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This paper examines the allocative implications of progressive
income taxation when individuals care about their relative income. It
shows that tax progressivity might improve efficiency, and the more
so in egalitarian economies. Introducing a progressive income tax
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progressivity decreases with pre-tax income inequality.

Keywords: Progressive income tax, inequality, social status

JEL Classification: H2, J2

Giacomo Corneo
University of Osnabrück

Department of Economics
Rolandstr. 8

49069 Osnabrück
Germany



� W?|hL_�U|�L?

+iUi?| 4�*|)�UL�?|h) t|�_�it t�}}it| |�@| |�ihi �t @ |i?_i?U) uLh �?UL4i |@ @|�L? |L

Mi ��}�*) hi_�t|h�M�|��i ThiU�ti*) �? |�i UL�?|h�it ��ihi |�i _�t|h�M�|�L? Lu Thi�|@ 

�?UL4i �t @*hi@_) u@�h*) i}@*�|@h�@? Etii i�}� w�?_ih| E�bbS�c �ihL||� E�bbS�c �ihttL?

E�bbD��� A�@| i4T�h�U@* i��_i?Ui �t ^��|i T�33*�?} uhL4 |�i ��i�TL�?| Lu |�i |�iLh)�

W?_ii_c ML|� ?Lh4@|��i @?_ TLt�|��i @?@*)t�t Lu |@ TL*�U) |)T�U@**) Thi_�U|t |�@| |�i

i |i?| Lu �?UL4i hi_�t|h�M�|�L? t�L�*_ Mi TLt�|��i*) ULhhi*@|i_ ��|� Thi�|@ �?UL4i

�?i^�@*�|) Etii i�}� �|!�?tL? E�bbD���

A�i U�hhi?| T@Tih ThLTLtit @? i�U�i?U)�M@ti_ i T*@?@|�L? uLh |�@| i4T�h�U@* i���

_i?Ui� W? itti?Uic �| @h}�it |�@| @ ThL}hitt��i �?UL4i |@ 4@) �4ThL�i |�i @**LU@|�L?

Lu hitL�hUit M) hi_�U�?} �?i�U�i?| L�ih�Lh!�� A�@| i�U�i?U) }@�? �t t�L�? |L Mi

4Lhi �@*�@M*i �? iUL?L4�it �? ���U� Thi�|@ �?UL4i �t i�i?*) _�t|h�M�|i_�

A�i itti?|�@* �?}hi_�i?| uLh 4) @h}�4i?| �t |�i �)TL|�it�t |�@| �?_���_�@*t U@hi

@ML�| |�i�h hi*@|��i TLt�|�L? �? tLU�i|)c �? @__�|�L? |L U@h�?} @ML�| 4Lhi �t�@* |��?}t

*�!i UL?t�4T|�L? @?_ *i�t�hi� ViM*i? E�b22� i |i?t��i*) i*@MLh@|i_ @hL�?_ |�i �_i@

|�@| �? 4L_ih? tLU�i|�it �?_���_�@*t t|h��i uLh ��}�ih hi*@|��i �?UL4i �? Lh_ih |L t@|�

�tu) |�i�h ?ii_ uLh tLU�@* t|@|�t� A�ihi �t t�Mt|@?|�@* i4T�h�U@* i��_i?Ui t�}}it|�?}

|�@| |�i hi*@|��i��?UL4i �)TL|it�t �t ULhhiU|� ,UL?L4i|h�U �?�it|�}@|�L?t �? t�TTLh| Lu

|�@| ��i� �?U*�_ic @4L?} L|�ihtc �*@h! @?_ �t�@*_ E�bbS�c �i�4@h! @?_ �Lt|*i�@�|i

E�bbH�c @?_ L̀�||�i3 @?_ k@T|i)? E�bbH�� 6hL4 @ |�iLhi|�U@* TihtTiU|��ic �L*i i| @*�

E�bb2� �@�i _i�i*LTi_ 4�UhLuL�?_@|�L?t uLh |�i �)TL|�it�t |�@| |�i h@?! Lu �?_���_�

�@*t �? |�i �?UL4i _�t|h�M�|�L? _i|ih4�?it |�i�h tLU�@* t�UUitt� A�i h@|�L?@*i Mi��?_

|�i�h @TThL@U� U@? Mi t�44@h�3i_ @t uL**L�t� �@?) }LL_t @ML�| ���U� �?_���_��

4Ehfdxvh ri d qxpehu ri phwkrgrorjlfdo sureohpv/ lw lv gl�fxow wr ghwhfw ryhuzrun hpslulfdoo|/

dv wulhg h1j1 e| Vfkru +4<<4, lq d zhoo0nqrzq vwxg|1 Iudqn +4<<</ fk1 7, suhvhqwv vhyhudo slhfhv ri

vrflr0hfrqrplf hylghqfh vkrzlqj wkdw lqh�flhqw ryhuzrun lv d uhdo sureohp lq ghyhorshg hfrqrplhv1

�



@*t U@hic *�!i �L?L�ht @?_ 4@|itc @hi ?L| @**LU@|i_ |�hL�}� 4@h!i| |h@?t@U|�L?t M�|

|�hL�}� UL?|it|t� � ��}�ih �?UL4i h@?! U@? Mi Mi?i�U�@* |L |�i �?_���_�@* M) �i*T�?}

��4 �? �@h�L�t �@)t |L �4ThL�i ��t TLt�|�L? �? |�Lti UL?|it|t� A�i tTiU��U i @4T*i

UL?t�_ihi_ �? |�i�h @h|�U*i �t 4@hh�@}ic ���U� �t 4L_i*i_ @t @ �L*�?|@h) 4@|U��?}

