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Abstract

This paper analyzes a random—proposer coalitional bargaining game with different discount
factors, which is a generalized version of Okada's (1996) model. We consider limit subgame
efficiency which means that when the discount factors are sufficiently close to unity, the full
coalition is formed in each subgame. In this paper, a negative result is shown: The limit
subgame efficiency is attained if and only if values of the characteristic function are zero for
all coalitions but the grand coalition. This result implies that under different discount factors,
even under a naturally generalized condition of Okada's necessary and sufficient condition
for the limit subgame efficiency, the limit subgame efficiency is not necessarily achieved. On
the other hand, it is shown that under a condition on the region of players' discount factors,
the generalized condition of Okada's condition is almost necessary and sufficient for the limit
subgame efficiency.
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1. Introduction

Okada (1996) introduced a noncooperative coalitional bargaining game with random proposers,
in which a player is randomly recognized as a proposer in each round. He showed that in equilibrium
of the game, no delay occurs. Also, he provided the equivalent condition for the limit subgame
efficiency, which means that when the discount factor is sufficiently close to unity, the full coalition
is formed in each subgame. The condition is that values of coalitions per capita are monotonic
with respect to sizes of coalitions.

This paper analyzes a generalized game of Okada’s model. In the generalized game, players’
discount factors and recognition probabilities are different. Especially, difference of discount factors
is a key factor of this paper. Under different discount factors, even if the equivalent condition for
the limit subgame efficiency of Okada (1996) holds, the limit subgame efficiency is not necessarily
achieved (Example 1). This is intuitively explained as follows: A proposer may obtain a larger
payoff by proposing subcoalitions with less patient players than the full coalition because by
proposing such coalitions, she does not have to give larger allocations to more patient players,
whose approval seems expensive. Thus, under different discount factors, the proposer may have
an incentive to propose subcoalitions. Moreover, however close to 1 each player’s discount factor
is (however small the difference among players’ discount factors is), the difference among players’
discount factors matters.

In this paper, we show a negative result: In the generalized Okada model, the limit subgame
efficiency is attained if and only if values of the characteristic function are 0 for all coalitions but
the grand coalition. On the other hand, it is shown that under a condition on the region of players’
discount factors, a naturally generalized condition of Okada’s condition above is almost necessary
and sufficient for the limit subgame efficiency.

This paper is related to Yan (2002), which generalized a variant of Okada model. In the gener-
alized model, recognition probabilities are different but discount factors are common. According
to Yan (2002), if the core of the underlying characteristic function form game is not empty, the
limit efficiency is attained in a noncooperative game with some recognition probability tuple. The
results of this paper, however, imply that under different discount factors, even if the core is not
empty, the limit efficiency does not hold for any recognition probability tuple.

The paper is organized as follows: Section 2 defines a coalitional bargaining game; Section 3
investigates the efficiency.

2. Model

Take a characteristic function form game (N, v). Suppose that N = {1,...,n} for some n € N
such that n > 2. Let € = 2V \ {#}. Suppose that v ({i}) = 0 for all i € N, v(N) > 0 and
VS, Te€:SNT=0=v(SUT) >v(S)+v(T).

For § = (0k) ey € (0,1)", define a noncooperative bargaining game G (0), which is a generalized
model of Okada (1996) with different discount factors and different recognition probabilities.

The structure of the game is inductively defined. In the game, there are several states. The set
of states is & = {S €2V |v(S) > O}. At state S € G, a player i € S is selected as a proposer with

probability p;, where p® = (p) ves € {(pk)kes € Rﬂ | > hes Pk = 1}. The proposer i proposes a



pair of a coalition including ¢z and a payoff distribution for the coalition,

(C,z) € {(C’, (@h)peer) | €T €25 Ni € O A (@) €RTIAD af < (c')} .

kecC’

Then, each member in the proposed coalition C' other than proposer ¢ announces accepting or
rejecting the proposal according to some predetermined order. If every responder accepts the
proposal, the proposal is enforced and the state goes to state S\ C' (if v (S \ C) = 0, the game
ends). Otherwise, the state remains to be S. The game begins with state N. We say that a
proposal is accepted if every responder accepts it and rejected otherwise.

