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Abstract. We propose a sound approach to bandwidth selection in nonparametric ker-
nel testing. The main idea is to find an Edgeworth expansion of the asymptotic distribution
of the test concerned. Due to the involvement of a kernel bandwidth in the leading term
of the Edgeworth expansion, we are able to establish closed—form expressions to explicitly
represent the leading terms of both the size and power functions and then determine how
the bandwidth should be chosen according to certain requirements for both the size and
power functions. For example, when a significance level is given, we can choose the band-
width such that the power function is maximized while the size function is controlled by the
significance level. Both asymptotic theory and methodology are established. In addition,
we develop an easy implementation procedure for the practical realization of the established

methodology and illustrate this on two simulated examples and a real data example.
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1. Introduction

Consider a nonparametric regression model of the form
Yi=m(X;)+e, i=1,2,...,n, (1.1)

where { X} is a sequence of strictly stationary time series variables, {e;} is a sequence
of independent and identically distributed (i.i.d.) errors with Efe;] = 0 and 0 <
Ele?] = 0% < 0o, m(-) is an unknown function defined over IR? for d > 1, and n is
the number of observations. We assume that {X;} and {e;} are independent for all
1<i<j<n.

To avoid the so—called “curse of dimensionality” problem, we mainly consider
the case of 1 < d < 3 in this paper. For the case of d > 4, various dimension
reduction estimation and specification methods have been discussed extensively in
several monographs, such as Fan and Gijbels (1996), Hart (1997), Fan and Yao (2003),
Gao (2007), and Li and Racine (2007).

There is a vast literature on testing a parametric regression model (null hypoth-
esis) versus a nonparametric model, especially for the case of i.i.d. X;’s (random or
fixed design case). Many goodness-of-fit testing procedures are based on evaluating
a distance between a parametric estimate of the regression function m (assuming the
null hypothesis is true) and a nonparametric estimate of that function. Among the
popular choices for a nonparametric kernel estimator for m are the Nadaraya-Watson
estimator, the Gasser-Miiller estimator and a local linear (polynomial) estimator.
Earlier papers following this approach of evaluating such a distance include Héardle
and Mammen (1993), Weihrather (1993) and Gonzalez-Manteiga and Cao (1993),
among others. Hérdle and Mammen (1993) consider a weighted Lo-distance between
a parametric estimator and a nonparametric Nadaraya-Watson estimator of the re-
gression function. The asymptotic distribution of their test statistic under the null
hypothesis depends on the unknown error variance (the conditional error variance

function). Weihrather (1993) instead uses a Gasser-Miiller nonparametric estimator
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in the fixed design regression case, divides by an estimator of the error variance and
considers a discretized version of the Lo-distance. Gonzélez-Manteiga and Cao (1993)
also consider the fixed design regression case but rely on minimum distance estimation
of the parametric model, seeking for minimizing a weighted Lo-type distance between

the parametric model and a pilot nonparametric estimator.

Another approach to the same testing problem is introduced in Dette (1999) who
focusses on the integrated conditional variance function, and uses as a test statis-
tic the difference of a parametric estimator and a nonparametric (Nadaraya-Watson
based) estimator of this integrated variance. It is shown that this estimator (asymp-
totically) corresponds to test statistics based on a weighted Lo-distance between a
parametric and nonparametric estimator of the regression function, as in the above
mentioned papers, using an appropriate weight function in defining the Ls-distance.
Dette (1999) studies the asymptotic distribution of the test statistic under fixed alter-
natives. Such kind of alternatives are to be distinguished from the so-called sequences
of local alternatives, where the difference between the regression function under the
alternative and the one under the null hypothesis depends on the sample size n and

decreases with n. The latter setup is the one considered in our study.

The above papers and several more recent goodness-of-fit tests (see for example
Zhang and Dette (2004) and references therein) have in common that they rely on
nonparametric kernel type regression estimators and that the resulting test statis-
tics are of a similar form (at least in first-order asymptotics), and all depend on a
bandwidth parameter. The choice of the bandwidth parameter in such goodness-of-fit
testing procedures is the main concern in the present paper. Roughly speaking one
can distinguish in the literature two approaches to deal with this bandwidth parame-
ter choice in nonparametric and semiparametric kernel methods used for constructing
model specification tests for the mean function of model (1.1). A first approach is to
use an estimation-based optimal bandwidth value, such as a cross—validation band-

width. A second approach is to consider a set of suitable values for the bandwidth



and proceed further from there.

Existing studies based on the first approach include Hardle and Mammen (1993)
for testing nonparametric regression with i.i.d. designs and errors, Hjellvik and
Tjostheim (1995), and Hjellvik, Yao and Tjgstheim (1998) for testing linearity in
dependent time series cases, Li (1999) for specification testing in econometric time
series cases, Chen, Hardle and Li (2003) for using empirical likelihood—based tests,
Juhl and Xiao (2005) for testing structural change in nonparametric time series re-
gression, and others. As pointed out in the literature, such choices cannot be justified
in both theory and practice since estimation—based optimal values may not be optimal

for testing purposes.

