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Abstract

When a poublic good ist excludable it is possible to charge
individuals for using the good. We study the role of prices on
excludable public goods using an extension of the Stiglitz-Stern
version of the Mirrlees optimal income tax model. Our discussion
includes both the case where the public good is a final consumer
good and the case where it is an intermediate good.

We demonstrate that for a public consumer good charging a
positive price may be desirable, but only under certain conditions.
However, charging a lower than optimal price may be less efficient
than setting a zero price. Conditions are identified under which
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adjusting demand to price. We also conclude that producers using
an intermediate public good as input should not be charged a
positive price.
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1. Introduction

In many countries there is growing concern about the size of public budgets and a
tendency to look for alternative sources of funding. Since excludable public goods are by
definition such that one can charge a price or fee for their use, it is part of this process
that even the well established case for free provision of public goods is being challenged
in the case of excludable public goods. In this paper we shall address the provision of
such goods.

There are many important examples of excludable public goods. Information isin
genera a public good and often it can be made excludable. Patent rights is one way to
exclude. For information that is only of value in the fairly short term, like meteorological
and hydrological forecasts, it would probably be easy to exclude people and only let
those who subscribe to the service have access to the information. The services provided
by the Central Bureau of Statistics is another example of information that can easily be
made excludable. Radio and television broadcasts, many services provided on the internet
and non-congested roads, public beaches, national parks and museums are some other
examples of excludable public goods.

There are several questions that are of interest to study. First, if there is public
provision, should it then be financed by an income tax or should it be partly, or entirely,
financed by afee (a price)l.3 If the price instrument is indeed used, will this lead to more
or less provision of the public good as compared to the situation without exclusion.
Second, since it is possible to have market provision of excludable public goods by
private firms, there is the important issue of whether public or private provision is
preferable. Third, some excludable public goods can be regarded as final consumer
goods. However, goods, like statistics or other information, have more the character of an
intermediate good. It is conceivable that the rules for provision would depend on whether
the excludable public good is afina consumer good or an intermediate good. We will not
attempt to answer al these questions. We will focus on public provision. However, we
will consider both the case where the public good is a final consumer good and the case

where it is an intermediate public good.



Empirically there are examples both of publicly provided excludable public
goods being financed from general tax revenue and goods partly financed by prices.
Weather forecasts are in many countries publicly provided and financed out of general
tax revenue. Many forms of statistics are publicly provided and financed out of general
tax revenue. However, there are examples, like Sweden, where recently substantial
charges have been introduced for usersto get access to Central Bureau of Statistics data.

There is a vast literature on public and/or private provision of nonexcludable
public goods. However, public provision of excludable public goods has not been much
studied. Of course, the first best rule does not depend on whether the public good is
excludable or not. In a second best setting there might be a difference since there is one
more instrument, a price on the public good, available when the public good is
excludable. Fraser (1996) studied provision of excludable public goods. However, in his
model the incomes are exogenous and there are no distortions from the income tax. There
are several papers that have studied market provision of excludable public goods by
private firms. Oakland (1974) studied a model where private firms operating under
conditions of perfect competition provide an excludable public good. Brito and Oakland
(1980) and Burns and Walsh (1981) consider a situation where a natural monopoly
provide an excludable public good.

We believe it is important to acknowledge that taxes are not only used in order
to finance public goods but also to achieve redistribution. We therefore use an extension
of the Stiglitz-Stern version of the Mirrlees optimal income tax model .EI We will assume
there are two types of persons, high-skilled and low-skilled, and that it is desireable to
redistribute from the high-skilled to the low-skilled. In sections 2 and 3 we consider the
case where the public good is a final consumer good. In section 2 we model individual
behavior. In section 3 we formulate the optimal taxation-public provision problem. The
focus of that section is on the conditions under which non-zero prices would be part of
the optimal provision scheme. In section 4 we consider the case where the public good is

an intermediate good. Section 5 concludes.

2 One benefit of using prices to finance an excludable public good is that data will be generated that might
be useful to derive the users evaluation of the public good. In the analysis below we will not take this
aspect into account. Hence, we will assume that individuals' preferences are known.

% See Mirrlees (1971), Stern (1982) and Stiglitz (1982).



2. Consumer behavior

There is one private good, one excludable public good and Ieisurel.2 When the public
good is excludable we can charge individuals for using the public good. Depending on
the technology for excluding individuals the payment scheme might take different forms.

Here we assume individuals can be charged a nonnegative price q per unit they
consume. Let g',i =12 denote the quantity of the public good consumed by a person of

typei and let ¢' be the consumption of the private good. We normalize the price of the
private good to one. Let gdenote the quantity of the publicly provided public good.
L',H',w,Y'and B' denote leisure, hours of work, the wage rate, the before-tax and after-
tax income of an individual of typei. Z=L +H' denotes the fixed time endowment.
Since Y =wH', wecanexpress H' by Y'/w .