8; is 1’s discount factor. Player i obtains a payoff of 5!~ 'z; if a proposal (C, (xk’)kec) such that
C 31 is enforced at the ¢t-th round and nothing otherwise.

In this paper, consider pure strategies. The equilibrium concept employed in the paper is the
stationary subgame perfect equilibrium (SSPE), which is the subgame perfect equilibrium such
that each player takes the same actions at all rounds with the same state.

We introduce some notations. For n € N, ¢ > 0 and a € R", let B (a) be the e-open ball of a
in the n-dimensional Euclidean space. For any family a = (ay),., and A € A, let prya = ay. Let
1 be a tuple whose elements are 1.

By the same logic as Okada (1996), there is no delay in G (§) for any ¢ € (0,1)".

3. Efficiency

In this section, we consider the efficiency defined according to Okada (1996).

Definition 1. Take any § € (0,1)". G (0) is a subgame efficient if there exists an SSPE of G (9)
such that every player proposes full coalition S at a round with any state S € &.

Let ® = {A €20V |Ve>0: ANB" (1) #0}.

Definition 2. Take any A € ®. G is limit subgame efficient on A if there exists € > 0 such that
for all 6 € B? (1) N A, G (9) is subgame efficient.
Definition 3. G is a limit subgame efficient if G is a limit subgame efficient on (0, 1)".

Note that the efficiency is defined for games in the above whereas it is defined for equilibria in
Okada (1996).

In the case that pf = ﬁ for all S € & and all i € S, according to Okada (1996), G is

limit subgame efficient on A if and only if Ufj) > U|(TT\) for all S, T € € such that S D T, where

A={(0})pen € (0,1)" |Vk,l € N : 6, =0}

The following example implies that even if the equivalent condition above is satisfied, G is
not limit subgame efficient on some A € ®, which obviously implies that G is not limit subgame
efficient.

Example 1. Suppose that n = 3, pf = ﬁ forall S € & and all i € S, and v(/N) = 1 and

v({i,j}) = 2 foralli,j € Ni# j. Obviously, characteristic function v satisfies Okada’s equivalent
condition. Let A = {(6k),cn € (0,1)" | 01 = 85 = V/33}.
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We show that G is not limit subgame efficient on A. Take any 0 = (6),cn € A such that
9 > %377 € (0,1). Let d = 0;. Suppose that G (9) is subgame efficient. Then, there exists an
SSPE of G (§) such that every player proposes the full coalition at any round. For i € N, let v; be
player i’s payoff in the equilibrium. Then, by the efficiency and no delay, the equilibrium payoff
profile must satisfy

(U V. v ) - ((1 - dUQ - d21)3) + 2dU1 (]_ - dUl - d21)3) + 2dU2 (]_ - dUl - d’Ug) + 2d21)3>
1,02,V3) — .

3 ’ 3 ’ 3
Thus, v = vy = 31%2% and vy = ﬁ. At player 1’s proposing node in the first round, player 1
obtains a payoff of 1 —d 31:2‘2 —d? 3 +12 5 = 32‘522‘12 in the equilibrium. Consider player 1’s deviation

from proposing the grand coalition to proposing coalition {1, 3}. By the deviation, player 1 obtains

a payoff of % —d? 3 +12 5 = 6:,:F(§i_2?1c)l2. Thus, Player 1’s gain from the deviation is equal to %;3312,

which is greater than 0 since d > %ﬁ. Thus, G (9) is not subgame efficient for all d > %.
Hence, G is not limit subgame efficient on A.

Note that there exists an equilibrium in mixed strategies. In the equilibrium, player ¢ € {1, 2}
stochastically proposes grand coalition N and subcoalition {i,3} at any round with state N.

The inefficiency is intuitively explained as follows: By proposing subcoalitions with less patient
players, a proposer does not have to give larger payoffs to more patient players, whose approval
is expensive. She may obtain a larger payoff by proposing such subcoalitions than the full coali-
tion. Thus, under different discount factors, she may have an incentive to propose subcoalitions.
Moreover, however close to 1 each player’s discount factor is (however small the difference among
players’ discount factors is), the difference among players’ discount factors matters.