Nonparametric tests involving the second approach of choising either a set of
suitable bandwidth values for the kernel case or a sequence of positive integers for
the smoothing spline case include Fan (1996), Fan, Zhang and Zhang (2001), and
Horowitz and Spokoiny (2001). The practical implementation of choosing such sets
or sequences is however problematic. This is probably why Horowitz and Spokoiny
(2001) develop their theoretical results based on a set of suitable bandwidths on
the one hand, but choose their practical bandwidth values based on the assessment
of the power function of their test on the other hand. Apart from using such test
statistics based on nonparametric kernel, nonparametric series, spline smoothing and
wavelet methods, there are test statistics constructed and studied based on empirical

distributions. Such studies have recently been summarized in Zhu (2005).

To the best of our knowledge, the idea of choosing the appropriate smoothing
parameter such that the size of the test under consideration is preserved while max-
imizing the power against a given alternative was only first explored analytically by
Kulasekera and Wang (1997), in which the authors propose using a nonparametric
kernel test to check whether the mean functions of two data sets can be identical in
a nonparametric fixed design setting. In some other closely related studies, various

discussions have been given on the comparison of power values of the same test at
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different bandwidths or different tests at the same bandwidth. Such studies include
Hart (1997), Hjellvik, Yao and Tjgstheim (1998), Hunsberger and Follmann (2001),
and Zhang and Dette (2004). The last paper compares three main types of nonpara-
metric kernel tests proposed in Hérdle and Mammen (1993), Zheng (1996), and Fan,
Zhang and Zhang (2001).

On the issue of size correction, there have recently been some studies. For example,
Fan and Linton (2003) develop an Edgeworth expansion for the size function of their
test and then propose using corrected asymptotic critical values to improve the small—
medium sample size properties of the size of their test. Some other related studies
include Nishiyama and Robinson (2000), Horowitz (2003), Nishiyama and Robinson
(2005), who develop some useful Edgeworth expansions for bootstrap distributions of
partial-sum type of tests for improving the size performance.

The current paper is motivated by such existing studies, especially by Kulasek-
era and Wang (1997), Fan and Linton (2003), Dette and Spreckelsen (2004), and
Zhang and Dette (2004), to develop a solid theory to support a power function—based
bandwidth selection procedure such that the power of the proposed test is maximized
while the size is under control when using nonparametric kernel testing in parametric
specification of a nonparametric regression model of the form (1.1) associated with
the hypothesis form of (1.2) below.

To state the main results of this paper, we introduce some notational details. The

main interest of this paper is to test a parametric null hypothesis of the form

Ho: m(x) = my,(x) versus a sequence of alternatives of the form

Hy: m(x) = mg, () + Ay(x) forall x € RY, (1.2)

where both 6y, 6 € © are unknown parameters and © is a parameter space of IRP,
and A,(z) is a sequence of nonparametrically unknown functions over IR?. With
A, (x) not being equal to zero, the function mg, (z) in H; is in fact the projection of

the true function on the null model.



Note that m(z) under H; in (1.2) is semiparametric when {A,(z)} is unknown
nonparametrically. Note also that instead of requiring (1.2) for all x € IR?, it may be
assumed that (1.2) holds with probability one for x = X;. Some first—order asymptotic
properties for both the size and power functions of a nonparametric kernel test for the
case where A, () = A(+), corresponding to a class of fixed alternatives (not depending
on n), have already been discussed in the literature, such as Dette and Spreckelsen
(2004). This paper focuses on studying higher—order asymptotic properties of such
kernel tests for the case where {A, ()} is a sequence of local alternatives in the sense
that lim,, .., A,(z) = 0 for all z € IRY.

Let K(-) be the probability kernel density function and h be the bandwidth in-
volved in the construction of a nonparametric kernel test statistic denoted by T, (h).
To implement the kernel test in practice, we propose a new bootstrap simulation
procedure to approximate the 1 — a quantile of the distribution of the kernel test
by a bootstrap simulated critical value l,. Let a,(h) = P (fn(h) > la|H0) and
Bn(h) = P (fn(h) > la|H1) be the respective size and power functions. In Theo-

rem 2.2 we show that

an(h) = 1=l — 50) — in (1= (la — 50)%) @(la — 50) +0 (VAI),  (13)
Bu(h) = 1=0(lo—10) = kin (1= (la = 70)) 6(la — 1) + 0 (VRi),  (1.4)

where s, = p1 VhY, r, = pa n 52 Vhi, k, = p3s Vhi, and ®(-) and ¢(-) denote
respectively the cumulative distribution and density function of the standard Normal
random variable, in which all p;’s are positive constants and §2 = [ A2(z)7*(z)dz
with 7(-) being the marginal density function of {X,}.

