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A characterization of weak convergence of weighted
multivariate empirical processes

J. H. J, EINMAHL, F. H. RUYMGAART and J, A, WELLNER

1. Introduction

The characterization of weak convergence of the one-dimensional weighted
empirical process indexed by points is obtained by Cuisisov [5] and O’RELLY [11].
Later, SHORACK [16] and SHorAck and WELLNER [17] wanted to give a new, “‘ele-
mentary” proof of this so called Chibisov—O’Reilly theorem but their proofs were
not correct wihout additional monotonicity conditions on the weight functions. This
was pointed out in Cs6rGS, CsORGE, HORVATH and MASON [6] (pp. 25-27). SHORACK
and WELLNER [17] also gave a characterization of weak convergence of the one-
dimensional weighted empirical process indexed by rectangles. Their proof, however,
is again only correct with an additional monotonicity condition on the weight func-
tion. Recently a new approximation of the empirical process is established in CS6rRGO
Cs6ra6, HorvATH and Mason [7] which among others yields a proof of the Chibi-
sov—O’Reilly theorem.

The aforementioned theorems can be generalized in two directions: (I) the case
of dependent and/or non-identically distributed random variables and (II) the multi-
variate case. Case I has been studied by ALEXANDER [1], ALY, BEIRLANT and HORVATH
[3] and BEIRLANT and HorvATH [4], In our paper, which is a revision of the technical
report BINMAHL, RUYMGAART and WELLNER [9], we study case II, i.e. we derive nec-
essary and sufficient conditions on the weight functions for weak convergence of
weighted multivariate empirical processes; these processes are indexed by quadrants
(points) and rectangles respectively. Our main tools are exponential probability
inequalities for the empirical process. The paper is a continuation of RUYMGAART
and WELLNER [14], [15], where the basic tools are already presented but attention is
focnssed on strong convergence properties.
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During the preparation of the earlier version of this work we became aware of
recent developments in this area, especially the work of ALexANDER [1], already quoted
before, on weighted empirical processes based on non-i.i.d. random elements and
indexed by Vapnik—Chervonenkis classes of sets. Although his results are of impres-
sive generality, also this author needs a rather unnatural monotonicity condition
which we can avoid everywhere, i.e. though his theorems allow more general indexing
classes, our theorems allow more general weight functions. Very recently, ALEXANDER
[2] also obtained our (stronger) version of the multivariate characterization theorem
for points.

In order to be more explicit we need to present the basic notation. Let
XO, ., X® neN, be a triangular array of i.i.d. random vectors that are uniformly
distributed on [0, 1]%, déN. Adopting the notation in Orey and Prurrt [12] we
shall write x=(xy, ..., X )={(x;)={x(/))eR* if it is desirable to display the coordi-
nates of x. If x;=¢ for all j we simply write (¢). For x, y¢R? we write x=y if
x;=y; forall jand x<y if x=y and xy. It has some advantage to denote the
half-open rectangles (xy, 34]X ... X (x4, ¥4 by R(x, y) rather than (x, y]. The classes

(1.1) %y = {R(0), »): R(0), ») < [0, 1)}, Z = {R(x,): R(x,y) < [0, 1)},

of all half-open quadrants respectively rectangles in the unit square will play an im-
portant role. We will write |f|=#X...X¢t,, |dt| for Lebesgue measure on [0, 1}
and |R| for the Lesbesgue measure of a rectangle R. Using this notation for the uni-
form underlying d.f. F we have

1.2) F(8) = |4, t€[0, 1]
Given any function A: R?~R and an arbitrary rectangle R=R(x, y) we write
(1.3) A{R) = A{R(x,p)} = 434,

extending the difference operator 4%, usually applied only to distribution functions.
The weight functions will be always restricted to the class

(14)  2*={g:[0,1] - [0,) with g continuous and non-decreasing,
q = 0 on (O, l]}

The subclasses that will appear in our characterization are
1
(1.5) 2, = {ge2*: [ o~ exp(—g*(0)/0)do <= forall i > 0},
0

