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Résumé

Dans ce papier, nous proposons une méthode de résolution de modeles non linéaires a
anticipations rationnelles dans lesquels les changements de régimes ou les chocs eux-méme
peuvent étre “endogenes”, c’est-a-dire suivre des distributions de probabilités dépendant de
I’état de 1’économie. Par une méthode de perturbation, nous trouvons des conditions de
détermination, i.e. des conditions d’existence d’un unique équilibre stable. Nous montrons
que ces conditions découlent directement des conditions correspondantes dans le modele a
changements de régimes exogenes. Bien que ces conditions soient difficiles & vérifier dans
le cas général, nous donnons, dans le cas des modeles a changements de régimes purement
tournés vers le futur, des conditions de détermination faciles a calculer et une approximation
au premier ordre de la solution. Enfin, nous illustrons nos résultats avec un modele de
Fisher de détermination d’inflation dans lequel la regle de politique monétaire change entre
les régimes selon une matrice de transition dépendant de 1’état de 1’économie.

Codes JEL : E32, E43

Mots clés :Méthodes de perturbations, politique monétaire, indétermination, changements
de régimes, DSGE.

Abstract

In this paper, we provide solution methods for non-linear rational expectations models
in which regime-switching or the shocks themselves may be “endogenous”, i.e. follow state-
dependent probability distributions. We use the perturbation approach to find determinacy
conditions, i.e. conditions for the existence of a unique stable equilibrium. We show that
these conditions directly follow from the corresponding conditions in the exogenous regime-
switching model. Whereas these conditions are difficult to check in the general case, we
provide for easily verifiable and sufficient determinacy conditions and first-order approxima-
tion of the solution for purely forward-looking models. Finally, we illustrate our results with
a Fisherian model of inflation determination in which the monetary policy rule may change
across regimes according to a state-dependent transition probability matrix.

JEL classification: E32, E43
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1 Introduction

Modern macroeconomic analysis explains economic fluctuations by micro-founding models
on the time-invariant behavior of economic agents. Such an assumption, however, appears to
be both questionable as a matter of principle, and problematic from an empirical standpoint
(Clarida et al.;|2000]). Recent papers (e.g.,|Svennson and Williams|, |2009; Farmer et al.,2009b))
have thus relaxed the assumption of time-invariant behaviors by allowing recurring shifts in
structural parameters. Whereas these papers suppose state-invariant transition probabilities,
there is a priori no reason to assume independence between switches and the state of the
economy(Kim et al., |2008). The aim of this paper is to allow for state-dependent transition
probabilities in an otherwise standard non-linear rational expectations model.

We thus consider a class of non-linear discrete-time rational expectations models with both
discrete jump process, describing regime switching, and continuous stochastic processes, the
usual "shocks”. Both processes may follow state-dependent probability distributions meaning
that the distribution of shocks as well as the probabilities of regime switches may depend
on the state of the economy. In this context, we find sufficient determinacy conditions, i.e.
conditions insuring the existence of a unique stable solution, and provide the first order Taylor
expansion of the solution. Our resolution strategy is based on perturbation approach as in
Woodford| (1986) and Jin and Judd! (2002). Our findings are fourfold.

First, we prove that determinacy conditions for non linear rational expectations models
with state dependent probability distributions of shocks and endogenous regime switching
is related to determinacy conditions for the underlying exogenous regime switching model
without shocks.

Second, by applying this result to the case of a one-regime model, we extend [Woodford
(1986) results in a context of non-linear rational expectations model with state dependent
distributions of shocks. If the linearized model without shock admits only one stable solution
then there exists a unique stable solution for the original model in a neighborhood of the
steady state.

Third, we solve forward-looking regime switching model. We provide determinacy con-
ditions which are easily verifiable based on eigenvalues computation. We thus generalize
Farmer et al.| (2009a) to multivariate forward-looking regime switching model. The state
dependence of transition probabilities does not modify determinacy conditions but can have
first order implication for the solution of the model.

Finally, we apply our method to a Fisherian model of inflation determination in which
the monetary policy rule may change across regimes according to a state-dependent jump
process. We find similar conditions to |[Farmer et al.| (2009a)) which extends|Davig and Leeper
(2007). Finally, we simulate impulse response functions using the first order Taylor expansion
of the solution. For plausible set of parameters, we find that the endogenous nature of regime
switching can trigger significant impact to the level of inflation in each regime; on the other
hand, the simulations based on the endogenous regime switching model can also differ from
those of the exogenous regime switching due to the endogenous fluctuations of the transition
probabilities.

Related Literature Recent papers have challenged the empirical validity of models based
on time-invariant behavior of economic agents. For instance, several papers analyze the
sharp decreases in output and inflation volatility around the mid 80s’, the so-called "Great
Moderation”, by allowing for time-varying economic behavior. Among the competing sources
of parameter changes, some papers have allowed for breaks in the variance of structural shocks
(Sims and Zhal 2006; |Justiniano and Primiceri, |2008} [Fernandez-Villaverde et al., |2010; [Liu
et al., 2010), others for shifts in the parameters of monetary policy rules (Clarida et al., [2000;
Lubik and Schorfheide, [2004]).

Within the context of forward looking economic agents, the possibility of future shifts



should alter the agents’ current decision rules 1982) through what |[Leeper and Zha

(2003)) call the expectations formation effects. Such shifts in expectations could alter the
determinacy conditions. However, the literature is rather mute on these conditions.

The literature on solving rational expectations models with time-varying parameters is
quite vast see e.g. the papers by [Justiniano and Primiceri| (2008)) and Fernandez-Villaverde
et al.| (2010) on continuous changes or the papers by |[Davig and Leeper| (2007, |2008)), Farmer
et al.| (2009bl [2010b)), [Cho (2009), [Svennson and Williams| (2009) on regime switching. Al-
though these papers provide deep analysis of the expectations, most of them deal with exoge-
nous law of motion, whereas it would be interesting to study state-dependent shifts for a
normative as well as a forecasting purpose. Under this respect [Davig and Leeper] (2008]) is a
notable exception, as in this paper the authors allow for state-dependent monetary policy rule
parameters. Davig and Leeper’s approach relies on computational methods to solve rational
expectations models which imply both a high computational cost and the lack of analytical
results.

Other than Davig and Leeper| (2008) very few papers deal with state-dependent transition
probabilities. We have to look at econometric literature to find significant contributions on
this subject. Following the seminal paper by Hamilton| (1989), [Filardo| (1994) and Filardo|
land Gordon!| (1998) estimate Markov switching regressions with time-varying transition prob-
abilities. More recently, [Kim et al| (2008) propose a technique for estimating multivariate
models with endogenous regime switching - transition probabilities depend on endogenous
variables. However, these significant progresses cannot be replicated yet to estimate rational
expectations model with endogenous regime switching.

The absence of papers dealing with endogenous regime switching or state-dependent prob-
ability distributions in general in rational expectations context certainly stems from the fact
that seminal papers aiming atsolving rational expectations models (Blanchard and Kahn)
|1980; [Woodford], [1986], and so on) have developed a consistent framework only for exogenous
stochastic process. Dealing with endogenous regime switching thus requires to redefine the
concept of a solution and to provide an adequate theoretical framework.

Concerning the resolution of (exogenous) Markov switching models, the literature has
mainly focused on linear Rational Expectations models. In this class of models, we can
distinguish two main resolution techniques: the undetermined coefficient approach
land Zampolli, 2006; Davig and Leeper, 2007; |Svennson and Williams| [2009) and a direct
approach (Farmer et al) [2010b). Our approach is closer to the undetermined coefficient
approach since both methods are equivalent when models are linear.

The characterization of the full class of solutions (the existence, the uniqueness and the
form of the solution) in the context of Markov switching models is a challenging task.
land Leeper| (2007)) propose a simple determinacy condition in the context of forward-looking
Markov switching models. However, [Farmer et al.| (2010a)) have casted doubts about their
results. Since this controversy, most of the literature has turned to the Mean Square Stability
concept (see [Farmer et al., [2009b)) following the influential book by |Costa and R.Marques|
. This definition of stability is however incompatible with perturbation approac}ﬂ and
hence do not provide the adequate stability concept for solving non-linear Markov Switching
DSGE models with perturbation theory.