The utility maximisation problem for an individua will take the form: Max
U(g',c,Y'/w) st. ¢ +qg'=B' and g,<g. We solve this problem step-wise. First,
we condition on Y'/w and neglect the condition g, <g. Suppressing w and instead
indexing the demand functions we derive the notional conditional demand functions
¢'(q,B',Y)and §'(g,B',Y') . The effective demand is given by:

gf(q,Bf,Yf,g)=g_ if_'g*i_(q,Bi.Yi_)zg_ |
9'(a,B.,Y',9)=0'(q,B".Y") if g'(q,B",Y')<g
We note that g, =1 if §' >g and that g, =0 if §' <g. Also, if § >g, then

Jy =05 =0y =g, =0, where g" denotes Hicksian demand. This implies that the

Slutsky decomposition is still valid and can be used without any reservation about the

* By a public good we essentially mean a good that can be made available to al consumers at no real
resource cost once it has been produced. There is no rivalry in consumption. In the analysis below we will
consider a price on the excludable public good. For such a price to be meaningful it should not be possible
to retrade the public good. Hence, there might well be public goods that in a technical sense are excludable,
but where possibilities for retrade makes it like a nonexcludable public good. In some cases there may be a
cost of distributing the good to the consumers. In our analysis charging a price may in such cases be
interpreted as the setting of a price over and above such a cost. For ssimplicity, we shall abstract from such
costs and normalize the cost of distributing the good to zero.



case of rationing. We also note that Roy’s identity holds even if a person is rationed.EI
We also assumethat @' (0,B',Y') isfinite.

Sticking g'(q,B',Y',g) back into the direct utility function we obtain the conditional
indirect utility function V(B',Y'/W,q,9). If §' <g, V,;=0. We may note that
Vg, =U_=U,. It is also helpful to note that we can write V(B',Y'/W,q,g) =

U(B' -qg',Y'/W,g'). If the individua is rationed (g'=g), V(B',Y'/W,q,9) =

. S V
U(B'-qg,Y'/wW,g). Then V, =U -U.q and

\TQ —g=MRS; -q>0 where
B

~g
UC

U U
MRS, = —=—2isthe marginal valuation of g in terms of private income. In general
U c U B

V9 /V® equas the individual’s valuation of g in terms of B according to the direct utility
function minus the cost of acquiring g. If the individual is unconstrained, the valuation
according to the market and the direct utility function will of course be the same.

In the subsequent analysis it will be important how leisure or labor supply will

affect the marginal valuation of g' and the demand g'. Let us consider an increase in

leisure L' corresponding to a decrease in labor supply Y'/w'. We can have the various

0 e 0 Ug i 0 \ioai = O Yo
combinations: @) —— MRSz;= —-—>0 < §,>0,b) ——MRSy;= ———=0 =
oL oL U, oL oL U,
- B .9 U, i o H v e
g, =0, ¢ GTMRSQB_ LU <0 < @, <0.More leisure can have a positive effect on

the margina valuation of g and induce a higher demand, or the effect can be zero or
negative. For example more leisure can increase the marginal benefit of television
progranmes and can make watching television more attractive. The case with

g, =0occurs if the direct utility function is such that leisure is weakly separable from

the goods.

5 If the person is rationed ' = g and €' = B' —qg . Theindirect utility function is defined by
V(B,Y/w,q,g9)=U(B-qg,Y/w,Q). Differentiating we obtain 0V /dgq =—g(dU /dc) and



3. The optimal taxation-public provision problem
Our concern will be with (information constrained) Pareto efficient policy. We assume a

linear production technology and denote the producer price of the public good by p . Let

N' and N? denote the number of type one and type two individuals, respectively. We

assume W” > w', and that the social planner wants to redistribute from the high-skilled to
the low-skilled type. There is no reason to assume there are systematic differences in
preferences between high skill and low skill persons. Differences in demand for the
public good depend only on differences in leisure (work effort) and income. The
optimization problem, which defines Pareto efficient taxation and provision of the public
good, takes the form:

Max V'(B.Y'q,9) (1)

B Y',B2YZ%q,9

s.t.
V?%(B?, Y% 0,0)=V? (2)
V2(B%Y?%,q,0) =V (B! q,0) 3
NZ(Y?-B?)+ N'(Y'-BY) +q(N'g'+ N?g®) - pg =0 4)

The constraint (2) assigns a minimum utility level to individuals of type two. The
constraint (3) is a self-selection constraint imposing that the vector of taxes, prices and

level of g issuch that type two persons do not gain by mimicking type one persons. We

use an index m to denote the “mimicker”, i.e. V™() is the utility of type two persons
evaluated at the income point intended for type one persons. In the analysis below we
will also assume that g must be nonnegative. The government budget constraint is
expressed by (4). It requires that revenue from income taxes and from charging a price on

the public good is sufficient to finance the public good provision.

9V /9B =9U /ac). Itfollowsthat — (AV /9q)/(dV /9B) = g.

® We could also have included a self-selection constraint that an individual of type one should not mimic a
type two person. However, one can show that at most one of the self-selection constraints is binding. We



Before deriving the first order conditions for this optimization problem we state

the following proposition:

Proposition 1: An optimum is such that g < max{g"*,g°} .

Proof: We construct a proof by contradiction. Suppose there exists an optimum such that
g >max{g",g*} . Decrease the level of g down to max{g",§°}. This will not harm any

of persons one or two. It will not improve the situation of the mimicker, so the self-
selection constraint will not be affected. Take the resources being released and give to the

actua person 2. In this way we have achieved a Pareto improvement. Hence, the initial

situation with g < max{g*,9%} can not have been an optimum.