In the following, we investigate conditions for the efficiency under different discount factors. To
do so, introduce some notations. For any nonempty and finite set K, any tuple p = (pi),cx € R'f'
such that Y, . pr = 1 and any tuple a = (ay),.x € R'*1, let H, (a) and A (a) denote the harmonic

mean of a weighted by p and the arithmetic mean of a, respectively: H, (a) = (ZkeK pka,zl)
and A(a) = |—]1(|ZkeKak. For any S € &, any T € € such that 7" C S and any 7 € T, let

TS _ ? _ (. 7|8 _
e A >keT and p} = (07) yor-

et Pk
The following lemma provides a condition for G (d) to be subgame efficient given 0.

Lemma 1. Take any 0 = (0p),cy € (0,1)". Then, G (8) is subgame efficient if and only if

H,s (1 —
e R I e AR o)1 |)T‘ W
A(p?)
forall S € & and T € € such that T C S, where 6¢ = (0x) e for C € €.
Remark. Needless to say, A (ps ) = 13-
Proof. See Appendix A. Q.E.D.

Using Lemma 1, we present a equivalent condition for G to be limit subgame efficient. For
0= (On)peny € (0,1)", S € & and T € € such that T C S, let L (8, S,T) be the left hand side of

(1).



Theorem 1. G is limit subgame efficient if and only if v(S) =0 for all S € €\ {N}.

Remark. If v(S) = 0 for all S € €\ {N}, G(0) is essentially the same game as Baron and
Ferejohn’s (1989) model with the unanimity rule.

Proof. See Appendix B. Q.E.D.

According to this theorem, G is limit subgame efficient only under a very strong condition.
The key underlying the theorem is the first fraction of the first term of the left hand side of (1).
If S # T, for any r > 0, for any € > 0, there exists 6 € B™ (1) N (0,1)" such that the fraction
is less than r. This implies that, if there exists S € €\ {N} such that v (S) > 0, for any € > 0,
there exists § € B" (1) N (0,1)" such that L (6, N, S) < —$— which means that G is not limit

2e8) 5

A(PN)

subgame efficient.
On the other hand, in the following, we show that under a condition on A € ®, a generalized
version of Okada’s condition is “almost equivalent” to the limit subgame efficiency on A of G. For

Ae®D let Ay ={pr;d|0e€A}. For Ae®D, i€ N and §; € Ay, let
fR;(01) =sup{pr;d |6 € AApr d=di}
and
fa;(01) =inf{pr,d|d € AApr;d=0d}.

For S € €, let fKS (01) = (ka (51))kes and f ¢ (1) = (fgk (51))k65.
Using these notations, we introduce the following concept:

.l N . . ) . 1-fX,61) . 1-fx(61)
Definition 4. A € D is limit-equivalent if for all i € N\ {1}, lims, ., —o5,— = limg, o 35— =
_ _ et _
Lode, Vr > 030 € Ay : 6 € (6.1) NA = |24 1) < pand Vr > 036, € A 1 6 €
(51, 1) NA = 1_{5’51(61) - 1‘ <r.

For example, {(d;).cy € (0,1)" | Vi € N\ {1} :logdy +1 < & < e®7'} is limit-equivalent.
The following theorem states that if A € ® is limit-equivalent, a generalized version of Okada’s
condition is “almost equivalent” to the limit subgame efficiency on A of G.

Theorem 2. Take any A € ©. Suppose that A is limit-equivalent. Then, (i) G is limit subgame
efficient on A only if

v(s) o v(T)
ST~ A08)
6 |1
forall S € & and T € € such that T C S; and (ii) G is limit subgame efficient on A if
v(s) _ v(T)
ST~ a68)
A(p?) 17

forall S € & and T € € such that T C S.



Proof. See Appendix C. Q.E.D.

