % then Thax = Tin = 00, if a = % and if T < 00

then
||uHL2(NN+2) ((O,T,,,ax);L2(NN+2) ®RN)) = 00,
and if & = 3 and Ty < 00 then Hu|| 2v42) N+2) = 00 (see Cazenave and Weissler [6]
(= Tin,0)iL (RY))
and Tsutsumi [25], also Cazenave [5], Corollary 4.6.5 and Section 4.7). Now, assume that o = +.

It is well-known that if ||ug||r2 is small enough then Tiax = Tmin = 00, whereas if 4 > 0 then there
exists some ug € LZ(RN ) such that Tiax < 00 and T, < 0o. For example, it is sufficient to choose
up = A, where ¢ € HY(RY) N L?(|z|?;dx), ¢ # 0, and where A > 0 is large enough (Glassey [11],

Vlasov, Petrischev and Talanov [28], Cazenave and Weissler [6]).

In the case v > 0, when blow-up in finite time occurs, a mass concentration phenomena was observed
near the blow-up time (see Theorem 2 in Merle and Tsutsumi [14] and Theorem 6.6.7 in Cazenave [5]),
under the conditions that uy € H*(RY) is spherically symmetric, N > 2 and 7 > 0. Theorem 6.6.7 in
Cazenave [5] asserts that if Tyax < 0o for a solution u of equation (1.4) below, then for any € € (0, 1),
g inf ut, )P > QI g, (1.3)

B(0,(

t,/ Tmax mdx*t) 3¢

where (Q is the ground state, i.e. the unique positive solution of —AQ + Q = |Q|%Q (see Merle
and Tsutsumi [14], Tsutsumi [25]). The proof uses the conservation of energy and the compactness
property of radially symmetric functions lying in H'(R¥). The spherical symmetry assumption was
relaxed by Nawa [18]; see also Hmidi and Keraani [12]. Later, it was proved that for data in H*, for
some s < 1, (1.3) holds. This was proved by Colliander, Raynor, Sulem and Wright [7] for dimension

2, and extended by Tzirakis [26] to dimension 1 and by Visan and Zhang [27] to general dimension.

In Bourgain [3], a mass concentration phenomena, estimate (1.5) below, is obtained for any ug €

L?(R?), v # 0, but in spatial dimension N = 2. Consider solutions of the following critical nonlinear



Schrédinger equation,

8’11, 4
— 4+ Au+vu|Mu =0, (t,x) € (—Tmin, Tmax x RV,
- ulFu=0, (4,2) € ( ) -,

u(0) = ug, in RY,

7

where v € R\ {0} is a given parameter. Bourgain showed, in the case N = 2 (see Theorem 1
in [3]), that if u € C((—Timin, Tmax); L2(R?)) is a solution of (1.4) with initial data ug € L?(R?) which
blows-up in finite time Ty, < 00, then
lim sup sup / . lu(t, )|*dx > ¢, (1.5)
t,/Tmax c€ERN J B(¢,C(Tmax—t)2)
where the constants C' and ¢ depend continuously and only on ||ug|| 2 and |y|. The proof is based on
a refinement of Strichartz’s inequality for N = 2, due to Moyua, Vargas and Vega (see Theorem 4.2

and Lemma 4.4 in [17]).

Very recently, Keraani [13] showed for N € {1,2} that there is some §p > 0, such that, under the

same assumptions, if in addition |lug|z2 < v/28y then for any A(¢) > 0 such that A(t) RZ4ELUN 00,

liminf sup lu(t, z)|*dz > 63. (1.6)

¢t/ Tinax c€RN /B(c,,\(t)(me—t)%)
Keraani’s proof uses a linear profile decomposition that was shown in dimension N = 2 by Merle
and Vega [15] and in dimension N = 1 by Carles and Keraani [4] (see Theorem 5.4 below for the
precise statement). The proofs of the decompositions are based on the above mentioned refinement
of Strichartz’s inequality by Moyua, Vargas and Vega and another one for the case N = 1 observed
by Carles and Keraani [4]. In this paper, we generalize the refinement of Strichartz’s inequality (see
Theorem 1.4 below) in order to establish the higher dimensional versions of all these results. Our
proofs (namely, those of Theorem 1.2 and Lemma 3.3) rely on the restriction theorems for paraboloids

proved by Tao [22]. There is another minor technical point, because the Strichartz’s exponent Lj\f‘l

is not a natural number when the dimension N > 3, except N = 4. We have to deal with this little

inconvenience which did not appeared in N € {1,2}.

This paper is organized as follows. At the end of this section, we state the main results (Theorems 1.1
and 1.4) and give some notations which will be used throughout this paper. Section 2 is devoted to
the proof of the refinement of Strichartz’s inequality (Theorems 1.2-1.4). In Section 3, we establish

some preliminary results in order to prove a mass concentration result in Section 4 (Proposition 4.1).



We prove Theorem 1.1 in Section 4. Finally, Section 5 is devoted to the generalization to higher

dimensions of the results by Keraani [13] and Merle and Vega [15].

Throughout this paper, we use the following notation. For 1 < p < oo, p’ denotes the conjugate of

p defined by 1% + i = 1; L?(RY) = LP(RY;C) is the usual Lebesgue space. The Laplacian in RY

is written A = % aéfj? and % = wuy is the time derivative of the complex-valued function u. For
c € RN and R é:(107oo)7 we denote by B(c, R) = {z € RY; |z — ¢| < R} the open ball of RY of
center ¢ and radius R. We design by C the set of halfclosed cubes in RY. So 7 € C if and only
if there exist (a1,...,ay) € RY and R > 0 such that 7 = lj—vl[aj,aj + R). The length of a side of
7 € C is written £(7) = R. Given A C RY, we denote by |A| ijt:leebesgue measure. Let j, k € N with
j < k. Then we denote [j, k] = [j, k] " N. We denote by F the Fourier transform in RY defined by !
(&) = Fu(f) = /N e 2Ly (2)dx, and by F~! its inverse given by F~lu(x) = /N eHITET () dE.
C are auxiliary poﬂzitive constants and C(aq,as,...,a,) indicates that the constantRC depends only

on positive parameters aq, as, ..., a, and that the dependence is continuous.

