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Abstract

A choice function on a finite set is path independent if and only if it can be represented as the
choice of undominated alternatives taking into account mixed strategy domination.

This work was sparkled by seminar presentations by Vladimir Danilov and Gleb Koshevoy. | thank the latter and Fuad
Aleskerov for their comment on earlier drafts. | also thank Universidad Carlos 11l de Madrid, Departamento de Economia, and
personally Francisco Marhuenda for their hospitality. Financial support from the Russian Foundation for Basic Research (grant
02-01-00854) and from a presidential grant for the state support of the leading scientific schools (NSh-1843.2003.01) is
acknowledged.

Citation: Kukushkin, Nikolai, (2004) "Path independence and Pareto dominance." Economics Bulletin, Vol. 4, No. 3 pp. 1-3
Submitted: January 5, 2004. Accepted: January 23, 2004.

URL: http://www.economicsbulletin.com/2004/volume4/EB—04D70001A. pdf


http://www.economicsbulletin.com/2004/volume4/EB-04D70001A.pdf

1. Introduction

The notion of a path independent choice function was introduced by Plott (1973).
The property is often considered a minimal requirement for rational choice; it is
satisfied, in particular, if maximal elements of a given strict order are chosen from
every subset (however, the choice of maximizers for an acyclic relation need not
be path independent). Aizerman and Malishevski (1981) observed that every path
independent choice function admits a joint-extremal representation, i.e., maximal
elements of a given family of linear orders are chosen from every subset. Apparently
the first published proof is dispersed in Aleskerov et al. (1979) and Litvakov (1980,
1981); Moulin (1985) provides a closed proof.

This paper gives another characterization of path independent functions: they
can be represented by the choice of undominated alternatives taking into account
mixed strategy domination. In a sense, an elementary explanation of the connection
between path independence and convex structures (Koshevoy, 1999; Monjardet and
Raderanirina, 2001; Danilov and Koshevoy, 2003) is provided although this simple
theorem cannot claim to have exhausted the topic.

2. The Result

Let A be a finite set, #A4 = n, and A = 24\ {0}. A choice function on A is a
mapping C' : A — A satisfying C(X) C X for every X € 2. A choice function is
path independent if C(X UY) = C(C(X) U C(Y)) for all X and Y.

Let there be a finite list of functions P; : A — IR, 7 € N; we say that a choice
function C on A is Pareto represented (with vector criterion (P;);en) if

VXtevxeX[meO(X) — Ay, .y EeX, M,..., A ER

[Z M =1& V[N, > 0] & Vie N (Z AP(yb) > Pi(w))H.

Theorem. A choice function on a finite set is path independent if and only if it can
be Pareto represented (with a finite list of functions).

Proof. The sufficiency is well known (and easy to check anyway); we only consider
the necessity.

We denote ¥ the set of one-to-one mappings o : {1,...,n} — A. For every
o € %, we define 0, € ¥ as follows: o0.(1) = argmin, g0 (), A(l) = A
for k = 1,...,n — 1, by induction, A(k + 1) = A(k) \ {0.(k)} and o.(k + 1) =
argmin,co(ar41)) @ (¢). Then we define P, : A — IR by
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P,(z) = plr=ox ()], (1)



Let z € X \ C(X )forXEQlandCX = {y',...,y™}; we deﬁne A = 1/m for
E=1,....m. Let ¢ € % if o7 (y") < o7 (= ) for some h, then L3 P,(y*) >
LP (y h) > P,(z). Suppose that o'(z) < o '(y"*) for all E = 1,...,m; then
z € C(A(o7 (z))) while y* € A(a (z)) f ra,llk On the other hand, C'(A(c (z))) =
(CH{y,...,y™ z}) U C(A(O'*_l( N\ {y", ..., 4™, z})); =z cannot belong to the sec-

ond term, but it also does not belong to the first one: otherwise, we would have
C(X)=C(XU{y,...,y™ z})=C({y",...,y™ z}) > z. The contradiction proves
L3 Pr(y*) > Py(x) for all o € X.

Finally, let Yo, APy (y*) > P,(z) for all ¢ € ¥ and = # y* for any k. We
have to show that z ¢ C(X) whenever {y',...,y™} C X. Let o € X be such that
o~ (y*) > 071(2) for any k and any z ¢ {y',...,y™}, and let s = ming o }(y*). The
supposed domination implies P, (y*) > P,(z) for some k, hence s < o,'(z). There-
fore, A(s) 2 {y*,...,y™, =z} and C(A(s)) =Y C {y*,...,y™} because otherwise a
z € Y\{y',...,y™} would have been chosen as o.(s). If it were that z € C(Y U{z}),
we would have C'(A(s)) = C(A(s)U[YU{z}]) = C(YUC(YU{z})) = C(YU{z}) > =.
Now X = (YU {z})U[X \ (Y U{z})] implies = ¢ C(X). O
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3. Concluding Remarks

1. All the functions P, () are one-to-one; therefore, weak Pareto dominance
Vo€ 2|3 MPa(y) > Pole )]&HJEE[Z/\k )> Py(o)]
k

produces the same choice function C. It is also worthwhile to note that P = (P, )sex

embeds A into R~.

2. It is easy to check that the same functions P,(-) provide a joint-extremal repre-
sentation of C'. Moreover, (1) shows how any joint-extremal representation can be
converted into a Pareto representation.

3. When perceived as a closed proof of the joint-extremal representation, the above
reasoning may be the shortest in the literature. This advantage is paid for with our
total disregard for the number of dimensions involved: for instance, if ¢/ = ¢/, then
the functions P,/(-) and P,»(-) are identical; if C(A(s)) = A(s) for some 8, there is
no need to define o.(s + 1),...,0.(n); etc. Consistent economizing would lead to a
proof indistinguishable from Moulin’s (1985).
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