The Lagrangean of the optimization problem above can be written as:

A =V}B'Y'q,0) + BV2(B,Y?,q,9) -V2| + pV2(B2, Y%, 0,9) -V"(B', Y, q,0)|
+ u|N2(Y? - B?) + N*(Y* - BY) - pg + q(N'g* + N*g?)|

The Lagrangean should be differentiated w.r.t. B',Y*,B?Y? g and g. We note that the

problem formally has strong similarities with both the optimal commodity tax problem
and the publicly provided private goods problem, but it is clearly a separate problem. The
F.O.Cs. are the following:

oA

@:VQ‘PVBm—HNlﬂLHqugé =0 ©)
on _ m _
W_vyl—va + UN" + gN'g}, =0 (6)

make the usual assumption that the binding self-selection constraint is that the high-skill person should not
mimic the low-skill person.



oA

W:WE?ﬁLPVBZ_IJNZﬁLIJqNZgé:O (7
ON B2+ V2 + N + ugN?g? = 0 8
Sz = BV + PV + N7 + LN *g] = ®)
a/\_vl+ 2+ V2_ Vm_ + Nl 1+N2 2 _O 9
ag = Ve T BV PV - PV - p+ pa(N'G; + Ngg) = ©)
a/\ 1 2 2 m 141 2.2 1,1 242

£= G T BV, oV, —pV+u(N'g +N°g%) +ug(N'g, + N°g;)  (10)

The requirement that g is nonnegative implies that there might not exist a meaningful
solution to 0A/0q=0. However, considering a case where the optimal value of q is

determined by an interior solution to d0A/dq =0 we get:

oA .
— =V + BV + pV) - pV" + p(N'gh + N?g?) + ug(N'g; + N*gZ) =0 (11)
oq

We note that egs. (5) — (8) and (11) formally look the same as in Edwards et a. (1995).
However, note that there is only a formal similarity. In the present context individuals
may be rationed and g must be nonnegative. This also means that we have to be careful
when interpreting the first order conditions.

1

Making use of Roy’sidentity —and the Slutsky equation; we can rewrite (10) as

oA
o :_Vlgl_ﬁ\/ZQZ _pv292 +pvmgm +pvmgl_pvmgl+ungl
aq B B B B B B (12)

+uN?g® + ugN*g.t + ugN?g.? + pgN*(-g*)gg + HaN*(-g°)g3

We then make use of (5) and (7) to eliminate terms:

" From Roy’s identity we know that Vq =- Bgi. Finaly, we also use the Slutsky decomposition

g; = ggi - gi giB , where we use the superscript h to denote the Hicksian demand.



N _ m
aq ~ PVe(07 -9+ a(N'gg + Ng”) (13)

If OA/0g=0 we get
gN*g!™ + N2g"2|= u* (g* - g™) (14)

where  u* =%>O.
u

The expression in brackets on the left-hand side of (14) is the sum of substitution effects,
which is non-positive.

Equation (14) expresses a trade-off between two effects. Consider the case in
which the demand for g is decreasing in labour and accordingly increasing in leisure
(g, >0). If type oneis not rationed (g* < g), the mimicker, enjoying more leisure, will
be the larger buyer of g (g* <g™), and the price q can be used to relax the self-selection
constraint. By increasing q and lowering the income tax to make person one equally well
off, the mimicker, incurring a larger real income loss from the price increase, will be
made worse off and the self-selection constraint (3) is being relaxed. This effect is
reflected by the right hand side of (14). It has to be traded off against the effect on the left
hand side which is the the distortionary effect of pricing the public good in a way which
drives the consumption below the available amount.

We shall now identify and characterise the respective optima of the various
regimes that can materialise. The impact of leisure on the demand for the public good is
crucia in characterising different regimes. For the case of a zero or negative impact we

can show the following result:

Proposition 2: Nothing can be gained by a positive price on the excludable public good

if g, <O.

Proof : To prove this proposition we will consider each of the cases i. g, =0; and ii.

g. <0.



i. g =0. In this case §'=@"<g®. From proposition 1 we know that g<g°.
Suppose first that §* < g < g?, i.e, that the type one individua is unconstrained. This
implies that the Hicksian substitution effect is negative. It follows from eq. (14)
that g = 0. Suppose next that g < g' < g”. Since both types are constrained, eq. (14) is
consistent with an infinity of possible values of g. Hence, g is indeterminate. However,
g=0 is one optimum, and nothing can be gained by having a positive . To see this,
consider an initial situation with g>0. Decreasing g to zero and simultaneously

decreasing B' and B® by the amounts qg the situation for both actual persons and the

mimicker are unchanged.

ii. § <0. Inthiscase §"<g" and " <g°. However, we do not know how g’ relate
to g'. We consider the various possibilities. a) §™ < §° < g < §". Eq. (14) then implies a
negative q. However, since this is not feasible g has to be truncated to zero. b)
g"<g'<g<0®. Eq. (14) implies a negative g, which must be truncated to 0. c)
g™ <g<g®<qg'. Both actua persons are constrained, so eg. (14) is indeterminate.
However, suppose the optimum is such that g>0. Decrease q to zero and decrease B'and

B? with the amount qg. The situation for the actual persons will be unchanged.
However, the mimicker will be hurt, so the self-selection constraint will slacken and there
is room for a Pareto improvement. d) g<g™<g*<g". In this case both actual persons

and the mimicker are constrained. q is indeterminate by reasoning similar to that under i.

We deduce that nothing can be gained by having a positive price.
It follows from Proposition 2 that only if g, >0 can the economic situation be

improved by using the price instrument. However, as will be shown below this is a

necessary, not a sufficient condition.