Finally, we recall the Strichartz’s estimates (Stein—Tomas Theorem) (see Stein [20], Strichartz [21]

and Tomas [24]). Let I C R be an interval, let ty € I and let v € C. Set for any t € I, ®,(t) =
¢

i’y/ (T(t— 3){\u|%u})(s)ds Then we have

to
IT(. )UOHLWX,“) (BxEY) < Colluo|| 2wy, (1.7)
o Cullul X
u < , 1.
[l gy < Cilil B 19

where Cy = Co(N) > 0 and C; = C1(N,|y]) > 0. For more details, see Ginibre and Velo [10]
(Lemma 3.1) and Cazenave and Weissler [6] (Lemma 3.1), also Cazenave [5] (Theorem 2.3.3). The

main results of this paper are the following.

Theorem 1.1. Let v € R\ {0}, let ug € L2(RN) \ {0} and let

2(N+2) 2(N+2)
N

u € C((_Tminu Tmax)§ LQ(RN)) NnL,N ((_Tmin> Tmax); L

loc

(RY))
be the mazximal solution of (1.4) such that u(0) = ug. There exists € = £(||uol| 2, N, |7¥]) > 0 satisfying

the following property. If Tnax < 0o then

limsup sup / ) lu(t, z)2dz > e,
t,/ Tmax c€ERN JB(c,(Tmax—1t)2)

Lwith this definition of the Fourier transform, || Fu| 2 = |Ftullp2 = |jullp2, F1F = FF 1 =1d;2, Flu*v) =
FuFv and F~ N u*xv) = F~luF Lo



and if T < 00 then

limsup sup / L ut @) Pde > €
t\y—Tmin c€RN J B(c,(Tmin+t)2)

By keeping track of the constants through the proofs, it can be shown that e = C(V, |v])|uo|| 2" for
some m > 0 (this was pointed out by Colliander). Notice that no hypothesis on the attractivity on
the nonlinearity (that is on the 7’s sign), on the spatial dimension N and on the smoothness on the

initial data ug are made.

, N ,
For each j € Z, we break up R" into dyadic cubes 77 = H [km277, (km + 1)277), where k =
(ki,...,ky) € ZV with K(T,z) = 277, Define f,g(x) = fXT;Z (z). L t l<p<ooandlet 1 <q<oo We

define the spaces

p,q {f € Lloc ); Hf”Xp,q < OO} ’

where )
q
[N 2-p j
s = |25 ST AL, )
JEZ kezN
Then (Xp,q, 1 - ||x,.,) is a Banach space and the set of functions f € L>(R”") with compact support

is dense in X}, ; for the norm || . ||x, -

We prove the following improvement of Strichartz’s (Stein—Tomas’s) inequality.

Theorem 1.2. Let g = 2(N+2) and 1 < p < 2 be such that = > N—% For every function g such
that g € Xp 4 or g € Xp,q, we have
17 )l aen+1y < Cmin {|gllx, . [19]lx,., } » (1.9)

where C' = C(N,p).

Theorem 1.3. Let g > 2 and let 1 < p < 2. Then there exists y € (O, %) such that for every function
f € L3(RY), we have

I fllx,, <C

o
i N (o
sup 2740 ,f<x>|de] 1A < Cllflonys (110)
(j,k)EZXZN )

where C = C(p,q) and p = p(p,q). In particular, L*(RN) — X, ,. Moreover, L*(RN) # X, ,.

As a corollary we obtain the following improvement of Strichartz’s (Stein-Tomas’s) inequality.



Theorem 1.4. Let ¢ = 2(1\;\?2) and let p < 2 be such that i > %—ﬁ% Then, there exists p € (O, %)

such that for every function g € L*(RY), we have
123
N (o ~ _
1T ()gllLanny < C L,k)suzp 2T / j |g<£>|pdf] lgll 2ty < Cllgllzz@ny,  (111)
J;k)ELX Th

where C = C(N,p) and u = p(N,p).

Remark 1.5 (See Bourgain [3], p.262-263). By Holder’s inequality, if 1 < p < 2 then for any
(. k) € Zx ZN,

1/p 6
i N (o ~ P N ~ ~1—
[2“(2 7 /j Ig(ﬁ)l”dfl < [2’2 /j Ig(ﬁ)ldfl 151172y < 9l Bg 13172 Gy
T T

for some 0 < 6 < 1. Therefore, it follows from our Strichartz’s refinement, Theorem 1.4, that the

following holds.

VM >0, 3n > 0 such that if [[uo|[z2 < M and [[uo|pg _ <n then Tiax = Timin = 00,

2(N+2) 2(N+2)

where u is the corresponding solution of (1.4). Furthermore, u € L=~ (R; L™~ (RY)) and there
exists a scattering state in L?(R”). The same result holds if the condition ||ug|| By _ < n is replaced
by

sup Qj%(Q_”)/ Jug (2)[Pdz < 1f,
(k) EZXZN i

for a suitable 7.

Very recently, Rogers and Vargas [19] have proved, for the non—elliptic cubic Schrédinger equation
i0pu + 02 u— 02 u+ y|u[*v = 0 in dimension 2, some results analogous to Theorems 1.1, 1.2, 1.3 and

1.4.

2 Strichartz’s refinement

|2 — .
We recall that 7 (t)g = K; * g, where K;(x) = (4m't)_%ez% and that K, (&) = e~ l€1*t Using that
for any g € L2(RN), T(t)g = F~1(),j) we have,

(T (t)g)(x) = / 2im(a6-2m116) (¢ e (2.1)

RN



Let S = {(T,f) ERxRY; 7= 727r|f|2}, let do(|€]?,€) = d¢ and let f be defined on S by f(7,£) =
f(=2m[¢?,€) = g(€). Then,

(T(t)g)(x) = /f(—27r\g|275)62iﬂ<$-572ﬂt\5|2>d5

R (2.2)
- / / f(r, )BT 4o (7, €) = FL(fdo)(t, ).
S

Our main tool will be the following bilinear restriction estimate proved by Tao [22]. We adapt the

statements to our notation using the equivalence (2.2).

Theorem 2.1 (Theorem 1.1 in [22]). Let Q, Q' be cubes of sidelength 1 in RN such that
min{d(z,y); 1€ Q, ye Q'} ~ 1

and let ]?7 g functions respectively supported in Q and Q'. Then for any r > %—ﬁ and p > 2, we have

1T CITC)gllr@ny < CllFlleo@ Gl
with a constant C independent of f, g, Q and Q.
By interpolation with the trivial estimate
ITCFT (gl @veny < Clfll@ 8l @) < Cllflle@ 8r@),
for any p > 1, one obtains the following result.

Theorem 2.2 ([22]). Let Q, Q' be cubes of sidelength 1 in RN such that

min{d(z,y); r€Q, ye Q'} ~ 1

and J/c\, g functions respectively supported in Q and Q'. Then for any r > %—ﬁ and for all p such that
2  N+31
o > N1 we have

17()fTC)9llLr@n+ry < Cllflle @) 9l 2o @y
with a constant C' independent of f, g, Q and Q’.
N+2

By rescaling and taking r = ==, we obtain the following.

