View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Research Papers in Economics

The Annals of Probability
2000, Vol. 28, No. 3, 1301-1335

FUNCTIONAL LIMIT LAWS FOR THE INCREMENTS
OF KAPLAN-MEIER PRODUCT-LIMIT
PROCESSES AND APPLICATIONS

BY PAUL DEHEUVELS AND JOHN H. J. EINMAHL!

Université Paris VI and Eindhoven University of Technology
and EURANDOM

We prove functional limit laws for the increment functions of empirical
processes based upon randomly right-censored data. The increment sizes
we consider are classified into different classes covering the whole possi-
ble spectrum. We apply these results to obtain a description of the strong
limiting behavior of a series of estimators of local functionals of lifetime
distributions. In particular, we treat the case of kernel density and hazard
rate estimators.

1. Statistical motivation and main results. In the right censorship
model, the data set is given by {(Z;, §;): 1 <i < n}, where Z;, = min(X,;,Y;)
and §; = lx .y, fori > 1, with 1 ; denoting the indicator function of E. Here,
{X;: i > 1} is a sequence of independent and identically distributed nonnega-
tive lifetimes, and {Y;: i > 1} is an independent sequence of independent and
identically distributed nonnegative censoring times, defined on the same prob-
ability space (Q, o7/, P).Set X =X, Y=Y,,Z2=2,,6=6,, F(x)=P(X <
x), G(x)=P(Y <x), Hx)=P(Z <x)=1-(1- F(x))(1 — G(x)). We allow
Y to be defective, that is, such that P(Y = o) is possibly positive, to cover the
uncensored case corresponding to the particular case where P(Y = co0) = 1.

The problem of estimating F, together with local functionals of F' such as
the lifetime density f(x) = (d/dx)F(x) or the hazard rate function A(x) =
f(x)/(1— F(x)), assuming that they exist, has received much attention in the
literature [see, e.g., Aalen (1976), Kalbfleisch and Prentice (1980), Gill (1980),
Foldes, Rejté and Winter (1981), Burke, Csérgé and Horvath (1981, 1988),
Csorgoé and Horvath (1983), Anderson, Borgan, Gill and Keiding (1993)]. The
nonparametric maximum likelihood estimator of F and G based upon the data
are the product-limit (PL) estimators F, and G,,, introduced in Kaplan and
Meier (1958), and defined by

(1.1) F,(x)=1- T[] {1 Oin
. (%) = M m_it1l’
lgliér_z
1-6;
1.2 G,(x)=1- 1-—2n
(1.2) 2(x) ) ZH<x{ n—i+1}’
1<i<n
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where Z, , < .-.- < Z, , are the ordered Z,,...,Z,, and, for each i =
1,...,n,8; , is the §; corresponding to Z, , = Z;, 1 < j < n (we use the
convention that []; = 1). The Kaplan—Meier empirical process «, and the
Kaplan—Meier censoring process 3, are defined by

(13) a,(x) = n"2(F,(x) - F(x)) and B,(x) = n"*(G,(x) - G(x)),

for n > 1 and x € R. The aim of this paper is to describe the limiting behavior of
the local oscillations of «,, (equivalently of 8, by the formal change of §; ,, into
1-6; ,, 1 <i < n)through the study of the increment functions ¢, (4, t; I)
and n,(h,, t;I), defined by

E (h, t;8) =, (t+ hs) — a,(2)
=nl2n,(h, t;s) — n'2(F(t + hs) — F(t)),

(1.4)

nn(ha 3 S) = Fn(t + hS) - Fn(t)

1.5
(15 =n"12¢,(h, t;8) + (F(t + hs) — F(t)),

for h = 0 and s,t € R. Here, I(s) = s denotes the identity function and
{h,: n > 1} is a sequence of positive constants satisfying conditions among the
following, listed below. We will set log, u = log, (log_ u), log, u = log(u V e),
and denote by u,, = co(v,,) (resp. u, ~ v,) the condition that v, /u, — 0 (resp.
u,/v, = 1)

(H1) G) h,, — 0; (ii) A, |; (ii) nh, 1;

(H2) nh,/logsn — oo;

(H3) (1) nh,/logn — oo; (ii) (log(1/h,))/loge n — oo;

(H4) (log(1/h,))/logsn — ¢ € [0, c0);

(H5) nh,/logn — y € [0, 00);

(H6) (log(1/h,))/logn — d €[1, c0).

To motivate our forthcoming theorems, we start by an exposition of their
implications in the framework of nonparametric estimation of f = (d/dx)F by
kernel estimators. Let K be a function (or kernel) fulfilling the assumptions:

(K1) K is of bounded variation on R.
(K2) For some 0 < T < o0, K(u) =0 for all |u| > %T.
(K3) [* K(u)du =1.

The kernel estimator of f(x) [see, e.g., Watson and Leadbetter (1964a, b),
Tanner and Wong (1983)] is given by

(1.6) Fu@) = [ BPE(( - x)/h,) dF,(0)
Set, for all x € R,

(1.7) Ef,(x) = /jo K ((t — x)/h,) dF(t).
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In the uncensored case, fEf A(x) =Ef,(x), where E denotes the usual expecta-

tion. Otherwise, in general, Ef o(x) and Ef ,(x) may differ. Note further that,
under (K1) and (K2),

1.8) o) ~BFa0) = 2 [ 6,y xiw) AR ),

which follows from (1.3) and (1.4) and (1.6) and (1.7), after integrating by
parts.

The following additional notation and assumptions will be needed. Let
L(x) = P(V < x) be the distribution function of a random variable V. We
denote by L~!(u) = inf{x: L(x) > u} for 0 < u < 1 the quantile function of L,
and by T'; = sup{x: L(x) < 1} the upper endpoint of the distribution of V.
Throughout the sequel, we shall assume that the upper endpoints 7'y and
T of the distributions of X and Y are such that ® = min(7T'y, T3) > 0, and
let a,a’, b, b be specified constants such that 0 < o’ <a < b < b < 0.
Unless otherwise specified, we assume that F' and G fulfill the conditions (F1)
and (F2):

(F1) F(0) = G(0) =0;
(F2) (i) F and G are continuous on [a@/, b'];
(i) f = (d/dx)F is defined, continuous and strictly positive on [a’, b'].

Throughout, ¥ will denote a specified continuous and (strictly) positive
function on [a/, b']. We assume that V¥, is an estimator of W fulfilling assump-
tions among (C1) and (C2):

(C1) sup,<,<p |V, (x)/¥(x) — 1| — 0 in probability as n — oo;
(C2) sup,<,<p |V, (x)/¥(x) — 1| — 0 almost surely as n — oc.

As follows from the results of Deheuvels and Einmahl (1996), under (H1),
(H2), (K1)—(K3), (F1), (F2) and (C2), for any specified x, € [a, b], we have

1- G(xo)}l/2

12 R
} (Falo) [Efn(xo)){q’n(xo) LA

lim sup +

19 "% e
= {\If(aco)}l/2{/oO K%(u) du} a.s.

nh,
2logy n

In this paper, we will prove the following basic limit law concerning f,. Below,
we use the convention c¢/(c + 1) = 1 when (H3) holds, that is, when ¢ = oc.
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THEOREM 1.1. Under (H1)(1), (H3) or (H4), (K1)—(K3), (F1)—(F2) and (C1),
we have

. nh, 1/2
A, { 2{log(1/h,) + log, n} }

~ 1— G(x) 1/2
1100 sup (7,0 = EF, () o) < 20

¢ \"? V2 0o 1/2
— 2 . ey
= (C+ 1) {ai‘igb‘['(x)} {/OO K (u)du} in probability.

If, in addition, (H1)(ii)-(iii) and (C2) hold, then

. nh, 1/2
e | 2{log(1/R,,) + logy n}

-~ 1-G(x))|"?
(11D  sup £(F,(2) - Era |10 x

:{ sup qf(x)}m{fi K2(u)du}1/2 as.

a<x<b

and

nh 1/2
i { 2{log(1/h,) + log, n} }

= L 1-G) 1z
(112)  sup (70~ EF ()| ()« 250

() L] " Fon]” o

a<x<b

REMARK 1.1. (i) The assumptions in Theorem 1.1 allow in particular the
following possible choices of interest, denoted by ¥()), j = 1-5, for ¥, where
¢ is an auxiliary continuous and positive function on [a’, b']:

1
PO(x) =1, ¥O(x)= TPt
B) () — @~ (%)
(1.13) VO(x) = f(x), ¥H(x)= T aw
W) (x) = f(x)P(x) _Ax)(x)

(1-F(x))*(1-G(x))  1-H(x)

(ii) For each of the above choices of ¥, an estimator V¥, of ¥ fulfilling (C1),
(C2) is obtained by replacing in the definition (1.13) of ¥ any one among the
functions f(x), F(x) or G(x) by f,(x), F,(x) or G,(x), respectively. The fact
that (C1), (C2) hold for either of these functions is readily verified. First, it is
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straightforward from (1.10) and (1.11), (1.12), taken with ¥, = ¥ = 1, that,
under the assumptions of Theorem 1.1, sup, ., |f,(x)/f(x)—1| — 0. Second,
the fact that

sup |(1— F,(x))/(1 - F(x))—1|— 0 and

a<x<b

sup |[(1-G,(x))/(1—-G(x))—1] - 0 a.s,

a<x<b

is a simple consequence of the strong uniform consistency of the PL estimators
F, and G, of F and G [see, e.g., Gu and Lai (1990), Chen and Lo (1997) and
the references therein].