Our aim is to choose a bandwidth hey such that 3,(hew) = maxpem, (o) Bn(h)
with H,(a) = {h : @ — cmin < an(h) < @ + cpin} for some small 0 < cpin < .
Our detailed study in Section 3 shows that he, is proportional to (n (5721)7%. Such
established relationship between §,, and h., shows us that the choice of an optimal

rate of he, depends on that of an order of J,,.
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If 9,, is chosen proportional to n_% for a sequence of local alternatives under H;,
then the optimal rate of h., is proportional to n_ﬁ, which is the order of a nonpara-
metric cross—validation estimation—based bandwidth frequently used for testing pur-
poses. When considering a sequence of local alternatives with 4, = O (n_%\/m)
being chosen as the optimal rate for testing in this kind of kernel testing (Horowitz

and Spokoiny 2001), the optimal rate of hey, is proportional to (loglogn)ﬁ%.

The rest of the paper is organised as follows. Section 2 points out that existing
nonparametric kernel tests can be decomposed with quadratic forms of {e;} as leading
terms in the decomposition. This motivates the discussion about establishing Edge-
worth expansions for such quadratic forms. In Section 3, we apply the Edgeworth
expansions to study both the size and power functions of a representative kernel test.
Section 4 presents several examples of implementation. Some concluding remarks
are made in Section 5. Mathematical assumptions and proofs are provided in the

appendix.

2. Nonparametric kernel testing

As mentioned in the introductory section, various authors have discussed and
studied nonparametric kernel test statistics based on a (weighted) Lo—distance func-
tion between a nonparametric kernel estimator and a parametric counterpart of the
mean function. It can be shown that the leading term of each of these nonparametric
kernel test statistics is of a quadratic form (see, for example, Chen, Hardle and Li

2003)

Pa(h) =% e w(Xi)Ln(Xi — Xj)w(X;) e, (2.1)
i=1j=1
where L () = n%/hde (ﬁ), L(z) = [ K(y)K(x + y)dy, and w(-) is a suitable weight

function probably depending on either 7(-), o%(-) or both, in which K(-) is a prob-
ability kernel function, h is a bandwidth parameter and both are involved in a non-

parametric kernel estimation of m(-) .



In this paper, we concentrate on a second group of nonparametric kernel test
statistics using a different distance function. Rewrite model (1.1) into a notational
version of the form under H,

Y = mg,(X) +e, (2.2)

where X is assumed to be random and 6 is the true value of 6§ under Hy. Obviously,
Ele|X] = 0 under H,. Existing studies (Zheng 1996; Li and Wang 1998; Li 1999; Fan
and Linton 2003; Dette and Spreckelsen 2004; Juhl and Xiao 2005) propose using a

distance function of the form

E[eE (e|X)n(X)] = E [(E*(e] X)) m(X)], (2.3)

where () is the marginal density function of X.
This suggests using a normalized kernel-based sample analogue of (2.3) of the

form
X, — X;
e 8 o (5)

i=1 j=1,%#1

where 02 = 22 vy [ K?(u)du with py = Ele?] for k > 1 and v, = E[x!(X;)] for [ > 1.

(2.4)

It can easily be seen that T,,(h) is the leading term of the following quadratic form

Qu(h) = m/hid%znj > K(X;XJ> ;. (2.5)

i=1j=1

In summary, both equations (2.1) and (2.5) can be generally written as

Rn(h) = ize, ¢n(Xi7Xj) €j7 (26)

=17=1

where ¢,(+,-) may depend on n, the bandwidth A and the kernel function K.

Thus, it is of general interest to study asymptotic distributions and their Edge-
worth expansions for quadratic forms of type (2.6). To present the main ideas of
establishing Edgeworth expansions for such quadratic forms, we focus on 7,,(h) in the

rest of this paper. This is because the main technology for establishing an Edgeworth
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expansion for the asymptotic distribution of each of such tests is the same as that for
T.(h).
Since T),(h) involves some unknown quantities, we estimate it by a stochastically

normalized version of the form

N Xi—-X;\ -
-~ B D1 210 G K( h J) €j

T,(h 2.7

(1) A , 2.)

where & = Y; — mg(X;) and 62 = 203 v, [ K*(u)du with fiy = =37, and

Uy = %Z?Zl 72(X;), in which 0 is a \/n—consistent estimator of #y under Hy and

7(r) = L3 | K (%) is the conventional nonparametric kernel density estima-
nbd, =1 bev

tor with bey being a bandwidth parameter chosen by cross—validation (see for example
Silverman 1986).
Similarly to existing results (Li 1999), it may be shown that for each given h

To(h) = To(h) + op (V) . (2.8)