In fact, little attention has been paid to Markov switching non-linear rational expectations
models. One notable exception is [Foerster et al.| (2011)). In this paper, the authors propose
a resolution technique aiming at solving this model by applying a perturbation approach.
[Davig and Doh| (2008)) also solves a non-linear Markov Switching DSGE model by linearizing
it and then using undetermined coefficient approach. Nevertheless, none of these papers give
explicit arguments to apply the Implicit Function Theorem and prove that there exists a
unique ”stable” solution.

Q

1 Applying Implicit Function Theorem requires Banach spaces



The remainder of the paper is organized as follows. Section [2| presents the class of model
we study as well as some probabilistic backgrounds. Then, we provide our main theoretical
results in Section [3] Finally, Section [4]illustrates our findings through an endogenous regime
switching Fisherian model of inflation determination.

2 Models

This section presents the class of models we consider in this paper and precise some proba-
bilistic background needed for our analysis.

Most of recent rational expectations macroeconomic models with regime switching can
be reduced to the following system:

Et[fst(zt+17Ztazt—177vt)] =0. (1)

z is a vector of endogenous variables evolving in a bounded closed set F' of R™. v is a
multi-dimensional stochastic process evolving in a bounded domain V of RP and + is a scalar
evolving in | — M, M|[. s; denotes the regime of the economy at date ¢ and can take values
in {1,---N} where N is the number of possible regimes. For any i € {1,---N}, f; is a
regular function from R™ x R™ x R™ x R? to R™ and E; is the expectation operator given the
information available at time ¢, namely current and past shocks and regimes. In the literature,
the stochastic process v is assumed to follow a given probability distribution function (in most
cases, Gaussian distributions). In this case, we say that the shocks are exogenous. Similarly,
in Markov switching rational expectations literature, the authors assume the regime switching
to be purely exogenous. By contrast, we allow the distributions of regime switching and of
the shocks to depend on the state of the economy. This departure constitutes the core of this

paper.
Let us precise the exact probability measures of shocks and regimes we consider. We
denote by u; € {1,---, N} x V the concatenation of the current shock and regime: (s, v;).

M(U) is the set of measures on U and by U = {1,--- , N}* x V°°, the space of infinite
sequences u' = (ug,us_1,- - )E[ We denote by B the set of functions ® on {1, .-, N}>®° x V>
such that, for all s € {1,---, N}, the map v — ®(s,v) is continuous and such that (s,v) —
®(s,v) is bounded. We define ¥, the sigma field of U generated by the product of the
singletons {i € {1,---,N}} and the Borel set of V. We consider a fixed map f:

[y : B x U — M(U)
(¢,St_17’ut_1) — MW('7¢7ut_1)
N . (2)
(5,0, 61y = 35 (o, 6,0 )ph (1))

i=1

This measure is a combination of Lebesgue-continuous measure, h?, and mass-point mea-
sures. §; denotes the Dirac distribution in 7. We suppose that pﬁy and h' foranyi € {1,--- , N}
are smooth. We focus on this particular class of measures as they behave conveniently and
encompass a large class of economic models. We present some useful properties of this class
of measures in appendix [A] It is worth noticing that we allow the measure of v to vary across
regimes as its probability measure depends on i in the sum. We assume that h® satisfies:

/ hi(v, ¢, ut"1)dv =1, Vie{l,---,N}, VoeB, Vu'lecU (3)
1%

We then recursively define the probability measure ., (¢) on £°°, the infinite product of
>

2For more details about this formalism, the reader can refer to [Woodford| (1986]).



T, B — M(U>) (4)
¢ = ,U,(, ¢) = Hiozo /u”Y(ut*kv d)v utikil)

We can now define a stationary rational expectation equilibrium of model :

Definition 1. A stationary rational expectations equilibrium (s.r.e.e.) of model is a
continuous function ¢ : U® — F such that:

1 9lloo = SchlgH‘I’(ut)H <00

2. Ifu is o U valued stochastic process associated with the probability measure m(¢) Then
Blfs (@), @(uf), @(u'1),yve)[u'] = 0

Furthermore, this solution is a steady state if ® is constant.

When shocks are exogenous (h® and p® invariant), the usual assumptions is to assume
"small” shocks (Woodford, (1986} [Judd), |1996} [Uhlig} 1999} [Juillard] {2003, among others). In
this case, by perturbing the deterministic model (the model without any shock) one can prove
that, for shocks small enough, there is a unique s.r.e.e. of the non-linear model if there exists
a unique s.r.e.e. of the linearized model around a steady state (solution of the deterministic
model).

Such approach seems appropriate only in case of small regime switches. [Foerster et al.
(2011) propose a resolution procedure based on perturbation approach around a steady state
to solve such regime switching models. However, in presence of large regime switches, this
approach seems unappropriate. That is the reason why we define a continuum of probability
measures, [, parameterized by the so-called scale parameter, v € [0,1]. When 7 is equal to
0, the continuous shocks disappear from the model (they hence become pure sunspot shocks)
and we assume that the probabilities, pj, do not depend on ¢ - exogenous regime switching.
Consequently, v = 0 corresponds to an exogenous regime switching model without shocks. ~y
thus measures simultaneously the size of the shocks and the degree of endogeneity of regime
switching (the slope of the mass-point probabilities). We could have distinguished these two
dimensions without any substantial modification.

Finally, Implicit Function Theorem (IFT) applied to this continuum of probability mea-
sures will give us the existence and the uniqueness of a s.r.e.e. when the continuous shocks
are small enough and the regime switching is weakly endogenou&ﬂ

3 Solving Rational Expectations Models with perturba-
tion approach

In this section, we prove that there exists a unique s.r.e.e. of the model with small continuous
shocks and weakly endogenous regime switching (i.e. v small enough) if the underlying ex-
ogenous regime switching model admits a unique solution [Theorem . We show that, in the
absence of regime switching, this result extends Woodford| (1986) result by allowing shocks’
distribution to be state-dependent [Theorem . Then, we give existence and uniqueness
conditions for a non-linear endogenous regime switching model in a purely forward-looking
context [Theorem . As the latter conditions are uneasy to check, we also give more strin-
gent but easy-to-check conditions [Proposition . Finally, we illustrate this Proposition in
the context of linear endogenous regime switching model and compute the first order Taylor
expansion [Proposition [2].

3The exact definition of what "small” means in this context is largely ignored by the literature and will be
the subject of further research.



3.1 General result

We begin with a general theorem which results from Implicit Function Theorem (IFT) in
Banach Spaces (see |[Abraham et al., [1988], and section in the appendix). To apply this
latter, we define an operator A, whose zeros correspond to a s.r.e.e:

N(6,7) = /U Fau (), d(ut), (=), 00t (1 6, ul ) (5)

As explained in section [2] we assume that the mass-point probabilities do not depend on
¢ when 7 is equal to 0. Thus:

N
N(6.0) = 30rb(at) [ fulolis'ont). 6(u).o(u' ), OB w6 Ndo - (©
i=1

This operator corresponds to a model with purely exogenous regime switching and the
shocks, v, are sunspot shocks. One may notice that transition probabilities can depend on
past regime and shocks. This thus encompasses Markov Switching models. Besides, even if
the shocks, v, are sunspots (do not appear in the model, f;,) their probability distribution
functions depend on the equilibrium, ¢.

Theorem 1. We assume that there exists a continuous function ¢g : {1,-+- ,N}*° — F such
that

1. ¢ is a particular s.r.e.e. of the non-linear erogenous regime switching model without

shocks (v =10): N(¢p,0) =0
2. There exists a unique s.r.e.e of the linear exogenous rational expectations model
Ei[A(s" ™ i 1] + B(sH)x + C(s")ai—1 =0 (7)

where A(s'), B(s') and C(s') depend on ¢o and correspond to the linearization of model

in (¢o,0).

Then there exists g small enough such that, for any v smaller than o, there exists a unique
s.r.e.e. of model around ¢o. Furthermore, the first Taylor expansion of the solution, ¢(7)
in 7y is given by:

vu' € U, ¢(7)(u') = ¢o(s") +7DypN (¢0,0) DN (P, 0) + o(7)

Proof. This theorem is a direct application of IFT in Banach Space. See appendix [B] for
more details. O

Basically, this result shows that the weakly endogenous regime switching model has the
same properties than the exogenous one, and that the solutions are close. It derives very gen-
eral conditions of determinacy from properties of the model with exogenous regime switching.