(iii) In particular, the replacement of F by F, in ¥ corresponds to esti-
mators of the hazard rate function A(x) = f(x)/(1 — F(x)), which will be
considered in more detail in Section 3.

The following results in the literature are related to (1.11) and (1.12). Under
more stringent assumptions than that given above, Diehl and Stute (1988)
showed that, under (H3),

1 nh, 1/2
nee | 21og(1/hy)

={/_O:CK2(u)du}1/2 as.,

which follows from (1.11) and (1.12), taken with ¥ = 1 and ¢ = oo. Their
results were extended by Xiang (1994), who established (1.14) under the addi-
tional assumptions on K that K(u) = K(—u) V u € R, and for 2, = n~" with
0 < v < 1. Related statements are to be found in Stute and Wang (1993), Lo,
Mack and Wang (1989), Schafer (1986), Liu and Van Ryzin (1985), Padgett and
McNichols (1984) and Mielniczuk (1986). It is to be noted that in the uncen-
sored case, corresponding to when G(x) = 0 for all x € R (see the discussion
in Section 3 below), the conclusion of Theorem 1.1 is obtained by combining
Theorem 4.1 of Deheuvels and Mason (1992) (for ¢ = oo0) with Theorem 3.3
of Deheuvels (1992) (for 0 < ¢ < o0) [see also Deheuvels (1974), Hall (1981),
Stute (1982b) and Xu (1993)]. For further descriptions of limiting properties
of Kaplan—Meier empirical processes with applications, we refer to Chen and
Lo (1997), Csorgé (1996), Foldes and Rejté (1981), Gijbels and Wang (1993),
Lo and Singh (1986), Major and Rejto (1988), Miiller and Wang (1994), Patil
(1993), Stute (1995, 1996), Yandell (1983) and the references therein.
Theorem 1.1 and related applications (see Section 3 in the sequel) will be
shown to be direct consequences of general functional limit laws for the incre-
ments &,(h,,t; ) of the Kaplan—-Meier empirical process «, [recall (1.3) and
(1.4)], which constitute the main results of this paper. To present the first of
these limit laws in the forthcoming Theorem 1.2, we need to introduce some
notation and vocabulary. We closely follow Deheuvels (1992) where additional

~ 1-G(x)|"?
AT [Efn(x)l{—f(x) }

(1.14)
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details can be found, concerning the topological aspects of the function spaces
we consider.

Denote by (B[0, 1], %) [resp. (AC[0, 1], %)] the set B[O, 1] (resp. ACJ[O0, 1))
of all bounded (resp. absolutely continuous) functions / on [0, 1], endowed with
the uniform topology % defined by the sup-norm ||/|| = supy;; |/(¢)|. For each

1 € ACJ0, 1], denote by | = (d/ds)l the Lebesgue derivative of [. For each
l € B[0,1] set

1 vz
115 |l = { {/O 12(s) ds} , if 1 € AC[0, 1] and 1(0) = 0,
00, otherwise.

For each n > 0, set
(1.16) Sy = {1 € AC[0, 1]: |II} < ).

Observe that . = .7} is the Strassen set [see, e.g., Strassen (1964)] and that
/, = n'2.7, where, here and elsewhere, we set A& = {Al: [ € £}. The
following inequality is a direct application of the Schwarz inequality [see, e.g.,
(2.36), page 2021 in Deheuvels (1997)]. For any [ S s

(1.17) 12l < 12 < m*2.

Define a sequence of random subsets of B[0, 1] by setting, for each n > 1,

HEW,) = { + {2h,(log. (1/h,) +logy n)} /2
(1.18)
1—G(x)
f(x)

In what follows, we shall describe the limiting behavior of % *(¥,) as
n — oo, making use of the following vocabulary and definitions.

Let (&, .9) denote a set &, endowed with the topology < induced by a
metric d(I, g), with [, g € &. Foreache > 0and A C &, A # J,set A° = {g ¢
&:3le A, d(l, g) < ¢}. Introduce the Hausdorff set-metric pertaining to .7
by setting, for each A, B C &,

&, (h,, x;I){‘lfn(x) x }1/2: a<x< b} c B[o, 1].

inf{e>0: ACB® and BCA®}, ifsuch as &> 0 exists;

(1.19) 99(A73)={Oo’ otherwise.

Consider now a sequence {#, C &: n > 1} of nonvoid subsets of & for which
there exits a compact subset % of &, such that the following property holds.
For each ¢ > 0, there exists an n, < oo such that 4, € % for all n > n,.
Under this assumption, we will say that %4, has limit set equal to # C %,
if % consists of all limits as j — oo of convergent sequences an € By, with
1 <n; <nyg <---and n; - oo. Likewise, we will say that %, minimally
covers #' C % if #' consists of all limits as n — oo of convergent sequences
l,, € B,. %' is possibly void, whereas such is not the case for #. Both %
and %' are closed (and hence compact when nonvoid) subsets of (£, .9"), with
B A <% . When % =%, we will say that %, completely covers %.
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REMARK 1.2. (i) It is noteworthy [see, e.g., Deheuvels (1992)] that a
sequence %, C & has limit set # # J and minimally covers #' C %, if
and only if the following properties (a)-(c) hold.

(a) £ is a compact subset of (&, 9);
(b) For each & > 0, we have for all n sufficiently large,

(1.20) % <%, and £, C B°.
(c) For each ¢ > 0,1' ¢ #' and | € # we have
(1.21) I'¢ % io0(nn) and [e P io(inn).

In particular, (a) implies that %, completely covers & if and only if
(1.22) 9%, B) — 0.

(i1)) The assumption (a) that % is compact is essential for the equivalence
in Remark 1.2(i) to be fulfilled. When combined with (b), the condition (a)
implies that each sequence {[,: n > 1}, with [, € %, for each n > 1, is
relatively compact in (&, ) with limit set included in %. The latter property
is not necessarily satisfied when (a) does not hold.

Our main result may now be stated in the following Theorem 1.2, which
will be shown later on to imply Theorem 1.1. In the statement of this theorem,
9, stands for the Hausdorff set distance (1.19) pertaining to the sup-norm on
B[0,1], and .%*("F,) is as in (1.18).

THEOREM 1.2. Assume that H1(), (H3) or (H4), (F1), (F2) and (C1) hold.
Set

(1.23) M = sup Y(x).
a<x<b
Then
(1.24) lim 2, (%, (Y,), Sae/e+1) =0 in probability.

If, in addition to these assumptions, (H1)(ii), (iii) and (C2) hold, then, with
probability 1, in (B[O, 1], %), the sequence {#(V,): n > 1} has limit set
equal to ./, and minimally covers .y 1) In particular, under (H3), we
have ¢ = o0, ¢/(c+1) =1,

(1.25) lim 2,(#5(¥,), Z4) =0 a.s.,
and {#(V,): n > 1} completely covers ./y; with probability 1.

REMARK 1.3. (i) In the uncensored case where G(x) = 0 for all x, and
for F = I (i.e.,, when X has the uniform [0, 1] distribution), Theorem 1.2
reduces to a combination of Theorem 3.1 in Deheuvels and Mason (1992) and
Theorem 1.3 in Deheuvels (1992) [see also (1.11) in the latter]. The extension
of the latter results to the case of an arbitrary F' can be obtained by relatively
simple arguments in this simplified setting.
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(ii) In the statement of Theorem 1.2, .%;(V,), /i /(c11) and ./}, are sub-
sets of B[0, 1]. We note that the conclusion of this theorem is unchanged if we
work in the setting of B[C, D] instead of B[O, 1], where —oco < C < D < o©
are arbitrary constants, after the appropriate notational changes. The choice
of C =0 and D = 1 will be used here and later on for convenience.

(ii1) Starting with Finkelstein (1971), there have been a great many papers
giving functional limit laws for uncensored empirical processes, taken either
globally or locally. In addition to the previously mentioned references, we may
add that of Mason (1988), Deheuvels and Mason (1990, 1991, 1994, 1995),
Einmahl (1992, 1997) and Einmahl and Mason (1997, 1998).

