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1 Introduction

In this paper, we present a one-sector infinite horizon economy with capital
accumulation, endogenous labor supply and liquidity constraint on consump-
tion expenditures. We depart from similar model economies (see Stockman,
1981; Abel, 1985; Svensson, 1985; Lucas and Stokey, 1987; Coleman, 1987;
Cooley and Hansen, 1989; Woodford, 1994) by assuming that only a share
between zero and one of current consumption purchases must be paid by cash
holdings accumulated from the previous periods, in the spirit of Grandmont
and Younés (1972). We study the stability properties of this model, and assess
the conditions under which it may become indeterminate. When it is the case,
we analyze the cyclical properties of the model when animal spirits act as a
driving force of the business cycle. Notice that our fractional cash-in-advance
constraint can be viewed as the inverse of the velocity of money, according
to the Cambridge Cash Balance Approach. We will refer to it in the sequel
equivalently as to the amplitude of the financial constraint or to the inverse
of the velocity of money.

By deriving analytically the conditions under which the model is inde-
terminate, we establish two results which we believe are quite surprising with
regard to the literature on endogenous fluctuations. First, we show that a
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small departure from the traditional Ramsey-Cass-Koopmans model — the
requirement that an arbitrerily small amnount of consumption purchases must
be paid by cash in the hands of the representative consumer - is sufficient
to make the equilibrium indeterminate and to allow for the existence of sun-
spots fluctuations. Next, we show that the occurrence of such fluctuations
becomes more and more likely as long as the velocity of money is continu-
ously increased from one (as in Cooley and Hansen, 1989) to infinite (as in
the standard Ramsey-Cass-Koopmans model). These two findings are rather
surprising, since it is often believed that indeterminacy can occur only in
the presence of strong market imperfections and that the occurrence of such
fluctuations is made more and more likely as long as the degree of market
imperfection is increased, and not decreased.

In particular, we demonstrate that when the velocity of money is close
to one, indeterminacy arises only when consumption is not very substitut-
able across periods (i.e. strong enough income effects). However, as long as
the velocity of money is increased, the range of admissible values for an inde-
terminate equilibrium becomes larger and larger. Above a certain threshold,
it includes the logarithmic case (unitary elasticity of substitution) and above
a higher one, it coincides with the whole domain of definition of the elasticity
of intertemporal substitution in consumption. Finally, when the velocity of
money reaches infinite, the model is not continuous since it looses one dimen-
sion: Actually, it collapses into the standard Ramsey-Cass-Kcopmans model
which, as is well known, exhibits the saddle-path stability. The interpreta-
tion of this feature consists in the fact that the nominal indeterminacy, pre-
vailing when there are no financial constraints, becomes real as soon as an
(arbitrarily small) liquidity constraint is introduced.

Bosi and Magris (2003) find analogous results in a deterministic model
in which labor is supplied inelastically. Of course, these results will appear
to be consistent, as a particular case, with those found in the more general
framework considered in this paper. Although more analytically demanding,
considering an elastic labor supply is important for two reasons. First, it
influences strongly the stability properties of the model. We show in partic-
ular that the range of values for the elasticity of intertemporal substitution
in consumption compatible with indeterminacy decreases when labor sup-
ply becomes more elastic, and that the threshold for the velocity of money
above which indeterminacy occurs for whatever parameters configuration
shrinks (and eventually tends to zero) as the labor supply elasticity tends
to infinity. Second, the introduction of an elastic labor supply allows us to
perform simulations experiments and to study the cyclical properties of the
model in the spirit of the Real Business Cycle literature.

A possible criticism which can be addressed toward our framework is
that, in a one-sector model, agents could avoid a financial constraint applying
exclusively on consumption by buying only the investment good and con-
suming ez-post a part of it according to their optimal plans. But a one-sector
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model can be easily viewed as a special case of a two-sector model in which
the capital intensities of the two production functions are the same and the
relative price is constant and equal to unity. This is proved in, e.g., Becker
and Tsyganov (2002; Proposition 2.2, page 194). It follows that one can inter-
pret our aggregate one-sector model as a degenerate two-sector economy, the
first sector producing only the investment good, the second being devoted
to the production of the consumption good. This will then prevent agents
to “transform” investment into consumption and avoid the cost represented
by the nominal interest rate. In addition, our result could appear at first sight
in contradiction with Abel’s (1985) finding, which shows that a model with
a full cash-in-advance constraint applying on total expenditure is always
determinate. However, as shown in Bosi and Dufourt (2005), Abel’s results
can be reverted if one considers a partial liquidity constraint applying on con-
sumption and investment purchases, in a similar fashion to the present paper.
In addition to being much more tractable analytically, our choice to focus on
consumption {in this general case with an elastic labor supply) comes from
the observation that capital can be more easily used as a collateral asset, and
is therefore more likely to be bought using credit.