(1.6) 2 ={g€2*: q(0)[Vo(log(l/o))¥ <= as 540}, kEN.
Occosionally it will be convenient to use

(L7 2 = {q€2*: (-)~'*q(-) non-increasing on (0, 1]}.
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The (reduced multivariate) empirical process (indexed by points) is -defined by
(1.8) U (1) = n*(E,(0)— 1), ¢€[0, 11,
where the empirical d.f. £, is based on X®, ..., X® and defined by nF,(t)=
= g{l=i=n: XPeR0), 1)}, €[0, 1}%. 1t is well-known that U,—,U, as n—os,
where U denotes the standard tied-down d-parameter Brownian motion. The so
called Skorokhod construction ensures the existence of processes, equal in law to the
U, and U above and all defined on the same probability space, for which this conver-
gence in distribution may be even replaced by almost sure convergence in the supre-

mum norm. Without loss of generality we can and will assume that the present U,
and U are obtained from the Skorokhod construction so that we have

(1.9) sup |U,()—U(D)] »,5.0, as n oo,
telo, 12

In view of (1.3) it will be clear that we even have

(1.10) sup |U,{R} — U{R}| ~4s.0, as n oo,
Rea

It is the purpose of this paper to give necessary and sufficient conditions on the
weight functions ¢ and § in order that

(1.11) sup |U{R}— U{R}|/g(IRF(1—|R)) -, 0, as n-—os,

where either ¥=2, (Section 2) or ¥ (Section 3).

Since for R=R({0), t)€R, we have U,{R({0), 1)}=U,(¢) and |R({0}, #)|=]t|,
the random variable in (1.11) could as well be represented by means of the time
points £€[0, 1}* instead of the quadrants. More generally, a similar remark holds true
for R=R(s, t)éZR provided we allow the time points to be of dimension 2d. Let us
write §=(§;)=(l—s;) and note that

F{R(s, 0} = P(XeR(s, 1) =
(1.12) =PA=X® =5, ., 1-X" =5,X9 =t,... X =t)=
_ lt+5—1] = |t—s|, for s=<t, s,1t€[0, 1),
=F(3 H= { o . .
0, if s=<t isnot fulfilled;

cf. Kierer and Wovrrowrrz [10]. Let U, denote the reduced empirical process based on
the vectors (1—X®, .., 1-X®, X® X" in [0, 1], for i=1, .., n. Now it
suffices for our purposes to consider

[—],,(§, 1) ! U, {R(S, t)}
q0r—maa—i—s "ed ol R NI IRG )

This will be called the point representation for rectangles,

(1.13)

13
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To conclude this section we present, in the next paragraph, our basic inequality
which can be found in RUYMGAART and WELLNER [14], [15]. The main results are pre-
sented in Section 2 and 3. They are derived under the assumption that the d.f, of the
X® is uniform. We conjecture, however, that extension to the case that F has a den-
sity w.r.t. to Lebesgue measure that is bounded away from 0 and = is possible. Let
W [0, «)—[0, =) be the decreasing function defined by :

A
(1.14) Y(A) =222 [ log(1+06)do, A = 0; Y(0) = 1.

See SHORACK and WELLNER [17] for elementary properties of .

Theorem 1.1 (basic inequality). Let RE€Z with |R|=1/2. Then we have

= 1) = "2d4d
(1.15) P(SSIClglU,,{S}I = ,1) =2 exp [32IRI Vi ARA7)) A=0,
where SEAR.