}@4i� � ��}�ih �?UL4i h@?!c M) tiU�h�?} @ *@h}ih UL?t�4T|�L? |L |�i 4@|ic �?Uhi@tit

|�i i TiU|i_ T@)Lg Lu |�i �?_���_�@* �? |�i 4@|U��?} }@4i�

A�i U�hhi?| T@Tih @tt�4it |�@| TiLT*i @hi UL?Uih?i_ ��|� |�i�h h@?! �? |�i _�t�

|h�M�|�L? Lu �?UL4i Lhc i^���@*i?|*)c �? |�i _�t|h�M�|�L? Lu UL?t�4T|�L?� �h4i_ ��|�

|�@| @tt�4T|�L?c W t|�_) �L� |�i _i}hii Lu ThL}hitt���|) Lu |�i �?UL4i |@ @giU|t

@**LU@|��i i�U�i?U) �? @? L|�ih��ti t|@?_@h_ 4L_i* Lu *@MLh t�TT*)� 6Lh t�4T*i u�?U�

|�L?@* uLh4tc |�i uL**L��?} 4@�? hit�*|t @hi t�L�i_� 6�ht|c �?|hL_�U�?} @ t4@** ThL�

}hitt��i �?UL4i |@ )�i*_t @ �@hi|L �4ThL�i4i?| ��i?i�ih |�i B�?� ULi�U�i?| Lu |�i

_�t|h�M�|�L? Lu Thi�|@ �?UL4i �t *L�ih |�@? @ Uh�|�U@* *i�i*� 5iUL?_c �4T*i4i?|�?}

�?_�t|Lh|i_ U�L�Uit Lu �Lh!�?} �L�ht hi^��hit @ ThL}hitt��i |@ tU�i_�*ic @?_ |�i LT�

|�4@* _i}hii Lu ThL}hitt���|) _iUhi@tit ��|� |�i B�?� ULi�U�i?| Lu |�i _�t|h�M�|�L? Lu

Thi�|@ �?UL4i�

A�i LM|@�?i_ hit�*|t �@�i @ ?@|�h@* iUL?L4�U i T*@?@|�L?� W?UL4i }i?ih@|�L?

U@�tit @ ?i}@|��i i |ih?@*�|) ��i? TiLT*i U@hi @ML�| |�i�h hi*@|��i �?UL4i� W4ThL��?}

L?i<t h@?! �? |�i �?UL4i _�t|h�M�|�L? ?iUitt@h�*) �Lhti?t tL4iML_) L|�ih<t h@?!� �?

�?UL4i |@ 4@) |��t �4ThL�i i�U�i?U) �? |�i t@4i u@t��L? ��}L���@? |@ @|�L? _Lit�

Wu *i�t�hi �t @ ?Lh4@* }LL_c �?_���_�@*t ��|� @ ��}� i@h?�?} TL|i?|�@* �@�i @ t|hL?}

�?Ui?|��i |L i?}@}i �? �tLU�@* U*�4M�?}� @?_ 4�t| Mi Thi�i?|i_ |L _L tL M) �t�?}

��}� 4@h}�?@* |@ h@|itc tL |�@| |�i �@hi|L��4ThL��?} |@ tU�i_�*i �t ThL}hitt��i�

W?i^�@*�|) UL4it �? |�i T�U|�hi @t uL**L�t� �Lhi i^�@*�|) �? |�i _�t|h�M�|�L? Lu i@h?�?}

TL|i?|�@*t 4@!it �| hi*@|��i*) i@t) |L U*�4M |�i �?UL4i ��ih@hU�)c uLh }��i? i@h?�?}

_iU�t�L?t M) |�i hit| Lu �?_���_�@*t� Oi?Uic i^�@*�|) �4T*�it @ t|hL?} �?Ui?|��i |L

i Ti?_ �Lh!�?} igLh| ��t| uLh t|@|�t hi@tL?t� W? Lh_ih |L �4ThL�i i�U�i?U) �? @?

e



i}@*�|@h�@? iUL?L4)c @ �ih) ThL}hitt��i |@ @|�L? Lu �?UL4i �t |��t hi^��hi_�

A�i TLtt�M�*�|) Lu @? i�U�i?U)�i?�@?U�?} hL*i Lu �?UL4i |@ @|�L? �@t @*hi@_)

?L|i_ M) #�iti?Mihh) E�beb�c ��L _i�L|i_ @*4Lt| @ u�** U�@T|ih |L |�i |@ �4T*��

U@|�L?t Lu |�i hi*@|��i��?UL4i �)TL|�it�t� +iUi?| UL?|h�M�|�L?t |�@| 4@!i �ti Lu

}@4i�|�iLhi|�U@* |LL*t �@�i Mii? Lgihi_ M) �ihttL? E�bbD� @?_ Whi*@?_ E�bbH�� �iht�

tL? E�bbD� �@t @?@*)3i_ @? iUL?L4) UL?t�t|�?} Lu |�L �?_���_�@*t ��L U@hi @ML�|

|�i�h hi*@|��i UL?t�4T|�L?� �UULh_�?} |L tL4i ?�4ih�U@* t�4�*@|�L?tc @ |i?_i?U) �@t

Mii? TL�?|i_ L�| uLh �@hi|L��4ThL��?} |@ h@|it |L _iUhi@ti ��|� |�i Thi�|@ �L�h*)

�@}i _�gihi?|�@* Mi|�ii? |�i |�L �?_���_�@*t� Whi*@?_ E�bbH� �@t t|�_�i_ @ t�}?@**�?}

4L_i* Lu t|@|�t ��|� @ UL?|�?��4 Lu �?_���_�@*t ��L 4@ �4�3i @ UL?�i UL4M�?@|�L?