Corollary 2.3. Let 7, 7/ be cubes of sidelength 277 such that

min{d(z,y); €T, y 7'} ~277



and f, g functions respectively supported in T and 7'. Then for r = % and for any p such that

2 N+31
o > Nairo we have

N17C)fTC)gllor@yery < C2JN7HfHLP(]RN)Hg”LP(RN)v
with a constant C' independent of f, g, T and 7'.

We will need to use the orthogonality of functions with disjoint support. More precisely, the

following lemma, a proof of which can be found, for instance, in Tao, Vargas, Vega [23], Lemma 6.1.

Lemma 2.4. Let (Ry)kez be a collection of rectangles in frequency space and ¢ > 0, such that the
dilates (1 + c)Ry are almost disjoint (i.e. Y, X(1+c)r, < C), and suppose that (fi)rez is a collection
of functions whose Fourier transforms are supported on Ry. Then for all 1 < p < 0o, we have

I fillzo@y) < C(N,0) ( > ||fk||’z’;(RN)> :

kEZ kEZ

where p* = min(p, p’).

Proof of Theorem 1.2. We set r = 2 = Y32 We first consider the case where § € X, ;. We can
assume that the support of g is contained in the unit square. The general result follows by scaling
and density. For each j € Z, we decompose RY into dyadic cubes Tg of sidelength 277. Given a dyadic
cube T,g we will say that it is the “parent” of the 2V dyadic cubes of sidelength 277~ contained in
it. We write le ~ Tg, if le, T]z, are not adjacent but have adjacent parents. For each j > 0, write
g =gl where gl(¢) = /g\XT,i (¢). Denote by T the diagonal of RY x RN ' = {(z,2); x € RN}. We
have the following decomposition (of Whitney type) of RY x RN \ T' (see Figure 1),

RY x RM\T = J U X Tl

J kk/,'r ~7‘k,

Thus,

T(09(a) T(tg(o) = [ [ eleesmietlgie)cinenseiol) g dgan
RN RN
2271' :v§ 2mt|€| ) (g) 2z7r(93.77727rt|n|2)/\( )dfd
Xy [ ] an)dsa

Z J
>

/. NT]

Tl
k! TkXT

T(1)g, T(t)gl,
k)/;T]‘Z;NTI;/



]
‘ +.|
—H

] -4 -2 o 2 4 []

Figure 1: RY x RV
(see also Tao, Vargas and Vega [23]). Thus,

7. )9||2L2T(RN+1) =17(.)gZ(. )g”LT(RN“) = | Z Z 7(. )giT( . )gi/”LT(RNH)-
i kK

Jod
el

For each k = (ki,ka,...,kn), the support of the (N + 1)-dimensional Fourier transform of 7( . )gi
is contained in the set 7/ = {(—27|¢|?,€); € € 1{}. Hence the support of the Fourier transform of
T(.)ghT(.)gl, is contained in 7 + 7, = {(=2m(|¢[> + |[¢'[*),£ + &); & € 7, € € 7/} Using the
identity [¢]?+[¢'|* = FE+E'?+ 1[€ — &'|* we see that 7 +7], is contained in the set H; ; = {(a,b) €

RY xR: |a—279Hk| < C279, 272 < —|a|? — £ <3N27%}. Note that,

ZZ > xu,. <C(N).

B ki,
Hence, the functions 7 ( . )giT( . )gi, are almost orthogonal in L2(RN*1). A similar orthogonality
condition was the key in the proof of the L*-boundedness of the Bochner-Riesz multipliers given
by Cérdoba [8], see also Tao, Vargas and Vega [23], and implicitly appears in Bourgain [2], Moyua,
Vargas and Vega [16, 17]. But we need something more, since we are not working in L? and we want
to apply Lemma 2.4. For M = 2[ln(N +1)], we decompose each 7']’-C into dyadic subcubes of sidelength
277=M _Consequently, we have a corresponding decomposition of T]z X T,Z/ and of RY x R¥, as follows :

set D the family of multi-indices (m,m’,¢) € ZN x ZN x Z, so that, there exists some T]fiM and T,fTM



with 78, C i M, 78, c M and 7M™ ~ 77M (j = £ — M). Then,

RY x RMN\T = Jf, x 7f0
D

Hence,

1T (gl Fer@sry = 1T 9T (Dgllor@nery = 1D T()gnT (g ll @y
D

Notice that if (m,m’,¢) € D, then the distance between 75, and 7%, is bigger than 2=¢*M > N2-¢

and smaller than vN27*M_ We claim that there are rectangles Ry, /¢, and ¢ = ¢(N), so that

~0

7t x 7L, C Ry o and > b X(140)R,, ., , < C(N). We postpone the proof of this claim to the end of

m,m/’,

the proof. Assuming that it holds, and by Lemma 2.4, since r < 2, we have

<1

| ZT gm HLT(]RNH)

Z 7. )gfnT( . )gfn,'”E’"(]RNJrl)
D

Now use Corollary 2.3 to estimate

D ITC) 9T ()G ET(RN+1)‘|
D

1

C(N,p) ZZ Z 2£NT7||gfn||LP(RN)Hgm 172 )

m m/;(m,m’ £)ED
Now, for each (m,¢) there are at most 4V2M~ indices m’ such that (m,m’,¢) € D. Hence,

T

222 2N G % s 18 5

m m’;(m,m’ ,£)ED

Z Z 2N G 12 oy

We still have to justify the claim. Assume, for the sake of simplicity that

mtoxrt, c {(x1,20,...,x5) € RY; Vi€ [1,N], z; > 0}.