Proposition 3:
Assume g, >0. Then there is no gain (or loss) from introducing a positive price as long

as both types of persons remain rationed.
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Proof : For q such that g' < gis strictly binding for both types of persons, the mimicker

is also rationed since@, >0 , the compensated price derivatives are zero, and it follows

immediately from (13) that d0A/0q=0.

Proposition 4 :
Assume g, >0 and that both persons are constrained up to price §. Then, marginaly
increasing the price so that the quantity constraint of one type (g' <g) is just being

relaxed, will make the allocation strictly less efficient.

Proof :
Suppose it is the quantity constraint for type i that is being relaxed first as the price

increases. Then, from eg. (13) we see that the change in welfare is given by

oNA/9q=pgN'g] <O0.

It is of interest to compare this result with a corresponding result from the optimal
commodity tax literature. Had the good in question been an ordinary private good X
with dx/0L >0 it would have been optimal to introduce a small tax on the good. Thisis
because in the optimal commodity tax case, at a zero tax the size of the deadweight loss
from amarginal tax would be of second order, whereas the benefits from the slackening
of the self-selection constraint would be a first order effect. For a publicly provided
excludable public good it is the other way around.

Since the marginal cost of providing one more unit of g to a person is zero as
long as the person is not constrained, the price in our model resembles atax. However, in
our model, if g, >0, there would be arange of the price where there is neither again nor
aloss of having a positive price. This holds as long as both persons are constrained. Then
afurther increase in q that results in the quantity constraint being relaxed for one type of
person leads to a decrease in welfare due to the deadweight-losses created by the price.
This is quite different from the optimal commodity tax result and is due to the fact that

we, as q ismarginally increased above @, come from aregime where the individuals are

constrained. Looking at eg. (13) we see that at the price J, where one type of person just
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ceases to be constrained, g'— g™ =0 and, initialy, thereisno gain in terms of slackening
the self-selection constraint. However, as we increase the price above J the compensated

price effects take on negative finite values, implying finite deadweight-losses from the
price increase and a total decrease in welfare. As the price is increased further there will

eventually be a difference between g' and g™ such that g™ >g" and an increase in
g hurts the mimicker more then person one. It is then possible that the gains from

slackening the self-selection constraint outwei ghs the deadwei ght |osses.

Proposition 5 : If g, > 0the optimum can be of one of the following types : i. Persons of
type one are not rationed in their demand for the excludable public good and a strictly
positive price on the good is desirable. Persons of type two may or may not be rationed.
ii. Both types of persons are rationed in their demand for the excludable public good and
g assumes any value in the interval {0, @} where @ is the price at which the rationing

constraint ceases to bind.

Proof : It is not possible to have an optimum at which only type one is rationed because

then, from (13), 0A/0q = ugN 2922 <0. Either type oneisnot rationed or both types are

rationed. If type oneis not rationed it follows from (14) that q is positive since the right
hand side is then negative and the compensated price derivative appearing on the left
hand side is also negative. If both types are rationed, the first order condition that

0/ /0dqg =0 holdsfor the given price interval according to proposition 3.

We note that under the conditions of the model the price is within certain limits
arbitrary. However, there is aso an administrative cost of collecting a price which in
practice will rule out indifference between a zero and a non-zero price.

Combining proposition 3 and proposition 5 we note that a regime with a price that
prevents rationing must be characterised by a price which is set discretely above the price
at which the rationing constraint ceases to bind. Let us see how this may happen.

Consider the case described in proposition 3. Departing from the price gand then

increasing the price will at first reduce efficiency as stated by proposition 3. But as q is
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increased and the g-consumption of person 1 declines a discrepancy between g'and g™

will occur. This discrepancy makes it possible to use the price q as a device for relaxing
the self-selection constraint. On the other hand increasing q will discourage the
consumption of g and distort the allocation. In order to obtain an efficiency gain from

increasing g above g, the margina benefits from softening the self-selection constraint

must not only outweigh the cost of further distortions beyond some point, but the benefits
must also outweigh the latter by a margin which offsets the initial 1oss from increasing g.
In this sense one may argue that there is arelatively weak case for regimei of proposition
5.

We may aso note that the two effects discussed above are not entirely

independent. One way that an increase in g may strongly discourage the consumption of
g by person one and thus create a discrepancy between g*and g™is through a strong

substitution effect, but this will also add to the consumption distortion and thus create a
countervailing deadweight loss.

It follows from our results that the welfare level can follow three different types
of paths as q is being increased. These are depicted in the figures la-c below. We
illustrate how the welfare of individual one changes with the level of g, keeping the
utility of person 2 constant. As q is increased beyond a certain level efficiency declines
and may never rise again (fig. 1a). For other properties of the economy efficiency may
start picking up again at some level of g, but may never fully recover, and keeping q
sufficiently low is optimal (fig. 1b). Only in the last case (fig 1c) does optimality require

astrictly positive price.

Fig. 1a



13

A
W
WO
>
Fig. 1b q
A
w
WO
— >
q q
Fig. 1c

In amathematical appendix we have derived expressions that may help us clarify further
the conditions that are conducive to the outcome illustrated in the figure 1c. Two aspects

need to be considered. Firstly, it isimportant that the first interval in which the utility is
decreasing produces a sufficiently strong declinein g* without lowering utility too
much. Itiscrucial that g* declinesto get to aposition where the slackening of the self-

selection constraint starts to dominate without sacrificing too much utility on the way.