Thus, we may use the distribution of T,,(h) to approximate that of T, (h). Let I
(0 < o < 1) be the 1 — a quantile of the exact finite-sample distribution of T}, (k).
Because [¢ may not be evaluated in practice, we therefore suggest choosing either
a non-random approximate a—level critical value, [,, or a stochastic approximate

a-level critical value, ¥ by using the following simulation procedure:

o We generate Y;* = my(X;) + \/Jiz € for 1 <14 < n, where {e;} is a sequence of
i.i.d. random samples drawn from a pre-specified distribution, such as N(0,1).
Use the data set {(X;,Y;") : i =1,2,...,n} to estimate 6 by 0* and compute
T.(h). Let I, be the 1 — a quantile of the distribution of

L Spas K (B &

nvhd &% ’

(X,) and 372 = 27152 Dy [ K2(u)du with fij = £ S0 &2,

=1 "1

T:(h) = (2.9)

% * .
where e; = Y;" —mg,

In the simulation process, the original sample &, = (X1, -+, X,,) acts in the

resampling as a fixed design even when { X} is a sequence of random regressors.
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e Repeat the above step M times and produce M versions of f,ﬁf(h) denoted
by f’;{m(h) for m = 1,2,...,M. Use the M values of ’_ZA’;m(h) to construct
their empirical distribution function. The bootstrap distribution of if(h) given
W, = {(X,,Y;) : 1 <i <n}isdefined by P* (f;(h) < :zc) =P (f;(h) < :B\Wn>
Let I¥ (0 < a < 1) satisfy P* (fj(h) > l;) = « and then estimate [, by .

Note that both I, = l,(h) and [} = I*(h) depend on h. It should be pointed out
that the choice of a pre—specified distribution does not have much impact on both
the theoretical and practical results. In addition, we may also use a wild bootstrap
procedure to generate a sequence of resamples for {e}}.

Note also that the above simulation is based on the so—called regression bootstrap
simulation procedure discussed in the literature, such as Li and Wang (1998), Franke,
Kreiss and Mammen (2002), and Li and Racine (2007). When X; = Y;_;, we may
also use a recursive simulation procedure, commonly-used in the literature. See for
example, Hjellvik and Tjgstheim (1995), and Franke, Kreiss and Mammen (2002).

Since the choice of a simulation procedure does not affect the establishment of our
theory, our main results are established based on the proposed simulation procedure.
We now have the following results in Theorems 2.1 and 2.2; their proofs are provided

in the appendix.

Theorem 2.1. Suppose that Assumptions A.1 and A.2 listed in the appendiz hold.
Then under H,

PY(Ty(h) < z) = P(To(h) < )| = O (Vi) (2.10)

sup
zeR!

holds in probability with respect to the joint distribution of W,, and
P (Ty(h) > I}) = a+ 0 (Vhi). (2.11)

For an equivalent test, Li and Wang (1998) establish some results weaker than
(2.10). Fan and Linton (2003) consider some higher—order approximations to the size

function of the test discussed in Li and Wang (1998).
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For each h we define the following size and power functions
an(h) = P (Tu(h) > la[Ho) and B, (h) = P (Tu(h) > la|H:). (2.12)

Correspondingly, we define (o (h), 85 (h)) with I, replaced by [7.

Before we discuss how to choose an optimal bandwidth in Section 3, we give
Edgeworth expansions of both the size and power functions in Theorem 2.2 below.
In order to express the Edgeworth expansions, we need to introduce the following

notation. Let ) ,
N (Mgfhd(o) + 4.U§V3 K(3)(0))

3
On

Ko = , (2.13)

where v, = E[r'(X1)] = [7*(2)dr, and K®)(-) is the three-time convolution of

K(-) with itself.

Theorem 2.2. (i) Suppose that Assumptions A.1 and A.2 listed in the appendiz
hold. Then

an(h) = 1=y —8,) — kn (1= (lo — Sn)
ap(h) = 1=(% —52) — i (1= (I3 = 50)?) 61— sn) +0(

no

N~—
<
—

S~
Q

|

¥
3
N—

-

Q

/N

hold in probability with respect to the joint distribution of W,, where ®(-) and ¢(-)
are the probability distribution and density functions of N(0,1), respectively, and

$n = Co(m)Vhe with
() () (25)])” ()
\/21/2 [ K2(v)dv

(ii) Suppose that Assumptions A.1-A.3 listed in the appendiz hold. Then the

—

x)dx
C()(Wl) =

following equations hold in probability with respect to the joint distribution of W,:

Bulh) = 1=l —70) = Fin (1= (Il = 10)?) @l —0) + 0 (VA), (2.16)
Bi(h) = 1=l —rn) = rp (1= (15 —710)%) (I, — 1) + 0 (VA
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where r, =n C2 Vhe, in which

co_ M) @)da

= . 2.18
0'2\/2V2 [ K2(v)dv (218)

Assumption A.2 implies that the random quantity Cy(m) is bounded in probabil-
ity. As expected, the rate of 7, depends on the form of A, (-).