Then 7, x 7¢, is contained on a set Hy,me = {(a,b) € RN xR; a = (m+m/ )27 +v, v =
(v1,v2, - ,oN), 0 < v < 27601 272F2M g2 — b < 3N2-2+2MY  Consider the paraboloid
defined by —|a|? — & = 272¢F2M_ Take II,, ;¢ to be the tangent hyperplane to this paraboloid at
the point of coordinates (ag,bp), with ag = (m + m’)27¢, by = —nlag|? — 272T2M (and passing
through that point). Consider also the point (ay,b;) with a; = ag + (271,271 ... 27%F1) and

by = —7lai|? — 3N272¢F2M  Then, the rectangle Ry, .,/ ¢ is defined as the only rectangle having a

10



Figure 2: Hyy 0 C R

face contained in that hyperplane and the points (ag, by), and (a1,b1) as opposite vertices. Due to the
convexity of paraboloids, it follows that Hy, p ¢ C Ryme ¢ (see Figure 2). Moreover, one can also see
that, for small ¢ = ¢(N), (1 + ¢)Rmm e C {(a,b); a = (m+m')27¢ +v, v = (v1,va,...,0n), |v;] <

C(N)2=41, C/(N)272#H2M < —[af?> — L < C"(N)272+2M} Therefore, we have Y p X(140)R,, .., <

NA
C(N). Hence (1.9) in the case § € X,,. Now, assume g € X,,. By density, it is sufficient to
prove (1.9) for g € L?(RY). By a straightforward calculation and the above result, we obtain that
||T( . )g||Lq(RN+1) = ||T( . ) (f*lg) ||Lq(]RN+1) < C(N,p)HgHX%q. Hence (1.9). O

Proof of Theorem 1.3. Notice first, that the second inequality follows from Holder’s. By homo-
geneity, we can assume that || f|| ,2(gvy = 1. Then, it suffices to show that for any function f € L2(RN)

such that || f|| 2@~y = 1,

«

PO (/ pr> < C(p,q) [sup 27577 </_|f|”> :
ik Th gk ot

where a = pupg and where p has to be determined. Take v and ( such that % <f<1,8>%and

RS TS)

a+ g8 = q. Then,

[

q B
2 r
DR VRS IR 3 VAT I e L
k i k i a g

J J

1S

We set == = % € (O7 %) . Hence, it is enough to show

Pq
z
Syt ([ ) <cua
k Tk

J

11



We split the sum,

BQ
IpIEE R (/ |f|p> p
j k Th

B3
<Oy Yy (/ |f|”>
XJ:; Tin{If1>29N/2}
B3
2p
ZZ < min{|f|<2iN/?}

where C' = C(p, q). We study the first term. Set for each j € Z, f/ = IX{1f1>29n/23- Then,

s3
A=y (e [ )
ik ut
Since B¢ > 2, we also have ﬁ% > 1. Then,

5 o

A< ZZQJ > (2— p)/j Vall - Zgy‘%@—p)/ﬂwqu
Tk

< P 97 % (2-p)
[ ¥

{5 |1 f|>290/2}

Since 2 — p > 0, we can sum the series and obtain

pe pe
aso([ ) <o ([ e) <
RN RN
by our assumption that || f||zz = 1. We now estimate B. Set for any j € Z, f; = fx{|fj<2i~/2}- Then,
hy
5=y Yot [ i)
ik i

We use Hélder’s inequality with exponents % and 55 qp We obtain,

B 332 [ 1 |TJ|‘%q”)
J
/3q TJ ﬁ
- Sy | g ()
J
= S [ g Soaason [ e
I 7 7 RN
< Bq 9iN(1-8%)
RIS

{35 1f1<29N/2}

12



Since 1 — 34 < 0, we sum the series to obtain

B< c/ |£199) 11280 < c/ 2 <C,
RN RN

since || f|z2z = 1.

We give an example to show that L?(RY) # X, ;. Let

1
)= ———X(n 1
I |x|%|ln|x|I%X(O>§)N
Then for any 1 < p <2 and any ¢ > 2, f € X,,, but f ¢ L*(RY). O

3 Preliminary results

In this and next section, we follow Bourgain’s arguments ([3]). We have to modify them in the proof

of Lemma 3.3, because the Strichartz’s exponent is not, in general, a natural number.

Lemma 3.1. Let f € L2(RY)\ {0}. Then for any ¢ > 0, such that ||T(')fHL2(1\17V+2) (B > e, there
X
exist No € N with No < C(||fllrz, N,e), (An)1<n<n, C (0,00) and (f)i1<n<n, C L2(RY) satisfying

the following properties.

1. Vn € [1,No], supp fn C T, where 7, € C with l(r,) < C||chLQ(lRN)E_”Am and where the

constants C, ¢ and v are positive and depend only on N.

— _N
2. ¥n € [1,No], |fn] < An 2.

No
3NN = STl sonss
n=1

(RXRN)

2 & 2 = 2
b By = 2 By + 1 = 2 Fallaeny
The proof relies on the following lemma.

Lemma 3.2. Let g € L*(RY) and let ¢ > 0 be such that |7 (. )QHL2(N+2) ® > €. Then there exist
N X

RN)
h € L2(RY) and A > 0 satisfying the following properties.

1. suppiz\ C 7, where T € C with {(1) < C’||g||22(RN)e_”A7 and where the constants C, ¢ and v

depend only on N.

N
2

2. \E| <A™2 and Hh||2L2(RN) > C||g||;§(RN)sb, where the constants C, a and b depend only on N.
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”g h||L2(RN HgHLZ(RN ||hHL2(RN

Proof. We distinguish 3 cases.

Case 1. supp g C [~1,1]". Then the function h will also satisfy supph C 7 C [-1, 1]V

Let € > 0 and let g be as in Lemma 3.2 such that supp g C [—1, 1]V, It follows from Theorem 1.4 that

m
e<||7T(. g su Qj%@_p)/ q(&)|Pd .
ITC ol 2o o < Clalliatiy Lmeé’m [ oera

So there exist j € Z and T € C, with 7 C [~1,1]" and ¢(7) = 277, such that

/ FE)Pde > Cllglgh o) ki ¥ ), (3.1)

1

Let M = ((CH H’Z(ZZZRZ%) 1 ) w9—i%(2-p)- 1) P2 , where C is the constant in (3.1). Then by Plancherel’s

Theorem,

gora=ar= [ gepaerae < e [GrigEe = a2y, (32

{lg|=M} {lgl=M}

It follows from (3.1)—(3.2) that

[ wora=[aore- [ @orde

rO{lgl<M} " ~O{1g1>M)
1 —iN(2_ —
> (CllgllEainy ) 72797 7P — MP=2|g|[3,

-
>CE#2 iz (2-p) ||g||L2(RN)

By Holder’s inequality and the above estimate, we get

(NS}

- . 2-p
cehratenlgL il < [ ogores<| [ mepe|
T{lgl<M} m{lgl<M}
Since || = 277V we then obtain,
) 20 —up)
GOPde > Cllant <. (33)
0{lgl<M}

Let h € L?(RY) be such that h= IXrn{lgl<m} and let A = M~%. Then Supp/h\, c 7 C[-1,1" with

2p(2—p)+2

1) =277 =Clg ||L§’£$v)”) e~ %iz=» A. So we have 1, and 2 follows from (3.3). Since & and § — h

14



have disjoint supports, 3 follows.