2. Weight functions for quadrants (points)

We first derive a useful inequality that should be compared with Inequality 1.1
in SHORACK and WELLNER [17]; see also RuyMGAART and WELLNER [14] (Corollary
2.3). For the proof a special countably infinite partition of (0, 1]* will be used that
becomes arbitrarily fine near the lower boundary of this set. This kind of partition is
motivated by O’rerLLY [11]; see also SHORACK and WELLNER [17]. This partition is
the collection of rectangles

2.1) 2 = {R{{(1/2)P), (/2D =1): (k(7)eN?}.
For any R(a,b)€# we have the useful property

Ial (1/2)k(1)+--~+k(d)

(2.2) _E_T = (1/2)(k(1)-—1)+---+(k(a')—l) = (1/2)d = B(d) = 0¢(0, Ds

notice that 6 is independent of the particular rectangle in the partition.
For any O<a=f=1 let us introduce the subclass

(2.3) - 2= {R(a b)eZ: b = o ]a|l < B},

consisting of all rectangles having a non-empty intersection with the set {t€[0, 1}%:
a=|t|=p}. The inclusions

2.4 {o =1 = B} CRE%'J R c {00 = |t| = p/6}

N . xs B
are immediate.



Weak convergence of weighted multivariate empirical processes 195

Inequality 2.1. Let us choose any O=oa=p=0/2=1/22*1, For any q€2
and A=0 we have

2.5 P( sup U, (0l/g(d) = 7) =
gla d—1 2,2
- (log 1/s) —02¢*(0) | (M4(®)
< Q3d+4 g! = exp [ g v (40:711/2 ]] da.

Proof. It follows from the monotonicity of ¢ and from Theorem 1.1 that

@6 P(sw U@ =2) = P( max | sup (U, (Olig(al) = 4) =

= > P(sup |U() = Mg(la)) =
R(a,b)edy, 5  tER(,D)

—22¢(al) ., (_tq(lal)
32]p] ¢(4|b1n1/2 ]]

In view of (2.2) and because (-)~Y2g(-) is non-increasing we may bound the
first factor in the exponent in (2.6) below by
2.7 A:g*(|la])/321b] = 6424%()1))/32]1], for t€R(a,b).

Using the monotonicity of ¢ and ¥ and ¢¢Q, the second factor in the exponent in
(2.6) may be bounded below by

= 22d+4 2 exp [
R(a,b)e 2, 4

(2.8) v(Ag(lal)/4|b|n?) = Y (Ag(w)/4an™?), for R(a,b)EZ,,.

When we use

2.9 1=2Yp [ la=2" [ 1/4ldd, for R(a, b)e2,
R(a,b) R(a,b)

at the transition from summation to integration we find, by combining (2.4), (2.6)—
(2.8) that
(2.10) P( e AGIADERE

@z (=

L (=62 (Aa@
=2 e ( ) ).
Maéli[g;}/e) Il p[ 3214 Y Aanil® ]l I

To complete the proof we use the change of variables ag=s5=[¢|, s=1, ...
d
.oes Sy=1; with Jacobian ( J] s;)~" to compute the integral on the right hand side
=2 .
of (2.10). This yields as an upper bound for the right hand side of (2.10)

VAN 1 —022¢%(0) |, ( Ag(a)
2.11) f(f! S5...53 dsz...dsd)—gexp[ 32q ¢(4ocn1/2nda°

8o [
which is easily seen to be equal to the expression on the right in (2.5).

13*
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Theorem 2.1. Let F(t)=|t, t€[0, 1V, deN, and g€2*. Then we have
(2.12) ossll-tllpsl 1U,()—U®l/q(1]) >0, as n—ee,

if and only if q€9,_,.

Proof. The theorem is well-known for d=1: see O’RELLy [11]. Hence we
assume d=2. The notation
(2.13) g(0) = q(0)/Vo(log /o), ¢ =0,

will be used in both parts of the proof.
(«) Suppose that ¢€92,_,. Following SHoracKk and WELLNER [17] (p. 649)
we can and will assume without loss of generality that

(2.14) g(+) =V(logl)())™T and g on (0,1] (hence g€2).
For any O<d=(1/2)**' we have
215) sup 10,0~ UOla) = 3 Y,

where, with «,=¢%1/n), B,=(d—1)!-(n(logn)*1)~* and 9€(0, =), the r.v.’s
Y,, are given by

(2.16) Yy = b "leU,.(t)l/q (12D,
(2.17) Yy = ,;,,,ysgﬁéan]U"(t)l/qqtl)’
(2.18) Yy = = |U()l /g (|2,
(2.19) ’ Yy = 0;}3,1;,,'[’(’)”‘-’(“')’
(2.20) Ys = sup 1U.()— U(0)]/q(8).