Secondly, itisessentia to get an interval in which the utility isincreasing at a sufficient

rate. In order to get a clue about the relative changesin g* and V* we consider the case

inwhich g™ - g* =0, and obtain the following expression due to (A23) in the appendix
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1+qgy + L( qu)

l thl

m Y m
dV/ \/7 Vl Y Nl hl N2 h2)
B m Vé m gq

We note that the changein g*islarge relative to the changein utility if thereisa

(15)

strong income effect (g is large) and the labour effect is strong (- gt and - g{" are large).

We aso note that if the more skilful type isrationed ( ggz = 0) the substitution term of the
less skilful, ggl , vanishes and isimmaterial for the changein g'relative to the changein
utility. However, if g;* <0, thechangein g'islarger relative to the changein utility the
stronger the substitution effect ( ggz) of the more skilful and the weaker the substitution

effect of the less skilful ( ggl). The denominator is positive as person one has a steeper

indifference curve than the mimicker asimplied by standard assumptions. An increase in
the disposable income of person one when the grossincome isincreased, is hampered by
the fact that the utility level must not be increased above the level actually enjoyed by
person two (the self-selection constraint). Thisimpediment is stronger the flatter is the

relevant indifference curve of person two as a mimicker, i.e. the smaller is the absolute

4 Vy
valueof —'_ comparedto that of —"-.
VB VB

To examine the effect on the utility of type one as g is being increased we can make use

of the following expression due to (A20).

O V! 0
! E’+\/y1( 1-qg. )+ qgig
B 1 m 1 1,..hl 2 h2
M= - N(g —g)+q(Ng N°g ) (16)
6q/ Vv, _Vi ‘ !

Ve Vs
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Considering the expression above as consisting of two main terms, the former
term becomes positive when g increasesand g* fallsbelow g™. We note that like in (15)

the denominator is positive as person one has a steeper indifference curve than the
mimicker by standard assumptions. The latter main term is negative and reflects the
distortion due to an increase in g. In order to achieve a welfare enhancement this effect
should not be too strong while the former main term should be strongly positive. This
effect is due to the slackening of the self-selection constraint. As we see the magnitude of
the effect will depend on the fraction on the right hand side of (16). The bracketed
numerator can be interpreted as the marginal public revenue from increasing the gross
income of person one and adjusting the disposable income so that the individual stays
equally well off. The term consists of a one unit increase in grossincome, 1, minus the
increase in the disposable income required to compensate for the corresponding increase
in labour effort and allowing for the fact that increased expenditure will also raise

1

V
revenue to the extent that it is spent on g, \Tyl (1— qgé) . Thereis also an additional effect

B

to the extent that an increase in labour effort (Y) induces further consumption of g aso
raising revenue if apriceis charged, qg; .

On the whole we note that strong income and labour effects and weak
substitution effects on the demand for g* aswell as comparatively flat indifference

curves for person two as amimicker are conducive to the outcomein Fig. 1c.

We next consider the rule for the optimal quantity of public good provison. To
accomplish thiswe rewrite eg. (9) as:

Vg +(B+p)V; - pVy - up+ug(Ng; +N?g;) =0 (17)

1
Adding and subtracting PV;‘%E we obtain:
B

Vl V2 1 Vm
(Vo —oVe) o+ (B+pVG o5+ ovpie Yo up—pa(N'g, +N°gg) (18)
B

5 “Hs Ve
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Using egs. (6) and (8) we rewrite this as:

Vl VZ M VmH Vl VZH
UNT =5+ N 5+ VT S = =5 = up — (N g + N*gg) + uaiN'gs 5+ N*gg =5
vi TN T o+ SR
(19)
For an individual with consumption §' < g, g, and V, are zero. For an individual

where the constraint is binding it will be true that g will be zero. Hence, the term

VA . , .
Js V—gl will always vanish. We can therefore rewrite the expression as:
B

Vl V2 . 1 Vm
uva—zlezv—zszB é‘%-ﬁgwp-mmlg;wzgé) (20)

VA .
From section 2 we know that V—? =MRS,; —q which is zero if the person is not rationed.
B

Inserting this result and dividing through by u and rearranging we obtain:

N*MRS; - N*'q+N*MRS}, - N”q = MRT + 1 (MRSE - MRS,;) —q(N'g; + N*g?)
(21)

We now consider the interpretation of (21) under various assumptions.

Proposition 6. If g, =0 the Samuelson rule zMRS= MRT applies.

Proof: The fact that g, =0 implies that gi=g"< @2. It also implies that
MRS%,B = MRS&“B. Hence, the self-selection term in eg. (21) vanishes. From proposition

1 we know that g < g°. Suppose first that g < g< g2, i.e., that the type one individual

is not rationed. This implies that the Hicksian substitution effect is negative. It follows
from eq. (14) thatq=0. Hence, the g-terms in (21) vanishes. Suppose next that

g<g'<g®, that is, both types are rationed. Then g; =g; =1and the g-terms cancel

out. Thisimpliesthat we are left with the Samuelson rule.
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Proposition 7: If g, <0 therulefor provision of the public good takes the form:

N'MRSY, + N2MRSZ = MRT, + i’ (MRS — MRS,)

Proof: If g, <O itwill betruethat g"<g", §"<g” and (MRS} —MRS;;) <0. If at
least one of the actual persons is not rationed it follows from eq. (14) that q is zero. If

both actual persons are rationed g, = g2 =1 and the g-terms will cancel out. Hence, the

g-terms will aways disappear from the expression. However, the self-selection term
remains.