Case 2. supp g C [-M, M]" for some M > 0. Then h will also satisfy suppﬁ Cr1C[-M,MN.

Let ¢ > 0 and let g be as in the Lemma 3.2 such that suppg C [~M, M]"N for some M > 0. Let
g € L2(RYN) be such that §'(¢) = M2 g(M¢). Then suppg’ C [-1,1]Y and so we may apply the
Case 1 to g’. Thus there exist b’ € L2(RY), 7/ € C and A’ > 0 satisfying 1-3. We define h € L*(RY)
by h(¢) = M~% N’ (%) - Then ||gllr2ey) = [|¢'lL2@y) and [|hllL2@y) = [|B/[|r2®~). In particular,
second part of 2 holds for g and h. Setting 7 = M7, it follows that supp/l{ Ccr1C[-M,M" and
(r) = ML(7') < Clgl

qLQ(RN)s”MA’. So h satisfies 1 with A = MA’. Finally, [h| < M~ 2 A'~% =

A~%, which implies 2. Finally, 3 follows from the similar identity for g’ and A'.
Case 3. General case.
Let € > 0 and let g be as in the Lemma 3.2. For M > 0, we define up; € L*(RN) by uas = gx(—a,an~ -

It follows from Strichartz’s estimate (1.7) and Plancherel’s Theorem that

— ~ M —oco
17(.)(uar —Q)HLW < Clluar = gllL2@yy = Clluar — gllp2@yy —— 0.

(RXRN)
Then there exists My > 0 such that

S
T(. > —.
H ( )UMOHL?(I\J’VJrZ) (RxRN) = 2

Setting go = ua,, we apply the Case 2 to go, obtaining h. Since ||gol| L2r~) < ||lg]|L2®~), Properties 1
and 2 are clear for g and h. Also, Property 3 holds for g and h, again because the disjointness of

supports. This achieves the proof of the lemma. O

Proof of Lemma 3.1. Let f € L*(RY)\ {0} and let € > 0 be such that

T(. >
ITCIFN 2yem ey 2 €

We apply Lemma 3.2 to f. Let h € L2(RY), 7€C, A>0,a=a(N)>0,b=>b(N)>0,c=c(N)>0

and v = v(N) > 0 be given by Lemma 3.2. We set f; = h, 7 = 7 and 4; = A. By Lemma 3.2, we
have

U(r1) < C|| 72677 Ax, (3.4)

1f = fillZe = 1022 = W fallZes IF = fullgs = WFlL8 and [ All7 = CllfllZEE" (3.5)

Now, we may assume that

”T( . )f B T( ’ )f1||LW(R><RN) 2 &

15



otherwise we set Ny = 1 and the proof is finished. So we may apply Lemma 3.2 to g = f — f1. Let
h € L3(RM), let 7 € C and let A > 0 be given by Lemma 3.2. We set fo = h, 75 = 7 and Ay = A. By

Lemma 3.2 and (3.5), we have

Ur) < CO|f = fillz67" Az < O fl[7267" Az, (3.6)
If = (o + flZ2 = If = fillze = 12022 = I1F172 = (1f2llZ2 + [ f2l1Z2), (3.7)
I£20122 > CIIf = fullzze® = CllflIge". (3.8)

We repeat the process as long as

k—1
17(.)f - ZlT( : )fjHLW(RxRN) > e,
i=
k—1
applying Lemma 3.2 to g = f — Z fj- Then, by (3.4)—(3.8), we obtain functions fi,..., f, satisfying
j=1
Properties 1 and 2 of Lemma 3.1 and
k k
1F =D Fillte = 1122 = D 15022, (3.9)
j=1 j=1
IFellZ= > CllflIZE (3.10)

for any k € [1,n], for some n > 2. From Strichartz’s estimate (1.7) and (3.9)—(3.10), we obtain

n

ITCf =Y TSI s

j=1

(RxRN)
<OIf =D fillze < CUIFIZ2 = Onllfll5e") = —oo.
j=1
So the process stops for some n < C(||f||z2, N,¢). We set Ng = n and the proof is achieved. .

Lemma 3.3. Let g € L>(RN), let 7 € C, let A > 0 and let Cy > 0 be such that suppg C T,
(1) < CoA and [g| < A%, Let &o be the center of T. Then for any ¢ > 0, there exist Ny € N with

Ny < C(N, 0075) and (Qn)lgngNl C R xRN with
Qn={(t.z) eRxRY; t €I, and (z — 4nt&y) € Cp }, (3.11)
1 1
where I, C R is an interval with |I,| = yel and C,, € C with £(C,) = 1 such that

( / |<T<t>>g<x>|""’fv*”dtdx>”v*”<a

Ny
n=1
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Notice that the functions f, obtained in Lemma 3.1 satisfy the hypothesis of Lemma 3.3.

Proof of Lemma 3.3. We define g’ € L2(RY) by ¢/(¢/) = AT §(& + AE'). Then ||¢|lz2 = llglz2,

|g’| <1 and supp ¢’ C [-% @]N. It follows from (2.1) applied to g’ that

20 2
(T A —ame)] = | [ e g
(-%. )"
:A% / 621'71'(A(z—47rt§0).§—277‘42t\§\2)/g\(go+A§)d£
(-%.9)"
= A5 (T (t)g)(@)],

where the last identity follows from the change of variables ¢ = &y + AE. Setting

t' = A%t (3.12)
' = Az — 4rt&y), .

we then have
(T (t)g)(x)| = A= |(T(t')g")(2)]- (3.13)

By (2.1),

~

(T(0)g) ()] = \ [ gty (3.14)

By (2.2) (with ¢’ in the place of g) and Corollary 1.2 of Tao [22], we obtain

1700 znqaxary < OOV I oy = NI ey (3.15)

Lo
’ 2

for any q > ig{,vjl?’)) and any p > 1 such that ¢ = %p’. Let p’ = p/(N) € (1,2) be such that
2(N+3) N+2, 2(N+2)
< p < .
(N+1) N N
N 42 2(N +2
Thus ¢ = ¢(N) = ; p < ( N+ ) and it follows from (3.15) that and Holder’s inequality that
1
~ Co O\ |7 ~
T(.)d ||La < C(N)||g" < C(N -, = ’ ,
70 oy < CONGT e copy <O (= 2 L) [ 1oy

so that

17(.)g || Larxryy < C(Co, N).
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This estimate implies that for any A > 0,

2(N+2)

1 7(t')g' («")] dt'dz’
{IT(.)g’I< }
= / |’T(t/)g/(x/)|(W—q)+th/d$/ < C(CO,N))\%*?
{I7T(.)g’I< }