It will be shown that for any &=0 and each k=1, ..., 5 there exist y=y(g), d=25(g)
and n(e)eN such that

(2.21) PYyp=¢) =e for nz=n()

To show (2.21) for k=1 let |X|;,,=min {{X, ...,,|X"|}. Note that
P(IX|1”,_§B,,/’)J)—>‘1—CXP (—' 1/')))’ as n--oo, SO that P(lXil:néﬁn/')’)ga for Y suf-

ficiently large. Under the condition sup F,(t)=0, which is fulfilled with
o=l =g, ly
probability =1—e according to the remark just made, it is easy to see that

(2.22) Yy =n'l® o lel/g(lel) = n2(Bu/y)'/ {g(Bufy) (log m)¥=11) —1 < &,
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for n sufficiently large. Hence it follows that
(2.23) PIpz=e)=P( sip F(t)=0)+

osl=p,0v
+P( sup |U,Olg() =¢| sup F () =0)=s
oslt|=p,/y 0|t =g,y
for n sufficiently large.
For k=2 the left hand side of (2.21) is for any ¥,€(0, <) bounded above by
P( sup  [U,0|/11? = eg(e,) (log 1/o, )~V =

ﬂlllyélt éall

@24) =P( sup |U,OI* = y, (logn)@—17),

Baly=lt| =,

for n=n,=n,(y,). Hence, applying Inequality 2.1 with g(-)=(-)%, we see that
there exist 1, ..., C4€(0, =) such that the last expression in (2.24) is in turn bounded
above by

¢, (log ) exp (—eopt (log n )" (cauy*? (logm)'~1)) =

2.25
(2:23) = ¢ (logn) exp (—c, 71y "2 loglogn) =&,

provided y, and » are chosen sufficiently large.
Inequality 2.1 may be directly applied to ¥,,; with a=ea, and f=4. The integral
in the resulting upper bound decreases to 0 as 40, since g€2,., implies that

(2.26) fl (1/0%) exp (— Ag*(0)/0) do <<=, forall A= 0;
0

see SHORACK and WELLNER [17], ((1.9), (1.15) and (1.26)).
" According to Orey and Prurrt [12] (Theorem 2.2) the function Ag is point
upper class for U, for all A=0. This yields

(2.27) ossﬁlpsalU(t)I/q(ltl) >0, as 640,

which entails (2.21) for k=4. The validity of (2.21)for k=35 isimmediate from (1.9).
(=) Let B, be as before. We obviously have

(2.28) 0§Sﬁ|l)§llvn(t)— Ula() = sup U, —-U@N/g() =T

=lt|=p,

Using the remark below (2.21) we see that with probability larger than 1/2 we have

(2.29) Y= {n'*(n~"~p)— poup [wOi}aB) =

= (21129 (B,) ™ = (3((d— DN g (B)

for all large n, where for the second inequality again Theorem 2.2 in OREY and
Prurrt [12] is applied.
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The assumption that  sup |U,(t)~U@®)|/q(|t])>,0, as n-o, jointly with
0=|t=1
(2.28), (2.29) and the fact that g is nondecreasing, implies that g€2,_,.

Theorem 2.2. Let F(t)=|t|, €[0,1], deéN and §c2* Then we have
(2.30) S0 U=V~ 0, as 7+,
if and only if §€2,.

Proof. Suppose g€4,. Siarting with the equalities

@2.31) Uy(t) = — UR(0), %} and  U(H) = ~ U{RK0), )7}
we obtain using the union-intersection principle
(2.32) Un ()= U@) = 3 |0 RO} = U{R(0)},

where the R;(¢#)’s are rectangles and .# a finite index set. This yields
233 sup [U,)—-U@)g(l=1)= Z sup |U{Ri(t)}—U{R(D}/G(1—11).
o=tf=1 i€s 0=(t]=1
It turns out to be convenient to split this sum into two parts. Define %, as the

set of all i€# such that R;(¢) is (0, 12X (#;, 11X (0, 11'~/ for some 1=j=d.
Write J=5\JF,. For ic#, we have

(2.34)
S0 [U(R(0) = UR(}ja(~1) = sup |0, (R0}~ V{ROFIROD.