In the context of no regime switching and exogenous shocks, this theorem is similar to
Woodford| (1986)), Theorem 2. The first hypothesis can usually be checked by hand and the
second hypothesis coincides with Blanchard and Kahn conditions of the underlying linearized
model. However, contrary to[Woodford| (1986)), this theorem only gives sufficient conditions of
determinacy but is mute on the reciprocal. In addition, the solution, ¢(vy), is not necessarily
recursive contrary to |Jin and Judd| (2002).

In most cases, these conditions are hardly verifiable. We thus derive two theorems from
Theorem [I] for which conditions 1. and 2. can be verified by algebraic computations. Firstly,
we show that in the absence of regime switching this theorem extends Theorem 2 by Woodford
(1986) [Theorem . Secondly, we prove that this Theorem allows for solving non-linear
forward looking regime switching models [Theorem [3].



3.2 Case I: state-dependent probability distribution in the absence
of regime switching

We first consider the model in the absence of regime switching:

E; [f(Zt+17 Zty Zt—1, 'th)] =0 (8)

where v' follows a continuous law, h(v,¢,v'"1), p, = h. We assume that h is Lebesgue-
continuous and C! according to its second component.

Let us assume that there exists a steady state of the model [§| when v = 0. We denote it
by z and will call it the deterministic steady state. Thus, Z satisfies f(Z, z, z,0) = 0.

Theorem 2. If the Blanchard and Kahn conditions for the linearized model in Z are satisfied,
then, there exists v9 > 0 such that for v smaller than o, the model has a unique s.r.e.e.
Furthermore, the first order expansion of this solution coincides exactly with the solution of
the linearized model.

Proof. The proof is quite similar to|Woodford(|1986, Theorem 2). It consists of an application
of Theorem|[I] to continuous shocks around a deterministic steady state: ¢y = z. See appendix
for the detailed proof. O

This theorem generalizes [Woodford((1986, Theorem 2) to the case of shocks with state-
dependent probability distributions. In this context, what we call the Blanchard and Kahn
conditions is the fact that the number of explosive eigenvalues of the linearized model is
exactly equal to the number of endogenous variables (plus a rank condition). Amazingly,
neither the underlying linearized model nor the first order Taylor expansion of the solution
changes compared to the exogenous case.

3.3 Case II: endogenous regime switching in a forward-looking en-
vironment

Let turn to the regime switching model. We consider the following purely forward-looking
model.

Eq [fsf, (Zt+1, 2t ’Wt)] =0. (9)

We assume that the transition probability from regime ¢ to regime j only depends on the
past value of endogenous variables, ¢(u'~1). Thus, we assume that there exists a function
pi; mapping F'x] — M, M| to [0, 1] such that:

Vu' € U=, ph (¢, (is'™1,0")) = pij(o(u'), )

Furthermore, we assume that the probabilities p;; are smooth (C 1) and constant for v = 0
(pij(.,0) = pi;j). We can check that the implied measure, p., fits all the needed properties
described in Section 2L

As in the absence of regime switching, we assume that there exists a solution, ¢g of the
model when there is no shock. In addition, we suppose that this solution only depends on the
current regime, i.e., ¢o(is'!) = z; where (21, -+, Zy) is solution of the following equations,
for any i € {1,--- ,N}:

N
> pijfi(2,2,0) =0
j=1

The existence of such equilibrium is "reasonable” as (z1,-- -, Zx) is solution of a N x n
system.



We define for (i,j) € {1,---,N}*

N
Bi = Zﬁija2fi(§ja2iao) and A;; = pijo1fi(z;,%:,0)

Jj=1

For convenience we assume that j; is invertible for any ¢ € {1,--- , N} El We then can
define the useful operator series A,:

'AP X (Stavt) = Z (_Aswd) s_ll T (_Aqusp)ﬁs_,,lFSt T F82Fsp¢ (10)

52, ,8p

Where by convention, Ay = 1 and F; denotes the expectation operator conditional to regime

il

Theorem 3. If the series of operators Y A, is convergent, then there exists vy small enough
such that for any v smaller than o, th(f model @D admits a unique s.r.e.e., ¢(7y).

Proof. See appendix [B-4] for the proof. O

This result leads to two remarks. First, we can extend this result to solve models with
“small” backward-looking component by introducing another scale parameter factoring in
the backward-looking component. We however are not able to find explicit determinacy
conditions for endogenous regime switching model with any backward-looking components.
Yet, the convergence of Y A, is hard to check in practice. We thus give tighter but easy-to-
check conditions ensuring the convergence of the series > A,,.

We fix an operator norm, [||.|||, on M,,(R). We introduce the matrix S, defined for p > 1
by:

Sp = > 11 Aik B, -+ A8 (11)
(k1o kp—1)€{1, - ,N}P~1 ij
and, by convention,

-1
s = (1455, 1),
Proposition 1. If there exists an integer p such that all the eigenvalues of S, lie inside the

oo
unit circle, then the series Y A, is absolutely convergent.

p=0
Proof. This proof is based on the sub-multiplicative property of any operator norms. We
develop the proof in Appendix [C] O

This Proposition leads to multiple remarks. First of all, in the absence of regime switching
the condition that S; has no explosive eigenvalue exactly corresponds to|Blanchard and Kahn
(1980) conditions. Secondly, if the model is univariate (n = 1), then checking the eigenvalues
of Sy is enough as S, = S7. Thirdly, the determinacy condition found by Farmer et al.
(2009a) in the Fisherian model of inflation determination coincides with our condition when
p =1 (more details are provided in Section [4).

4This condition is the counterpart of the rank condition in standard DSGE model.
5 F; is defined by:

Fy: ¢ — Fip(st,vt) = / do(ist, vot)h;(v, 6, ut™1).
JV
We give details on these operators in appendix @



3.4 Case III: endogenous regime switching in a forward-looking and
linear environment

When a forward-looking regime switching model is linear, one may solve it for any size of the
shocks. Therefore, there is no necessity to assume small shocks. We thus present a refinement
of Theorem [3|in case of linear model (f; is linear for any ¢ € {1,--- N}). More explicitly, we
consider the following model:

AstEt(gst—i-l)"'Bstxt"'UOstvt :O (12)

where the probabilities of transitions from regime i to regime j are p;; (v, ¢(u’~!)). Further-
more, we assume that shocks, v;, follow a first order Vectorial Auto-Regressive process:

Vi1 = Avg +

Where p follows a centered standardized truncated gaussian (whose p.d.f. is h). In this
special case, we can perform a simple perturbation approach assuming weakly endogenous
probabilities around the exogenous regime switching model with shocks.

Proposition 2. If Y A, is convergent, then, for v small enough, the model admits a
unique s.r.e.e., ¢(7), satisfying:

N
¢(7)(s",v") = By,' Ry, 01 + vB;,'R Y /V 1ps,;(0, Re, By, (Avy + ) ph(p)dp + o(v)  (13)
J

where R is a matriz given by in Appendiz @
Proof. This Proposition follows from Proposition [I} Proof is given in Appendix O

The determinacy condition is exactly the same as Proposition |1} Equation gives the
first order Taylor expansion of the unique s.7.e.e. of the model The first term, B, 'Ru,,
is the exact solution of the exogenous regime switching model. The second term corresponds
to the first order wedge introduced by the state-dependence of transition probabilities. It
naturally depends on the sensitivity of the probabilities according to the endogenous variables.
The integral can be either computed by hands in simple example or numerically approximated
when the probabilities are too complex (e.g. not polynomial). We use this result in the
application described in Section [

4 A Fisherian model of inflation determination

Following [Taylor| (1993)), economists often simplify the monetary policy behavior through an
invariant contingent rule. The monetary policy interest rate is then modeled as a weighted
sum of the deviation between inflation and the central bank’s inflation target, of an output-
gap and of a residual - the so-called monetary policy shock. This gross description succeeds
in explaining and analyzing monetary policy decisions. In this framework, some authors
(Woodford, 2003, among others) prove that the existence and uniqueness of a stable equi-
librium deeply depends on the ability of the central bank to react to inflation pressures.
Precisely, in a wide range of New Keynesian models, the existence of a determinate rational
expectations equilibrium is characterized by the Taylor principle, i.e. the ability of a central
bank to adjust its interest rate more than one-for-one with inflation.