Among other results, Deheuvels and Einmahl (1996) have shown that,
under the assumptions (H1), (H2) and (F1), (F2) for each x, € [a, b], if M, =
f(x0)/(1 — G(xg)), the sequence

(1.26) F, = {{Zhn log, nYV2¢ (b, x,; I)] c B0, 1],

is almost surely relatively compact and has limit set in (B[0, 1], %) equal to
#u,- A comparison of (1.26) with the conclusion of Theorem 1.2 gives emphasis
on the fact that the present work completes the study of the local Kaplan—
Meier empirical process in the neighborhood of a fixed point by that of the
same process on the specified interval [a, b].

In the remainder of this paper, we will describe the limiting behavior of
the random sets of increment functions {¢, (4, t;I1): a <t < b} for sequences
h, which are not covered by the assumptions of Theorems 1.1 and 1.2. It is
convenient to distinguish the following main ranges of interest depending on
the rate of convergence of A, to 0. We will speak namely of:

1. Large increments when (log(1/4,,))/loge n — ¢ € [0, 00).

2. Standard increments when nh, /logn — oo and (log(1/4,,))/logen — oo.
3. Intermediate increments when nh,/logn — vy € (0, 00).

4. Small increments when nh,/logn — 0.

Following Deheuvels (1996), we distinguish two subclasses of small incre-
ments. We speak of:

4a. Fairly small increments when (log(1/4,))/logn — 1(and nh,/logn — 0).
4b. Extremely small increments when (log(1/4,))/logn — 1+ 1/« for some
k € [0, 00).

The convention 1 + 1/k = oo is used when k = 0. Large and standard
increments are treated in Theorems 1.1 and 1.2, and the limit laws in the other
cases are stated in Section 2. Section 3 collects a series of applications of the
theorems of Sections 1, 2. In particular, in Section 3, we describe the limiting
behavior of a classical nonparametric estimator of the hazard rate function
/(1 = F). The proofs of our main results are postponed until Section 4.
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2. Nonstandard local functional laws for censored processes.

2.1. Introduction: intermediate increments. The assumption (H3)(i) in
Theorems 1.1 and 1.2 limits the validity of these theorems to sequences #,,
fulfilling &, = co(n~!logn). It is the purpose of this section to complete the
study of local increments of «,, by a description of the limiting behavior corre-
sponding to sequences such that #, = O(n~'log n). We call such results non-
standard by following the vocabulary of Deheuvels and Mason (1990, 1991,
1995). First, we will consider the borderline case, where the condition (H5)
holds for some constant y € (0, c0). We assume namely that, as n — oo,

(2.1 nh,/logn — vy € (0, c0).

The sequences {A,: n > 1} fulfilling (2.1) will be called intermediate sequences.
We will discuss later small sequences corresponding to when y = 0 in (H5)
(see, e.g., Section 2.2). In either of these cases depending upon the value of
v < oo in (H5), it is more convenient to work on

(2.2) Ny 6 1) = Foy(t + by D) = Fo(2),
rather than with ¢,,(4,,, ¢; I). This fact is captured in Remark 2.1.

REMARK 2.1. Recalling the definitions (1.4) and (1.5), we may check that,
under (2.1) and (F2)(ii), we have as n — oo, uniformly over ¢ € [a, b],

Na(hy, 1) = (14 0(1))(2y)"(2h, {log(1/hy,) + logy n}) ™12

X & (b, 1) + (1 + 0o(1)yf ()1

As follows from (2.3), a functional limit law dealing, under (2.1), with the
random functions

_n
(2.3) logn

n

@nn(hn, t;I) fort e |a,b],
is equivalent, after a simple change of scale and centering, to a functional
limit law dealing with

(2h,{log(1/h,) +logy n}) V2&,(h,, 1) for t € [a, b

Throughout the remainder of this subsection, we assume (2.1). In view of
Remark 2.1, our aim is to describe the limiting behavior of the set of random
functions defined in (2.4) below, in terms of n,,(4,,, ¢; I). Similarly to Section 1,
we let {E(x): ' < x < b’} denote a continuous and (strictly) positive function,
and E,(x), for a < x < b, an estimator of E(x) such that

(X.1) sup,<,p|E(x)/E(x) — 1| — 0 almost surely as n — oo.

Given E,, as above, set

2.4) 40(E) = | ol 5 DZ () = <)
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Our main result, stated in Theorem 2.1 in the sequel, establishes a strong
limit law for 7, (5, ). We start by some preliminary results and notation which
are needed in the present framework. Denote by Iyc[0, 1] the set of all right-
continuous distribution functions I(x) = .#([0, x]) for x € R, of nonnega-
tive bounded Radon measures .# with support in [0, 1], and set I¢[0,1] =
Ixc[0, 1] N AC[0, 1] n {I: 1(0) = 0}. We will endow Iy¢[0, 1] with either the
uniform topology %, or with the weak topology 7', conveniently defined via
the Lévy metric, for [, g € IO, 1],

(2.5) di(l,g)=inf{e>0:l(x—e)—e< g(x)<l(x+e)+eVxeR}

Consider a function ®: R — RU{co} fulfilling the following condition, for some
neR:

(Cw) (1) ®(p)=0.
(i) P is convex and ®(«) > 0, all a.
(iii) P(a)/a — oo as a — oo.
(iv) ®(a) = oo for @ < 0.

Introduce the functional on B[0, 1] defined by

fo " ®(i(w)) du, i 1(0) =0 and I € AC[0, 1]

with [ = (d/du)l;
0, otherwise.

It is noteworthy that, under (Cw), J4(l) < 00 = [ € I4c[0, 1]. Consider the
subsets of I,¢[0, 1] defined, for p > 0, by

(2.7) Lg ={le B[0,1]: Jo(I) < 0o} and Bg(p) = {l € B[0, 1]: J4(I) < p}.

(2.6) Jo(l) =

LEMMA 2.1. Under (Cw), the mapping I € B[0,1] — Jg(I) is lower semi-
continuous with respect to the uniform topology %.

Proor. Let {l,:n > 1} € B[0,1] and ! € B[O, 1] be such that ||/, — || — 0.
We need only show that

(2.8) Jo(1) < liminf J4(L,).

There is nothing to prove if liminf, ,  J4(,) = oo, so that we may assume,
without loss of generality, that liminf, ,  J4(l,) < oco. If such is the case,
then [, € I5c[0,1] along a subsequence {n,: k£ > 1}, which implies in turn
that [ € Ipc[0,1]. The fact that ||/, — I| — O then obviously implies
that d;(l,,,1) — 0, so that we may infer (2.8) from Lemma 3.3 of Lynch
and Sethuraman (1987). O

LEMMA 2.2. Under (Cp), for each p > 0, Bg(p) is a convex and compact
subset of (B[O, 1], %).

PrOOF. We first observe that By (p) # < since the linear function I(¢) = ut,
t € [0, 1] is such that J4(l) = 0, and therefore belongs to Bg(p). To establish
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the convexity of By(p), consider 4,1y € Bg(p) and Ay, Ay > 0 such that A; +
Ay = 1. The convexity of ® obviously implies that

1 ) . . o
fo (A (u) + Agly(u)) du < /\1/0 ®(l1(u)) du + /\2/0 ®(iy(u)) du < p,
so that A l; + Ayly € Bg(p). To show that Bg(p) is relatively compact in
(B[0, 1], %), we make use of the Arzela—Ascoli theorem. First, we show that

Bg(p) is uniformly equicontinuous. The convexity inequality for integrals
shows that, for any 0 < ¢ <d <1 and [ € By,

(2.9) (d - c)@(%) < /cd D(i(u)) du < J4(1) < p.

Since (Cp) implies the existence, for any ¢ > 0, of an «, > 0 such that ®(«) >
(p/€)|al for all |a| > a,, it follows from (2.9) that

U(d) - I(¢) p Ud)—Ue)) _ p
Td-c |77 —ECD(W)Z;

—c
= |U(d) - 1) < &

On the other hand, if we choose 0 < ¢ < d < 1 such that |d —¢| < ¢/«a,, we see
that

(2.11) 'M

I(d)—1(c)
d—c

(2.10)

s <a, = [l(d)-1(c)] <|d—cla, <.

By combining (2.10) and (2.11), we obtain that |[d—c| < ¢/a, = |I(d)—I(c)| < &,
which establishes the equicontinuity of B4 (p). Since [(0) = 0 for all [ € Bg(p)
the uniform boundedness of By (p) is trivial, whence the relative compactness
of By(p). We conclude by an application of Lemma 2.1, which entails that
By (p) is a closed, nonvoid and relatively compact (and hence compact) subset
of (B[0,1],%). O

For each v > 0 and x € R, set

xlogx —x+1, for x>0,
(2.12) h,(x) = vh(x/v) where h(x) = { 1, for x =0,
0, for x < 0.