Application of Theorem 2.1 with =1 (the case d=1 is symmetrical) completes
the proof for this part of the sum.

Now let i€.#. Define dimension (R;(#))=4{j: R,(#) dependson #;}. Suppose
dimension (R;(¢))=1, 2=I/=d. By symmetry considerations, studying -

sup |U,{Ry(0)} — U{R;(1)}|/4(1—11))

0=|t|=1

is equivalent with studying
oS0 10() =T/ =KD~ 1,

where ¢’ is t restricted to [0, 1]’ in the way suggested above.
Define ¢{=max ;. We have
1=j=d :

(2.35) g(1-KH—1) = (%),

and for small values of &

(2.36) HEENN
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because §€4,, using an argument similar to SHORACK and WELLNER [17] (@) on
p. 648). Define ¢€2,_; in the following way:

q(6) = sup Vz(logl/jz)'.
0=
Using &'=|¢’|, it is easy to see that
(2.37) V& =VIF1(og 117D = a(itD
for small values of |¢’|. The assertions (2.35)—(2.37) entail that

sup U, ()= U@)/q(1t']) »,0, as n—es,
v €[0,11

sup |Up(t)— UG~ K1y—1]) »,0, as 7 —eo,

0s|r]=1

implies

Combining this with Theorem 2.1 completes the ““if” part of the proof.
The ““only if” part is clear from the “only if * part in the one-dimensional case by
restricting the supremum e.g. to points of the form t={t, 1, ..., 1).

Combining Theorems 2.1 and 2.2 yields
Corollary 2.1. Let F()=|t|, t€[0,1), deéN and q, G€9*. Then we have

(2.38) osSglPSllUn(t)—U(f)I/CI(IfDq(l—.ITI) —p0, as n e,

if and only if both q€2,;., and §€2,.

3. Weight functions for rectangles

Extending an example in SHORACK and WELLNER [17] to the multivariate case we
have

3.0 sup [U.{R}/a(IR]) ===, a.s.

for any g€92* with ¢(0)=0. For this reason |R| should be bounded away from 0
when the growth of the empirical process for small rectangles |R| is studied.

Our first goal is to obtain a suitable modification of Inequality 2.1. The special
countably infinite partition of (0, 1**\{F=0} that will be used now becomes arbi-
trarily fine near the lower boundary of this set; for d=1 this boundary is the line
segment joining (0, 1) and (1, 0). This partition cannot be written as a product of a
partition of (0, 1] like (2.1), but it can be written as a product of a partition of a subset
of (0, 112, namely the set A={(x, »)€(0, 1)?: x+y=>1}. So we know the partition
completely if we define it on 4.
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Let us first introduce a sequence #;, 2}, ... of partitions of (0, 1]? consisting of
a finite number of half-open squares. More specifically, let

(32) 27 = {RK1/2)" k()= 1), (12" 2k ()), (e (e, vy 2112,
Let us next define recursively

P = {ReP]: R < {(x, )€, 1’: (1/2) <= x+y—1=1}},
(3.3

Py = {ReF: R [{(5 DEW, 1P (1720 < x+y-1=3-(12')\ U R]},
Rfmn-l
for n=2,

and finally the desired partition of 4 by

4

Qi

U
2,.

s

(3.4)

1

i

We now obtain the partition of (0, 1]**\ {F=0} by taking the product of #’ taking
the co-ordinates s; and ¢; together to form (0, 1]?, 1=j=d. Denote this partition
as 2.

Forany R(a,b)é# we have the property

(3.5) F(a)/F(b) = (1/2)! = B(d) = 0&(0, 1).