Lu |�i�h u�?_@4i?|@* �|�*�|) @?_ tTiU|@|Lht< ��i� Lu |�@| �|�*�|)� W? ��t 4L_i* �?_���_�

�@*t i@h? |�i t@4i �L�h*) �@}i M�| _�gih ��|� hitTiU| |L |�i�h |�4i i?_L�4i?|t� Wu

|�i h@?}i Lu |�4i i?_L�4i?|t �? |�i TLT�*@|�L? �t ?L| |LL }hi@|c @ �@hi|L��4ThL��?}

�?UL4i |@ �@t Mii? t�L�? |L i �t|�

`�ihi@t �? Thi��L�t UL?|h�M�|�L?t @||i?|�L? �t hit|h�U|i_ |L hi_�t|h�M�|�L? M)

4i@?t Lu @ *�?i@h �?UL4i |@ c �? |�i U�hhi?| 4L_i* |�i 4@h}�?@* |@ h@|i U@? �@h) ��|�

|�i �?UL4i *i�i*� A��t i?@M*it L?i |L UL?t�_ih hi}hitt��i @t �i** @t ThL}hitt��i |@ 

tU�i_�*it @?_ |L i @4�?i |�i *�?! Mi|�ii? LT|�4@* |@ ThL}hitt���|) @?_ |�i t|@?_@h_

4i@t�hi Lu �?UL4i �?i^�@*�|)c |�i B�?� ULi�U�i?|� 6�h|�ih4Lhic |�i U�hhi?| 4L_i*

i?UL4T@ttit ML|� �i|ihL}i?i�|) ��|� hitTiU| |L �L�h*) �@}it @?_ |�4i i?_L�4i?|t�2

5Wkh uhodwlyh0lqfrph k|srwkhvlv kdv uhfhlyhg vrph dwwhqwlrq dovr lq wkh olwhudwxuh rq rswlpdo

wd{dwlrq/ zkhuh d vrfldo zhoiduh ixqfwlrq lv pd{lpl}hg1 Ervnlq dqg Vkhvklqvnl +4<:;, vwxglhg d

prgho ri wkh rswlpdo qhjdwlyh lqfrph wd{ zkhq dq lqglylgxdo*v xwlolw| lv qhjdwlyho| d�hfwhg e| wkh

dyhudjh frqvxpswlrq ohyho lq wkh srsxodwlrq1 Wkh| vkrzhg wkdw d frqfhuq iru uhodwlyh srvlwlrq ohdgv

wr dq lqfuhdvh lq wkh rswlpdo pdujlqdo wd{ udwh frpsduhg zlwk wkh fdvh ri vroh frqfhuq iru devroxwh

srvlwlrq1 Rvzdog +4<;6, ghulyhg rswlpdo qrq0olqhdu wd{ uxohv iru dq hfrqrp| lq zklfk shrsoh fduh

derxw wkh frqvxpswlrq ri rwkhu lqglylgxdov1 Kh suryhg wkdw lq vxfk d vhwwlqj jhqhudo uhvxowv ri

rswlpdo wd{ wkhru| duh hdvlo| ryhuwxuqhg1

D



A�i i�U�i?U) ��i� L? |@ ThL}hitt���|) ThLTLti_ �? |��t T@Tih UL?|h@t|t ��|� |�i

U�hhi?| ,�hLTi@? |hi?_ |L�@h_t t�Mt|@?|�@* U�|t Lu |�i 4@h}�?@* |@ h@|it u@Ui_ M)

��}���?UL4i |@ T@)iht @?_ tU@*�?} _L�? Lu �?UL4i |h@?tuih ThL}h@4t� 5�U� TL*�U�it

@hi UL44L?*) ��t|��i_ L? |�i }hL�?_ Lu �@h�L�t tLh|t Lu i�U�i?U) ULt|t �?_�Ui_ M)

|�i �i*u@hi t|@|i� A�i u@U| |�@| ThL}hitt��i �?UL4i |@ @|�L? 4@) Mh�?} TiLT*ic @?_

itTiU�@**) ��}�*) ThL_�U|��i TiLT*ic hi*�iu uhL4 t|@|�t UL4Ti|�|�L? �tc �L�i�ihc |)T��

U@**) L�ih*LL!i_� �| 4Lt|c @? i�U�i?U) hL*i uLh hi_�t|h�M�|��i |@ @|�L? �t hiUL}?�3i_

|L |�i i |i?| �| t�Mt|�|�|it uLh 4�tt�?} �?t�h@?Ui 4@h!i|t @?_ �| *L�iht �@}i Thit�

t�hi �? �?�L?�3i_ *@MLh 4@h!i|t� A�i U�hhi?| T@Tih 4�}�| |��t UL?|h�M�|i |L @ 4Lhi

M@*@?Ui_ @ttitt4i?| Lu |�i @U|�@* i�U�i?U) ULt| Lu |�i �i*u@hi t|@|i�

A�i hit| Lu |�i T@Tih ThLUii_t @t uL**L�t� 5iU|�L? 2 ti|t �T |�i uLh4@* 4L_i*�

5iU|�L? � _ih��it |�i 4@�? hit�*|t� 5iU|�L? e Mh�i�) UL?U*�_it |�i T@Tih�

2 A�i 4L_i*

A�i 4L_i* iUL?L4) �t TLT�*@|i_ M) @ UL?|�?��4 Lu �?_���_�@*t _i?L|i_ M) � 5 dfc �o �
U� W?_���_�@*t �@�i �_i?|�U@* Thiuihi?Uit |�@| @hi t�44@h�3i_ M) |�i uL**L��?} �|�*�|)

u�?U|�L?G

LE�� ' *L}ESE��� n b *L}E,E��� n 4 *L}EoE��� E��

��ihi SE�� hiThiti?|t UL?t�4T|�L? M) �?_���_�@* �c ,E�� ' |E����E�� �t @U|��i *i�t�hi uLh

�?_���_�@* �c _i�?i_ @t |�i _�gihi?Ui Mi|�ii? ��t |�4i i?_L�4i?| |E�� @?_ ��t �Lh!�?}

�L�ht �E��c @?_ oE�� �t |�i h@?! LUU�T�i_ M) |�i �?_���_�@* �? |�i _�t|h�M�|�L? Lu