For each ¢ > 0 set
(2.13) &, =sup{x <1l:h(x)>1/c} and & =inf{x > 1: h(x) > 1/c}.

c

We observe that h, fulfills (Cv) for all v > 0. In view of (2.6), set, for all v > 0,

1 .
(2.14) J () =dp (1) = {fo vh(l(u)/v)dv, ifle Ixc[0,1],

o0, otherwise.

For each v > 0 and p > 0, let A, (p) and A, denote the sets of functions defined
by

(2.15)  A,(p) = By (p) = {L € B[0,1]: J,(I) < p} and A, =A,(1).



1312 P. DEHEUVELS AND J. H. J. EINMAHL

LEMMA 2.3. We have, for each w > 0 and p > 0,
(2.16) inf I(1)=wd,,, and sup (1) =ws], .
ot i) /o oAty @ /e

The proof follows readily from Example 6, page 62 in Deheuvels and Mason
(1991).

LEMMA 2.4. Fix 0 < A < B < 0. Let k(v) and B(v) be positive and contin-
uous functions of v € [A, B]. Then, the set A(k, B) defined by

(2.17) Ak, B)= U «(v)Ag
A<v<B

is a compact subset of (I,c[0, 1], %).

PrOOF. Wefirstestablishthat A(k, B)isrelatively compactin (L¢[0, 1], %).
Toward this aim, we observe that, by the assumptions of the lemma,

0 <k := inf k(v) <«k”:= sup k(v) < oo,
<v<B A<v<B

0<p := inf B(v)<p’:= sup B(v) < oco.
A<v<B A<v<B

Since, by (2.14), for each [ € Ag,y and A > 0,
we have AAg,) € A)g,)(A), and hence, for each A <v < B,
(2.18) k(WAgry € U Aoy s U Aux).
K <A<K" K' B <w<k"p"
Now, making use of (2.12), we observe that, forany 0 < u < wand ! € I¢[0, 1],
(2.19) J,D)=J,()+u—w+11)log(w/u) < J,()+1(1)log(w/u),

By combining (2.19), taken with u = «'g’, with (2.16), we obtain readily that,
uniformly over all / € A, (k”), with '8 <w < k"B,

Jop(l) < R:=«"+ { sup wS;/K,,} log(k"B"/k'B).

K/B/SwSK//ﬁ//
By combining this last inequality with (2.18) and (2.17), we see that
Ak, B) € A (R).

In view of (2.15) and Lemma 2.2, A, 5 (R) is a compact subset of (I¢[0, 1], %),
whence the relative compactness of A(k, B).

We next assume that g € A,z (R) is such that, for some sequence {g,} C
I,c[0,1] and some sequence {v,} € R, we have ||g, — g|| > 0asn —> o©
with g, € x(v,)Ag, ) and A < v, < B for each n > 1. By eventually replac-
ing {g,} by an appropriate subsequence, we may and do assume that, for
some v € [A,B], v, - vasn — oo. Set g, = k(v,)!, and g = «(v)l,
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so that [, € Ag, y & Jg,)(l,) < 1. By application of (2.19), we obtain readily
from the continuity of 8 that |Jg,(l,) — J g, (L) = o(1), and hence, that
liminf,_,  Jg)(l,) < 1. Now, the continuity of « entails that ||/, — | — 0.
By an application of Lemma 2.1 taken with ® = h,, [see, e.g., (2.8)], it follows
that Jg,)(/) < 1. We have therefore g = k(v)l € k(v)Ag,) € A(k, B). This
proves that A(k, B) is closed in (I4¢[0, 1], %). Since this set is also nonvoid
and relatively compact, it is therefore compact. O

We are now ready to state the main result of this section. Recall the
definition (2.4).

THEOREM 2.1. Under (H5) with vy € (0, 00), (F1), (F2) and (X1), we have

(2.20) lim 2,(Z,(E,), Z(E)) =0 as.,
where

— BE(X)
2.21) Z(E) = Ub{l_—G(x) Ay pa-G):-

REMARK 2.2. As follows from Lemma 2.4, the limit set .#(E) in (2.21) is a
compact subset of (I5¢[0, 1], %). On the other hand, this set is not necessarily
convex. We note that the compactness of .Z(E) is not straightforward, this set
being defined, via (2.21), as a union of an uncountable collection of compact
subsets of (I5¢[0, 1], %). In view of Remark 1.2(ii), this property will turn out
to be essential for proving that Z,(E,,) completely covers -2 (E).

The proof of Theorem 2.1 is postponed until Section 4. Applications are
given in Section 3.

2.2. Small increments. We now turn to the case of small increments, that
is, when nh,/logn — 0. Consider the following random sets. Let E and &,
be as in Section 2.1, and set

2.22) ABN(E,) = {( n log <loﬂ>>nn(hn, i DE, (x):a<x< b},

logn nh,
(2.23) A1NE,) = [nn,(hy, 6 1)E, (%) @ < x < b}.

Introduce the following compact subsets of Ipc[0, 1]. Set, for each integer
k>0,

(2.24) Ll = {¢ € Ipc[0, 1]: ¢(1) < 1},
(2.25) Llesl(k) = {p € Tgc[0, 1]: $(x) € {0, ..., k}}.

For the statement of the next theorems, we will make use of the following
notation. Recall the definition (2.5) of the Lévy distance d;. For any A C
Ixc[0, 1] and & > 0, we set

(2.26) Al = {1 € Ipc[0,1]: 3 g€ A: dp (L. g) < &}
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For any x > 0, we denote by [«] > k > [«] — 1 the upper integer part of k, and
use the convention that 1/0 = oo.

THEOREM 2.2. Let (F1), (F2) and (X1) be satisfied. Assume that (H1)@d), (ii),
(H5) with v = 0 and (H6) with d = 1 hold, that is, that

(2.27) h,l0,nh,/logn -0 and (log(1/h,))/logn — 1.
Let

_ E(x)
228 1= o (o

Then, we have

(2.29) lim d; (£F(E,), TL) =0 a.s.

n—oo

THEOREM 2.3. Let (F1), (F2) and (X1) be satisfied. Assume that (H1)@d), (i1),
(H6) with d =1+ 1/k € (1, oo] hold, that is, that

(2.30) h,l0 and (log(1l/h,))/logn — 1+ 1/k.

Define, for each integer k > 0, the compact subset of Iyc[0, 1],

(2.31) (k)= | {1?(—%}&[881(@.

a<x<b
(i) Then, whenever « is noninteger, we have

(2.32) lim dp,(/1}(E,), #([«])) =0 a.s.

(11) When k = 0, we have

(2.33) lim dp (/1I(E,), #(1)) =0 a.s.

(iii) When k = k > 1 is integer, for each ¢ > 0, there exists almost surely an
n(e) < oo such that, for all n > n(e),

(2.34) ABNE) < 2R+ 1D and  2(k) € AEI(E,)EL

The proofs of Theorems 2.2 and 2.3 are postponed until Section 4.
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3. Applications.

3.1. Introduction. We will make use of the following analytical proposi-
tion to derive a series of applications of our theorems. With the notation of
Section 1, let %, be a sequence of nonvoid subsets of (&, 9).

PROPOSITION 3.1. Assume that 94, has limit set 8 and minimally covers
B + . Let I': & - R be a T -continuous mapping. Then, we have

(3.1) liminf { sup F(l)} =supl'(!) and limsup { sup F(l)} =supl'()).
lez

=00 le%, le# n—00 le%,

PRrROOF. Let d(-,-) be the distance defining 7. Set

L, =limsup { sup F(l)} and L, =supl'(]).

n— o0 les, les

There exists a sequence of indices n; — oo and lnj € By, such that I‘(lnj) —
L,. By eventually replacing n ; by an appropriate subsequence, we may assume
the existence of [ € # such that d(lnj, l) — 0. The continuity of I' implies
therefore that I'(,, ) — I'({) = Ly < Ly. On the other hand, since # is compact,
there exists a g € # such that I'(g) = L,. Since, by definition of L,, g is the
limit of some sequence Em, € B, with m ; — oo, the definition of L; entails
that I'(g) = L, < L;. The inequality L; < L, implies therefore that L; = L,.
Set now

L; = liminf { sup F(l)} and L, =supl'(]).
n=oo | lew, les

Since #' # J is compact, there exists a g’ € %’ such that I'(g’) = L,, and a
sequence g, € %, with d(g’, g,,) — 0. This implying that I'(g}) — I'(g') = Ly,
it follows that L3 > L,. Suppose now that Ls > L, and select an ¢ > 0 so
small that I'(l) < L — %(L?, — L,) for all [ € (#')*. Since we have 4, C (#')*®
i.o. in n, we also have sup,., I'(!) < L3 — %(L3 — L,) i.o. in n, which is in
contradiction with the definition of Ls. We have therefore Ly = L,. O