Taylor| (1999)), |Clarida et al.| (2000) and [Lubik and Schorfheide, (2004)) attribute the change
from a highly volatile regime in the 70s’ to a low volatile regime in the mid 80s’, the so-called
Great Moderation, to a switch from a passive (less than one-for one reaction to inflation)

10



to an active (more than one-for one reaction to inflation) monetary policy regime. Thus it
seems crucial to be able to model such a shift in monetary policy regime and to understand
the implications in terms of determinacy.

Davig and Leeper] (2007)) provide necessary and sufficient conditions for determinacy in a
Fisherian model of inflation determination as well as in a simple linearized New-Keynesian
model both with Markov-Switching Taylor rule’s parameters. They establish the counterpart
of the Taylor principle in a Markov-Switching framework, they call it the long run Taylor
principle -a combination between the transition probabilities and the central bank’s reaction
to inflation parameters has to be greater than one.

Farmer et al.| (2010a)) have casted doubts on [Davig and Leeperfs findings by providing a
counter-example - a set of policy parameters satisfying the determinacy conditions proposed
by|Davig and Leeper|/but compatible with multiple bounded equilibria. In a companion paper,
Farmer et al.| (2009a) proves that determinacy conditions for the Fisherian model consist of
a slightly modified version of the [Davig and Leeper|s long run Taylor principle.

Proposition [2] gives determinacy conditions as well as the first order Taylor expansion of
the solution of the endogenous regime switching. As an illustration of endogenous regime
switching, we analyze macroeconomic implications of having a "hawkish” central bank more
concerned by limiting inflation than preventing deflation.

4.1 The model

Consider a nominal bond that costs 1 at date ¢ and pays off 1 + ; at date t + 1. Then, the
asset pricing equation for this bond can be written in log form as:

it = Et(7rt+1) + Tt (14)
where r; is the ex-ante equilibrium interest rate and evolves as
re = pri—1 + v

where p < 1 and v is a zero-mean i.i.d bounded process. Monetary policy follows a simplified
Taylor rule, adjusting the nominal interest rate in response to inflation, where the reaction
to inflation evolves stochastically across regimes,

it = Oé(St)ﬂ't (15)

where s; is the realized monetary policy regime and takes two values 1,2. We assume
that:
als1) = ay, afs2) = as

We use the formalism introduced in section [3.4 and assume that the switching process follows
a Markov chain with transition probabilities p;; = p(s; = j|si—1 = %) depending on past
inflation, 7;_1. To simplify the resolution and the exposition, we focus on probabilities
satisfying:
pij(Ti-1) = pij + V(A%jﬂt—l + )\?jﬂ'tZ—l) (16)

Where )\}j and Afj are two parameters reflecting the sensitivity of the probability, p;;, to
inflation and + is the scale parameter. For consistency, >, pi; = 1 and Y, A\j; = >3, A7, = 0.
Furthermore, we assume that ~ is small enough to guarantee that the probabilities remain
between 0 and 1 (this obviously requires that p;; € ] 0,1]).

As mentioned by |Filardo| (1994)), endogenous regime switching as exemplified by equation
allows for state-dependent duration of each regime. In our example, if A}, is positive
and )2 is zero then the average duration of regime 1 increases with the level of inflation.
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4.2 The solution

We apply Propositions [ and [2] to find determinacy conditions of the Fisherian model and a
first order Taylor expansion of the solution.

Proposition 3. If the policy parameters satisfy the following "modified” Long Run Taylor
Principle:
|ax-Jaz| + paa (1 = |en ) + p1a(1 = |azf) > 1 (17)

Then there exists a unique s.r.e.e. for vy small enough and the solution satisfies:

TtAsf

M= pYlas, 17 + bs,var(v)] +o(y)  if A} =0 (18)
¢
_md, 3 eyl
= + pyles,ry + ds,var(v)ri] +o(y) if Aj; =0 (19)
¢

Where as,, bs,, cs,, ds, and As, are constant only depending on the contemporaneous regime
(see Appendix@for their expressions)

Proof. This Proposition is an application of Propositions [I] and 2} See appendix [E] for the
complete proof. O

As emphasized by Theorem [3| the determinacy condition coincides with those of the
exogenous Markov switching model. Condition is similar to determinacy condition by
Farmer et al.| (2009a) but more stringent than [Davig and Leeper| (2007). Nevertheless, the
interpretation of equation is qualitatively similar to those of the long-run Taylor principle
by Davig and Leeper] (2007): there may exist a unique s.r.e.e. even if policy deviates from
the Taylor principle ”substantially for brief periods or modestly for prolonged periods”.

Equation (Equation ) gives the first order Taylor expansion of inflation with
respect to the scale parameter when the probabilities are linear (quadratic resp.). The first
term exactly coincides with the solution of the model when probabilities are constant.

When probabilities are linear, the second term of Equation stems from the expecta-
tions of the volatility. When the real interest rate shock is i.i.d., the solution is exactly the
solution of the exogenous model. The higher the variance of the real interest rate shock is,
the larger the state-dependence of probabilities matters. Furthermore, the presence of r? is
linked to the fact that the higher the shock today, the higher the expected volatility.

In the linear case, the wedge between the solution of the exogenous regime switching
model and the solution of the endogenous one does not depend on the sign of the shock
(Equation ) whereas this wedge is odd in the quadratic case and hence depends on the
sign of the shock, r;.

4.3 Numerical applications

Let us consider a central bank that can switch between an active monetary policy regime,
let us say, as = 2 and a "neutral” regime in which monetary authority responds one to one
to inflation, oy = 1. Furthermore, we assume the central bank to be more likely to choose
the active regime when inflation is high (A}; < 0).

Table shows the values of the parameters. In this calibration, a quarterly inflation of
1% (—1%) in addition to the steady-state inflation corresponds to a 8% decrease (increase,
resp.) in the probability to remain in regime 1. This situation may reflect a bias for fighting
inflation rather than deflation. In this case, the first approximation of inflation is:

When s; =1,  m; = —0.44% + 4.5r; — 33.3r7
When s; =2,  m = —0.09% + 1.4r, — 4.0r2

12



Parameter | Calibration
P11 0.8
P22 0.8
p 0.9
var(v) 2%
A -8
AL, 0
A2 0
A3, 0

Table 1: Parameters calibration

As probabilities depend on the level of inflation, a positive and a negative shock will
not lead to an identical response. To illustrate this asymmetry, we plot Impulse Response
Functions to a positive and to a negative one-standard-deviation shock in Figures|l|and [2]in
Appendix [F]

The upper left graph shows the Impulse Response Function of a one-standard deviation
shock, v, to the real interest rate, r;, at date ¢t = 7. The bottom left graph displays the
response of inflation when the regime is fixed and endogenous (in thick lines) or fixed and
exogenous (in dashed line). The fixed exogenous regime switching case coincides with |Davig
and Leeper| responses, while the endogenous regime case brings new results. When the shock
is positive - Figure [} the inflation responses are smaller than the exogenous regime inflation
responses in both regimes. This result stems from the negative contribution of the variance
to the level of inflation. Nevertheless, the quadratic terms (in 72) do not significantly matter
in these observed differences. On the contrary, when the shock is negative, the responses in
the endogenous case are larger (in absolute value). Altogether, these results are consistent
with the fact that monetary authority is more likely to switch to the active monetary regime
when inflation is large and thus has a more stabilizing policy when facing inflationary shocks
rather than deflationary ones.