The fact that indeterminacy and sunspots fluctuations may occur for
an arbitrarily high velocity of money is important, since it tends to suggest
that such phenomena, far from being “exotic” or simple theoretical curiosi-
ties, are by contrast quite pervasive. The recent literature on endogenous
fluctuations had already considerably alleviated the conditions under which
such phenomena may arise. However, even the most recent papers continue
to rely upon rather discussed features such as mild increasing returns to
scale !, complementariness in production factors 2, unconventional specifica-
tions of the utility function , or other controversial calibrations of the fun-
damentals *. Our paper can thus be seen as a new step toward this increase
in realism, since it shows that indeterminacy may occur even for an arbitrarily
small departure from the conventional Ramsey-Cass-Koopmans model. In our
model, the only imperfection — if we adopt this point of view rather than
making reference to the velocity of money - is that a certain amount of cash
must be accumulated to buy the consumption good. All the other elements
are perfectly standard. This simple form of imperfection is sufficient to make
the model indeterminate, and to be consistent with self-fulfilling revisions
in expectations to act as an independent source of the business cycle. Our
model also completes some results obtained in a recent paper by Carlstrom
and Fuerst (2003) in which the cash-in-advance constraint is viewed as a
limit case of a Money-in-Utility formulation and preferences are linear in

See, e.g., Benhabib and Farmer (1996}, Perli (1998), Wen (1998}, Dos Santos Ferreira and Dufourt (2006).
E.g., Grandmont et af. (1998).

E.g., Farmer (1997).

E.g., Bennett and Farmer (2000), Barinci and Chéron (2001). We provide a brief discussion of all these
models in the second part of this paper. See also the vary complete survey by Benhabib and Farmer (1999)
for a more exhaustive presentation.
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labor. For example, our assumption of an elastic labor supply entails the
existence of a whole interval of low shares of consumption to be paid cash
generating indeterminacy for whatever fundamentals specification, and not
only for some, as it is the case in Carlstrom and Fuerst (2003). At the same
time, focusing directly on a partial cash-in-advance constraint makes it eas-
jer to define the degree of market imperfection of the economy and study
its impact on the emergence of indeterminacy.

Of course, one could still remain skeptical that such a sunspots driven
model may be able to account for the main features of actual fluctuations.
In the second step of the paper, we thus perform an empirical assessment of
our model by verifying under which circumstances it can correctly describe
the main features of the US business cycle. We also discuss the performance
of this model in regard to some recent results established in the related lit-
erature.

We show in that respect that when it is driven by sunspots shocks only,
our model suffers from the same difficulties as companion models which do
not rely on large increasing returns to scale to generate indeterminacy. In
particular, our model does not generate sufficient persistence in output move-
ments, and it tends to predict counter-cyclical movements of investment.
This implies that animal-spirit shocks alone are not sufficient in our model
to explain the most salient features of the US business cycle. However, when
animal spirits are instead given the interpretation of an overreaction to fun-
damental events such as technological innovations, like it is the case in the
recent literature, our model becomes able to account for most empirical obser-
vations.

Overall, we find that the model performs as well as comparable models
in the literature. This is true even though we only require a modest degree
of market imperfection, and that we do not rely on any unconventional fea-
tures regarding the production structure or the utility function.

The remainder of the paper is organized as follows. In Section 2 we
present the model and derive the intertemporal equilibrium. Section 3 is
devoted to the study of the local stability of the stationary solution while
Section 4 provides an interpretation of the indeterminacy mechanism. In Sec-
tion 5, we assess the cyclical properties of the model and Section 6 concludes
the paper.

2 The model

2.1 The environment

We consider a discrete-time one-sector economy populated by identical long-
lived agents and identical firms distributed uniformly along the unitary inter-
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val. The representative consumer is endowed with rational expectations and
seek to maximize the expected stream of utility functions

c} /e _1 lt1+x
E"Zﬁ(l /6 1+x)

In (1), E denotes the rational expectation operator, 0 < <1 the discount
factor, ¢ is consumption, o> 0 is the elasticity of intertemporal substitution
in consumption, ! is labor supply and y>0 is the inverse of the elasticity
of labor supply. In each period t=0, households must respect the dynamic
budget constraint

(1)

Pt pilkyy 1~ (1=-8)k,]+ My, = priky+ powd + M+ 7, (2)

where p is the price of the good, & physical equipment, M money balances,
r the real rental price of capital, w the real wage, € [0, 1] the depreciation
rate of capital and r nominal lump-sum transfers issued by the government.
We assume in addition that an amount ge (0,1] of consumption purchases
must be paid by “cash-in-hands” previously accumulated by the representa-
tive consumer. In other words agents, when maximizing, must also respect
the liquidity constraint

gpc, < M, (3)

Straightforward computations show that the FOC’s of the household max-
imization problem write
1

€ = pldy+qv) (@)
Apy = BE A1 1Pi4 1 Byid] (5)
Af = Appw, (6)

Ap= BE A+ v (7

where A and v are non-negative Lagrange multipliers associated to, respec-
tively, the budget and cash-in-advance constraints, and R=1-8+r is the
gross real interest rate on physical equipment. According to the arbitrage con-
dition (7), the price of money at time ¢, 4,, is equal to its expected value in
the following period plus the expected value of the implicit dividends &,, ,
it will pay off. At the same time, p,A, can be viewed as the marginal indirect
utility of real income in period ¢: However, as (4) establishes, at the opti-
muin, it does not equalize the marginal utility of consumption, since the indi-
vidual cannot transform income into consumption unless part of the former
is first used to purchase money balances. Condition (5) says that no inter-
temporal transfer of real income is still possible to increase total utility.
Finally, equation (6) states that the marginal disutility of labor must equalize
the induced increase in utility.