Again for O<a=pf=1 we introduce

(3.6) P, = {R(a, b)cP: F(b) = a, Fa) < f}

and remark

3.7 fesFGEH=sHc U Rc{fas F, 1) = p/o).
ReZ, ,

Inequalit.y 3.1, Let us choose any O<o=p=0/2=(1/2)*'. For any ¢€2
and 1=0 we have

(3.8) P(_sup (UG Olg(lt—sl) = ) =

a=F(E )=

Bl§ A1 2 2
ad44 , q2d (log 1/a) —A*0 ¢ (). (AQ(O‘)}
= 2M+4.3 H f 2 exp |—g5— ==Y ||| do.

Proof. The same reasoning as in the proof of Inequality 2.1. yields

(3.9) P(_sup (0,5, lfalli—sl) = 2) =

a=F(E 0=

-2 —2¢*(F@) , (*(F(a)
=2 d+4n(a, bé;ﬁ’ 5 exp [ 32F(b) v (4F (b)nt2 )) :



Weak convergence of weighted multivariate empirical processes 201

In this case we have, moreover, that

(3.10) 22q?(F(a))[32F (b) = 02*¢*(F(1))[32F(#), for t€R(a, b);

(3.11) W (Ag(F(a))/AF(b)rM?) = ¥ (Ag(e)/dn*a), for R(a, bEZ,,.
The way of construction of # entails

(3.12) 1=2%.3% [(F(Of1d| for REP.

R
Combination of (3.7) and (3.9)—(3.12) yields
(3.13) P(_sup (T, Olfgli—sl) = 2) =

«s PG, )=p
— Hd+d, q2d Fre Al —8°¢*(F(5, 1)) Ag(®) ] d(s
=2 {Uzélt—'[léﬂlﬁ}(l/F(s, 9) exp[ 32FG, 1) ¢(4n1’2“) 46, O

To complete the proof let us recall formula (1.12) for F(§, t). The change of
variables u,=t;+5,—1 and v;=t;—5; for 1=j=d, with Jacobian (1/2)?, yields
as upper bound for the integral in (3.13)

1 022 (|ul) , ( Ag(e)
3.14 dul.
19 (Das Iulfsﬂl?i} Jaf? o p[ 321w l/j[‘l’illz"‘]]l s

Another change of variables, similar to the one above (2.11), completes the proof.

Theorem 3.1. Let F(¢)=|t], té[O, 1]"; deN, and g€2*. For any fixed
y€(0, =) we have ‘ B ’ :

(3.15) |U{R} - U{R}]/q(lRl)—»O as n e,

vlogn/nS[RISI
if and only if q€2,.

Proof. («) Supposethat gc2;. Like in the proof of Theorem 2.1 the notation

(3.16) g(0) = g(0)/Yologlje, o= 0,

will be used. We can and will assume without loss of generality that (2.14) holds true

(for g asin (3.16)) with V(log 1/(-))*~* replaced by Vlog1/(-). We have for any
0=<6=(1/2)"** that

(3.17) ‘ \U{R}-U{R}|/a(IR) = Zznk,

ylog n/nSIRI§
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where with a,=¢%n~*) and f,=ylogn/n the r.v.’s Z, are given by

(3.18) Zn= S T {R}/a(IR),
(3.19) Zn= swp |U. {R}|/4(IR]),
(3.20) Zn= sup |U{R}|/a(IR]),

(3.21) Zu= sup |U{R}—U{R}|/q(5).

0=|R|=1

Again it will be shown that for any &>0 and each k=1,2,3,4 there exist
6=06(g) and n(e)éN such that

(3.22) PZ.=¢8 =¢ for nz=nle).
For k=1 the left-hand side of (3.22) is bounded above by
P sup [Un(RY/IRI" = og () log Vo)) =
f,=|R|=x,

= P( sup |U{R}/RPM? = y, (log m)*")

2| R =g

(3.23)

for y,€(0, o) arbitrary and nz=n,=n,(y,). Using the point representation for
rectangles we can apply Inequality 3.1, This yields the existence of ¢y, ..., ¢,€(0, =)
such that the last expression of (3.23) is bounded above by

(3.24)
¢y -n(logn)~*exp (— ¢y} log m (cyp1)) = eyn(logn)*~2exp (— ¢,y log py logn) = &,

provided y, and »n are chosen sufficiently large.
To handle Z,, we can again use Inequality 3.1. The integral in the resulting upper
bound decreases to 0 as 840 since g€4; implies

1 g1 2
25y [ s i/;’) exp( }“i(a))do<m, forall A=0, deN,
(1}

by a slight modification of the proof of Proposition 3.1 in SHORACK and WELLNER
[17].