We finally plot (upper right) the share of the active monetary policy regime starting from
the ergodic distribution of probabilities. We first notice that the ergodic distribution is not
equally distributed among regimes as the variance term matters in the level of inflation even
in the absence of shock. Second, as probabilities are state-dependent, the share of regime 2 is
time-varying after a shock to the economy. Consequently, the average responses of inflation
to a shock on the real interest rate is not the mean of the two fixed-regime responses. This
can be seen in bottom right of figures [I] and [2| which display the average responses in the
endogenous and the exogenous regime switching cases. Thus, endogenous fluctuations of
probabilities generate significant effects in addition to the asymmetrical reaction mentioned
before.
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APPENDIX

A Measures /i,

We study stochastic process, u = [s, v] with the following conditional probability distribution:

/1‘7(8,1)7(257“ Zh v ¢a pfy(¢7 ) Z(S)

Where we assume that:
e pl is C! according to its first argument and v — p! is C'.

e For any ¢ € B and u'~! € U™, hi(-,¢,ut~1) is an integrable function on V. A is also
C' according to its second argument.

e For any u! € U®, ¢ — h'(v,¢,ut"1) is CL.

The measure Nv( ¢,u'~1) can be seen as a continuous linear form on B and we write abu-
sively [, py (u, ¢, ut DW(u)du =< W, ., > even if this measure is not Lebesgue-continuous
in general.

Lemma 1. 1. ForanyV € B, for any~y € [0,1] and for anyu'~' € U, ¢ — [, U(u)py(u, d,u’
is C1.
We abusively denote by [, W (u)Dgpr (u, ¢, u’ “1Y(¢)du its differential at ¢ applied to .

2. It exists C > 0, such that for any ¥ in B for any v € [0,1], for any u'~* € U, for
any ¢ and ¢ of norm equal to 1,

| / ) Dy (1, 6, 0V ()] < O[T ]|

3. For any ¥ € B, for any ¢ and for any u'=' € U®, v s fU u) i (u, g, ut~V)du is
c([0,1]).

Proof. We first check that u. satisfies 1. Fix U € B, v € [0,1] and u*~! € U, we compute:
N . .
<,y (u, @y ut™t) >:72p;(¢,ut_l)/ hi(v, ¢, u' ")V ([i  v])dv
i=1 v
¢ —< U, (u,¢,ut=1) > is derivable; indeed, this function is the sum of the product of

derivable function and an integral which is C! by dominated convergence theorem.
Then, we check that 2. is satisfied.

N
< W, Dy (u, 6,0 1) (@) >= 7Y Dypl (6, u'~ / Dyh'(v,¢,u' 1) (@) ([i v])dv
=1

and

| <, Dypry (u, 6, 1) () > | < (3D sup [[1Dgph, () sup [ Dsho (s Do

i=1 1=1

Finally, we verify 3

N
<V, g (u, gy ut™h) >=72pg(¢,ut71)/ Rt (v, ¢, ut MU ([i v])dv
i=1 v

As we suppose that for any i € [1, N], v — pfy is O then v —< W, (u, ¢, ul"1) > is
also C1. O
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These properties imply that the model as a whole is smooth enough to apply Implicit
Function Theorem. Obviously, when measures are state-invariant, these two properties are
immediate for any measures. We notice that point 2. can be interpreted as the fact that
D (u, ¢, ut=1)($) is a distribution of order 0 uniformly bounded. Point 3. guarantees that
the measures y., are a C' path between po and p1 and hence we can apply perturbation
method around v = 0.

B Proof of Theorems [1){2| and
B.1 Proof of Theorem [I]

In this part, we prove Theorem [I| The proof is a consequence of implicit function theorem
applied to operator /. First, we recall the Implicit Function Theorem(IFT).

Theorem 4. [Abraham et al.| (1988)] Let E, F,G be 8 Banach spaces, letU C E,V C F
be open and f : U XV — G be C", r > 1. For some xo € U, yo € V assume D, f(xo,%0) :
F — G is an isomorphism. Then there are neighborhoods Uy of xog and Wy of f(xo,y0) and
a unique C™ map g : Up x Wy — V such that, for all (z,w) € Uy x Wy

[z, g(x, w)) = w
We denote by S the set of functions ® : {1,--- N}*° x V°° — R" such that:
e Forall s € {1,--- N}*, ®(s,-) is continuous on V°°.
e & is bounded on {1, -- N} x V>
Thus, we check that:
1. B with the norm |||, and R with || are Banach spaces.
2. Nis Ct on Bx] — M, M].
3. @ satisfies N (®g,0) = 0.
4. DN (®g,0) is invertible.

The first point is immediate, B with the norm |||« is a Banach space as a product of Banach
spaces. Point 2. results from the following lemma.

Lemma 2. (®,v) — N(®,7) is C! for ® € B and v €] — M, M|

Proof. For any ® € B, the function v — N(®,v) is C! by regularity of pf/ and f. For
the differentiability in ®, we check that ® — N(®,v) is differentiable, with continuous
differential:

N
N(@,v) = pry(tb,utfl)/ F(®(ist, vot), ®(st, v, ®(s"1, 0" 1), 54, yve )b (v, @)dv
i=1 v

D [i, f(P(is",vvt), D(s',0"), (s 0 1), 8¢, yvy ) hi(v, @)d is differentiable by regularity
of f, h;, and Lebesgue’s dominated convergence Theorem. It results from the differentiability
of & — p! (®,u'"") that ® — N(®,7) is differentiable and moreover:

N
DeN(®,7)H = Zalpi(q),ut_l)H(st_l,vt_l)/ F(®(ist, vo?), ®(st,v"), ®(s 01, 54, yve )i (v, @) dv
i=1 v
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N
+pry(®7ut71)/ alf(q)(istath)7(D(StaUt)a(I)(StilaUt71)7Stavvt)H(i5t7vvt)hi(v7é)dv
i=1 14
N .
+ pl (D, bt Do f (®(ist,vot), ®(st, vt), ®(s' ™1, 01, s, yve ) H (s, v8) (v, ®)dv
y
i=1 v
N .
+Zpi/(<1>,ut*1)/ D3 f(®(ist, vol), ®(st, vh), ®(sH 0" YY), sp, v ) H (s v 1) by (v, ®)dv
i=1 v

N
+3 5 (@) /V F(®(ist, v0t), ®(st, v1), B(s'1, '), s, yur) H(s' L, 0= ) Doy (v, @) H (=2, v~ ) dw
=1

Thus, (®,v) — DeN (®,~)H is continuous on Bx]| — M, M]. O

Points 3. and 4. result from assumptions of Theorem We end the section with the
following result, showing that the regularity of 11, implies that the differential of the operator
behaves as the differential of an operator where the probabilities are exogenous.

Lemma 3. Under assumptions of Theorem the differential DgN (¢o,0) satisfies:
DyN (¢o,0)H =< 1 f(do(-st,-v1), do(st, v), do(s~ L, vt~ 1), 0)H (-8, v'), pio (- o, ul 1) > +
< Daf(do(-st, v, do(st,0"), do(s' 1, 0" 1), 0)H (s, vP), po (-, o, u' ™) > +
< O3 f(do(-s',v"), do(s',v"), o (s 10" 1), 0)H (s, 0" 1), po (-, go, u' 1) >
Proof. We compute:
DN (¢, 0V H =< 91 f(do(-st, vt), do(st,v1), do (st~ L, vt 1), 0V H (-S, v), pio (-, o, ul ™) > +
< Baf(do(-s",-v"), do(s',v"), do(s' 1, 0" 1), 0)H(s", 0"), o (-, do, u' ™) > +
< O3f(po(-st,vh), po(st,v), po(s™H, v 1), 0)H (s" 1 01, uo(-, do, u'™t) >
+ < fgo(s',v"), do(s",0"), do (s, 0" ™1), 0), Dy o (u, o, u' " H(s' 1 v ™) >

Since ¢y does not depend on v, the last term is zero. O]

B.2 Notations

We introduce some notations, useful for the following. Fix a function ¢g € B, we define the
operators F;, fori € {1,--- N} and L on B.