Constraint (3) binds when the nominal interest factor i¢,=(1-8+r)=,
is greater than one, m,=p,/p,_; being the inflation factor between periods
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t—1 and ¢. Under this condition and by manipulating conditions (4)-(7), we
obtain the stochastic Euler equation for the consumer

1l _1 -
Cz-a = PE,| ;.3 9Pyt g 1
Tyt (1 - Q)RI+1

(8)

Again from the FOC’s (4)-(7), we get the consumption-labor arbitrage con-
dition
1

X _ Cy %Wy
" gmRi+1-g

(9)

Optimal plans for the single household must also satisfy the transversality
condition

1
lim Et[ﬁ‘ct T(Kpyq ”t+1mz+1)] =0 (10)

t— + oo

where m,= M,/p, are the real balances held by the representative agent at
the outset of period ¢.

The good is produced by mean of a Cobb-Douglas aggregate produc-
tion function

zKeLl-2 | ge (0,1) (11)

where K and L are, respectively, aggregate capital and labor and z is a
exogenous technological process. Profit maximization implies that in each pe-
riod the real interest rate and the real wage equalize, respectively, the mar-
ginal productivity of capital and the marginal productivity of labor:

r, = zoaKg-1L}-a (12)
w, = z(l-a)K¢L;® (13)

Government follows a very simple monetary policy: It issues in each period
lump-sum transfers of money balances at the constant rate u—1>0, so that
in period t the supply of money, M}, satisfies M} = u'Mg, where M§ is
the initial amount of nominal balances. Thus nominal transfers are given by
T, = (u-1)M;.

2.2 Equilibrium

Equilibrium in factors market is obtained by setting K, = k,, L, = [, for
every £20. When constraint (3) binds, money market equilibrium requires
Ty = pmy/m,,, for every £20. Finally, Walras law ensures good market
clearing in each period. By manipulating the first order conditions and by
substituting in them the equilibrium conditions, intertemporal competitive
equilibria can be described by a dynamic system in terms of (%,!,c,)
explicitly formulated in the following definition.
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Definition 1. An interior rational ezpectations intertemporal equili-
brium is a strictly positive sequence {k, 1, c, Yoo satisfying, for every t20
and for a given sequence of technological process {z, Yo equations

(1-8)k,+ zkgll-2—¢, = k,,, (14)
z ka [—(a+1)
Lkl (D) = E[ t+1he1 by :' 15
e LB(1-6+az, kel 19)
(1-0)2 kg B{E* 0,17~ (1-9)
= E 16
e A[ 1-8+az,, ko' i CHI] (16)

subject to the initial endowment of capital ky>0 and the transversality con-
dition (10).

2.3 Steady state

A deterministic steady state of the dynamic system defined by equations
(14)-(16) is obtained by solving for (k, 1, ¢) system
¢ = kell-a_§k
'{/3(1-5+ aks-1ll-ay = 1

[(1—a)k“l'(“+l)c'1/° =1 -q+ q#ﬁ—]

from which we get the unique solution

e Oy O CE LG
= (L) e 19
c=(2-5)s (19)

where 6=p-!'-1+48. It is easy to verify that constraint (3) binds at the
steady state if and only if S< u. Under this condition, which we will assume
to be satisfied throughout the paper, system (20) is consistent with inter-
temporal equilibria remaining in a small neighborhood of the steady st.a.te_.5
By direct inspection of expressions (17)-(19), one immediately sees that % ,
1 and ¢ are decreasing in both the factor of money growth p and the am-
plitude of the liquidity constraint ¢: Not surprisingly, both an inflationary
monetary policy and a higher imperfection in the financial market tend to
reduce economic activity.

5 Notice thatif the cash-in-advance constraint is not binding, we have two possibilities. According to the first,
money dominates capital in terms of returns. But in such a case agents will shift investment from capital to
money until the marginal productivity of capital will be at least equal to the return on the liquid asset.
Second, if the retumns of the two assets are the same, money has to be viewed as a bubble, which in not
sustainable in the long term within an infinite-horizon model.
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3  Stability analysis

In order to study the occurrence of (local) indeterminacy, and without any
loss of generality, we study the stability of the deterministic dynamics around
the steady state. Dropping the expectation operator from (14)-(16) and
identifying z with (& 1 ¢), we can define Gy(z,) and G,(z,,,) as the left-
hand side and right-hand side, respectively, of the deterministic counterpart
of equations (14)-(16). Therefore a deterministic intertemporal equilibrium
of the economy can be now written in the more compact form as a sequence
{z,}5, satisfying