�?UL4i� W? |�i U�hhi?| 4L_i* |�i h@?!�?} Lu Thi�|@ �?UL4i @*�@)t i^�@*t |�i h@?!�?}

Lu UL?t�4T|�L?c tL |�@| oE�� 4@) @t �i** Mi �?|ihThi|i_ @t |�i �?_���_�@*<t h@?! ��|�

hitTiU| |L UL?t�4T|�L?� A�i |ih4 4 ,J}Eo� �t |�i T@h| Lu |�i �|�*�|) u�?U|�L? ���U�

S



hiThiti?|t |�i �|�*�|) _ih��i_ M) |�i �?_���_�@* �? |�i tLU�@* tT�ihi @t @ UL?ti^�i?Ui

Lu ��t tLU�@* t|@|�t�

W?_���_�@*t _�gih ��|� hitTiU| |L |�i�h i@h?�?} TL|i?|�@*tc ��i� �L�h*) �@}itc �E��c

@?_ |�4i i?_L�4i?|tc |E��� A�i *@||ih @hi _�t|h�M�|i_ �? |�i TLT�*@|�L? @UULh_�?} |L

|E�� ' k�qc ��ihi@t �L�h*) �@}it �@h) @UULh_�?} |L �E�� ' ��B� �@h@4i|iht kc qc �c B

@hi @** TLt�|��i� Wu |�i) @hi @** t|h�U|*) TLt�|��ic |�i? |�4i i?_L�4i?|t @?_ �@}it

@hi TihuiU|*) ULhhi*@|i_ �? |�i TLT�*@|�L?� Wu q ' f EhitT� B ' f�c �?_���_�@*t �@�i

�_i?|�U@* |�4i i?_L�4i?|t EhitT� �L�h*) �@}it�� W @tt�4i |�@| q @?_ B U@??L| ML|�

Mi ?�*c tL |�@| |�i i@h?�?} TL|i?|�@* �E��|E�� �t t|h�U|*) �?Uhi@t�?} ��|� |�i �?_i Lu

|�i �?_���_�@*�

A�i Thi�|@ �?UL4i Lu �?_���_�@* � �t _i?L|i_ M) +E�� ' �E���E��� wi||�?} 8 E��
_i?L|i |�i U�4�*@|��i _�t|h�M�|�L? u�?U|�L? Lu �?UL4i L�ih |�i TLT�*@|�L?c �?_���_�@*

�<t h@?! �? |�i �?UL4i _�t|h�M�|�L? �t }��i? M)G

oE�� ' 8 E+E��� E2�

A�i h@?! �t �?Uhi@t�?} ��|� |�i *i�i* Lu �?UL4iG o ' f ULhhitTL?_t |L |�i TLLhit|

�?_���_�@* �? |�i TLT�*@|�L?c @?_ o ' � |L |�i h�U�it| L?i�

W?UL4i �t |@ i_ @UULh_�?} |L @ |@ tU�i_�*i � E+�� W? Lh_ih |L uLU�t L? |�i �tt�i Lu

|@ ThL}hitt���|)c @||i?|�L? �t hit|h�U|i_ |L @ U*@tt Lu |@ tU�i_�*it |�@| U@? Mi Lh_ihi_

@UULh_�?} |L |�i�h }*LM@* _i}hii Lu ThL}hitt���|)� W |��t TLt�| |�@| |�i |@ tU�i_�*i

t@|�t�it +��E+� ' K+@c ��ihi @ @?_ K @hi TLt�|��i tU@*@ht� �@h@4i|ih @ hiThiti?|t |�i

i*@t|�U�|) Lu TLt|�|@ �?UL4i |L Thi�|@ �?UL4i @?_ �t |ih4i_ |�i hit�_�@* ThL}hitt�L?

Lu |�i |@ tU�i_�*i � E+�� � |@ tU�i_�*i �t ThL}hitt��i E��i� |�i @�ih@}i |@ h@|i

�?Uhi@tit ��|� Thi�|@ �?UL4i� �u �|t hit�_�@* ThL}hitt�L? �t t4@**ih |�@? �?�|)� Wu

@ : �c |�i? � E+� �t hi}hitt��i� 6�h|�ih4Lhic |�i t4@**ih |�i hit�_�@* ThL}hitt�L?c |�i

4Lhi ThL}hitt��i �t t@�_ |L Mi |�i |@ tU�i_�*i� 6Lh @?) }��i? _�t|h�M�|�L? Lu Thi�|@ 

.



�?UL4i @?_ |@ tU�i_�*it �� @?_ �2c �u @� 	 @2c |�i? |�i _�t|h�M�|�L? Lu TLt|�|@ 

�?UL4i �?_ih �� wLhi?3 _L4�?@|it |�i L?i �?_ih �2 Ea@!LMttL? E�b.S���

�@h@4i|ih K �@t |L i?t�hi |�@|c uLh }��i? @c |�i |@ hi�i?�i �t ��L**) hi_�t|h�M�|i_

|L �?_���_�@*t� 6hL4 |�i _i�?�|�L? Lu � E+� �| uL**L�t |�@|G

K '

U
�

f +E��_�U
�

f
+E��@_�

E��

W?_���_�@*t 4@ �4�3i |�i�h �|�*�|) u�?U|�L? E�� �?_ih |�i�h M�_}i| UL?t|h@�?|G SE�� '

K+E��@� 5�?Ui @? �?_���_�@*<t �|�*�|) _iTi?_t L? i@h?�?} _iU�t�L?t M) @** L|�iht |�hL�}�

|�i�h �4T@U| L? |�i �?_���_�@*<t h@?! �? |�i �?UL4i _�t|h�M�|�L?c |�i 4@ �4�3@|�L?