Proposition 8: If §, >0 the following regimes are possible
)] Persons of type one and the mimicker are not rationed (q>Qas defined in

Propostion 5), and persons of type two are rationed. The public provision rule has
theform N*MRSZ, = MRT;.

i) Persons of type one are not rationed (g=q ), while the mimicker and persons of
type two are rationed. The public provision rule has the form
N*MRSZ = MRT; + 1" (MRS}, —0).

i) Persons of both types and consequently the mimicker are rationed (q<q). The
public provision rule has the form
N'MRS,; + N’MRSS, = MRT, + " (MRS}, - MRS

iv) No type is actually rationed (g >7q). Only the mimicker is rationed. The public
provision rule has the form

N'MRS., + N2MRSZ = MRT, + i’ (MRS — MRSL) .

The last case is a specia one. Since g < max{g"*,g°}, this case emerges only if we have

the very special coincidence that §* = g* =g. Then there can only be a loss from

increasing g. However, it is possible to reduce g by one unit, which will imply that both

types of persons and the mimicker have to reduce consumption by one unit, and the
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production cost is reduceda. Optimality requires that there is no net from such a cutback
as prescribed by the optimality condition above.

The intuition for the results above is pretty straightforward in most cases. Thereis a gain
from deviating from the Samuelson rule if by doing so one succeeds in relaxing the self-
selection constraint. This will happen if the low-ability person and the mimicker behave
differently and can be discriminated between. If the mimicker, enjoying more leisure, has
a lower margina vauation of g as in Proposition 7, the public good should be
oversupplied compared to the Samuelson rule. Suppose that departing from the
Samuelson optimum, an additional unit of g is supplied. The high- and low-ability
persons are charged through their tax liabilities to be left equally well off. Then the
mimicker is made worse off as his lower valuation of g does not compensate for the tax
increase. Mimicking is being deterred. However, if the mimicker’s valuation exceeds that
of the low-ability person the mimicker will gain from atax-paid increase in g, but will be
made worse off if g is decreased. Hence g should be undersupplied relative to the
Samuelson rule as prescribed by Proposition 8 ii-iv.

If they have the same valuation of g, asin Proposition 6, a change in the supply of
g and compensating tax changes will not discriminate between the two. Nothing can be
gained by deviating from the Samuel son rule as stated by Proposition 6.

A specia case arises when the low-ability type is not rationed. Then an increase
in the provision of g will not affect the consumption of this type and the sum of marginal
benefits of increasing g is equal to the sum taken solely across type two individuals. If the
low ability type and the mimicker are both left unaffected by an increase in g, no
discrimination of the mimicker can be achieved, we have a special case of the Samuelson
rule asin case i of Proposition 8. If relaxing the mimicking constraint is possible case ii

gives us a specia caseiii in Proposition 8.

8 Mathematically the g-function is not differentiable at g as a kink arises when the demand function hits the
rationing constraint.
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4. Excludable inter mediate public good
We shall consider the same two-type, asymmetric information model as above with the
following qualifications. An excludable public good is used as an intermediate good in
the production sector, but there is no public good in the consumption bundle.

There are two consumer goods. We assume that each good is being provided by

producers each producing a fixed quantity normalised to unity. Letc be the labour cost in

efficiency units per unit output of commodity i. Thisunit cost is assumed to be a function
of the amount of the public good being used in the production of that commodity. The
idea is that the use of the public good makes production more efficient and economizes
on the use of Iabour.EI

Assuming that each producer has a fixed output is a ssmplifying assumption. If a
producer could make any acquired amount of g available at no further cost to al parts of
the production, there would be economies of scale in production. Concentrating
production would economise on the cost of acquiring the public good. However, there
may be other disadvantages from having large production units, but with the cost of
acquiring g still being one determinant of the optimum size. We do not want to model
these various factors, which would take us far beyond the focus of our discussion. We
observe that there are sectors with many producers making use of public goods in their
production, and we want to consider such a setting without modeling too many details of
the production structure.

The producer will minimize the unit cost of production including the cost of
acquiring g, , ¢ (g, )+ g,q, implying that
—G=d. (22)
The cost saving at the margin is equated to the price, or the producer may be rationed
such that
-¢(g)>qand g =g, i=12 (23)

Neglecting the public input we would have the standard two-type, non-linear

income tax model with two consumption commodities. (See for instance Edwards et al.

% An alternative perspective would be to assume that the effect of g is to raise the quality of the goods being produced rather than to
lower their production cost. Essentially this is the same thing because producing higher quality at the same cost can be perceived as
producing alarger amount at the same cost, which is equivalent to alower cost per unit.
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(1994)). We know that in general efficiency can be improved (a Pareto improvement can
be achieved) by supplementing the income tax with commodity taxes (Christiansen
(1984), Edwards et a. (1994)). Let us assume that such commodity taxes are in place,
and let t, denote the unit tax imposed on commodity i, and let p. be the consumer price.
Under competitive, free-entry conditions the equilibrium market price equas the
producers’ marginal and unit cost which consist of the production cost ¢ (in terms of
efficiency labour units), the cost of buying the required input of the public good (giq)
and the tax.

p=c(g)+ga+t (24)

The Pareto efficiency problem can then be formulated as

male(Bl,Yl, P, pz)
W.r.t.