Gy(z) = Gy(zy4)) (20)
The steady state of the economy is said to be locally indeterminate if there
exists a continuum of sequences {z,};>_ , satisfying system (20) for all 20,
subject to the initial stock of capital, &, all of which converging to the steady
state z . Following the usual procedure, the study of (local) indeterminacy
requires an exam of the linear operator

A = [DG(2)I"' DGy(z) (21)

which regulates the linear tangent motion to (20) near the steady state. ¢ Sys-
tem (20) contains a unique pre-determined variable, the initial capital stock
ky . It follows that the stationary solution will be indeterminate if and only
A possesses at least two eigenvalues lying inside the unit circle. In this case,
there will exist different possible choices for placing the remaining initial
conditions (J;, ¢;) in such a way that the equilibrium dynamics converges
and, therefore, respects the transversality condition (10). In the opposite case,
the steady state of system (20) is determinate. This means that there is only
one pair (I, ¢;) ensuring convergence of the system towards this steady-
state. The characteristic polynomial of A is

P(E=E3-TE2+XE-D (22)
where T, £, D are, respectively, the trace, the sum of the principal minors

of order two and the determinant of A . Straightforward but tedious compu-
tations give the following expressions for T, £ and D:7

T = w-£{(1-puv)
L=1/B-Clp+y)
D=-¢/8
where D=_¢1q£’ C51-2+u’ o= x.9+7((8 6) » VE y+-9+x asﬁ 1)’

9=a+(1-a)p0 and y =(1+P)/B. The next proposition characterizes
the modulus of the eigenvalues of A. It is shown that when the amplitude

5 DG‘(x) , with 7 = 0,1, denotes the matrix of the derivatives of G, with respectto x. A is an isomorphism
provided o# 1+ % 1%9

7 A document explaining how these expressions are derived can be cbiained upon request from the authors.
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of the liquidity constraint ¢ is close to one, indeterminacy comes about only
for low elasticities of intertemporal substitution in consumption ¢ . This re-
sult is analogous to those found in the cash-in-advance economies (g=1)
studied in Bloise et al. (2000) and Barinci and Chéron (2001). Conversely,
as soon as g is continuously relaxed, the range of values for ¢ generating
indeterminacy becomes larger and larger and includes eventually, for ¢ low
enough, the whole domain of definition of o.

Proposition 2. The linear operator A possesses o real eigenvalue
&, € (0,1) and an eigenvalue &, with modulus greater than one. Moreover,
defining

qu+%(l+%) (23)
and
Rt
" orn(1-512) @9
where
y B(2-8)1-a)ry 5)
228 (a+ )+ (1-a)0(3+B+12%p6)
we have:

(i) 0< q< q. Then the third root &, belongs to (~1,0) and the steady
state is locally indeterminate.

(ii) 3<q<1. Then for 6<ao the third root & belongs to (-1,0) and
the steady state is locally indeterminate, meanwhile for o> G, it has modu-
lus greater than one and the steady state is locally determinate. In addition,
when o goes through &, the steady state undergoes a flip bifurcation.

Proof. The eigenvalues of A correspond to the roots of the charac-
teristic polynomial (22). Performing simple computations we obtain

P(0) = ¢/B

P(=1) = (§-1)(y+ v) - (v-1)Co

PQ1) = (C+1)(y-y)-(v+1)Cop
Observe that limg_, , , P(§) = —oo, lim;_,__, P(§) = —co and that the poly-
nomial is a continuous function and its domain is connected. One can easily
verify that P(1)P(0)<0. This implies that there is always a real root, say
£, in (0,1). At the same time stralghtforward computations show that
P(-1)P(1)>0 either when 0<g<g or, for g<g<1, when o< . There-
fore two main regimes are possible.

(i) 0<g<g. Then P(-1)P(1)>0 for all o. It follows that there is a
root belonging to (-1,0) and by continuity of the polynomial, a third real
root with modulus greater than one.
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(ii) g<¢<1. Then P(—1)P(1)>0 if and only if c<o . In such a case
there is a root belonging to (-1,0) and a third one with modulus greater
than one. The steady state is thus locally indeterminate. When o> ob-
serve in addition that D = - P(0)>1 and that the determinant corresponds
to the product of the eigenvalues. It follows that there exists at least one
root with modulus greater than one. If such a root is real and positive, by the
continuity of the polynomial, one has &;>1 for ¢ = 2, 3. If it is real and neg-
ative, one has &£;<-1 for i = 2,3. If such a root is complex, there are two
conjugate eigenvalues &,, & such that |&)|=|&;|>1. In either cases, the
steady state is locally determinate.

Finally, since — 1 is a root of the characteristic polynomial when ¢ = &,
the steady state undergoes a flip bifurcation.