_iU�t�L? |@!it T*@Ui �? @ t|h@|i}�U i?��hL?4i?|� A�i �@t� i^��*�Mh��4 Lu |�i ULhhi�

tTL?_�?} ?L?@|L4�U }@4i U@? Mi U�@h@U|ih�3i_ M) @ *@MLh t�TT*) u�?U|�L? �WE�� @?_

@ U�4�*@|��i _�t|h�M�|�L? u�?U|�L? Lu �?UL4i 8 WE+� t�U� |�@|G

�WE�� ' @h}4@ *L}EKE�E����@ n b *L}E|E��� �� n 4 *L}E8 WE�E����c Ee�

@?_

8 WE�E���WE��� ' � ED�

uLh @** � 5 U� A�i �ht| i^��*�Mh��4 UL?_�|�L? hi^��hit |�@| i@U� �?_���_�@*<t �Lh!�

�?} �L�ht 4@ �4�3i ��t �|�*�|)c }��i? ��t i TiU|@|�L? @ML�| |�i t�@Ti Lu |�i �?UL4i

_�t|h�M�|�L?� A�i tiUL?_ i^��*�Mh��4 UL?_�|�L? i?t�hit |�@| |�i �?UL4i _�t|h�M�|�L?

hit�*|�?} uhL4 �?_���_�@* _iU�t�L?t �t |�i L?i @?|�U�T@|i_ M) |�i �?_���_�@*t�

� �?@*)t�t @?_ hit�*|t

AL Mi}�? ��|�c |�i uL**L��?} u@U| ��** Mi it|@M*�t�i_G

H



�hLTLt�|�L? � � W? i^��*�Mh��4c �Lh!�?} �L�ht t@|�tu)G

�WE��

|E��
' gc ;� 5 Uc ES�

��ihi g 5 Efc �� �t }��i? M)G

g '
@n 4

qnB

@ n 4

qnB
n b

� E.�

�hLLu� 5�TTLti |�@| �? i^��*�Mh��4 |�i U�4�*@|��i _�t|h�M�|�L? u�?U|�L? Lu �?�

UL4i hi@_tG

8 WE+� ' 6+?c EH�

��ihi 6 @?_ ? @hi TLt�|��i tU@*@ht |L Mi _i|ih4�?i_� W?tih|�?} |�@| u�?U|�L? �?|L

Ee� @?_ UL4T�|�?} |�i �ht|�Lh_ih UL?_�|�L? )�i*_tG

�WE�� '

#
@n 4?

@ n 4? n b

$
|E��� Eb�

Nt�?} |�i _i�?�|�L?t Lu |E�� @?_ �E��c |�i hit�*|�?} �?UL4i _�t|h�M�|�L? |�h?t L�|

|L MiG

+E�� ' k�

#
@n 4?

@n 4? n b

$
�qnB� E�f�

W? Lh_ih |L LM|@�? |�i U�4�*@|��i _�t|h�M�|�L? u�?U|�L?c �h�|i E�f� @tG

� '

%
E@ n 4?n b�+

k�E@n 4?�

& �

qnB

E���

W| �t i@t) |L tii |�@| |�i @?|�U�T@|i_ �?UL4i _�t|h�M�|�L? �t |�i ULhhiU| L?i �u @?_

L?*) �u T@h@4i|iht 6 @?_ ? @hi }��i? M)G

6 '

%
@n 4?n b

k�E@n 4?�

& �

qnB

E�2�

b



? '
�

q n B
E���

W?tih|�?} E��� �?|L Eb� it|@M*�t�it |�i �hLTLt�|�L? �� "�,�#�

�hLTLt�|�L? � t�L�t |�@| |@ ThL}hitt���|) hi_�Uit |�i *i�i* Lu iUL?L4�U @U|���

�|)� #iUhi@t�?} |�i hit�_�@* ThL}hitt�L? Lu |�i |@ tU�i_�*i *L�iht |�i uh@U|�L? g Lu

|�4i |�@| TiLT*i _i�L|i |L �Lh! @?_ UL?ti^�i?|*) |�i @}}hi}@|i �?UL4i *i�i*� �u

UL�htic |��t _Lit ?L| t@) @?)|��?} @ML�| |�i i�U�i?U) ULt|c �u @?)c Lu |@ ThL}hit�

t���|)� W? Lh_ih |L @ttitt �L� @**LU@|��i i�U�i?U) �t @giU|i_c @ t|@|�t�^�L t�|�@|�L?

�t TLt�|i_ �? ���U� ?L �?UL4i |@ @|�L? LUU�htc ��i� @ ' K ' �� 5|@h|�?} uhL4 |�@|

t�|�@|�L?c W i @4�?i �L� i^��*�Mh��4 �|�*�|�it U�@?}i �u @ t4@** ThL}hitt��i �?UL4i

|@ �t �?|hL_�Ui_�

�hLTLt�|�L? 2 �

E�� 5�TTLti b : 4 : f� Wu |�i B�?� ULi�U�i?| Lu |�i Thi�|@ �?UL4i _�t|h�M�|�L?

�t t4@**ih |�@? @ Uh�|�U@* �@*�i hC : fc |�i? �?|hL_�U�?} @ ThL}hitt��i �?UL4i |@ @|

|�i 4@h}�? UL?t|�|�|it @ �@hi|L �4ThL�i4i?|�

E�� 5�TTLti i�|�ih 4 ' f Lh 4 � b� A�i?c �?|hL_�U�?} @ ThL}hitt��i �?UL4i |@ @|

|�i 4@h}�? U@? ?i�ih UL?t|�|�|i @ �@hi|L �4ThL�i4i?|�

�hLLu� 6hL4 �hLTLt�|�L? � �| uL**L�t |�@| |�i �|�*�|) *i�i* i?�L)i_ M) �?_���_�@*

� 5 U �? i^��*�Mh��4 �t }��i? M)G

L WE�� ' @ *L}EKg�E��|E��� n b *L}EE��g�|E��� n 4 *L}E��c E�e�

��ihi g �t _i�?i_ M) E.�� W? Lh_ih |L i Thitt |�i i^��*�Mh��4 �|�*�|) @t @ u�?U|�L?