So there exists A\g = A\g(V, Cp, €) € (0,1) small enough such that

2042 2(N+2)

|T(t)g (2" dt'ds’ <e 7 | (3.16)

{IT(.)g’|<2X0}
Since supp ¢’ C [-%, & N and 19’ lL> < 1, it follows from formula (2.1) that for any (¢/,2") € RxRY

and any (¢,2") € R x RV,
IT(t)g'(2') = T(t")g' (@) < C(F' = t"] + |2’ — "),

where C' = C(Cp, N) > 1. So for such a constant, if (#',2') € {|7(.)g'| = 2N} and if (t",2") €

R x RN is such that |’ — "] < 2& < L and |2/ — 2| <

5 < 3 20 < L then |T(t")g(z")| > Ao, that is

2C
", 2"y € {|T(.)d'| = Mo} So there exist a set R and a family (PT)TeR = (Jry Kp)rer C R x RV,
where J,. C R is a closed interval of center ¢’ € R with |J,.| = >‘° and K, € C of center 2’ € RY with

U(K,) = 2% and (¢',2') € {|T(.)g'| > 2o}, such that

Y(r,s) € R x R with r # s, Int(P,) N Int(Ps) = 0, (3.17)
{17()g1 =20} | P c{IT()d'| = Ao}, (3.18)
reR

where Int(P,) denotes the interior of the set P.. We set N1 = #R. It follows from (3.17)-(3.18) and

Strichartz’s estimate (1.7) that,

)\0 N+1
M(Z) = U R <TG = ol
TER
_2(N+2) N+2) _2(N+2) 2(N+2)
<>‘0 N ”T( )g ” 2<N+2) gC/\o N ”g”LzN )
(RXRN)

from which we deduce that Ny < oo and Ny < C(||g||z2, N, Co,€). Actually, since our hypothesis
implies that [|g]|z2 < C’év/Q, we can write also Ny < C(N, Cy,¢€). For any n € [1,Nq], let (¢,,z,)

be the center of P,, let I,, C R be the interval of center A2 with |I,| = ﬁ, let I, = A%I,, let

C,, € C of center %xn with £(Cp) = i, let C) = AC, and let Q, be defined by (3.11). Then

18



U P, C U (I, x C), which yields with (3.16) and (3.18),

n=1 n=1
/ T(#)g () 2 dt'da’ < 252 (3.19)
Ny
RN\ U (17, xC7)
n=1
By (3.13),
/ |T(t)g(m)|2(lj\’+2> dtde — ANT2 / |T(tl)g/<$l)|2(NN+2)dtdx
Ny N1
RN+1\ L:J1Qn RN+1\ L:,l1 Qn

But (t,z) € Q, < (t',2') € I, x C},, and so we deduce from the above estimate and (3.12) that

/ 1T (t)g(x)| 7 dtdz = / 1T () g(a))| 7 dt' da’ . (3.20)
Ny Ny
RNHTI\ U Qn RN\ U (I, xC7)
Putting together (3.19) and (3.20), we obtain the desired result. O

4 Mass concentration

Proposition 4.1. Let v € R\ {0}, let ug € L2(RY)\ {0} and let

2(N+2) 2(N+2)
N

u € C((*Tmina Crmax); LQ(RN)) N L N ((*Tminv Tmax); L

loc

(RY))

be the mazimal solution of (1.4) such that w(0) = ug. Then there exists no = no(N,|y|) > 0 satisfying

the following properties. Let (To,T1) C (—Tmin, Tmax) be an interval and let

- 2 2 . 4.1
m =Ml 2o ey (4-1)

If n € (0,m0] then there exist to € (Tp, T1) and ¢ € RN such that
llu(to)llL2(B(e,r)) = €, (4.2)

where R = min { (T} —t0)2, (to —TO)%} and € = &(||uo|| 2, N, n) > 0.

Proof. Let v, ug, u and (Tp, T1) be as in the Proposition 4.1. Let n > 0 be as in (4.1). By (1.2), we

have
t

Vt € (—Tin, Tmax), w(t) =T (t — To)u(Tp) + iv/T (T(t— s){|u|%u})(s)ds (4.3)
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Setting for any ¢t € (—Tiin, Tmax); Pult) = @y f;o (T(t — s){|u|~¥u})(s)ds and applying Strichartz’s
estimate (1.8), we get with (4.1)

([Pl Jull % =Ci' v (4.4)
e N
u L2<%+2>((TO)T1)XRN) Cillu 2(N+2) (To.T1) xRN) 17 ) .

where Cy = C1(N, |y]) > 1. For every a,b > 0, (a+b)* < C(a)(a*+b*), where C(a) =1if0 < a <1
and C(a) = 2°7! if a > 1. Let C; be such a constant for o = . We choose 19 = 1o(N, |7]) > 0 small

enough to have

6

Assume that 7 < ng. We proceed in 3 steps.

Step 1. We show that, there exist fo € L2(RY), A > 0 and 7 € C of center & € RY satisfying
supp fo C T, 1) < C(J|luoll L2, N,n)A and |fo| < A=, and there exist an interval I C R and K € C,

1
with |I| = — and ((K) = —, such that for @ C R x R" defined by

1
A}
Q={(t,x) eRxR"; t € and (z — 4rt&) € K},

we have
9 4 2(N+2)
lu(t, z)|"|T (¢ = To) fo(@)| ¥ dtde = Cn~ v, (4.6)
((To, T1) XRN)NQ
where C' = C(||uo||r2, N, 7).
To prove this claim, we apply Lemma 3.1 to f = u(Tp) with g9 = nN# (4.1), (4.3),
(4.4), (4.5) and time translation, we have that
T ()u(T 2(N+2 T Tt 2 =>n/2 >
IO, g, = ITC =TT oy > 0/23 20
It follows from Hélder’s inequality (with p = 22 and p/ = &32), (4.3)-(4.4) and Lemma 3.1 that
T No ~
/ u(t, o —SOT( - To)fule)| dtda
Ty RN n=1
4
< ul? T(-—To)foull™
Il s Z Dol
4
~

N+4
1||UH 20D

No
217 Hu(T) =Y T(.
<| (DT) = 3Tl 20552 gy + R

N44 A6 2(N+2) 1 2(N+2)
~

4
<SOMPleo+n 8 ¥ < (200)%0d"n & < =)
2C,
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The above estimate and (4.1) yield