In view of Proposition 2, for 0< g< ¢, indeterminacy comes about for
any value for o, meanwhile for g< ¢<1, indeterminacy prevails for all o< o .
It is easy to verify that o is decreasing in ge [g, 1] . This implies that inde-
terminacy is more and more likely to emerge as soon as ¢ is decreased, as it
is illustrated in Fig. 1, before including eventually the whole domain of def-
inition for & (0<g<gq).®

Remark 1. It is worthwhile to notice that the model displays a dis-
continuity in q = 0: Indeed, in such a case, the dynamic system looses one
dimension and boils down to the standard Ramsey-Cass-Koopmans model,
which is always determinate. It is therefore this discontinuity — and the asso-
ciated increase in the dimension of the system - which is at the source of the
strong differences in the stability conditions of each model.

Proposition 2 also shows that the change in the stability properties of
the dynamic system always occurs through a flip bifurcation. Indeed, for a
given ¢> g, when ¢ = o, there is one characteristic root going through —1.
Given the non-linearity of the system, this in turn implies (see, e.g., Grand-
mont, 1988) that when o is set arbitrarily close to &, there will generically
emerge, according to the direction of the bifurcation, a stable or unstable
two-period cycle.

Fig. 1 summarizes the results emphasized in proposition 1 by display-
ing the stability and instability regions for different ¢ and o. In particular,
the shaded area corresponds to the indeterminacy region, and its boundary
coincides with the values of ¢ undergoing a flip bifurcation. We have as-
sumed the period to be short, of about one quarter. As a consequence, we
focus on the following calibration for the structural parameters: § = 0.99,

It is worthwhile to emphasize that such a critical share q below which the steady-state is always indeter-
minate also exists in the case of a constraint applying simultanecusly on consumption and investment pur-
chases. See Bosi and Dufourt (2005) for more details, as well as for figures comparing the values of q in
the two cases.

In an analogous way one may fix o and then study the family of maps indexed by the amplitude of the liquidity
constraint q. A flip bifurcation will possibly emerge in correspandence to those ¢ such that o = o(qg) .
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6=10.025, 4 =1.01, a = 0.3. In addition, we assume utility to be linear
in labor, namely y = 0.

Y 0.2 0.4 q 0.6 0.8 1

Fig. 1: Indeterminacy region

As it emerges in Fig. 1, for ¢ = 1, indeterminacy requires o< 1/2. As soon
as q is relaxed, the interval of values for ¢ consistent with indeterminacy
enlarges: It is, for example, (0,1) when ¢ = 0.48 (including in this case the
Cobb-Douglas production function), and (0,2) when ¢ = 0.22.

4 The indeterminacy mechanism

Proposition 2 includes a result which may appear at first sight surprising. In
our model, indeterminacy becomes more or more likely to emerge as long
as the amplitude of the liquidity constraint — as measured by ¢, the share
of consumption purchases to be paid cash - decreases continuously. In short,
indeterminacy is more likely to occur for low degrees of credit market imper-
fections. Because such a result contrasts widely with most related models in
the literature, and in particular in models of increasing returns to scale for
which the required degree of IRS must be sufficiently high, it is important
to understand the mechanisms which lead to an indeterminate equilibrium
in our model.

In fact, a simple analysis of the arbitrage equations (4)-(7) and the
induced equation (8) is sufficient to provide an intuitive interpretation of
why indeterminacy occurs for low degrees of market imperfection. In order
to illustrate this, let us rewrite the deterministic counterpart of (8) in the
following way:

( 1 )“"=ﬂ gi+1l-gq (26)

ey 97y + T i (1-q)
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which incorporates the equilibrium condition in money market ¢, /¢, = w7},
and takes into account the definition of the nominal interest factor i=Rx.
At the same time, it is useful to manipulate appropriately (4)-(7) and to
assume utility to be linear in labor ¥ (i.e. ¥ = 0) in order to obtain the fol-
lowing consumption-labor static arbitrage condition:

w, = [1+¢q(i,—-1))c}/® (27)
Now, let us suppose that the system is in period ¢ at its steady state equi-
librium and verify under which conditions it may be possible to construct an
alternative equilibrium where agents anticipate, say, a fall in next period’s
price level, i.e. a decrease in the inflation rate m,,,. Under this conjecture
and the assumption that the liquidity constraint is still binding, both forego-
ing investment and tomorrow consumption will be driven up. But, in view
of (27) evaluated in period ¢+ 1, this in turn will require a depreciation in
tomorrow’s nominal interest factor ¢,,,; (assuming that the real wage does
not move significantly, an hypothesis which is not too strong in view of the
fact that capital is a predetermined variable and that the labor supply elas-
ticity is infinite).

Now suppose that the degree of the liquidity constraint is high, i.e. ¢
is rather close to one: If the intertemporal elasticity of substitution ¢ is not
very low (and, so, the expected contraction in x,,, does not translate into
an arbitrarily large variation in 77){%), the re-establishment of (26) requires
only a relatively mild increase in foregoing nominal interest factor i,, namely
an increase lower, in absolute terms, than the corresponding contraction of
ir41 » the weight of the former, ¢, being larger than that of the latter, 1-4.
But this implies a contracting backwards dynamics, and therefore an explo-
sive forward dynamics violating the transversality condition.