Lu |�i |@ T@h@4i|ih @ @*L?ic �?tih| E�f� �?|L |�i _i�?�|�L? Lu K @t }��i? M) E���

�L4T�|�?} |�i �?|i}h@*t Lu |�@| i Thitt�L? *i@_t |LG

�f



K ' Ek�g��3@
#
� n @q n @B

� n q n B

$
� E�D�

W?tih|�?} E�D� @?_ E.� �?|L E�e� }��it L WE�� @t @ u�?U|�L? Lu |�i hit�_�@* ThL}hitt�L?

@?_ |�i L|�ih i L}i?L�t T@h@4i|iht� A@!i |�i �ht| _ih��@|��i Lu |�@| L WE�� ��|�

hitTiU| |L @ @?_ i�@*�@|i �| @| |�i TL�?| @ ' �� �u|ih tL4i |i_�L�t M�| t|h@�}�|uLh�@h_

4@?�T�*@|�L?tc L?i LM|@�?tG

YLWE��

Y@
m@'� ' Eq n B�d24n E� n b�Eq n B� n *L}E��o� 4Eb� 4�� E�S�

N?t�hTh�t�?}c |�i |ih4 L? |�i h���t� Lu |�i *@t| i^�@|�L? �t �?Uhi@t�?} �? �c |�i

�?_���_�@*<t h@?! �? |�i �?UL4i _�t|h�M�|�L?� Oi?Uic �u |@ ThL}hitt���|) 4@!it |�i

h�U�it| �?_���_�@* E� ' �� Mi||ih Lgc |�i? �| ��** 4@!i i�ih)ML_) i*ti Mi||ih Lg @t

�i**� A�i ?iUitt@h) @?_ t��U�i?| UL?_�|�L? uLh @ �@hi|L �4ThL�i4i?| �t |�ihiuLhiG

YL WE��

Y@
m@'� 	 f +, Eq n B�d24 n E� n b�Eq n B�o 	 4Eb� 4�� E�.�

Wu 4 ' f Lh 4 � bc |��t UL?_�|�L? �t �4TLtt�M*) 4i|c ���U� ThL�it T@h| E�� Lu |�i

�hLTLt�|�L?�

W? Lh_ih |L ThL�i �@h| E�� @?_ t�L� |�i hL*i T*@)i_ M) �?i^�@*�|)c hiU@** |�@| �?

i^��*�Mh��4 |�i U�4�*@|��i _�t|h�M�|�L? u�?U|�L? Lu �?UL4i hi@_tG

8 WE+� ' 6+?c

��ihi |�i T@h@4i|iht 6 @?_ ? @hi hitTiU|��i*) _i�?i_ M) E�2� @?_ E���� A�i B�?�

ULi�U�i?| Lu �?i^�@*�|) uLh |�i �?UL4i _�t|h�M�|�L? �t _i�?i_ @tG

C '
2

>

]
�

f

%8 W3�E%�_%� � E�H�

��ihi > �t @�ih@}i �?UL4i� W| �t @ t|@?_@h_ i ihU�ti |L t�L� |�@| |�i B�?� ULi�U�i?|

Lu 8 WE+� �t }��i? M)G

��



C '
�

� n 2?
� E�b�

�) E�b� @?_ E���c �| uL**L�t |�@|G

q n B '
2C

��C
� E2f�

W?tih|�?} E2f� �?|L E�.�c |�i UL?_�|�L? uLh @ �@hi|L �4ThL�i4i?| U@? Mi hi�h�||i?

@tG

eCd24nCE� n b� 4�o

E��C�2
	 4Eb� 4�� E2��

A�i i Thitt�L? L? |�i *���t� Lu E2�� �t @ t|h�U|*) �?Uhi@t�?} u�?U|�L? Lu |�i B�?�

ULi�U�i?|c ���U� |@!it |�i �@*�i f �? |�i U@ti Lu TihuiU| i^�@*�|) EC ' f� @?_ |i?_t

|L n4 ��i? |�i B�?� ULi�U�i?| |i?_t |L �� �t |�i h���t� Lu E2�� �t @ t|h�U|*) TLt�|��i

UL?t|@?|c |�ihi i �t|t @ �?�^�i �@*�i hC uLh |�i B�?� ULi�U�i?| t�U� |�@| |�i |ih4 L?

|�i *���t� i^�@*t |�i |ih4 L? |�i h���t�� Oi?Uic |�i UL?_�|�L? uLh @ �@hi|L �4ThL�i4i?|

�t 4i| �u @?_ L?*) �u C 	 hC� "�,�#�
A�i TLtt�M�*�|) Lu @ �@hi|L �4ThL�i4i?| _�i |L @ ThL}hitt��i �?UL4i |@ �t i U*��

t��i*) }i?ih@|i_ M) |�i t|@|�t�tii!�?} Mi�@��L�h Lu �?_���_�@*t� Wu 4 ' fc UL?_�|�L?

E�.� uLh @ �@hi|L �4ThL�i4i?| U@??L| Mi 4i|� A�i hi@tL? �t t�4T*i� A�i ^�it| uLh

t|@|�t _�t|Lh|t �?_���_�@* �Lh!�?} �L�ht �T�@h_tc t�?Ui i�ih)ML_) �t tii!�?} |L �4�

ThL�i ��t h@?! @| |�i ULt| Lu L|�iht< tLU�@* t|@|�t� 5�?Ui ThL}hitt��i �?UL4i |@ @|�L?

|i?_t |L *L�ih �?_���_�@* �L�ht |�hL�}� |�i |h@_�|�L?@* �?Ui?|��i U�@??i*c |@ ThL�

}hitt���|) 4@!it |�i h@| h@Ui Lu �?UL4i }i?ih@|�L? *itt ti�ihi uLh i�ih)ML_)� `��*i

@*tL |�i h�U� Mi?i�| uhL4 |�@| igiU| Lu ThL}hitt��i �?UL4i |@ @|�L?c |�i) @hi |�Lti