To simplify the following expressions, let z, be the 1 — a quantile of the standard

normal distribution and d; = (22 — 1)¢; for j = 1,2, where
AK®(0) 3 3K%(0
AT Opvs g e, = HaEO) (2.19)

3 3
303 oo

C1 =

Let dy = d; — Cy(m). A corollary of Theorem 2.2 is given in Theorem 2.3 below.

Theorem 2.3. Suppose that the conditions of Theorem 2.2(i) hold. Then under
Ho

1
~ d . K
lo &= 24+ dyVhe+dy i in probability, (2.20)
1
I}~ zq+doVhe+dy in probability. (2.21)

v

Theorem 2.3 shows that the size distortion of the proposed test is dovV h? 4 dy —

nVhd

when using the standard asymptotic normality in practice. A similar result has been

obtained by Fan and Linton (2003). We show in addition that the bootstrap simulated

critical value is approximated explicitly by z, + doV h¢ + do m}}Td'

As the main objective of this paper, Section 3 below proposes a suitable selection
criterion for the choice of h such that while the size function is appropriately con-
trolled, the power function is maximized at such h. A closed—form expression of the

power function—based optimal bandwidth is given.

3. Power function—based bandwidth choice
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We now employ the Edgeworth expansions established in Section 2 to choose a
suitable bandwidth such that the power function 3,(h) is maximized while the size
function «,(h) is controlled by a significance level. We thus define

New = arghr%a%()ﬁn( ) with H,(a) ={h: o —cmm < an(h) < @+ cmn} (3.1)
e n

for some arbitrarily small c;;, > 0.
We now start to discuss how to solve the optimization problem (3.1). It follows
from (2.13) and (2.19) that
\/W 12 K2(0) + 4;1,§V3K(3) 0
( nhe 3 3 ()>:cl \/hd+02

0y, n

Ry =

(3.2)

Let x = Vhe. We rewrite k, as k, =c; z +co n~ ' 271 Let v, = (22 — 1)k,

lo—1n = za—i—'yn—rn:za—i—(dl—nC,%)ac—i-dz;x*lEza+d3w+d4w*1, (3.3)
lo—Sn R Za+n—5n~ 2o+ (dy —Co(m))x+ds 7 =20 +do z+dy 271, (3.4)

where do = d1 - C()(m), d1 = (Zi - ].)Cl, d3 = d1 —n Og and d4 = C9 (Zg{ - 1) n 1
Note that lim,, . dy = 0. Since Assumption A.3 implies that lim, .., n C? = +o0,
we thus have

lim d3 = —oo when lim n C? = +oo. (3.5)

n—oo n—oo
Due to this, we treat ds as a sufficiently large negative value when n C? is viewed
as a sufficiently large positive value in the finite—sample analysis of this section.
Ignoring the higher—order terms (i.e. terms of order o(x + n~'z~!) or smaller),

we now re—write the power and size functions 3, (h) and «,(h) simply as functions of

x = Vhe as follows:

— ®(lo = 10) = fn (1= (la = 70)") d(la —70)

— B(2 + d3z + daz ) — (clx + an_ll‘_l)

( — (20 + dsz + daz™)?) ¢ (20 + dsz + daz ™) = B(a), (3.6)
an(h) = 1 =3y —5,)—fn (1= (I — 52)?) ¢(la — 5)

Bn(h)

%

Q

X
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~ 1—®(zo +dor + d4x*1) — <C1m + Canlel)
X (1 — (20 + doz + d4x_1)2) o) (za + doz + d4x_1> = a(x). (3.7)
Our objective is then to find xey = /A<, such that

Tew = arg mgla)((a)ﬂ(x) with H,(a) ={r: a—cnm < @(z) < @+ cmin}, (3.8)

where iy, is chosen as cyin = §; for example. Finding roots of f'(z) = 0 implies that

the leading order of the unique real root of the equation is given approximately by

2 _1 _3
how = Ty = ay ¥ty 2, (3.9)

7T3 x)ax . . .
where t, =n C?, a; = — VKOO . c(m) with ¢(m) = L)dg, in which C? is

o1 0m) (i)

as defined in Theorem 2.2(ii).
It can also be shown that he, is the maximizer of the power function f,(h) at
h = hew such that
S, i <0, (3.10)
at least for sufficiently large n. Detailed derivations of (3.9) and (3.10) are given in
Appendix B below.
Furthermore, the choice of he, satisfies both Assumptions A.1(v) and A.3 that

lim n hd, =+oo and dim n /R, C? = +o0.
This implies that the choice of hey is valid to ensure lim,, o Gy (hew) = 1.