2(N+2) / |utx < ZTt—TO fn )-FZTt—To fn( ) dtdx
Ty RN
<o | g™ / [ 1utt.) |2 T(t - T)fulw)| dtde ||
Ty RN
which gives
~
1 2w+2
/ lu(t, x) T(t—To)fn(x) dtde > —n ~ . (4.7
2C

By Lemma 3.1 and conservation of charge, No < C(|luo||r2, N, n). It follows from (4.7) that there

exists ng € [1, Np] such that

T
' 9 4 2(N+2)
[ty D) 1T (¢ = To) oy (2)[* dtdz > Op* 52, (48)
Ty RN
where C' = C(||luo||p2, N,n). Set A = Ay, T = 7y, and Cp = C(N)||uo||z(;v)€au(N), where we have

used the notations of Lemma 3.1. Let & € RY be the center of 7,,,. We apply Lemma 3.3 to g = fn,
N
and g1 = (%) * 7, where C is the constant in (4.8). It follows from Hdlder’s inequality (with p = M

and p’ = ¥£2) (4.1) and Lemma 3.3 that

// Jult, @) ? [T (t — To) fuo (2)| ¥ dtda

Ny
((To,T1) xRN )\ L:J1 Qn

u T(.)f ¥
” ” 2(N+2) ((To,T1) % RN)H ( ) no” 2(N+2) (RN+1\ U o)
< 77251% _ gnuNNﬁ)

The above estimate with (4.8) yield

5 4 2(N+2)
[ty D) 1T (¢ = To) oy ()| ¥ dtdz > Op* 52, (49)
Ny
((To,T1) xRN)N( L:J1 Qn)
where C = C(||uo||z2, N,n). By Lemma 3.3, Ny < C(JJugl|z2, N,n). With (4.9), this implies that there

exists ny € [1, V1] such that

2(N+2)

[u(t, 2) 2 [T (t = Tp) fo (0)| ¥ dtdes > O™ %, (4.10)

((To,T1) XRN)NQun
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where C' = C(||uo||2, N, n). Hence we obtain the Step 1 claim with fo = fn,, [ = I,, K = C,,, and

Q = in'
1
A

N
2

Step 2. We show that < C(Ty — Ty)z and sup ||T(t — To) follpe vy < CA=, where C =
teR

Clluoll2, N, n)-
By (2.1) and Step 1, |7 (t — Tp) fo| < / |fo(f)|d£ <AZ / 1d¢ < CA | which yields second part of

Step 2. Using this estimate, Step 1 and conservation of charge, we deduce

2(N+2)

e < [ ) PTG ) o) dade

((To, T1)xRN)NQ

T
<ca / / lu(t, 2)[2dadat < C A2 / / lu(t, 2) [2dadt

((To,T1)xRN)NQ To RN
< CA%||uo||Z2 (T — To).

Hence we obtain the Step 2 claim.

Step 3. Conclusion.

2(N+2)

Let K € C, I and Q be as in Step 1, and let n# = Cn~ ~ , where C' is the constant of (4.10). Let

K(t) = K 4 47t&p and let k > 0 be small enough to be chosen later. It follows from Step 1, Step 2
and Holder’s inequality (with p = % and p’ = #), that

< / / fu(t, )2 [T (¢ — To) fol)| ¥ dadt

((To, T1)xRN)NQ

<|T(-— To)fOHL%oc / (/K(t) |u(t,:c)2d:1:> dt

IN(Ty,Th)

<ca / (/ |u(t,x)|2dx>dt
K(t)

Iﬁ(To,Tl)

< oA / ( / |u(t,x)2dx> dt
K(t)

In(Tort 55T~ 5)

2

N+2
Al s / [ var)a
LT ((To, T1)xRY) \ JIn[(To, To+ 5% )u(Ti— 2% 11 )] \/K(t)

A2

P N

1 N+2
(%)

/
< CA2|I| sup / lu(t, z)[2dz + C A2~ (%) N
teIn(To+5% Ty 24 ) 7 K (1) A

<C sup / |u(t,gc)|2alﬂlc—|—C’f{1\fi+217/7
0

tem(To+;;—’5,T17:—’g
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where C' = C(||luo||r2, N,n). For such a C, let £ > 0 be small enough to have Cr™7 < 1. Then

= k(|luo|l2, N,n) and

2(N+2)

swp [t Pde > o
) K@)

teln(To+ % 11— 5%

where C' = C(||uo||2, N,n). So there exists to € I N (Tp + 5%, Tt — %) such that

2(N42)

/ lu(to, z)[*dz > Cn~~ (4.11)
K (to)

where C = C(||u0||Lz N,n). Since f( (to)) = % then K (to) is contained in a ball of radius \/—f

Furthermore, Ty + <tg<Ti— which yields

A2 A2 ’

1
4 < Cmin{(Ty — t0)?, (to — To)? }, (4.12)
where C = C(||lug||L2, N,n). Using this and Step 2, it follows that K(¢;) can be covered by a finite
number (which depends only on ||ug|| 2, N and 7) of balls of radius R = min {(Tl —t0)2, (to — TO)%} .

Then, by (4.11), there is some ¢ € R such that

/ lu(to, z)|*dx > e(||uo|| 2, N, 7). (4.13)
B(c,R)
This concludes the proof. O

Proof of Theorem 1.1. Let v, ug and u be as in Theorem 1.1. Let 19 = no(N,|y]) > 0 be given
by Proposition 4.1. We apply Proposition 4.1 with n = ng. Let ¢ = ¢(||uo||r2, N, |y]) > 0 be given

by Proposition 4.1. Assume that Tyax < 00. Then ||u|| 2v+2) 2(N+2) = 0o and so there
L N ((OvaBX);L (RN))

exist

0:T1<T2<"'<Tn<Tn+1<"'<Tmax

such that

v 6 N p— .
n , IIUHLz(ngH)((TanH)XRN) 7o

It follows from Proposition 4.1 that for each n € N, there exist ¢, € RN, R,, > 0 and t,, € (T),, Tjr11)

such that

Ry, < min{(Toax — tn) 2, (Tmin + 62)2} and  [[u(t,)||22(B(e, 1)) = €

for every n € N. The case Tyin < oo follows in the same way. Hence we have proved the result. [
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5 Further Results

As a corollary of the previous results, we can generalize to higher dimensions the 2—dimensional results
proved by Merle and Vega [15] and the results proved by Keraani in [13] dimensions 1 and 2. We

state here the most interesting of them. We need first some notation.

Definition 5.1. Let v € R\ {0}. We define §y as the supremum of § such that if

||’LLO||L2 < 5,

2(N+2) 2(N+2)
N

then (1.4) has a global solution u € C(R; L2(RY)) N L (R; L=~ (RM)).