If, conversely, ¢ is rather small, the right-hand side of (26) is more
sensitive to %,,; than to i,. Therefore, in order to restore (26), i, must in-
crease considerably more than how i,,; has fallen. As a consequence, this
will make the system to move back towards its steady state, although fol-
lowing an oscillatory path. The sensitivity of ¢, and i,,, with respect to ¢
has to be interpreted in light of equation (27): For a given variation of con-
sumption in period ¢, the associated variation of i, depends negatively on
g (the same holds in period t+1). Therefore, the lower g the higher the
required adjustment for 3.

Following the logic of this experiment, one immediately verifies that
the higher o, the lower the increase of the left-hand side of (26) induced by

a given fall of =,,,, and therefore, for any given ¢, the softer the required
adjustment in its right-hand one. Thus, the mechanism above described will

In the indeterminacy mechanism, the elasticity of labor supply plays a role relatively less important than the
curvature of the utility function in consumption. Thus, the assumption of an infinite elastic labor supply —which
we also make in our simulations — does not affect considerably the generality of our explanation.
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lead to convergent dynamics only in correspondence to lower ¢’s; This ex-
plains the negative trade-off occurring between o and ¢ in the indetermi-
nacy conditions, as described in Fig. 1.

5 Model properties

In this final section, we assess the cyclical properties of the model and study
the conditions under which it is able to account for the main features of the
US business cycle.

Since the seminal papers by Benhabib and Farmer (1994), Farmer and
Guo (1994) and Gali (1994), it is widely recognized that some business cycle
models driven by sunspots only may account for most empirical stylized facts
in a way which is at least as satisfactory as standard RBC models. How-
ever, the conditions under which these successful models may generate an
indeterminate equilibrium have been criticized for being implausible and at
odds with the data. For example, in Benhabib and Farmer (1994), external-
ities and increasing returns to scale must be high enough to imply that the
labor demand curve is upward sloping, and slopes even steeper than the labor
supply curve. The required degree of increasing returns to scale is around
60%, which is considerably higher than what is suggested by most empirical
studies, which find - if any - much smaller markups and increasing returns
to scale of the order of 5% (see Basu and Fernald, 1997, and Burnside,
Eichenbaum and Rebelo, 1995). !!

For these reasons, a more recent generation of papers have been devoted
to show that indeterminacy could be obtained under much weaker restric-
tions regarding markups and increasing returns to scale. In Benhabib and
Farmer (1996) and Perli (1998), two-sector versions of the original Benhabib
and Farmer’s 1994 model are shown to become indeterminate for increasing
returns to scale around 7% and 16%, respectively. This is closer to the empir-
ical estimates reported in Basu and Fernald (1997). Similarly, Wen (1998)
shows that adding a variable capital utilization rate to a standard one-sector
model may make indeterminacy occurring for a degree of increasing returns
to scale of the order of 10%.

These models have made a crucial step toward more realism by proving
that the most counter-factual assumptions required to obtain indeterminacy
could be considerably alleviated as long as more sophisticated versions of
the standard one-sector models were considered. But it is fair to recognize

In Gali (1994), returns to scale are constant, but markup margins above 100% are assumed to generate an
indeterminate equilibrium. No empirical studies tend to confirm such high levels for the markups, most
empirical estimates lying instead in the range 10-40% (see, e.9., Morrison, 1988, Rotemberg and Woodford,
1991).
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that this gain toward more realism has raised some new difficulties, however. 2

For example, simulations experiments show that if increasing returns to
scale are set at their minimal value, multi-sector models are generally unsuc-
cessful to match several moments of the US data, especially when business
cycles are driven by sunspot shocks only. More precisely, several counter-
factual features tend to emerge in the context of indeterminate models with
low increasing returns to scale: (i) the tendency of these models to generate
counter-cyclical movements of consumption or investment, (ii) the tendency
to overestimate or underestimate the volatility of consumption or invest-
ment, and (iii) the lack of sufficient persistency in output movements, as mea-
sured by the first-order auto-correlation coefficient in the production series.
The main causes for these failures are well documented in Wen’s mentioned
paper and in the recent survey by Benhabib and Farmer (1999), so we refer
the interested reader to these papers for a more detailed discussion.

Two complementary solutions have been advocated to overcome these
difficulties. The first one is to finally increase, when performing simulations,
the degree of returns to scale to a value which is above the minimal value
that is required to obtain indeterminacy. Because increasing returns to scale
act as a major propagation mechanism and allow for a more pro-cyclical pat-
tern of consumption’s movements, this may prove sufficient in itself to make
the model more consistent with the data. The disadvantage of this practice
is that the new degree of IRS is generally inconsistent with the empirical
evidence reported in Basu and Fernald (1997) and Burnside et al. (1995). '3
As a consequence, a second solution which has been introduced in the liter-
ature is to consider that animal spirits, rather that being purely exogenous
shifts in expectations disconnected from any real event, are in fact overre-
action to technological innovations. Models of this type have been generally
found to be successful in matching the data as long as the degree of increas-
ing returns to scale is in the range 10-20% (see e.g. Benhabib and Farmer,
1996, Perli, 1998, and Weder, 2000).