Bl!Yll leYzagltlltzaq

st
v2(B2,Y?, p, p, )2V’ (25)
v2(B2,Y%,p,, p,)2V"(BLYZ, b, p,) (26)
NV = BY)+ N?(Y2 = B2 )+t,x, +1,X, +0,0% + g,0%, —g =0 27)
p =c(g)+ga+t i=12 (28)
-cd(g)=qand g <g,i=12 (29)

or -c¢(g)>qand g =g, i=12.
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A necessary condition for a Pareto efficient allocation is that it is impossible to use the
instruments of the government in such a way that both types of persons are kept equally
well off while the government revenue is increased. If that were possible the additional
revenue could be used to increase the disposable income of the high-skilled person. The
self-selection constraint would not be violated and a Pareto improvement would be
obtained.

To derive such necessary conditions let us do the following exercise. We consider
changesin g and g. At the same time we keep the gross and net incomes of both types of
persons unchanged and adjust the commodity taxes in such a way that the consumer
prices of both goods remain the same. Then obviously both types of persons stay equally
well off, the mimicking constraint remains satisfied and demand for the consumer goods
is left unchanged. Pegging the consumer prices at fixed values p, and p,, the

commodity taxes are restricted by
c(9)+gq+t =p, i=12 (30)

The necessary adjustments in response to changesin g and g are given by

dt , dg,

— =—(c + —~ . 31
T (& q)dq g, (31)
=—dq @)
dg

Let us then explore how the government revenue is affected by changing g and g subject
to the constraint imposed above. Taking net and gross incomes and hence the income tax
revenue as fixed we focus on the revenue from g and commodity taxes

R= t1X1 +t2X2 +09,% td9,X, —9g (33)

We differentiate with respect to q and then insert the expressions for commodity tax

changes derived above to obtain
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R d

—dq=x1dt$ dé+91xl+gzxz+qx1 gl+qxz—
! dgl ! d92

=x(-c -g)—2- +Xx,(-c. —g)—=

x,(-¢ q)dq g% +X,(-¢c; -q) i

d d
_92X2+91X1+ gzxz'*'qxld_gql'l'qxzdiq2

dg  dg
2 =0 or q’:o (34)

Either the producer is not rationed and the price q is zero or the producer is rationed.

The optimum amount of g is characterised by the first order condition

dR _ dty dg, . rx, dt, dngqu1 91+qX2 dg, _,

dg ‘dg, dg °dg, dg dg
1 dg; 49, dg, dg,
=xl-cd-g)=+x(-c —-g)—=2+ — +0ox, —=-1
x(-¢ q)dg X(-¢, Q)dg Py g
= Clxl szz -1=0,
which i |s equwal ent to
99, (35)

01X1 — T CX, d_g =
We know that g=0 or producers are rationed. If g=0 and there is no rationing also ¢ =0

and (35) does not hold. Producers in both sectors are rationed, or one producer is rationed

and one producersis at a satiation point where ¢ =0. For arationed producer % =1.
g

We can conclude that
—CX —CX, = (36)

which holds with at |east one rationed producer.
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We note that the gain from using an extra unit of g in the production of good i is a cost
saving per unit equal to —c.'. The total cost saving at an output level xisthen —c 'x .
The sum of marginal benefits is then equal to the left hand side of (36). The right hand
side is the marginal cost of providing g, so (36) is the Samuelson rule for an intermediate
public good. We can conclude that the Samuelson ruleis valid.

Proposition 9: Producers using the intermediate public good as input should face a zero

price. Producers in both sectors are rationed ( g, =g) or there is rationing in one sector and

satiation with respect to the public good in the other. The optimum supply of the
intermediate public good is the amount which yields production efficiency in the first
best sense.

If for some reason the desirable commodity taxes are not available there may be a case
for achieving some of the same effect through a policy that violates production
efficiency. Suppose it is desirable to increase the price of a commodity, and imposing a
tax is not feasible. Then by making production in that sector less efficient, the price can
be increased, but at the expense of production efficiency. However, we shall refrain from
further analysis of such aregime.

5. Concluding remarks

We have used the Stiglitz-Stern model to study the respective conditions under which it is
useful or harmful to set a positive price on a publicly provided excludable public good.
As in the optimal commodity tax literature we find that the potential role of apriceisto
discourage the high-skilled person from mimicking. Therefore, whether the price
instrument should be used or not hinges on how the valuation of the public good depends
on the amount of leisure which is the only feature of consumption distinguishing the
high-skilled mimicker from the low-skilled persons. We first consider the case where the
excludable public god is a final consumer good. We find that only if the demand for the
excludable public good increases with the amount of leisure can it be gainful to use the
price instrument. The reason why it may be gainful in this case is that the mimicker has a

larger consumption of the excludable public good and is hurt more than a low-skilled
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person by a price on the public good. As such thisis not a surprising result. However, the
positive leisure impact is not a sufficient condition for this outcome. Only if the demand
for the excludable public good increases in leisure and the optimum is such that the low-
skilled person is not rationed is it desirable to set a positive price on the public good. A
finding which is somewhat surprising on intuitive grounds is that even when a strictly
positive price is optimal, introducing a positive but too low price may be harmful
compared to charging no price at al (even when we neglect the administrative cost of
charging a price). We also characterize how the Samuelson rule is modified depending
on how the demand for the public good varies with the amount of leisure.

We have studied the case where the excludable public good is an intermediate
good in a framework where optimal commodity taxes on the consumer goods are
available. Given the optimal use of these instruments we find that nothing can be gained
by using the quantity of the public good or the price on the public good for deterring
mimicking. The rule for determining the quantity of the public good implies production
efficiency.