We can prove the following

Theorem 5.2. Let v € R\ {0}, let ug € L*(RN) \ {0}, such that |Jugl|p2&~) < V280, and let

2(N+2) 2(N+42)
N

(S C((_Tminaﬂnax);L2(RN)) mL N ((_Tminmiax);L

loc

(RY))

be the mazimal solution of (1.4) such that u(0) = ug. Assume that Tyax < 00, and let A\(t) > 0, such

that \(t) — 00 as t — Tyax. Then there erists x(t) € RN such that,

lim inf lu(t, z)|*dx > 3.

£/ Tmax /B<m<t>,x<t><met>%>
If Trpin < 00 and A(t) — 00 as t — —Tyin then there exists x(t) € RN such that,

lim inf u(t, 2))Pde = 63,

N Tmin S B((8).A(8) (Tanin 1) 2)

The main ingredient in the proof of that theorem is a profile decomposition of the solutions of
the free Schrodinger equation. This decomposition was shown in the case N = 2 by Merle and
Vega [15] (see also Theorem 1.4 in [4]) and by Carles and Keraani [4] when N = 1. We generalize it to
higher dimensions thanks to the improved Strichartz estimate, Theorem 1.4. To describe it we need

a definition. We follow the notation of Carles and Keraani [4].

Definition 5.3. If TV = (p, ) &) 20 ),en, j = 1,2, ... is a family of sequences in (0,00) x R x RY x

RY, we say that it is an orthogonal family if for all j # k,

. & ) A , . o oo
t) —t x) —x €I — ¢t
lim sup ﬁ;+p—’?+|" i nl S o e A n&h ‘ nén — o
nooo \Pu pn (pn)? pn pn

Now, we can state the theorem about the linear profiles.
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Theorem 5.4. Let (uy,)nen be a bounded sequence in L?(RN). Then, there exists a subsequence (that
we name (uy) for the sake of simplicity) that satisfies the following: there exists a family (¢7)jen
of functions in L*(RYN) and a family of pairwise orthogonal sequences T9 = (pJ ) &1 2 )pen, 7 =

1,2,... such that
4

T(tun(e) =) HA($)(t2) + wy (¢, ),

j=1
where
& - 1 - —ad
Hi(6) () = (1) (e“')m—tm o )N/2¢>( - )) (@),
with
llﬂsotiprnH 202 ey —0 as {— oo

Moreover, for every £ > 1

¢
[un |72 @y = Z 1671172 vy + ”wa(O)HZLQ(RN) +o(1),

j=1

as n — OoQ.

A similar result has been proved for wave equations by Bahouri and Gérard [1]. To prove The-
orem 5.4 one can follow Carles and Keraani (proof of Theorem 1.4) in [4]. It is observed in that
paper (Remark 3.5) that the result follows from the refined Strichartz’s estimate, our Theorem 1.4,

2(N+2) .
%maneven

once we overcome a technical issue, due to the fact that the Strichartz exponent
natural number when N € {1,2} (which covers the cases that the previous authors considered) but
not in higher dimensions (except N = 4). Thus, to complete the proof we only need the following

orthogonality result.

Lemma 5.5. For any M > 1

2( N+2)

M oL 2(N+2) M
| ZH%(QSJ)” 2va+2) Z ||HJ o)l 2(N+2) +o(l) as n-— oo.
.7 LN RN+1 =1 (RN+1)

Proof. The proof if based on a well-known orthogonality property (see Gérard [9] and (3.47) in Merle
and Vega [15]): if we have two orthogonal families I'' and T'?, and two functions in L2(R"), ¢! and
@2, then

[ H (61) H (6%)], =o(l) as n-— oo (5-1)
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)
N norm as a

2(N+2) .
% is a natural number, so we can decompose the L

When N =1or N = 2,
product and, using (5.1), we obtain directly the lemma. In the higher dimensional case, write
HZ 3l W)—/E (P H)

- / > S O S H1
iZ/|HJ ¢JHZHZ¢£ 2 ZZ/|HJ dﬂHquk ||ZHZ¢£
J k#j

4

N

4

N

N

A+ B.
We estimate B using Holder’s inequality with exponents & +2 and ¥7
. L4
/ 0L 3 Hi
i
N

(RN+1)” Z L k2

<[1H (&) Hy (%),
Then, we use the orthogonality (5.1) and obtain B = o(1)

About A, when N > 4 then % < 1 and therefore

<Y [ @it
—Z/\Hﬂ DREHCILES S Sy I AT EEACSIES

Jj A5
The first term of the sum is
L 2(N+2)
> IIH%(W)IILQ?NNH) :
The second one is
SO [ A HO
Jt#£d
M and & 2’2 and bound the last sum by

We apply Holder’s with exponents
DD IHA () ||| X || T, (¢J)HZ(¢Z)I| N2
J g
which is o(1) by (5.1). This finishes the proof of the Lemma for N > 4.
> 1, which complicates a bit the argument. We write

When N = 3, then + = 3 . whi
A=Y [ S S e < ZZZ/mJ REACHIE OIS
J ¢ m
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Using a similar argument as in the previous case, we show that the above integrals are o(1) except in

the case j = ¢ = m. This ends the proof of the lemma for N = 3. O

Proof of Theorem 5.2. To prove Theorem 5.2, one can follow the arguments given by Keraani
in [13]. Again one has to deal with the fact that % is not in general a natural number. Apart
from Lemma 5.5, we just need an elementary inequality (see (1.10) in Gérard [9]) for the function

F(z) = |z|~z
¢

|E(

Ul =S FUH <Y U Ut

j=1 j k#j

Then, the arguments given by Keraani generalize to higher dimensions without difficulty, and prove

Theorem 5.2. ]

Remark 5.6. As said in the beginning of this section, we generalize all the results of Keraani [13] to

higher dimension N. In particular, we display two of them.

1. There exists an initial data ug € L2(RY) with |Jug||zz = &9, for which the solution u of (1.4)

blows-up in finite time Ty ax.

2. Let u be a blow-up solution of (1.4) at finite time Ti,ax with initial data wug, such that |Jug||z2 <
V26¢. Let (tn)nen be any time sequence such that ¢, 2, Tax. Then there exists a sub-
sequence of (t,)nen (still denoted by (t,)nen), which satisfies the following properties. There
exist 1 € L2(RY) with ||¢||z2 > o, and a sequence (pn,&n, Tn)nen € (0,00) x RY x RY such
that

lim ——1 < 4,

n—oo Tmax - tn
for some A > 0, and

¥ 2 (N
as n — 00.
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