��L U@hh) |�i M�h_i? Lu �?@?U�?} hi_�t|h�M�|�L? |L |�i TLLh� W? Lh_ih uLh |�i h�U� |L

Mi Mi||ih Lg �?_ih |@ ThL}hitt���|)c |�i M�h_i? Lu �?@?U�?} hi_�t|h�M�|�L? �@t |L Mi

�2



t��U�i?|*) t4@**c ���U� �t |�i U@ti �u |�i _�t|h�M�|�L? Lu Thi�|@ �?UL4i �t u@�h*) i�i?�

W?|ihit|�?}*)c |�i TLtt�M�*�|) Lu @ �@hi|L �4ThL�i4i?| �@?�t�it �u |�i t|@|�t�tii!�?}

4L|��i Mi��?_ �?_���_�@* �Lh! _iU�t�L?t �t |LL t|hL?}� Wu �?_���_�@*t U@hi @ *L| @ML�|

|�i�h �?UL4i h@?! @?_ *�||*i @ML�| *i�t�hic @ }hi@| _i@* Lu |�i�h |�4i ��** Mi _i�L|i_ |L

�Lh!�?}� �hL}hitt��i �?UL4i |@ @|�L? Mi?i�|t @** �?_���_�@*t M) h@�t�?} |�i�h �?i��

U�i?|*) *L� @4L�?| Lu *i�t�hic ��|�L�| @*|ih�?} @?)L?i<t t|@|�t� OL�i�ihc �u b �t t4@**

hi*@|��i |L 4c �?_���_�@*t @UULh_ *�||*i �@*�i |L |�i�h �?Uhi4i?|@* *i�t�hi� `�|� hitTiU|

|L |�i �i**�Mi�?} Lu |�i h�U�c |�@| @__�|�L?@* *i�t�hi _Lit ?L| Lgti| |�i UL?t�4T|�L?

*Ltt �?��U|i_ �TL? |�i4 M) |h@?tuihh�?} tL4i Lu |�i�h �?UL4i |L |�i TLLh� Oi?Uic |@ 

ThL}hitt���|) |�h?t L�| |L �@h4 |�i h�U� @?_ ?L �@hi|L �4ThL�i4i?| U@? LUU�h�

W ?L� |�h? |L |�i ti*iU|�L? Lu @ |@ tU�i_�*i M) @ tLU�@* T*@??ih |�@| 4�t| ?L|

UL?�?i ��4ti*u |L �@hi|L �4ThL�i4i?|t� �) @TThLTh�@|i U�L�Ui Lu |�i hit�_�@* ThL�

}hitt�L? Lu |�i |@ tU�i_�*ic @ tLU�@* T*@??ih U@? |h) |L �4T*i4i?| |�i *@MLh @**LU@|�L?

|�@| �L�*_ @h�ti �u �?_���_�@* U�L�Uit Lu �Lh!�?} |�4i �ihi �?_�t|Lh|i_� 6Lh4@**)c |�i

�?_�t|Lh|i_ *@MLh @**LU@|�L? �nE��c � 5 U �t |�i L?i ���U� hit�*|t uhL4 4@ �4�3@|�L? Lu

|�i �|�*�|) u�?U|�L? E�� M) i@U� �?_���_�@* �?_ih |�i M�_}i| UL?t|h@�?| SE�� ' �E���E��

@?_ |@!�?} ��t h@?! oE�� ' � @t i L}i?L�t*) }��i?�

�hLTLt�|�L? � � 5�TTLti 4 5 Efc q n B�� A�i |@ tU�i_�*i |�@| �4T*i4i?|t |�i

�?_�t|Lh|i_ *@MLh @**LU@|�L? �nE�� �t ThL}hitt��i� W|t _i}hii Lu ThL}hitt���|) _iUhi@tit

��|� |�i B�?� ULi�U�i?| Lu |�i Thi�|@ �?UL4i _�t|h�M�|�L?�

�hLLu� �) �|t _i�?�|�L?c |�i �?_�t|Lh|i_ *@MLh @**LU@|�L? �t i^�@* |L �WE��c � 5 Uc

�? |�i tTiU�@* U@ti �? ���U� |�i *@||ih �t _i|ih4�?i_ �?_ih ML|� @ ' K ' � @?_ 4 ' f�

6hL4 E.� �| uL**L�t |�@|

�nE�� '
�

�

� n b

�
|E��c � 5 U� E22�

��



�L4T@h�?} i^��*�Mh��4 Mi�@��Lh }��i? M) ES� ��|� |�i �?_�t|Lh|i_ Mi�@��Lh }��i?

M) E22�c �| �t i@t) |L tii |�@| |�i *@||ih U@? Mi �4T*i4i?|i_ �u @?_ L?*) �u |�i hit�_�@*

ThL}hitt�L? Lu |�i |@ tU�i_�*i i^�@*t @ �@*�i @n t�U� |�@|G

4

qnB
n @n

4

qnB
n bn @n

'
�

� n b
� E2��

W| uL**L�t |�@| |�i hi^��hi_ ULi�U�i?| Lu hit�_�@* ThL}hitt�L? �tG

@n ' �� 4

q n B
� E2e�

�) �ti Lu E2f�c |�i *@t| i Thitt�L? U@? Mi hi�h�||i? @tG

@n ' �� 4

2

�
��C

C

�
c E2D�

���U� �44i_�@|i*) ThL�it |�i t|@|i4i?|t �? �hLTLt�|�L? �� "�,�#�

W? |�i U�hhi?| uh@4i�Lh!c �?|hL_�U�?} @ ThL}hitt��i �?UL4i |@ @4L�?|t |L ?i��

|h@*�3i @? i �t|�?} _�t|Lht�L? M) @__�?} @ ?i� L?ic ���U� i T*@�?t ��) ThL}hitt���|)