3.2. Oscillations of the local Kaplan—Meier empirical process. We start by
investigating the oscillation modulus of «,. In the uncensored case, that is,
when G(x) = 0 for all x € R, many papers have been devoted to this prob-
lem, among which we may cite those of Stute (1982a, b), Mason, Shorack and
Wellner (1983), Deheuvels and Mason (1992) and Deheuvels (1992, 1996).
We refer to Deheuvels (1997), Shorack and Wellner (1986) and Csorg6é and
Horvath (1994) for further references and details on the subject. In the cen-
sored case, a partial description is to be found in Schéfer (1986).
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Recalling (1.3), (1.4) we first establish the following corollary of Theorem 1.2
concerning the oscillations of «,,. Set

(3.2) QE(h) = sup £(a,(x+8) —a,(x)) = sup £&,(h, x;s)
S5z e
and
(3.3) Q,(h) = sup. |, (x + 8) — a, (x)] = sup |€n (R, x38)].
0=s<h 0=s=<1

Set, for convenience,
(3.4) b, = (2h,{log(1/h,) + logy n})"/>.

COROLLARY 3.1. Assume that (H1), (H3) or (H4), and (F1), (F2) hold. Then,
we have

; “10t . -1 fx) "
(3.5) limsupb, Q;(h,)=limsupb, Q,(h,)= sup a.s.

a<x<b 1- G(x)
and
liminf b;lﬂf(hn) = liminf b,len(hn)
(3.6) c 1/2 £(x) 1/2
“(51) oo lilem) o

PROOF. The mapping,
l € B[0,1] — I['(f) = sup I(¢),

0<t<1
is obviously Z-continuous. Recalling the notation (1.3) and (1.18), we see that,
if ¥ =7F/(1-G),

limsupb,'Qf(h,) = sup I(f).
n—00 lestt (W)
Setting M = sup,,-, ¥(x), we infer from Theorem 1.2 and Proposition 3.1
that, almost surely,
limsup b, Q" (h,) = sup I'(1) = M2,

n— 00 lesy

1/2
liminf =10 (A ) = Ty = M2
iminf 6,70, (h,) = sup T(I) cr1)

L& e /(e+1)

which yields (3.5) and (3.6) for Q;'. The proofs of (3.5) and (3.6) in the other
cases are similar and omitted.

Similar results to that given above can be derived for the intermediate and
small increments corresponding to the sequences {A,: n > 1} considered in
Section 2. We will restrict ourselves here to the intermediate sequences of
Theorem 2.1.
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COROLLARY 3.2. Assume that (H5), with y > 0 and (F1), (F2) hold. Then,
we have

1/2 1/20+

: _ +
@7 jm logn nooo logn —Vai‘;ljbf ()8 wa-aan—1) @s
and
. n'20Q;(h,) _
3.8) R P S A G Gl BRI

PrROOF. In view of Remark 2.1, we make use of the version of Theorem 2.1
holding for a centered form of 7, (4, ¢; I). By combining (2.2) and (2.3) with
(2.20) and (2.21), we see that, under the assumptions of Theorem 2.1, the
almost sure limit set in (B[O, 1], %) of

- © _ nl/2
39 (AEN = (50 el D < <)
is given by
(e — l

We choose E,, = E = 1 in (3.9) and (3.10) and consider, as in the just-given
proof of Corollary 3.2, the functional I — I'(l) = supy,-; /(). By combining
(3.2) with (3.9) and (3.10), we see that

1/20+(},
(3.11) lim n () _ lim { sup F(l)} = sup I(l) as.
e logn e Lig @ (£ (E) )

In view of (3.11), equality (3.7) for Q;} (and likewise for ();) follows readily
from the observation that u (6] — 1) is increasing in > 0, in combination
with (2.18) in Deheuvels and Mason (1991), which yields that

(3.12) sup{+l(¢): l € A,} = +vtd%,.

Equality (3.7) for Q, follows similarly by taking I'(l) = supg-,-; |/(¢)| and
making use of the inequality 6 — 1 > 1 — 8, for u > 0. Then (3.8) follows
along the same lines via (3.12), with I'(!) = supy-;<1(—/(¢)), and making use
of the observation that u(1 — &) is increasing in u > 0. O

3.3. Nonparametric estimation of the hazard rate function. Let (F1), (F2)
be satisfied, and denote the hazard rate (function) pertaining to F' by

_ f®) : :
We will consider the estimator A, of A defined by
(3.14) Ax) = — 1)

1-F,(x)
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where f,(x) is as in (1.6) and F,, as in (1.1). Recalling the definition (1.7) of

Ef »(x), we have the following theorem, which largely extends the results of
Zhang (1996). Let ¥ and ¥, be as in Section 1.

THEOREM 3.1. Under (H1)(1), (H3) or (H4), (K1)—(K3), (F1), (F2) and (C1),
we have

: nh, 2 Ef,(x)
nlgrc}o { 2{log(1/h,) +log, n} } ailigbi<An(x) 11— F(x))
1/2
(3.15) X {‘I’n(x) X 1;(—1;5)(36)}

c /2 20 o 1/2
— 2 . ey
= <C+ 1) {;‘;gb‘l’(x)} {/Oo K (u)du} in probability.

If, in addition, (H1)(ii), (iii) and (C2) hold, then

. nh,, b2 Ef,(x)
h‘,fli‘ip{z{log(l, 7)) + log; n}} i‘iﬁf(“’“) T1- F(x))
1/2
(3.16) y {qfn(x) y 1‘)\(_139‘)}
1/2 ¢ oo 1/2
= {asxgb‘lf(x)} {/_Oo K2(u)du} a.s.
and
. nh, 12 Ef, ()
]%g&mQMH%M}ﬁﬁpm*hnw
1/2
(3.17) X {Wn(x) X 1—)\(_1;])(30)}
c 1/2 1/2 0 1/2
= <c+ 1) {aigEbW(x)} {/oo Kz(u) du} a.s.

PROOF. An application of the law of the iterated logarithm for «,, [see, e.g.,
Foldes and Rejt6é (1981)], in combination with Theorem 1.1, Remark 1.1 and
the formal replacement of ¥, by

{1—Fn(x)

2
1——F(x)} ¥, (x),
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reduces the proof of (3.15)—(3.17) to showing that, under the assumptions of
the theorem,

nh, 1/2
log(1/h,) +1logyn

lim n~2(log, n)1/2{
n—o0o

1/2
— lim h,logyn _o,
n—oo | log(1/h,,) + logg n

which is obvious from (H1)(1). O

4. Proofs.

4.1. Preliminary results and notation. We will work here under slightly
more general assumptions than in the previous sections. As in Section 1, we
let X, Y be nonnegative independent random variables, with Y being allowed
to be defective [i.e., with P(Y = oo) possibly positivel, we set Z = min(X,Y)
and § = l x_y;. Unless otherwise specified, we will allow the distribution
functions F(x) = P(X < x) and G(x) = P(Y < x) to be discontinuous, so
that the following conventions will be needed. For any function L, we will set,
whenever the corresponding limits exist

(4.1) L(x—)= ltle L(¢t) and L(x+)= 1t1¢m L(?).

Whenever L is of bounded variation on [c, d], we will use the following con-
vention for the Lebesgue—Stieltjes integral: for any ¢ < y < z < d, we set

z z2+
(4.2) L(z+) — L(y+) =/ dL(u) = /+ dL(uw).

Recalling that the above defined F', G are right continuous, that is, such that
F(x) = F(x+) and G(x) = G(x+), we will set for convenience F_(x) = F(x—)
and G_(x) = G(x—). Set
Ty =sup{x: F(x) <1}, Tqg =sup{x: G(x) <1} and assume
O =min(Tr, Tg) > 0.

Throughout the sequel, we will assume the conditions (F1), (F2), which are
stated below for convenience:

(F1) F(0)=G(0)=0.
(F2) (1) F and G are continuous on [a/, b'].
(ii) f = (d/dx)F is defined, continuous and strictly positive on [a’, b'].

The distribution function of Z = min(X, Y), denoted by H(x) =P(Z < x) =
H(x+), may be decomposed into

43)  Hx)=1-(1-F)1-Gx)=H)+H(x),
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where

44) HOY(x)=P(Z<xandd=1)= /Ox(1 —G_(¢))dF(¢) = HO(x+),
45 HO(x)=P(Z<xand5=0)= [Ox(1 _F_())dG(t) = HO(x ).
Set H (x) = HO(x+) and H(x) = HD(x+). We set further

(46) p=P6=1)= /0 °°(1 ~G_(1))dF(t) = HY(c0) =1 - H9(0).