F;: Hw— ((s'0") .—>/ H(is', vv")hi(v, o, s',v")dv)
v

L:Hw ((s'0") — H(s"1 o1
Equation imply that F; and L have the following straightforward properties.
1. L=1
2. |[[Fill] = 1 and [[|L]|] = 1

Point 1. and point 2. are classical results in theory of operators on sequences. The first
result is obtained by straightforward computation. The second follows from the fact that:

VHeB, |LH|=|H],  [FH|<]|H]|

and the last inequality is an equality if H is constant.
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B.3 Proof of Theorem [2I

This part is devoted to the proof of Theorem [2] We show that N satisfies points 1. and 2.
of Theorem [I] Here, there is no discrete part, thus we omit the dependence in s; and the
indexation in 7. The function ¢q is the constant ¢g(vt) = z. By construction, ®q satisfies:

N(¢0,0) :f(E,Z,Z,O) =0

We introduce the operator F' associated to ¢g. Due to Lemma 2] N is differentiable and
according to Lemma |3] we compute:

DeN (®0,0)h =01 f(%,2,2,0)Fh+ 02 f(2,2,2,0)h + 3 f (2,2, 2,0) Lh

Thus, following |Woodford| (1986) and Klein (2000]), we will show that this operator is
invertible when BK conditions are satisfied. Assume that

81f(2727 Z, O)Fh+62f(27272a 0)h+83f(§,2,2, O)Lh =v (20)
Then,
g2 G H \_(-95 0 H 1
(5 ) (o) =00 2 )e(ew ) (o)
\—A,_/ —_——
B

Fix (st,o?) € {1,--- N} x V> defining 2, = H(s!,v') and z,,1 = FH(st,v!), and
gt = ¥(s*,v"), we have to find bounded processes z; such that:

(ﬁ%)(zf;):(531(1>(221>+((1)>gt (21)
A B

We see that as in|Woodford| (1986]), the problem of invertibility leads to a question of existence
and uniqueness of stationary solutions for linear modelsﬁ To deal with models where g; is
not invertible, we generalize the approach of [Woodford| (1986) and follow [Klein| (2000), this
leads to the following result.

Lemma 4. Assume that Blanchard and Kahn conditions are satisfied for the linearized model
(21), then Do N (9, 0) is invertible and

DaN (®0,0)™" = (1 + 255! Zo1 L) 1 75,1 (1 — S5, 1o P) 1S5, Q)

Proof. We use real generalized Schur decomposition on the pencil (A4, B). There exist unitary
matrices @) and Z, quasi triangular matrices 7" and S such that:

A=QTZ and B=QS5Z7
Furthermore, we rank the generalized eigenvalues such that |Tj;| > || for i € [1,n]
and |Sy| > |Ty| for @ € [n + 1,2n] which is possible if and only if the number of explosive
generalized eigenvalues is n (Blanchard and Kahn| (1980)), [Klein| (2000).
Considering,

(Tu T12><Z11 Z12>( 2t )_(5'11 512)(211 le)<zt1 )+< ‘N
0 Ty Zo1  Za2 Zep1 ) 0 S Zo1 a2 2t 1o
(22)

By using the last n rows and excluding divergent trajectories for Z,, we find:

8Woodford| (1986}, [2003)) checks that the inverse of the derivative is continuous, but this is unnecessary due
to the Banach isomorphism theorem
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e /
Zoyzy = — Tzt + ) (93 Toa) "S5 ( g,“ ) Ei(gi4r)-
k=0 12

If, in addition, a rank condition is verified (i.e. Zao is of full rank), then Zos is invertible
and the solution is :

2= =235 Tnz1 + 233" > (S5 T22)* 855" Q1o Br(grsr)- (23)
k=0

Using (23)), we have that:

h(u') = = Z35" Zor (Lh) (u') + Z35" > (S35 Ta2)* 855" Q1o P (u)
k=0

Thus,
h= (14 Zy' Zon L) Z53' (1 — Sp Toa P) 1S53t Q¥

This ends the proof of the Lemma. O
Theorem [T]implies that there exists a small enough o and a unique bounded ® such that:

It proves that, for |y| < 7o, there exists a unique (®,7) satisfying model (8), ® is given by
Implicit Function Theorem and 7 is defined by:

m(u) = plug, D(u'"1))

B.4 Proof of Theorem [3

In this section, we prove Theorem |3l We compute:
N
N(¢7 O)(Sta Ut) = Zpstj / fs. ((b(jsta UUt)) ¢(8t7 vt)v O)hst (U’ o} ut)dv
j=1 v

We define the function ¢ such that:
Vie{l,---N}, Bo(st,v") = Zg,
According to assumption 3., the function ¢y satisfies :
N(¢0,0) =0
We compute now Dy N (¢o,0), using Lemma [3] we have:

N
DyN (60, 0)h(s") = > Pe,j01 f, (25, 25,5 0) Fjh

Jj=1

N
+(Z ﬁstj82f5t (Zjﬂ Zsy) 0))h

=1

Introducing A;; and 3;, we get that:

N
D¢N(¢070)h = ZASthj + /35tFSt

j=1
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Let ¥ a function in B(U*) and consider the equation DyN(¢g,0)h = W. Then, for all
ie{1,---N},

N
DN (¢0,00h =Y As,;Fih+ B, Fo,h =
j=1

This relation implies that for any P > 2

P
h = 5;1\1;_5;1 Z(_l)p Z AStSQﬂszl"'Aspflspﬂ‘:lFsstp,l "'FSQ\IJ
p=2

’p
{527... ,Sp}G{l,--- )N}P*l

+ (_1)P s_tl Z AStS2 5_21 T Aspflspﬁs_plFsP#»lFSPLsP—l T F82h (24)
{52""15P+1}€{1"” ’N}P

We then define the operator series of general term, Ap:

AP XS (Stvvt) = Z (_Astsl)/BS_ll-..(_Aspflsp)ﬂs_plFsp-..FSZFSth

82,7 ,8p

If ° A, converges, then, the third member of equation tends to 0 when p tends to co
and the second member converges in B(U>). Thus, h is uniquely defined for any i € B(U*)
by:

(st o) = B P, =AY AW =51 AW (25)

p=2 p=1
This results proves that for any ¥ € B(U°), we have found a unique solution h such that:
Do N (99,0)h =T

Thus, DN (®g,0) is invertible and that

DN (90,0070 = 5.1y~ AW (26)

p=1

C Proof of Proposition

In this part, we consider the matrix S, defined by

S, = 3 1Ak, B, Ar, 3857
(kla"'akpfl)e{lv"'7N}p71 17

Fix p such that the eigenvalues of S, lie inside the unit circle ; we will show that > A, is
absolutely convergent. For any (¢,7) € N x {0,--- ,p — 1}, we use sub-multiplicativity of
norm ||| - ||| and compute, for n = pg + r :

> Ak, B, -+ Ak Bl <

{s2,ssn}e{l, -, Nt

Z |||Ai$2 ;1 T Aspflspﬁgplm o |||Asp(q*l)sp(qfl)Jrlﬂ;p}qfl) o Aquflquﬂ;p}z
{52, ,8pq}E€{1,--- ,N}pPa—1

19



> 14sy585" - As, 1, B

{s2, 80 }€{l,-- N} =1

We find an upper bound for both terms of the previous inequality. Concerning the second
term, there exists C' > 0,such that for any r € {0,--- ,p — 1},

~ sup Z [ As,s, 5_21 'Asy~71sy~ﬁ;,1||| < (27)
ie{1,--,N} {52, ssn} {1, ,N}r—1
We rewrite the first term as:

Z |||Al52 5_21 T Aspflspﬁs_plm e |||Asp(q—1)sp(q—1)+l S_iq—l) o Aquflquﬁs_pi
{82, ,8pq tE€{L,++ ,N}PI=1

SPqe{lv“' 7N}
Combining and leads to
N
11AI| < sup D (Sg)is

]

E]Then, denoting by [z] the ? part of a real number z, we obtain :

]

3

11411 < CIHIES)L

oo

Since all the eigenvalues of S, lie inside the unit circle, due to the Gelfand’s Theorem, for
any matrix norm,

lim |[|S4]J[/7 = p < 1

q—00

This implies that S,[,;]H\l/ " = ¢/p < 1. Finally, using the Cauchy rule, the series

S 11(S,) 5]

lim |||
n— -0

|| is convergent and thus > A, is absolutely convergent.

D Proof of Proposition

In this section, we prove Proposition[2] The proof relies on a refinement of the method used in
Theorem [3] We first compute the solution when v = 0. Since the model is completely linear,
the solution is defined for any . Then we solve the model for a small « by perturbation
around the model with exogenous probabilities.