If A is limit-equivalent, for any r > 0, there exists € > 0 such that for all § € B (1) N A, the
first fraction of the first term of the left hand side of (1) is in the r-open ball of 1 for all S and 7.
From this, the theorem is obtained.

The results of this paper imply importance of similarity of time preferences. Theorems 1 and
2 mean that in general, the efficiency of coalitional bargaining is scarcely attained, but if players’
time preferences are similar, the efficiency is achieved under a moderate condition.



Appendix
A. Proof of Lemma 1

Proof. (Necessity) Suppose that there exists an SSPE ¢ of G (d) such that every player proposes
the full coalition at any round. Take any S € G and any T' € € such that 7" C S. For ¢ € N, let
v; be player i’s payoff by ¢ in any subgame with state S. By the efficiency and no delay,

v; =pd | v(S) — Z opvr | + Z PRow; = p; (v (S) — Zékvk> + d;v;. (2)

keS\{i} keS\{i} kes

This implies

S

S

(2) and (3) yield 3, gv; = v (S) = (zies f’j) (v(S) = Xpes Oxvx). Thus,

Z(S]ﬂ)k = 1 — 55) (S) (4)
kes
From (3) and (4), we have
w= L0 (s). )

By the efficiency, v (S) — ZkeS\{i} v > v (T) — EkeT\{i} 0;vr must hold for ¢« € T. Add é;v; to
both sides of the above inequality. Then, v (S) — >, ¢ 0xvi = v (T) — >, cr Okvk. Substitute (4)
and (5) into the left hand side and the right hand side of the above inequality, respectively. Then,

51472
H,s (1—65)v(S) >0 (T) — (Z . _5k) Hy,s (1—65)v(S).

Add and subtract (ZkeT %) Hys (1 —dg)v(S) to and from the right hand side of the above
inequality. Then,

Hys (1= dg)v(S) 2 v(T) - <21€£5R>H (1—ds)v (Zm) s (1=ds)v(9).

keT

Divide both sides of the above inequality by |S| Y, ., p;. Then,

1 (5 v(T)  Hps(1-14s) v(5) 1 v (9S)
—ZkeTprps (1—0dg) 5] > %ITI Hos (L= 0r) 15| + Hys (1 —05) 5

Obviously, this inequality is equivalent to (1).



(Sufficiency) Suppose that (1) holds for all S € & and T' € € such that 7" C S. Consider
strategy profile o such that at a round with state S € &, (i) every proposer i € S offers (S, (:L“;c)kes)
with z! = v (9) =2 kes\ (i} dxvy and o = 605 for j # i, and (ii) every responder i accepts proposal

-5
(T, (Yk)per) With T2 4 if and only if y; > d;v7, where v = %&_S)pfv (S) fori € S. In o,
every proposer offers the full coalition at any round. We want to show that ¢ is an SSPE. The

stationarity obviously holds. Take any S € &. Player i’s payoff at a round with state S by o is
p? (v (S) = 2 res\iiy (5kv,f) + D kes\(i) prdvf, which is equal to v by the definition of v7. Thus,
each player’s responding actions of ¢ are unimprovable. At player i’s proposing node at a round

with state S, player ¢’s gain by one deviation from o to offering proposal to be accepted with
coalition T' C S is at most

v(T) — Z sy | — [ v(S) — Z Spvy

keT\{i} keS\{i}
— o) = A G IT] 120 ($) -~ (1= A () IT) Hys (1590 (5).

which is less than or equal to 0 by (1). At the node, player i’s gain by one deviation from o to
offering a proposal to be rejected is §vf — (v (S) = D res\iiy 5@}3) = —H,s (1 —6d5)v(S) < 0.

Thus, each player’s proposing actions of ¢ are unimprovable. From the argument above, the One
Deviation Principle implies that o is an SPE. Q.E.D.

B. Proof of Theorem 1

Proof. (Necessity) Prove the contraposition. Suppose that there exists S € €\ {N} such that
v(S)>0. Forie N and z € (0,1), let

5 () 1-v1—-2% itiesS
i (L) =
x ifie N\S.