Our assumptions ® > 0 and (F2) exclude p = 0, but allow p = 1 when
P(Y = o0) = 1, that is, when G(x) = 0 for all x € R, which corresponds to
uncensored data. In the latter case, the results of this section will turn out to
be direct consequences of similar theorems for the uniform empirical process
due to Deheuvels and Mason (1992) and Deheuvels (1992). Therefore, we will
assume from now on without loss of generality in our proofs that 0 < p < 1.
Keeping in mind that H(x) [resp. H®)(x)] increases from 0 to p (resp. 1— p)
as x increases from 0 to oo, denote the quantile functions of HV) and H© by

4.7) QW(s) = inf{x: HV(x) > s} for0<s < p,
(4.8) QW (s) =inf{x: HO(x) > s} for0<s<1-— p.

Let {X,:n >1}and {Y,: n > 1} be two independent sequences of independent
and identically distributed random variables with X = X; and Y = Y ;. Set
Z,=min(X,,Y,), Z=2Z,and §, = L;x .y, 6 =&y, for n > 1. For each
n > 1, define the empirical counterparts of H, H® and H® by

49 Hy(x)=n"Y 1z ny=HYx)+H%x)=1-n"'N, (x),
i=1

where
Nn(x) = Z ]]-{Zizx} = n(]- - an(x))7
(4.10) = )
Nn—(x) = Nn(x_) = Z ]]-{Zi>x}7
i=1
Wy 1y
Hn (x)_n Zéi]l{zifx} and
(4.11) .
H(x)=n"! D (1 =8)1 7 s
i=1

Set H,,(x) = H,(xx), H)(x) = H"(x+) and H"(x) = HY(x+). Intro-
duce the empirical cumulated hazard rate function defined by

x 1
(4.12) A, (x) = fo —

L ) = (O
(@) dH; (u) = A, (x+) for x> 0.
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We note that the true cumulated hazard rate function may be defined, for
x>0, by
_ G_(u)
A(x) = /1 F()d (u) = /1 T () “F®

dHY (u).

(4.13)

-l
The Kaplan—Meier PL estimators F',, and G, of F' and G based upon {(Z;, §;):
1 <i < n} are such that [see, e.g., Shorack and Wellner (1986), page 295]

d;
(4.14) "

_ F(u) @\ 1)
/1—H()H() /1 G()H”(”)

and likewise
1-6;
Gux)=1- ] (1—4)

(4.15) it Z, ,<x,1<i<n n—i+1

[ 1 (0)
_/O T e dHY (u),

where we set F,(x) = F,(x%) and G, (x) = F,(x%). Now, introduce the
empirical processes «, = a,, and B8, = B8,,, where, for each n > 1 and x € R,

a1 (2) = n'*(Fu(x) — Fu(x)) and

(4.16)
Buz(x) = nV4(Gpi(x) — Go(x))-

Define likewise
(4.17) A (x) = n2(HY (x) - H(x)) for j=0,1.

We may write

an() = V2, () = P = w2 [ a0 - [ ar )

(1) ¥ 1
= g O~ [ g W

19 -G () - G, (u)
+/ o6 Fw [ & dap)
’ e Bn (1) L )
:/0 1_ Gn_(u) (u )+/ Tn_()dF(u) =: o, (x) + o) (x).

The following lemma establishes that, in the range of increments which we
consider, the oscillations of «/, can be neglected.



1322 P. DEHEUVELS AND J. H. J. EINMAHL

LEMMA 4.1. Fix any 0 < R < O. Assume that there exists a version f(x) =
(d/dx)F(x) of the Lebesgue derivative of F uniformly bounded on [0, R]. Then,
there exists a constant C{(R) < oo such that, almost surely for all n sufficiently
large and uniformly over all 0 <s <t < R,

t |
(4.19) |a;;<t>—a;:(s>|=| [[ 72510 dF )| < Cu(R)ogy ) — 5.

PrOOF. We recall from the law of the iterated logarithm of Féldes and
Rejté (1981) [see also Csorgé and Horvath (1983) and Gu and Lai (1990),
(1.15)] that, for any specified 0 < R < 0,

(4.20) Cy(R) = lim sup(log, n)~ Y2 sup |B,(u)| < oo a.s.

O<u<R

Set C3(R) = supy-,<r |f(x)|. Making use of (4.20), we obtain trivially that,
almost surely for all large n,

(logy m) ™) [ T2 50

= #ﬂ_(m x (logs n)fl/Z OEBSR |B,_(w)| x {F(t)— F(s)}

= I—;G(R) x 2C9(R)C3(R) x |t — s| =: C{(R)|t — s,

which is (4.19). O

We will make use of the following fact, stated in (2.13), (2.14), (2.15) in
Deheuvels and Einmahl (1996), to evaluate the increments of «/, in (4.18).

FacT 4.1. On a suitably enlarged probability space ({2, o7, P), it is possible
to define {X,: n > P} and {Y,: n > 1} jointly with a sequence {U,: n > 1}
of independent random variables with a uniform distribution on (0, 1), such
that the following properties hold. For each n > 1, set

421) Uy s)=n"'Y 1y and a,(s)=n"?U,(s)—s) forseR.
i=1

We have, almost surely,
(4.22) HP(x) = U,(HV(x)) for 0 < HV(x) < p
and

4.23) HY(x)=U,(HO(x)+ p)— U,(p) for 0 < HOO(x)<1- p.
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In the remainder of this section, we will work on the probability space of
Fact 4.1. Recalling (4.17), we set, in view of (4.21), (4.22), for each A > 0,

oy = sup |40 - 7))
a<s, t<b
|t—s|<h

= sup |a,(HO() - a,(HV(s)).
a<s,t<b
|t—s|<h

(4.24)

In view of (4.18), consider now

Aus(s0) = 0,0 = 0, ~ T gy [ 4 @)
= t 1 1 (1) (1)
(4.25) _/s (1—Gn_(u) B l—G_(s))d{% (w) — ' (s)}
| = ! 1 (1) (1)
- (1 ~G,.(t) 1- G_<s)){% @) = (s)}

[ 0w - @) g |

LEMMA 4.2. Assume that (F2)(i) holds. Then, there exists a function
Cy(h)—0 as h — 0, together with a constant Cy such that, almost surely
for all n sufficiently large,

(4.26)  sup |An71(s,t)|§w(nl)(h)x{C5n‘1/2(10g2n)1/2+C4(h)}.
a<s, t<b
[t—s|<h

PROOF. Making use of the assumption (F2)() of continuity of G, we see that

1 1
1-G_(t) 1-G_(¥)

(4.27) Cy(h):=2 sup
g

‘—)0 as h — 0.

By combining (4.20) and (4.24), we obtain readily that there exists a constant
Cj5 such that, almost surely for all n sufficiently large,

1

1
(4.28) it ae, 0 1- G_(t)l

a<t<b

< (1/3)C5n"*(logy n)'/2.
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Thus, by combining (4.20) with (4.27) and (4.28), we see that, almost surely
for all large n,

sup
a<s, t<b
[t—s|<h

! 1 (1) )
<1 —G,_(t) 1- G(s)>{% (t) — (s)}'

L |
|

< w(l) x —
< wn ' (h) { sup 1-G,_(t) 1-G_(1t)]

a<t<b

(4.29)

+ su I 1 — 1 “
a<s, tI;b’ I 1- G_(t) 1- G_(t)

[t—s|<h
< i (k) x {(1/3)C5n "2 (logy n)!/2 + (1/2)C.(h) ]

Next, we observe that

t 1
(1) (1)
su Hy (w)— A () d| ————

a<s, tl:;b’ L { ( ) ( )} {1 - Gn(t)}l

|t—s|<h
(4.30) &) 1 B 1

senx s TG, 0 1-6, ()
lt—s|<h

< ot (h) x {(2/3)Csn 2 (logy )2 + (1/2)Ca(h)}.
We conclude (4.26) by combining (4.29) with (4.30). O

Set
£0(h, t;s) = ﬁ[%’#)(t + hs) = 4 (0)]
(4.31) )
- m[an(H(l)(t + hs)) = @, (HO(2)}.

The following lemma combines Lemmas 4.1 and 4.2. In the statement of this
result, the constant C;(R) is defined as in Lemma 4.1 for 0 < R < 0, whereas
C5 and Cy(h) are as in Lemma 4.2.