When a public good is excludable private firms could provide the good. Such
provision has been studied in Brito and Oakland (1980) and Burns and Walsh (1981).
They study the case where there is a natural monopoly. Oakland (1974) studied the case
where the provision is from firms operating under conditions of perfect competition. Both
forms of provision involve inefficiencies. In the monopoly case we know that the
guantity in general tends to be too low. In the case with perfect competition the fact that
there must be a large number of firms means that the public good will not be produced
under conditions that take full advantage of the fact that it is a public good. However,
also the public provision scheme involves inefficiencies. It would therefore be of interest
to compare public provision and provision from private firms. However, we leave that for

future research.
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Appendix

In order to investigate the effects of changing q we need to explore how the key
variables are affected. Combining (2) and (3) we can rewrite the binding self-selection
constraint as
vV™(BYY'q,0)=V? (A1)
The utility of person oneis
V(B! Y q,g) =V* (A2)
Differentiating these two equations keeping g constant and using Roy’ s identity we get
-V"g"dg +V"dB +\,"dY! =0 (A3)

~Vigidg +VidB +VidY! = dv* (A4)



26

Further manipulations yield

dB' = —zYm dy' +g™dg (A5)
B
and
& dv?
-g'dg+dB'+-XdY'= (A6)
Vo Ve

Plugging (A5) into (A6), we get

A VA Vg dv?
-g'dg+gTdg-—L-dY'+-LdY' =

A7
Ve Ve Vg a

and moreover

m Vl -1 m Vl _1dVl
dyt=oy _ Yy m_ ol g 4+ Oy — VY A8
Vv ek -G #9)

All the expressions in parentheses are positive by the assumptions that have been made.

When q is being increased and we are in the interval in which V'is declining, it follows
that Y* increases.

Let us then explore the effect on g*. Letting el(q,Yl,Vl) be the expenditure
function, we can write the demand for g'as

g(B*, Y%, a)=g*(e*(a Y- V*) Y 0)= g™ (@ Y V). (A9)
Differentiating the function we get
dg' = g¢'dg+gy'dY* + gpe;dv? (A10)

Using the fact that €, =1/V, and inserting the expron for dY*from (A8), we get

1dVl , dv?t
All
Vm Vl( g )jq Vm Vl gY V1 gB VB]_ ( )

Ve Ve Ve Ve

dg* = g/'dg - gy*

According to (A10) there are three effects on the g-consumption. There is a negative
substitution effect when q increases. There is an effect from the increased labour supply
(increase in Y') which is also negative if the compensated effect of increasing Y* (like
the uncompensated effect) is to discourage the demand for g. Finaly, there is, under the

same assumption, a negative effect from the loss of real income (utility).
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Let us then consider in further detail how the utility of type one changes when qis being

increased. We can invoke the Envelope Theorem by which the effect can be derived from

the Lagrange function. Assuming that, for any value of g, an optimal policy in other

respectsis being pursued, we know by the Envelope Theorem that

Vi _on (A12)
oq  dq

which has been expressed by (13). To eliminate Lagrange multipliers we use (6) and (7)

to solvefor pand u to get :

0 0 vl O
vy =vid- LNt - a0l )o= i B - NHL- a0} ) (A13)
Il VB [l OM U
W W H
1 m 1
= Ve B’va : (A14)

which yields
Vm

yi o Lrag+on -qg})

b - Vs (A15)
NV Y

A VBl
implying that
Al Al %

v 1+qg§+vym(1—qgé)-vym(1—qgls)+vyl(1-qgé)

5 —(1-qg)= g B B (A16)
N-u v,V

V& Ve
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Vl
L+ag; + (- ag;)
B
m 1
vy Yy
AU V/s

Employing (13) and (A13) we get

on _ v "
— S UE>- Nl(l—qgé)ag ~g')+qu(N'g™ + N2g"?), (A17)
09 M O
which we can rewrite as
a/\ l|:|VI;L 1 m 1 1.,h1 2 h2
— /U=N -0-qg; JAg™ -9 )+aglN‘g." +N“g. ") . (A18)
Oq/ % ( B)g ) ( q q )
Making use of (A16) we get

O v! O

A+ (gl )+agl 0
GA - E VB Nl gm_gl)+q(nghl+N29h2) . (AZO)
aq E_Viyl q q

VBm Vé

Starting from (A12) and multiplying both sides of (A20) by u taken from (A14) we have
that

& \VALRVE
o Lrag o -ag) N
— B m_ 1 = B B 11 2.h2
o= e (g™ -g*Jda+— - a(Ng! + N?g" kg
Ve 1+ 1+VL 1-qg: N 14 -qgat
agy Vi ag: 1+qu+Vm ags
B B
(A21)

Let us then consider the ratio between the changein g* and the changein utility

denominated in income units (dV*/V,). Combining the equation above and (A11), we
get
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dg* = gh Ve dg-gn L Viom-gY)
dvi/vy T av? Y

1
dg-——gM+gt. A22
VYm _VYl dV]_ q VYm _VY]_ gY gB ( )

Vo' Vs %

Consider the caseinwhich g™ —g* =0. Then

(A23)

Vm
1+qg;, +VYm(1-qgé)
7O + 0 +gg N’ °

dg* __ 1

avi/ V"V 4 m \/L '

VRN v e nr)
B B

VARV,
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