We consider the following model:

As, Et(x441) + Bs,xt + 0Cs, 0. =0

We assume that for any ¢ € {1,---, N}, the matrices B; are invertible. In this case, the
operators A, defined in equation satisfy, for p > 0:

Ap @ ((s50") = Y (PayeaAs,) By - (=Psy s, As,) By Fa, - Fo, Fy, @)

52, ,8p

N
"We recall that for a matrix M € Mn(R), [|[|[M|||lcc = sup > |Myj]
i€{l,,n}j=1
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Defining ®¢(s?,v!) = 0C,,v; and using the computations in section we get that the
solution of the model is given by :

o0
¢ ’Ut) = Z.qu)()
p=1
First, we compute

./4 (I)O =0 Z pgtg? 71 e (—ﬁsp_lspAsp)B;}lc’SPApvt

Defining the matrix P € M,,n(R) by blocks as:

Py = piA;j(B;) "

A,@o = (PP)s, x C' x AP
Cy
where C = . This leads to:
Cn
> ATy = o (PP),, x C x AP
p=1
Ry
This leads to the following result: Defining R = such that R®q(st,v") = Rg, vy,
Ry
then R satisfies:
Ch
Vect(R) = (I — (A® P))"'Vect | (29)
Cn

Consequently, the solution of this linear model when v = 0 satisfies:
#(0,0)(s",v") = O'B;IRstUt
We apply Theorem [I] and compute
DyN(9(0,0),0,0)h(s",v") = B;l(Rh)(st, vt

and:
N

DN ((0,0),0,0) = 0 Y 01ps,;(0,0 By,  Re,v) A; By ' Rjvhs, (v, 0" )dv
j=1
This implies that:

d(o,7)(s",v") = 0By, 'Ry, vy + O'RZ/ 1ps,5(0,0B; " Ry, (Avy + u))Aij_le(Avt + p)dp
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E Proof of Proposition

E.1 Existence and uniqueness of a s.r.e.e.

This results from Proposition

S1 =

P21 P22
lai]  [oe]

P11 P12
lai] o]

Here, S, = S7 and we only need to check that all eigenvalues of S; are smaller than 1.
This condition exactly coincides with |[Farmer et al.[ (2009a) determinacy condition.
Furthermore, the eigenvalues of S; are smaller than one if and only if:

|| -]a2] + pa2(1 = |ea]) + p1(1 = [ez]) > 1
E.2 The solution when probabilities are exogenous
We compute the solution of the model
Eymii1 + 1y = oqmy

re = pri—1 + v

We have:

Z B—ttk Tt+k

H] =0 Ot+j

By independency,

:—ZEt Tt+k H L

j=0 Qt+j
= fan By

Hg =0 at"l‘]
This implies that:
[ 1
t
= pFEy—
t k=0 |
where H?:I oty = 1 by convention.
Defining A; = >"72, pkEtm, we have:
Agry
Ty = —
Qi

It remains to compute A;. First, we compute:

Et; = Z Psyiy Piria Pig_qig

k ) , )
Hj:l Oét+j (ih... 7ik)€{172}k Qiy Qg szk
We define P = b I=pn ,and A = a0 . This could be rewritten as:
1—p22  p22 0 an
1 ~ 1
Et k = ( k)St X |: :|
Hlj/:l ] 1



stands for the s, line of the matrix P¥. This leads to:

[ ]-ze (]

k=0
Ay 1
Ao 1

=Ay=1.

where P = P % A~! and (P¥),

t

Thus, since ||pP|| < 1,
|=a-pprt|

In particular, if p =0, A;

E.3 Computation of D N (®y,0)

The expression of N (®,~) leads to:
As A1 A2 1 s 2
DN (®,0) = p=se (2L ¢
N (0.0) = pt (G = SO+ Sl
We thus define 3; = (2—1 — —))\11 and vy; = AL (2—1 — —)/\fl, to rewrite the differential as
follows:
DN (®,0) = p(ﬁsﬂ"? + 'VStT?)
E.4 Computation of DeN (g, 0) ' D N (Pg,0)
Computing :
Do 4 i, Bitk Vetk 3
N (0, 0) DN (0, 0) =~ N5 S P e S
Qs k=0 =0 Qt+j k=0 H]o+
As r; is independent from the switching process,
DN (®0,0)" D, N (@, 0) = ZEt B Et?”t+k+’YPZEt T Brd
=0 Qt+j k=0 j:O Qi

Let first remark that:

1 =
E, kﬁt+lc _ Psk; [ B }
[looatr; s P2
and
1 .
E, k’Yt—&-k - Pft [ 71 }
[ooour; s 72

Now we compute first and second raw moments of r;:

3 3 3
Etrt+k = 3U&T(U)Et7"t+k_1 —+ P Etrt+k—1

M;r

B}, = 3var(v)r YR (p%) R
z:l
1— 2\ k
Eyriep = 3Pk1_(ppz)'”a7"(”)7’t + (p*)r}
k
- P a3 var(v)ry
Burbys = 3 varor + ()1t - S0
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YVitk p var(V)ry = rak |
103 e Bt = RS | T e
St k=0

Vitk p wvar(v)r ~
03 B Bt =y SR pP) | T |

_ 2
k=0 Hj:o Aty as, 1—p
Furthermore, we can show by recursion that:

var(v)
1— p?

var\v
Bt = W) gy ver)y

Consequently,

W) = oL [W(”ﬁup);[ﬁl

k=0 aSt 1 - p /62
2 var(v) o1 | B
w0t et B
Finally by applying Proposition [2| we find:
riAs, 5 var(v) 3 var(v)
T = _Tst + py(as,ri + bs, 1— 2 tesry + dstl_ipz
Where
a -1 251 | P
=A"(I—-p°P
o] amenn (]
bl Afl[(l . ]5)71 o (I . p215)71] /81
bg ﬁ2
1 -1 3py-1| M
=A"(I—-p°P
o] —ara-pn | 2]
d _ ~ Sy
Pl=ATa-pP) = (1=t P) Y|
dg 72
F Figures
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Figure 1: Impulse Response Function to a positive real interest rate shock
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Figure 2: Impulse Response Function to a negative real interest rate shock

25



References

ABRAHAM, R., J. MARSDEN, AND T. RATIU (1988): “Manifold Tensor Analysis, and appli-
cations,” Applied Mathematical Sciences, 75.

BLAKE, A. P. AND F. ZampoLLI (2006): “Optimal monetary policy in Markov-switching
models with rational expectations agents,” Bank of England working papers 298, Bank of
England.

BLANCHARD, O. AND C. M. KAHN (1980): “The Solution of Linear Difference Models under
Rational Expectations,” Econometrica, 48.

CHO, S. (2009): “Characterizing Markov-Switching Rational Expectations Models,” mimeo,
School of Economics, Yonsei University.

CLARIDA, R., J. GALf, AND M. GERTLER (2000): “Monetary Policy Rules And Macroeco-
nomic Stability: Evidence And Some Theory,” The Quarterly Journal of Economics, 115,
147-180.

Costa, O., M. F. AND R.MARQUES (2005): Discrete-Time Markov Jump Linear Systems,
Springer.

Davig, T. aND T. DoH (2008): “Monetary policy regime shifts and inflation persistence,”
Tech. rep.

Davic, T. AND E. M. LEEPER (2007): “Generalizing the Taylor Principle,” American Eco-
nomic Review, 97, 607-635.

(2008): “Endogenous Monetary Policy Regime Change, NBER International Seminar
on Macroeconomics 2006,” 345-391.

FARMER, R. E. A., D. F. WAGGONER, AND T. ZHA (2009a): “Indeterminacy in a forward-
looking regime switching model,” International Journal of Economic Theory, 5, 69-84.

(2009b): “Understanding Markov-switching rational expectations models,” Journal of
Economic Theory, 144, 1849-1867.

(2010a): “Generalizing the Taylor Principle: a comment,” American Economic Re-
view.

(2010b): “Minimal State variable solutions to Markov-Switching rational expectations
models,” to appear in Journal of Economic Dynamics and Control.

FERNANDEZ-VILLAVERDE, J., P. GUERRON-QUINTANA, AND J. F. RUBIO-RAMIREZ
(2010): “Reading the recent monetary history of the United States, 1959-2007,” Review,
311-338.