LEMMA 4.3. Assume that (F2)(i) holds. Then, there exist constants C,; =
C.(b) and Cs, and there exists a function C4(h) — 0 as h — 0 such that the
following property holds. There exists almost surely an n, < oo such that, for
alln>ngand h >0,

sup [|£,(h, ;1) — &7 (h, ;1)
(4.32) ==
< w%l)(h){05n—1/2(10g2 n)l/Z + C4(h)} + Clh(logz n)l/z‘

For the proof, combine (4.19) and (4.26) with (4.25) and (4.31).
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In the following sections, we will make use of Lemma 4.3 to show that
(4.32) allows a formal replacement of &, (4, ¢; s) by 5511)(h, t;s) in the proofs of

our results.

4.2. Proofs of Theorems 1.2 and 1.1. This subsection is devoted to the
proofs of Theorems 1.2 and 1.1, so that we assume throughout, unless oth-
erwise specified, that (F1), (F2), (H1) and either (H3) or (H4) hold. We will
work on the probability space of Fact 4.1, and make an instrumental use of
the following useful facts which combine results from Stute (1982a), Mason,
Shorack and Wellner (1983), Deheuvels and Mason (1992) and Deheuvels
(1992). Recalling the notation (1.16) and (4.21), we consider the random sets
of increment functions defined, for 0 <c¢; <¢y <1,n >1 and A > 0, by

(4.33) &,(cq,Co5A) = {b;lgn(Ahn, t;I)cp <t< 02},

where b, = (2h,{log(1/h,) + log, n})/? is as in (3.4), and where we set, for
s, teRandh > 0,

(4.34) Lo(hy t;s) = a,(t+ hs) —a,(t).
For each i > 0, set
(4.35) w,(h) = sup |a,(t)—a,(s)|-
a<s,t<1l
ls—t|<h

FacTt 4.2. Assume that (H1) and (H3) or (H4) hold. Then, for any A > 0,
(4.36) limsupb,w,(Ah,) = A% as.

n—o00o

Fact 4.3. Let (H1)(i) and (H3) or (H4) be satisfied. Then, for any 0 < ¢; <
¢y <1 and A > 0, we have

(4.37) lim Z,,(&,(c1, €25 A), Aee+1)) = 0 in probability.

If, in addition, (H1)(ii) holds, then, for any & > 0, almost surely for all n
sufficiently large,

(4.38) '/j\c/(c—&-l) < gn(clv Ca; /\)E and gn(ch Ca; )‘) < ‘/3\8'
Moreover, for each [ € ./, we have, infinitely often with probability 1,

(439) le fn(Cl, Co; )\)S

LEMMA 4.4. Assume that (H1) and (H3) or (H4) hold. Then, under
(F1), (F2),

(4.40) lim b, sup ||&,(h,, t: 1) — €X(h,, )| =0 a.s.

a<t<b
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PROOF. Setting D = max,.;.p [(¢)(1 — G(t)), we have uniformly over
a<s,t<b,
|HD(t) - HY(s)| < DIt — s|.

This inequality, in combination with (4.24) and (4.35), implies that, for all
large n,

oy (h,) < 0, (Dh,)
whence, by (4.36),

lim sup b;lwgll)(hn) <DY? as.

n—o00

By combining this last inequality with (4.32), and the observation that, under
our assumptions,

Csn~Y?(logy n)'/? + Cy(h,) — 0,
and, via (3.4),
b,1C;h,(logsn)? = O(RL/?) — 0,
we conclude readily (4.40). O
Let N > 1 be an arbitrary, but fixed, integer which will be specified later

on.For1<i<N,sett; y=a+(i—1)N1(b—a). Foreach1 <i < N, set
Ai,n =1t n)(1—G(; N)), and, for ¢ € [¢; n, i1 N],

60 ) = g [ (HOO 4 3h, 0,01 = G0t )

(4.41) ~a,(HV))]
1

=T : D) (4)-
- 1-— G(t) gn(/\t,Nhn> H (t), I)

LEMMA 4.5. Assume that (H1) and (H3) or (H4) hold. Then, under (F1), (F2)
for any & > 0, there exists an Ny = Ny(&) < oo, such that, for all N > N,

(4.42) limsupb, ! sup H §ELI’)N(hn, 6, 1) — 5511)(hn, L I)|| <e¢ as.
n—oo b

a<t

PRrROOF. Set

ey = max ( sup |F(H(1 - G() ~ f(t; N1 = Gt )

R b
I=i=N \ ¢; y<t<ti y+h, )

and observe from the mean value theorem that, for all 1 < i < N, ¢ ¢
[¢; N> tii1, ], and s € [0, 1], for all large n,

|HD(t + hys) = {HD(0) + sh, f(t; )1~ G(t; x))} < exh,.
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This, in turn, implies that

limsup b, sup |6 (hy, 1) = £,y (hy, 1))
n—o00 a<t<b

< sup _ limsup b, lw,(exh,) = 1 el? as.
- 1-G(t) noon " 1-Gh) | N

a<t<b n— 00

Since a choice of N sufficiently large ensures ey to be as small as desired, we
conclude (4.42). O

Let R denote a continuous and (strictly) positive function on [a’, b']. Set

R() and S; y= sup R()

R, y= in —_— —_—
6N 4 nSt<tin 1 — G(t) b NSE<tig N 1-— G(t)

So that, if we let .#5 and .# be defined by

_ 1/2 1/2
(4.43) Ay = 11252\, Ri,N/\i,/N’ V//;r/ = 112?1(\/ Si,NAi,/N’
(4.44) .4 = sup {ﬂ}[f(t)(l - G(t))}m — sup R(t){Lt)}w
) a<t<b 1- G(t) a<t<b 1- G(t) ’

It is straightforward that, as N — oo,

(4.45) |5 — A — 0.
Set
(4.46) Ky = {R(t)b;lgfﬁN(hn, t:I)ya<t< b}.

LEMMA 4.6. Assume that (H1) and (H3) or (H4) hold. Then, under (F1),
(F2) for any & > 0, there exists an N = N(¢&) < oo, such that for all N > N4,
almost surely for all n sufficiently large,

(447) "/'/é/(c-fl) C .%/nE’N and '}z/n;N C (v/e/)g
Moreover, for any | € .7, we have, infinitely often with probability 1,
(4.48) Al e K,y
PROOF. Recall (4.34) and (4.41). Fix an arbitrary ¢ > 0. For any fixed
1<i<N,setc;=HY( y), cg = HV(t;,1 n), p=max;y S; n,

Gnin =10, 00N yhy, usT): 0 <u <y}

and
(4.49) 7, i n= {R(t)bﬁlfle,)zv(hm 1)t v <t< ti+1,N}
R(t) _
(4.50) = {1_—G(t)bnl§n()\i,th HO(t)I): t; y <t < ti+1,N}'
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Our assumptions [in particular (F2)(ii)] imply that 0 < ¢; < ¢y < p < 1 [recall
(4.6)]. Thus by (4.38) there exists almost surely an n, = ny(¢, i, N) such that,
for all n > n,,

¢/(2p) vz ) e
ey S and Gy € (MR7)

b

and hence, that

1/2 &/2

1/2 &/2
'@i,N)\i,/Nt/Q/(cH) < Ji/n;/i,N and %, v C (JQ, </>

Here, we have made use of the fact that, for any r > 0, rA® = (rA)". Since
K.y = UN 1 K. w, it follows that, for all n > ny,
(4.51) My S oyerr) C Ky and Ky © (M5S)2,
Since [ € ./, = ||l|| < A'/2, it is straightforward that
Do (M-S s M A) < | My — AN

By combining this inequality, taken with either A = 1 or A = ¢/(c + 1), with
(4.46) and (4.51), we obtain readily (4.47).

For the proof of (4.48), we select an arbitrary [ € ., then make use of (4.43),
to show that we have, infinitely often (in n) with probability 1,

1/2 e 8/(2P)

n i, N
and hence
_ 1/2 £/2 £/2
Ayl =R; NN'Nl € HT Ny S K N

We conclude (4.48) by choosing N so large that |.#y — .#| < &/2. O

PROOF OF THEOREM 1.2. We have now all the ingredients in hand to prove
Theorem 1.2. First, we let ¥ in (C1), (C2) and R be related via

_ 1/2
(452 R(t)z{\p(t)xlT(t})(t)} s \I’(t)=R2(t)x{—1 f ?(t)}.

This shows, via (4.44) and (1.23), that
M = sup V(¢) = .42

a<t<b
We will omit the proof of the “in probability part” in (1.24), since it is similar
to but easier than the proof of the “almost sure part,” which we present now.
We combine (1.18), (4.40), (4.42), (4.44), (4.46) and (4.47) to show that, for

any ¢ > 0, a choice of N sufficiently large ensures that, almost surely for all
large n,

(W) S (L) =Sy and A Sy o1y = S heperr) S K (V)



FUNCTIONAL LIMIT LAWS 1329

Moreover, by (4.48), it holds that, for any [ € ./ and ¢ > 0, we have almost
surely,
M1 = M2 e (V) infinitely often

in the “+” case with %" (V,) replaced by .#,'(¥). From (C1) or (C2) it is
immediate that the theorem holds for %, (V,) itself. The proof for the “—”
case follows along the same lines and will be omitted.