When both 02 = s = E[e?] and the marginal density function 7(-) of {X;} are

unknown in practice, we propose using an estimated version of he, as follows:

3

~

1
P
hew = @y **tn

IS8

) (3.11)

where

- ~ Ly COA2(X)R(X;
tn = nCp with C2=2=" 2K

iy/20, [ K2(v)dv
(3) 1y 22X,
i, = V2K ; &(m) with &(r) = n il A(X) 3
3( fKQ(u)du) ( %Z?zlﬂ'(Xi))

and
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in which Jig, 7 and 7(-) are as defined in (2.7), and A, (z) is given by

v K (55 (V- mplx)
vk (52)

with 6 and b, being the same as in (2.7).

An(x) =

Note also that Eew provides an optimal bandwidth irrespectively of whether one
works under the null hypothesis H, or under the alternative hypothesis H;. In other
words, it can be used for computing not only the power under an alternative Hy,
but also the size under Hy in each case. Detailed discussion about this is given in
Appendix B below.

We conclude this section by summarizing the above discussion into the following

proposition; its proof is given in Appendix B below.

Proposition 3.1. Suppose that Assumptions A.1-A.3 listed in the appendiz hold.
Additionally, suppose that Ay (x) is continuously differentiable such that

, 1AL ()] : : = . .
1 < d limy,_, f A bd, = babilit
"l—’rgoxseugw Bn(@)] = < oo and limy,_ o inf cpa |Ap(2)| \/nbd, = oo in probability

for some C > 0, where D, = {x € IR : n(x) > 0} and || - ||* denotes the Euclidean

norm. Then

 Bulhew)
AL 3 e

As pointed out in the introduction, implementation of each of existing nonpara-

=1 in probability. (3.12)

metric kernel tests involves either a single bandwidth chosen optimally for estimation
purposes or a set of bandwidth values. The proposed Eew is chosen optimally for
testing purposes. Section 4 below shows how to implement the proposed test based
on our bandwidth in practice and compares the finite-sample performance of the

proposed choice with that of some closely relevant alternatives in the literature.

4. Examples of implementation
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This section presents two simulated examples and one real data example to il-
lustrate the proposed theory and methods in Sections 2 and 3 as well as to make
comparisons with some closely relevant alternatives in the literature. Simulated ex-
ample 4.1 below discusses the finite-sample performance of the proposed test T n(ﬁew)
with that of the alternative version where the test is coupled with a cross—validation
(CV) bandwidth choice. Simulated example 4.2 below compares our test with some of
the commonly used tests in the literature. Example 4.3 provides a real data example
to show that the proposed test makes a clear difference. In the following finite-sample
study in Examples 4.1-4.3 below, we consider the case where A, (z) = ¢, A(x), in
which {c,} is a sequence of positive real numbers satisfying lim, ., ¢, = 0 and A(z)

is an unknown function not depending on n.

Example 4.1. Consider a nonparametric time series regression model of the form
Y; = HlXﬂ + QQXZ'Q + Cn<Xi21 + X122) + €, 1 S 1 S n, (41)

where {e;} is a sequence of Normal errors and both X;; and X;, are time series

variables generated by
X = OéXifl,l 4+u; and X = ﬁXiflg + vy, 1<i<n (42)

with {u;} and {v;} being i.i.d. random errors generated independently from Normal
distributions as below.
Under H,, we generate a sequence of observations {Y;} with ¢; = 6, = 1 as the

true parameters, i.e.

H(] . Y; = Xﬂ + Xig + €, (43)

where {e;} is a sequence of independent and identically distributed random errors

generated from N(0,1), and {X;1} and {X;»} are independently generated from

Xil == O.5XZ'_171 + U; and XZ‘Q = 0'5Xi—1,2 + V;, 1 S 1 S n (44)
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with Xo; = Xg2 = 0 and {u;} and {v;} are sequences of independent and identically
distributed random errors and generated independently from a N (0, 1).

Under ‘H;, we are interested in two alternative models of the form

Hl . Y; = Xﬂ + XZ'Q -+ Cn<X121 + X122) -+ €;, €; ~ N(O, 1) (45)

&l

with ¢, being chosen as either ¢,, = n=3 loglog(n) or ca, = n~

In the testing procedure, the parameters ; and 6y in the parametric model are
estimated as discussed in Sections 1 and 2.

The reasoning for the above choice of cj, is as follows. The rate of ¢, =
n2 loglog(n) should be an optimal rate of testing in this kind of nonparametric
kernel testing problem as discussed in Horowitz and Spokoiny (2001). The rate of
Con = n=is implies that the optimal bandwidth Rew in (B.43) with d = 2 is propor-
tional to n=s.

Throughout this example, we choose K (+) as the standard normal density function.

Let iALCV be chosen by a cross—validation criterion of the form

- o . 1 " — . 2 . . -1 1
hey = arg hrg}{?v - ; (Y; —m_;(X1, Xio; h))” with He, = [n ,ne} (4.6)
in which

Sy g K (Xugfu) K (XegXe)y,
Z?:lﬂfiK (Xu;Xn) K (XZQZX'Q) .