�t hi^��hi_ |L �4T*i4i?| |�i �?_�t|Lh|i_ *@MLh @**LU@|�L?� A�i igiU| Lu �?i^�@*�|)

L? |�i ti*iU|i_ |@ tU�i_�*i �@t @ ?@|�h@* �?|ihThi|@|�L?� Wu �?_���_�@*t @hi u@h @T@h|

uhL4 i@U� L|�ih �? |ih4t Lu |�i�h i@h?�?} TL|i?|�@*t E@?_ |�ihiuLhi @*tL �? |ih4t Lu

|�i�h i^��*�Mh��4 Thi�|@ �?UL4it�c |�i h@?! �4ThL�i4i?| |�@| U@? Mi @U��i�i_ M)

i Ti?_�?} @__�|�L?@* �Lh! igLh| �t t4@**� Oi?Uic |�i 4@h}�?@* t|@|�t �|�*�|) ThL��_i_

M) �?UL4i }i?ih@|�L? _iUhi@tit ��i? �?UL4i MiUL4it 4Lhi �?i^�@**) _�t|h�M�|i_�

�t @ UL?ti^�i?Uic �?_���_�@*t �Lh! *itt uLh t|@|�t hi@tL?t �?_ih *@h}i �?UL4i �?�

i^�@*�|) @?_ |@ ThL}hitt���|) �t ?ii_i_ |L @ t4@**ih i |i?| �? Lh_ih |L �4T*i4i?| |�i

�?_�t|Lh|i_ �Lh! U�L�Uit�

W| �t �Lh|����*i ?L|�U�?} |�@| |�i _i}hii Lu ThL}hitt���|) ti*iU|i_ M) |�i tLU�@*

T*@??ih 4@) MiUL4i i |hi4i*) *@h}i �u |�i _�t|h�M�|�L? Lu i@h?�?} TL|i?|�@* �t �ih)

�e



i}@*�|@h�@?� �) �ti Lu E2D�c ��i? |�i B�?� ULi�U�i?| @TThL@U�it |�i �@*�i 4

4n2
uhL4

@ML�ic |�i ULi�U�i?| Lu hit�_�@* ThL}hitt�L? @n @TThL@U�it fc ���U� 4i@?t |�@|

�?UL4i �t i?|�hi*) hi_�t|h�M�|i_ @?_ �?_���_�@* UL?t�4T|�L? *i�i*t @hi i^�@*�3i_��

e �L?U*�_�?} hi4@h!t

A�i U�hhi?| T@Tih @h}�it |�@| �u TiLT*i U@hi @ML�| |�i�h hi*@|��i �?UL4ic |@ ThL}hit�

t���|) T*@)t @? i�U�i?U) hL*i @?_ |�@| hL*i �t |�i 4Lhi �4TLh|@?| |�i 4Lhi i}@*�|@h�@?

|�i iUL?L4) �t� � t4@** ThL}hitt��i �?UL4i |@ �@t Mii? t�L�? |L }i?ih@|i @ �@hi|L

�4ThL�i4i?| ��i?i�ih |�i B�?� ULi�U�i?| Lu |�i _�t|h�M�|�L? Lu Thi�|@ �?UL4i �t

*L�ih |�@? @ Uh�|�U@* *i�i*� 6�h|�ih4Lhic �| �@t Mii? t�L�? |�@| �4T*i4i?|�?} �?_�t�

|Lh|i_ U�L�Uit Lu �Lh!�?} �L�ht hi^��hit @ ThL}hitt��i |@ tU�i_�*ic @?_ |�i LT|�4@*

_i}hii Lu ThL}hitt���|) _iUhi@tit ��|� |�i B�?� ULi�U�i?| Lu |�i _�t|h�M�|�L? Lu Thi�|@ 

�?UL4i�

A�i @ML�i U*i@h�U�| hit�*|t �@�i Mii? _ih��i_ �? |�i UL?|i | Lu @ 4L_i* |�@|

4@!it �ti Lu tTiU�@* u�?U|�L?@* uLh4t� 5�U� @ 4L_i*�?} LT|�L? �t �tiu�* @t �| @**L�t

L?i |L LM|@�? U*Lti_�uLh4 tL*�|�L?t uLh |�i i^��*�Mh��4 @**LU@|�L?� �*|�L�}� @ttitt�?}

|�i @?@*)|�U@* }i?ih@*�3@M�*�|) Lu |�Lti hit�*|t �t Mi)L?_ |�i tULTi Lu |��t T@Tihc �| �t

�Lh|����*i t|hitt�?} |�@| |�i hit�*|t @hi M@U!i_ M) @ tL�?_ iUL?L4�U h@|�L?@*i @?_

U@? |��t Mi i TiU|i_ |L �L*_ t�4�*@h*) �? 4Lhi }i?ih@* ti||�?}t�

6Iru ohyhov ri wkh Jlql frh�flhqw ehorz �@+� . 5, wkh wd{ vfkhgxoh vkrxog h{klelw d qhjdwlyh d/

lq zklfk fdvh frqvxpswlrq ghfuhdvhv zlwk suh0wd{ lqfrph1 Xqghu qhjdwlyh d rqh pxvw wkxv vshfli|

zkhwkhu lqglylgxdov fduh derxw uhodwlyh lqfrph ru uhodwlyh frqvxpswlrq1 Li lw lv lqfrph/ dqg wkh

vwdwxv prwlyh lv vx�flhqwo| vwurqj/ d qhjdwlyh d pd| lpsohphqw wkh xqglvwruwhg oderu doorfdwlrq1

�D



+,6,+,��,5

�|!�?tL?c ��c �bbDc ��M*�U ,UL?L4�Ut �? �U|�L?c �*@hi?_L? �hittc � uLh_�

�Lt!�?c �� @?_ ,� 5�it��?t!�c �b.Hc �T|�4@* +i_�t|h�M�|��i A@ @|�L? `�i? W?_���_�
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