Let 6 (z) = (0k (7)) pen and dg (x) = (6 (2)),cg- Then,

Hyn (1 -6 (x)) {ZkestNV T—2?  + ZkeN\Sp]k:V (1- 35)_1}_1

Hys (1 35 (2)) N
1

—= — .
D kes PR+ <Zk€N\Sp;cv) \/11—796

Vi-x?

Notice that lim, ., 5=

lim, ., \/1%7 = +oo by L’Hopital’s Rule. Then,
lim Hyv (1 -6 (x))

=0.
z—1 HpS\N (1 — (53 (33))




Thus, lim, ., L (6 (), N,S) = 0. Notice that A(”(S) > 0. Then, there exists z € (0,1) such that
s
A(pN)

forallx >z, L(§(x),N,S) < v Now, take any € > 0. Let & = max {a‘:, \/max{l — %,O}}.

A(rY)
2 1S

Obviously, & € (0,1). Take an z, € (#,1). Consider ¢ (z,). Note that

10 (z.) = 1 = \/ISI (L—=a2) +(n—IS) (1 —2)* < Vn(l—a?)

<mg\/n(1_max{1_;ﬁ,o}> <e

Since x, > & > &, we have L (J (z,),N,S) < A(“svs)) . Thus, from Lemma 1, G (6 (z.)) is not
X s
A
subgame efficient. Hence, G is not limit subgame efficient.
(Sufficiency) Suppose that v (S) = 0 for all S € €\ {N}. Then, for any (), € (0,1)", for
any S € 6 = {N} and any 7" € € such that T C S, (1) holds. Thus, from Lemma 1, for any
5 €(0,1)", G(0) is subgame efficient. Hence, G is limit subgame efficient. Q.E.D.

C. Proof of Theorem 2

Proof. For any S € & and T' € € such that 7' C S, for any 6 = (0x),cn € A,

Hps (l—f&s (51)) U(S) 1 _ <S>

Hys (1 Ly (00) 19) *(zke " 1)[“(1 %) g1
Hys (1= fxs(01)) v 1 B o v(S)
<rs < g Tt (s ) e 090

holds, where dg = (0x),cg- Since A is limit-equivalent,

Hos(1-fx 5(01))

lim Hps (1 - f&,s (51)) — lim 1-5, 1
61—1 HpT\S (1 — fX,T (61)) h—1 H T\S(l (J;A T(51)) .
1-61

_rt
51 fA;S((Sl)) = 1. Thus, for any S € & and T" € € such that T' C S, for any
HPT\S<1_]£A’T(51))

r > 0, there exists € > 0 such that for all 6 € B (1) N A,

Similarly, lims,

S S
%—TSL((S,S,T)S'”'(’ T (6)
(On (i)) Prove the contraposition. Suppose that Ul(S|) < A(US) for some S € G and T € € such
1)
A(p9)

that " C S. Then, there exists p € R such that 0 < p < o g)) ‘ ‘) Take (ng)) - Uﬁ;) —p>0

e i)

A(r®) A(r®)




as r of (6). Then, there exists € > 0 such that for any 6 € B* (1) N A, L(§,5,T) < A(”(sj;) —p.
517
A(p%)

Thus, there exists € > 0 such that for any 6 € B (1) N A, L(4,5,T) < A(ng)) by p > 0.
iy
A(p®)
Therefore, there exists € > 0 such that for any § € B! (1) N A, G (0) is not subgame efficient. This
implies that G is not limit subgame efficient on A.

(On (ii)) Take any S € & and any T € € such that T C S. Take 252 — @)~ 0 as r of (6).

|5 Ps
e
Then, there exists € (S,T) > 0 such that for any § € Blig (1) NA, L(4,5,T) > A(Z(;))Tl' Since
A(r®)

{(5,T) € & x €| S DT} is finite, function € has a minimizer. Let €, be the minimum of . By
definition, for all 6 € B (1), for all S € & and all T' € € such that " C S, L (0,5,7T) > ey

A(r?)
Lemma 1 implies that for all § € B (1) N A, G (0) is subgame efficient. Therefore, G is limit
subgame efficient on A. Q.E.D.
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