Let }ALOtest be the corresponding version of ?Lew in (B.43) and Bocv be the correspond-

ﬁ—i(Xil, Xi2; h) =

ing version of hey in (4.6) both computed under H,. Since {Y;} under H; depends on
the choice of ¢,, thus the computing of both hew Of (B.43) and ey Of (4.6) under H;
depend on the choice of ¢,. Let Bjtest be the corresponding versions of Bew in (B.43)
and ?chv be the corresponding versions of hey in (4.6) with ¢, = ¢;,, for j =1,2.

In order to compare the size and power properties of T n(h) with the most relevant

alternatives, we introduce the following simplified notation: for j = 1,2,
Qo1 = P (Tn (/};‘OCV> > l; (/H'Ocv> ’HO ) > ﬂjl =P (fn (ﬁjcv) > l; (/H'Ocv> ’Hl) >
agy = P (Tn (?ZOtest) > 1, (BOtest> |Ho> , Bjp=P (j:’n (Ejtest) > 17 (/HOtest> |H1) .
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We consider cases where the number of replications of each of the sample versions
of apr and B, for j,k = 1,2 was M = 1000, each with B = 250 number of boot-
strapping resamples, and the simulations were done for the cases of n = 250, 500 and
750. The detailed results at the 1%, 5% and 10% significance level are given in Tables
4.1-4.3, respectively.

Table 4.1. Simulated size and power values at the 1% significance level

Sample Size | Null Hypothesis Is True Null Hypothesis Is False
n Qo1 02 Pin | Bar | Bz | P2

250 0.012 0.016 0.212 | 0.239 | 0.294 | 0.272

500 0.018 0.014 0.270 | 0.303 | 0.318 | 0.334

750 0.014 0.008 0.310 | 0.367 | 0.408 | 0.422

Table 4.2. Simulated size and power values at the 5% significance level

Sample Size | Null Hypothesis Is True Null Hypothesis Is False
n Qo1 G02 P11 P21 B2 P22

250 0.054 0.046 0.514 | 0.522 | 0.656 | 0.658

500 0.052 0.058 0.572 | 0.564 | 0.690 | 0.730

750 0.046 0.052 0.648 | 0.658 | 0.820 | 0.812

Table 4.3. Simulated size and power values at the 10% significance level

Sample Size | Null Hypothesis Is True Null Hypothesis Is False
n 01 02 Bin | Bar | Bz | Pa2

250 0.116 0.110 0.696 | 0.764 | 0.884 | 0.909

500 0.104 0.090 0.744 | 0.817 | 0.860 | 0.934

750 0.108 0.090 0.844 | 0.895 | 0.946 | 0.968
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Tables 4.1-4.3 report comprehensive simulation results for both the sizes and
power values of the proposed tests for models (4.3) and (4.4). Column 2 in each of
Tables 4.1-4.3 shows that while the sizes for the test based on iALOCV are comparable
with these given in column 3 based on ?Lomst, the power values of the test based on
fAthest in columns 6 and 7 are always greater than these given in columns 4 and 5
based on chv. This is not surprising, because the theory shows that each of Bjtest is
chosen such that the resulting power function is maximized while the corresponding
size function is under control by the significance level.

In addition, the test based on ?Lgtest is almost uniformly more powerful than the
best based on Bltest, which is the second most powerful test. This is basically because
Egtcst is based on considering H; with ¢y, = n_%, which goes to zero slower than
Cip = n_%,/log log(n), and hence the distance between the alternative and the null
is biggest in the former case (and therefore easier to detect). Meanwhile, the last
columns of Tables 4.1-4.3 show that the test based on the bandwidth ?Lgtest is still a
powerful test even though the bandwidth is proportional to n_é, which is the same as
the optimal bandwidth based on a cross—validation estimation method. This shows
that whether an estimation—based optimal bandwidth may be used for testing depends
on whether the bandwidth is chosen optimally for testing purposes.

We finally want to stress that the proposed test based on either ?thest or EQteSt has
not only stable sizes even at a small sample size of n = 250, but also reasonable power
values even when the ‘distance’ between the null and the alternative has been made
deliberately close at the rate of \/Wlog(n) = 0.060 for n = 500 for example. We
can expect that the test would have bigger power values when the ‘distance’ is made
wider. Overall, Tables 4.1-4.3 show that the established theory and methodology is

workable in the small and medium—sample case.

Example 4.1 discusses the small and medium—sample comparison results for the
proposed test with either testing—based optimal bandwidth or estimation—based (CV)

bandwidth. Example 4.2 below considers comparing the small and medium—sample

19



performance of the proposed test associated with the optimal bandwidth with some
closely related nonparametric tests available in both the econometrics and statistics

literature.