In this section, we wish to test the performance of our model in account-
ing for the main features of the US business cycle, allowing for both possi-
bilities regarding the role of animal spirits. In order to do so, we first assume
that technology follows the simple first order process

Inz, =plnz,_,+ve,, (28)
where pe [0,1], ¢,, is an i.i.d. technological innovation with zero mean
and variance o2, and y is a parameter taking values 0 or 1. Under the con-

ditions generating indeterminacy, animal spirits shocks 7, - as measured by
unforecastable increases in the consumption level, n,={C,- E,_,C,} - act

For a detailed discussion, see the survay by Benhabib and Farmer (1999) and Schmitt-Grohé (2000).
In Benhabib and Farmer (1986), for example, 20% of increasing returns to scale are required for the model
with sunspotls only to generate empirically realistic business cycles.
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as a second source of disturbance. We assume that these shocks evolve
according to

N =ve,,+(1-7)e,, (29)

where &, is an i.i.d. shock with zero mean and variance o3. The advan-
tage of equations (28)-(29) is that they can handle as special cases the two
different interpretations of animal spirits that we emphasized earlier. In par-
ticular, for y = 0, animal spirits are uncorrelated to any real events and act
in this case as the unique source of disturbance. By contrast, for y = 1, ani-
mal spirits are perfectly correlated to technological innovations and act in this
case as an amplification mechanism of these shocks.

We show that, when driven by sunspots shocks only, our model suf-
fers from the same difficulties as other models which do not rely on large in-
creasing returns to scale or large markups to generate indeterminacy. Hence,
animal spirits alone are not sufficient in our model to explain the most sa-
lient features of the US business cycle. However, when coupled with tech-
nological shocks, our model performs at a similar level as these formerly
mentioned papers. This is true even though we do not rely on increasing re-
turns to scale or on other non-standard features regarding the production
structure or the utility function. In our model, the only source of imperfection
is the requirement that some cash holdings must be accumulated from the
preceding period to pay a fraction of total consumption purchases. All other
elements are perfectly standard : Preferences are separable, technology is
Cobb-Douglas, and the intertemporal elasticity of substitution is unitary. 14
Only the presence of this arbitrarily small degree of market imperfection, and
the assumption that technology shocks and animal spirit innovations are pos-
itively correlated, are required for our model to generate appropriate statis-
tical properties, as we illustrate now.

5.1 Calibration

We first briefly discuss the calibration of our main parameters (see Table 1).
Since we want to remain as close as possible to comparable business cycle
models with indeterminacy, we follow Benhabib and Farmer (1996) by assu-
ming a share of capital in total income of a = 0.3, a quarterly depreciation
rate of capital of § = 0.025 and a discount factor of 8 = 0.99 . Following
Hansen (1985) and Rogerson (1988), we also assume an infinitely elastic labor
supply with a unitary coefficient and set y = 0. Finally, we assume that
the growth rate of money is g = 1.01, based on the MO scries for the US
economy.

As shown in Barinci and Chéron (2001), a strong complementarity in the intertemporal baskets of consump-
tion may be a cause of indeterminacy.
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In our simulations, we proceeded with two experimentations, y = 0
and y = 1. When technological shocks are present, we set an auto-correlation
coefficient in the technological process of p = 0.95 and assume a standard
deviation of technological innovation of o, = 0.007 .

B a I X o q P o,
0.99 0.3 0.025 0 1 0.33 0.95 0.007

Table 1: Structural parameters

Two important parameters remain to be calibrated at this stage. The
first one is o, the value of the intertemporal elasticity of substitution. This
value is highly controversial, since it influences directly some important prop-
erties of the models, and since the existing empirical evidence does not allow
a clear statement about it. Some papers, like Bennett and Farmer (2000),
assume a rather strong intertemporal substitutability (o> 3) in order to get
an indeterminate equilibrium. Others papers, like Barinci and Chéron (2001),
assume instead a strong intertemporal complementariness (0<0.5) to get
indeterminacy. By contrast to these papers, indeterminacy may occur in
our model for a large range of values for o including the complementariness
and substitutability cases (see Fig. 1 above). We thus follow the most con-
ventional RBC practice by simply setting o = 1, i.e. we assume that the
utility function is logarithmic in consumption.

Finally, the last parameter that remains to be calibrated is ¢, the over-
all degree of market imperfection we are willing to introduce in our model.
Note that a simple interpretation of ¢ is that of the (inverse) long run veloc-
ity of money, ¢ = 1/v. Using the monetary base as their definition of money,
Carlstrom and Fuerst (2003) estimate an average velocity of money (at a
quarterly frequency) for the US economy which is around » = 3. We thus
follow Carlstrom and Fuerst (2003) and set correspondingly ¢ = 1/3.

5.2 Simulation results

For each version of the model, we simulated 100 series of 150 innovations
each, and we used them to derive from our dynamic system below a set of
series for the main macroeconomic variables. The model-implied moments re-
ported in Table 2 are then the average moments for all these series, after each
series was filtered through the HP filter. These theoretical moments are
then compared to their empirical counterparts in the US economy, which
are taken from the survey of RBC models by Cooley and Prescott (1995).