Using Theorem 2.1 in Orey and PRUITT [12] we can treat Z,; in the same way as
Y, in the preceding section. We also have similarity between Z,, and Y, using (1.10)
instead of (1.9).

(=) For this half of the proof we refer to CsOrRGS, CsOrRGS, HorvATH and
Mason [7] (pp. 87—89) where the proof is given for the quantile process and the one-
dimensional empirical process. Their proof immediately carries over to the multi-
variate empirical process; the generalizations of the results required in that paper can
be found in EiNMAHL [8] (p. 2) and PykE [13] (p. 340) respectively.
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We note in passing that the analogue for rectangles of Proposition 2.1 in
O’REILLY [11] can be obtained using some of the ideas in the proof of Theorem 3.1:
Let deN and q€2*. Then we have

(3.26) lim sup |U{R}|/¢(IR)) =0 a.s.
510 |R|=s

if and only if q€2,.

For any y€(0, =), define U, ,, a process indexed by rectangles, by
(327) Un,y{R} = Un {R} 1[y log n/n,l](IRl)’ ReA.
Combining Theorem 3.1 and (3.26) yields

Corollary 3.1. Let F(t)=|t|, t€[0,1)%, deN and ge€3*. For any fixed
Y€(0, =) we have

(3.28) sup |U,,,{R} — U{R}|/g(Rl) =, 0, as mn oo,
ReR

if and only if ¢€4,.
Theorem 3.2. Let F(t)=|t|, 2€[0, 1}, deéN and Gc2*. Then we have
(3.29) S |UR—U{Ra(=IR)=,0, a5 n—c,

if and only if §€2,.

Proof. («=) To avoid difficulties with notations and technicalities we restrict
ourselves to the case d=2. Without any mathematical problems the proof can be
extended to arbitrary d. (See also the proof of Theorem 2.2.)

Let us first remark that for 0<d<1
(3.30) sup |U,{R}—U{R}/3(1—|R)) =

0=|R[=1

= sup |U,{R}-U(R}/g®)+ sup |U,{R}—U{R}/g(1—|R)).
0ss|R[=1 1-5=|R|=1

The first term of the last expression causes no problems, so we focus on the second

term. Let us choose Rwith |R|=1—§ and angular points a,, a,, a3, a, starting at the

upper vertex and moving clockwise. Remark that |a|=1—6 and |ayl, |ay], la | <8.

Using the inequality

33D (OB -UR{EA-IR) = 3 Uy@)— U@ —IR)

we see that we only have to handle . Sup |Un(a)—U(a)l/g(1—|R]|) for
—=[R(=1

i=1,2,3,4. Using §(1—|R)=g(1—|as]) we can apply Theorem 2.2 to handle the
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case {=1. With the same technique as used in the proof of this theorem we can also

treat the cases i=2,3,4.
(=) Theorem 2.2 together with the remark that (3.29) implies (2.30) yields this

part of the proof.
Combining Theorem 3.1, Theorem 3.2 and Corollary 3.1 yields

Corollary 3.2. Let F(t)=|t|, t€[0, 1), déN and gq,3c2*. For any fixed
Y€(0, =) the following three statements are equivalent:

(3.32) ?Iog"s/gmlﬂ|U,,{R}—U{R}l/q(]Ri)q”(I——lR[) =0, as n-res,
(3.33) sup |Uy,, (R}~ U{R}|/a(IRDG(1~ R =, 0, as n e,
(3.39) , qe2, and §E9,.
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