PROOF OF THEOREM 1.1. First note that it follows immediately from (1.8)
that

nh, 1/2 - 1—G(x))"?
|t oy |+~ B {vaor < 00
= [ #2h, (0g(1/h,) + logy m)} 26, by, x51)
_ 1/2
X {\Ifn(x) X chigx)} dK(u).
Define I': | € B[-T,T|N M[-T,T] + R (here, M[-T, T] stands for the set
of measurable functions on [—7', T']) by

T
() = —/_Tl(u)dK(u)

and let #, = #;5(¥,). Then the versions of Theorem 1.2 and Proposition
3.1 obtained with the formal replacements of B[0, 1] by B[-T, T, yield the
statements in (1.11) and (1.12), once we show that for n > 0,

T T 1/2
sup { —/ l(u)dK(u)} - {n/ KZ(u)du} .
leS, -T -T
This, however, is well known [see, e.g., Section 4.2 in Deheuvels and Mason
(1992)]. Likewise (1.24) implies (1.10); we omit details.

4.3. Proof of Theorem 2.1. We consider here a sequence of numbers {4,:
n > 1} fulfilling condition (H5) with y > 0, that is, such that, as n — oo,
(4.53) nh,/logn — y € (0, c0).

We will again work on the probability space of Fact 4.1 and we will use the
following fact from Mason, Shorack and Wellner (1983) and Deheuvels and
Mason (1992). Recalling (4.21), define for 0 <¢; <cg <1,n>1and A > 0,

Guler i) = o (Ut 4 ) = U0 1 = £ = s

and
@,(h) = sup (U,(t)—U,(s)).

O<s<t<1
t—s<h
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Fact 4.4. 1If (4.53) holds, then for any 0 < ¢; < ¢y <1 and A > 0, we have
(4.54) lim 7, (&,(c1, c50),A,,) =0 as.

n—oo

In particular,

(4.55) lim —
n—oo log n

(I)n()‘hn) = )\'yaj\ry’

with 8} as in (2.13).

The proof of Theorem 2.1 essentially follows the lines of the proof of
Theorem 1.2 and will therefore not be given in full detail. The main differ-
ence with Theorem 1.2 is that in .Z,(E,), F,, is not centered by F. Write

(1) 1 1 (1)
n Dk, tys) = ———NHP (¢ + hs) — HY (1)
(4.56) - Cl;‘(t)[ }
- m[Un(Hm(t + hs)) — Un(H(l)(t))}.

Now under (F1), (F2) it can be shown along the same lines as Lemmas 4.1-4.4
that

(4.57) lim sup |n,(h,, ;1) — 0k, t; D=0 as.

n—>00logn q<i<p

So it suffices to study nﬁf) instead of 7,, for the present theorem.

PROOF OF THEOREM 2.1. We first show that for any ¢ > 0, there exists
almost surely a finite N (&) such that for all n > N(¢)
(4.58) Z(BE) c L(B)°.
As in Lemma 4.5 let N > 1 be an arbitrary but fixed integer. Set ¢, y =
a+(@—1)N(b-a), \; y = f(t; n)(1—G(t; n)), for 1 <i < n, and write for
telt; N, tiy1, n], and s € R,

1

1-G(¢, n)
Write again D = max, ., f(¢)(1 — G(¢)). Note that under (F1), (F2) for any

7 > 0, there exists an Ny = Ny(e) < oo, such that, with e, — 0, for all
N = N,,

4.59) 0\ (R, ti5) = {UL(HO@) + shyr w) = U (HO(@)),

lim sup
nsoo log

sup. |15 (s 1) = 0 (R, 1)
a<t<
1 ) n .
= TG0 P fogn On(evhn)
+ max G(tia,n) = G N) | no .
BN (1-GE)E el

1 G(tii1,n) — G(t;, N)
8+ 1+1, i,
S1-6E) N TR T -G

(4.60)

DVSEV <71 as.,



FUNCTIONAL LIMIT LAWS 1331

since lim, ,cd/ =0, limy_, ., ey = 0, and since G is uniformly continuous on
[a, b].

For any fixed 1 <i < N write
Frion = (oo Va4 i o) = U0 1 =t = .

with as before ¢; = H( )(t N), Co = H(l)(ti+1,N)7 and

— n (1) . T
Zpi, N = {:(ti,N)log My N 1) 8 Ny <t < ti+1,N}

{ :(tl N)
1-G(¢. n) logn

{U(HO@) + ITh,\; y)

CULHOW): ty <t < tm,N}.
Consider
S { (b n%(h,,,t;z):astsb},

with ¢; y such that ¢; y <¢ <¢;,; y. Now by Fact 4.4 we have almost surely
for all large n,

with p = max;_;_y §i,N, §i,N = E(t; x)/(1 — G(t; y)), and hence

S /25
i, N S Si NAYY -

Since 7.y C Uy, .. N, this implies

N
(4.61) N C Uldﬁ’NAi/ipN c /(E)2.
Combining (4.57), (4.60) and (4.61) yields (4.58).

Next we will show that for every & > 0, there exists almost surely a finite
N (&) such that for all n > N(¢),

(4.62) Z(E) S £,(B).

Since #(E) is compact, it suffices to show that we have for an arbitrary
l € Z(E) that | € £,(E)*. Let ¢, € [a,b] be such that I € (E(¢,)/(1 —
G(20))A) fty)1-6(t))- With N > 1 as before let I, 5 be an interval of length
1/N having ¢, as one of the endpoints. Now comblmng (4.57) and a slight
modification of (4.60) we obtain for any 7 > 0 for N large enough,

(4.63)  lim sup [n,(hu, 1) = 0l n (R, D] <7 as.,

oo l0g 1 rer,
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with the formal replacements of A; y by Ay = f(#y)(1 — G(¢)) and ¢; x by £,
in (4.59). Now (4.62) easily follows from Fact 4.4.

Finally from (X1) it is immediate that in (4.58) and (4.62), .Z,(E) can be
replaced by .Z,(E,). O

4.4. Proofs of Theorems 2.2 and 2.3. The proofs of Theorems 2.2 and 2.3
will make an instrumental use of Theorems 1 and 3, respectively, of Deheuvels
(1996). We only present a short proof of Theorem 2.2. The proof of Theorem 2.3
follows along the same lines and will therefore be omitted.

PROOF OF THEOREM 2.2. Similarly to the previous proofs we can show that
it suffices to prove Theorem 2.2 with 7, (%,, ¢; I) replaced by ngll)(hn, t;I), as
defined in (4.56). We now have from Theorem 1 in Deheuvels (1996), with D
as before,

) n logn 1
lim sup su lo B, (t
msup sup g 108 -S04y

[UL(HO@ + b)) = U, (HO(2))]

< lim sup
n—o0

sup ——~—< sup og ——
a<t<b 1- G(t) a<t<b logn nhn

[ E,() } no logn

x [U(HO () + Dh,) - U, (HD (1))

E,() n log logn
0<t<1-Dh, logn nh,

< limsu su
=P { aeroy 1= G(1)

x {Un(u + Dh,) - Un(u)} <T as

This proves that for any & > 0, there exists almost surely an n(e) such that
for all n > n(e),

LBNE,) c (TLel

So it remains to show that for any & > 0, there exists a.s. an n(¢) such that
for all n > n(e),

(4.64) (T[L[S]) C j[s](En)[g]'

It is obvious again from Theorem 1 in Deheuvels (1996), (X1) and the conti-
nuity of E and G that we have for any ¢, with E(¢,)/(1 — G(¢y)) = T that

n logn
1
o8 nh,

lim lim sup sup HE,L(t)ngll)(hn, t; 1)

MO noo” tefab]n[ty—A, to+A] 10G T

- 1f(—(§"()t0){0n(ﬂ<“<t +1h,) = U (HO@)| =0 as.
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Therefore it suffices to show (4.64) with #I*](E,)l¢! replaced by

E(ty) n logn
1
{I—G(to)logn % h,

[U.(HO @+ Ih,))

[e/2]
- Un(H(l)(t))}: tefa,b]N[ty—A, to+ A]} ,

for some properly chosen small A > 0. This follows however from observing
(by inspection of the proof) that the corresponding result for the uniform-(0,1)
distribution, that is, Theorem 1 in Deheuvels (1996), immediately generalizes
to a distribution with a continuous density bounded away from 0 and co on
a fixed closed interval. Because of (F2) and G(b) < 1 we indeed have that
(1 — G) satisfies this condition on the interval [a, b] N[ty — A, £+ A]. O
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