We first discuss the results for the version of the model which intro-

duces animal spirit shocks only (y=0). Results from this experiment can
be seen in the second column of Table 2. As we stressed earlier, our model
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a. Relative standard deviations std(x)/std(output)
Duta | “sowpors | smspors | mpc | BF (comduted
y=0 | =1 Sunspots)
Y 1 1 1 1 1
C 0.74 13.79 0.74 0.24 0.74
I 4.79 44.64 3.73 4.41 3.45
H 0.98 1.26 0.78 0.57 0.89
Q 0.42 0.49 0.29 0.45 0.74
b. Autocorrelation coefficient on output: AR(1)
Data y=20 y=1 RBC BF (y=1)
0.85 -0.44 0.67 0.70 0.66
c¢. Contemporaneous correlation with output

Data y=0 r=1 RBC BF y=1
Y 1 1 1 1 1
C 0.83 0.98 0.61 0.84 0.51
I 0.9 -0.98 0.81 0.99 0.83
H 0.92 0.93 0.98 0.98 0.70
Q 0.34 -0.35 0.86 0.98 0.50

Table 2: Cyclical properties

suffers from the same difficulties as former models which do not rely on large
increasing returns to scale to generate indeterminacy. In particular, our model
strongly overestimates the relative volatilities of consumption and investment
with respect to output, and predicts counter-cyclical movements of invest-
ment. Furthermore, the auto-correlation coefficient on output is negative in
the model, when it is strongly positive in the US data. This conforms to the
Benhabib and Farmer’s findings that most endogenous persistence in tradi-
tional sunspots models comes from the assumption of large increasing returns
to scale.

We now turn to the simulation results when we let technological and
animal spirit shocks coexist, and that we assume a perfect correlation between
them (y=1). In this case, animal spirits act as an important amplification
mechanism of technological innovation. Results from this experiment are re-
ported in the third column of table 2. From this table, we see that the match
with actual US fluctuations is pretty good for all the dimensions that have
been considered.
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First, the model now predicts the correct pattern of fluctuations for the
relative volatilities between all variables. Consumption is about three-quarter
as volatile as output, while investment is about four times as volatile as out-
put. Productivity also remains significantly less volatile than output, which
is consistent with what is found in the data. Finally, hours worked appears
slightly less volatile in the model than they are in the US economy. It re-
mains that overall, these numbers are in a much closer accordance with the
data than what could be inferred from the version of the model in which
animal spirits were the only source of disturbance.

The same kind of results holds for the contemporaneous correlation
between all variables. As can be seen from Table 2, consumption, invest-
ment and hours worked are now strongly pro-cyclical, and productivity is
no longer counter-cyclical: The contemporaneous correlation between pro-
ductivity and output is even slightly higher now in the model than it is the
data.

Finally, Table 2 reports the first-order auto-correlation coefficient on
the production series. The model-implied coefficient of 0.67 compares to a
value of 0.85 in the data. Thus, there remains a slight deficit of persistence
in our theoretical model with liquidity constraints. However, the performance
of the model remains rather good, especially if one reminds that returns to
scale are assumed to be constant in our simulation experiments. The rather
high first-order auto-correlation coefficient reported in Table 2 is thus not
obtained at the price of a counter-factually strong degree of increasing returns
to scale.

Overall, our model does therefore pretty well in accounting for the main
features of actual fluctuations. The remainder of Table 2 displays for com-
parison purpose the corresponding theoretical moments which are implied
by the standard RBC model of Cooley and Prescott (1995), and the multi-
sector model of Benhabib and Farmer (1996). As is apparent, our model per-
forms at a similar level as these former models, even though we do not rely
on increasing returns to scale or on non-standard features concerning the
production structure or the utility function.

6 Conclusion

In this paper we have presented a one-sector productive economy with partial
cash-in-advance constraint on consumption purchases and studied the occur-
rence of indeterminacy and endogenous fluctuations as well as the cyclical
properties of the model. We have shown that the relaxation of the liquidity
constraint makes indeterminacy more and more likely to occur. For an ampli-
tude of the liquidity constraint sufficiently low, the unique steady state is
even bound to be indeterminate for whatever calibration of fundamentals.
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These findings seem to suggest that indeterminacy and sunspot fluctuations
— very far from being some kind of “exotic” or “pathological” feature in mac-
roeconomic models — are very pervasive. The paper shows that it is sufficient
to perturb slightly the canonical Real Business Cycle model in order to obtain
multiple, deterministic and stochastic (expectations driven) equilibria. When
performing simulations, we have shown that this model is able to correctly
account for the main features of US economic fluctuations, as long as ani-
mal spirits and technological innovations coexist and are correlated. In this
aspect, the model performs as well as other indeterminate models without
relying upon strongly increasing returns (at odds with empirical estimates)
or any other specific - if not even unconventional - calibration of fundamen-
tals or specification of utility and production functions.
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