FILARDO, A. J. (1994): “Business-Cycle Phases and Their Transitional Dynamics,” Journal
of Business and Economic Statistics, 12, 299-308.

FILARDO, A. J. AND S. F. GORDON (1998): “Business cycle durations,” Journal of Econo-
metrics, 85, 99-123.

FOERSTER, A., J. RUBIO-RAMIREZ, D. WAGGONER, AND T. ZHA (2011): “Essays on
Markov-Switching Dynamic Stochastic General Equilibrium Models,” Foerster’s PhD Dis-
sertation, Chapter 2, Department of Economics, Duke University.

HawmirTon, J. D. (1989): “A New Approach to the Economic Analysis of Nonstationary
Time Series and the Business Cycle,” Econometrica, 57, 357-84.

26



JIN, H. AND K. JUDD (2002): “Perturbation methods for general dynamic stochastic models,”
Working Paper, Stanford University.

Jupp, K. L. (1996): “Approximation, perturbation, and projection methods in economic
analysis,” in Handbook of Computational Economics, ed. by H. M. Amman, D. A. Kendrick,
and J. Rust, Elsevier, vol. 1 of Handbook of Computational Economics, chap. 12, 509-585.

JUILLARD, M. (2003): “What is the contribution of a k order approximation 7”7 Computing
in Economics and Finance, 286.

JUSTINIANO, A. AND G. E. PRIMICERI (2008): “The Time-Varying Volatility of Macroeco-
nomic Fluctuations,” American Economic Review, 98, 604—41.

K, C.-J., J. PIGER, AND R. STARTZ (2008): “Estimation of Markov regime-switching
regression models with endogenous switching,” Journal of Econometrics, 143, 263-273.

KLEIN, P. (2000): “Using the generalized Schur form to solve a multivariate linear rational
expectations model,” Journal of Economic Dynamics and Control, 24, 1405-1423.

LEEPER, E. M. AND T. ZHA (2003): “Modest policy interventions,” Journal of Monetary
FEconomics, 50, 1673-1700.

Liu, Z., D. F. WAGGONER, AND T. ZHA (2010): “Sources Of Macroeconomic Fluctuations:
A Regime-Switching Dsge Approach,” Emory Economics 1002, Department of Economics,
Emory University (Atlanta).

LuBIK, T. A. AND F. SCHORFHEIDE (2004): “Testing for Indeterminacy: An Application to
U.S. Monetary Policy,” American Economic Review, 94, 190-217.

Sivs, C. A. (1982): “Policy Analysis with Econometric Models,” Brookings Papers on Eco-
nomic Activity, 13, 107-164.

Sivs, C. A. AND T. ZHA (2006): “Were There Regime Switches in U.S. Monetary Policy?”
American Economic Review, 96, 54-81.

SVENNSON, L. AND N. WILLIAMS (2009): “Optimal Monetary Policy under Uncertainty in
DSGE Models: A Markov Jump-Linear-Quadratic Approach,” Central Banking, Analysis,
and Economic Policies Book Series, Monetary Policy under Uncertainty and Learning,

Klaus Schmidt-Hebbel and Carl E. Walsh and Norman Loayza (Series Editor), 13.

TAYLOR, J. B. (1993): “Discretion versus policy rules in practice,” Carnegie-Rochester Con-
ference Series on Public Policy, 39.

(1999): “A Historical Analysis of Monetary Policy Rules,” in Monetary Policy Rules,
National Bureau of Economic Research, Inc, NBER Chapters, 319-348.

UHLIG, H. (1999): “Analysing non linear dynamic stochastic models,” Computational Meth-
ods for the Study of Dynamic Economies, in R. Marimon and A. Scott (eds), Oxford
University Press.

WOODFORD, M. (1986): “Stationary Sunspot Equilibria: The Case of Small Fluctuations
around a Deterministic Steady State,” mimeo.

(2003): “Interest and prices: Foundations of a theory of monetary policy,” Princeton
University Press.

27



Documents de Travail

330. E. Challe and C. Giannitsarou, “Stock Prices and Monetary Policy Shocks: A General Equilibrium Approach,”
June 2011

331. M. Lemoine, M.E. de la Serve et M. Chetouane, “Impact de la crise sur la croissance potentielle : une
approche par les modeles & composantes inobservables,” Juillet 2011

332.J. Bullard and J. Suda, “The stability of macroeconomic systems with Bayesian learners,” July 2011

333. V. Borgy, X. Chojnicki, G. Le Garrec and C. Schwellnus, “Macroeconomic consequences of global
endogenous migration: a general equilibrium analysis,” July 2011

334. M. Kejriwal and C. Lopez, “Unit roots, level shifts and trend breaks in per capita output: a robust evaluation,”
July 2011

335. J. Ortega and G. Verdugo, “Immigration and the occupational choice of natives: a factor proportons approach ,”
July 2011

336. M. Bussiere, A. Chudik and A. Mehl, “How have global shocks impacted the real effective exchange rates of
individual euro area countries since the euro's creation? ,” July 2011

337.J. F. Hoarau, C. Lopez and M. Paul, “Short note on the unemployment of the “french overseas regions,” July
2011

338. C. Lopez, C. J. Murray and D. H. Papell, “Median-unbiased estimation in DF-GLS regressions and the PPP
puzzle,” July 2011

339. S. Avouyi-Dovi and J. Idier, “The impact of unconventional monetary policy on the market for collateral: The
case of the French bond market,” August 2011

340. A. Monfort and J-P. Renne, “Default, liquidity and crises: an econometric framework,” August 2011

341. R. Jimborean, “The Exchange Rate Pass-Through in the New EU Member States,” August 2011

342. M.E. de la Servey and M. Lemoine, “Measuring the NAIRU: a complementary approach,” September 2011
343. A. bonleu, G. Cette, and G. Horny, “Capital Utilisation and Retirement,” September 2011

344. L. Arrondel, F. Savignac and K. Tracol,“Wealth effects on consumption plans: french households in the
crisis,” September 2011

345. M. Rojas-Breu,“Debt enforcement and the return on money,” September 2011

346. F. Daveri, R. Lecat and M.L. Parisi, “Service deregulation, competition and the performance of French and
Italian firms,” October 2011

347.J. Barthélemy and M. Marx, “State-dependent probability distributions in non linear rational expectations
models,” October 2011

Pour accéder a la liste compléte des Documents de Travail publiés par la Banque de France veuillez consulter le site :
http://www.banque-france.fr/fr/publications/revues/documents-de-travail/htm/accueil-documents-de-travail.asp?espace=null&interet=macroeconomie

For a complete list of Working Papers published by the Banque de France, please visit the website:
http://www.banque-france.fr/gb/publications/ner/ner_11.htm

Pour tous commentaires ou demandes sur les Documents de Travail, contacter la bibliothéque de la Direction Générale des Etudes et des
Relations Internationales a I'adresse suivante :

For any comment or enquiries on the Working Papers, contact the library of the Directorate General Economics and International
Relations at the following address :

BANQUE DE FRANCE

49- 1404 Labolog

75049 Paris Cedex 01

tél : 0033 (0)1 42 97 77 24 ou 01 42 92 63 40 ou 48 90 ou 69 81

email :  1404-ut@banque-france.fr


http://www.banque-france.fr/fr/publications/revues/documents-de-travail/htm/accueil-documents-de-travail.asp?espace=null&interet=macroeconomie
http://www.banque-france.fr/gb/publications/ner/ner_11.htm
mailto:U1404-ut@banque-france.frU

	Introduction
	Models
	Solving Rational Expectations Models with perturbation approach
	General result
	Case I: state-dependent probability distribution in the absence of regime switching
	Case II: endogenous regime switching in a forward-looking environment
	Case III: endogenous regime switching in a forward-looking and linear environment

	A Fisherian model of inflation determination
	The model
	The solution
	Numerical applications

	Measures 
	Proof of Theorems 1,2 and 3
	Proof of Theorem 1
	Notations
	Proof of Theorem 2
	Proof of Theorem 3

	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Existence and uniqueness of a s.r.e.e.
	The solution when probabilities are exogenous
	Computation of DN(0,0)
	Computation of DN(0,0)-1DN(0,0)

	Figures