Example 4.2. Consider a linear model of the form
Yi=a0+ 0o X;+e, 1 <i<n=250, (4.7)

where {X;} is a sequence of independent random variables sampled from N(0,25)
distribution truncated at its 5th and 95th percentiles, and {e;} is sampled from one
of the three distributions: (i) e; ~ N(0,4); (ii) a mixture of Normals in which {e;} is
sampled from N (0, 1.56) with probability 0.9 and from N (0, 25) with probability 0.1;
and (iii) the Type I extreme value distribution scaled to have a variance of 4. The
mixture distribution is leptokurtic with a variance of 0.39, and the Type I extreme
value distribution is asymmetrical.

This is the same example as used in Horowitz and Spokoiny (2001) for the compar-
ison with some of the commonly used tests in the literature, such as the Andrews’ test
proposed in Andrews (1997), the HM test proposed in Hardle and Mammen (1993),
the HS test proposed in Horowitz and Spokoiny (2001) and the empirical likelihood
(EL) test proposed in Chen, Hérdle and Li (2003).

To compute the sizes of the test, choose g = By = 1 as the true parameters
and then generate {Y;} from Y; = 1 4+ X; + e; under Hy, and generate {Y;} from
Y, =1+X; + g ) (%) + e; under ‘Hy, where 7 = 1 or 0.25, and ¢(-) is the density
function of the standard normal distribution.

The kernel function used here is K (z) = 12 (1—2?)* I(|z| < 1). Choose ¢, = 57+
and A(z) = ¢(z 771) for the corresponding forms in (1.2). For j = 1,2, let ¢;,, = 57, "
and Aj(z) = ¢(z Tj_l) with 7, = 1 and 7 = 0.25. Let hjew be the corresponding
version of A of (B.43) based on (¢jn, A;(z)) for j = 1,2

In order to make a fair comparison, we use the same number of the bootstrap

resamples of M = 99, the same number of replications of M = 1000 under H, and
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M = 250 under H; as in Table 1 of Horowitz and Spokoiny (2001). In Table 4.4
below, we add the size and power values to the last two columns for both the EL
test and the proposed test-T,, (?Lmew) of this paper. The other parts of the table are
obtained and tabulated similarly to Table 1 of Horowitz and Spokoiny (2001).

Table 4.4. Simulated size and power values at the 5% significance level

Probability of Rejecting Null Hypothesis

Andrews | HM | HS | EL | T, (Enew)

Distribution T Test Test | Test | Test Test

Null Hypothesis Is True

Normal 0.057 0.060 | 0.066 | 0.053 0.049
Mixture 0.053 0.053 | 0.048 | 0.055 0.052
Extreme 0.063 0.057 | 0.055 | 0.057 0.052

Null Hypothesis Is False

Normal 1.0 0.680 0.752 | 0.792 | 0.900 0.907
Mixture 1.0 0.692 0.736 | 0.835 | 0.905 1.000
Extreme 1.0 0.600 0.760 | 0.820 | 0.924 0.935

Normal 0.25 0.536 0.770 | 0.924 | 0.929 0.993
Mixture 0.25 0.592 0.704 | 0.922 | 0.986 0.999

Extreme 0.25 0.604 0.696 | 0.968 | 0.989 0.989

Table 4.4 shows that the proposed test has better power properties than any of
the commonly used tests, while the size values are comparable with those of the com-
petitors. The results further support the power—based bandwidth selection procedure

proposed in Sections 2 and 3.

As discussed in the supplemental material, the proposed theory and methodology

for model (1.1) can be applied to an extended model of the form
Yi=m(X;)+e with e =0(X;) e, 1<i<n, (4.8)
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where o(-) satisfying inf,c e o(x) > 0 is unknown nonparametrically and {¢;} is a
sequence of i.i.d. random errors with zero mean and finite variance. In addition, {¢;}
and {X;} are assumed to be independent for all 1 < j < i < n. A special case of
model (4.8) is discussed in Example 4.3 below.

Example 4.3. This example examines the high frequency seven—day FKurodollar
deposit rate sampled daily from 1 June 1973 to 25 February 1995. This provides us
with n = 5505 observations. Let {X; :7=1,2,---,n = 5505} be the set of Eurodollar
deposit rate data. Figures 4.1 and 4.2 below plot the data values and the conventional
nonparametric kernel density estimator

() = 32”;;<<ij1')

nhcv i=1 hcv

»

x

respectively, where K(z) = \/%e = and he, is the conventional normal reference

based bandwidth given by

1 & ] 1y
>o(Xi—X)? with X = -3 X.. (4.9)
=1

=1

n—1

By = 1.06 -5 J

Note that by of (2.7), hey of (4.6) and hey of (4.9) are normally different from each
other. In the case where {X;} follows an autoregressive model, they can be chosen
the same. Thus, they are chosen the same in this example.

It has been assumed in the literature (see, for example, Ait—Sahalia 1996; Fan
and Zheng 2003; Arapis and Gao 2006) that the Eurodollar data set {X;} may be

modeled by a nonlinear time series model of the form
Yi=p(X)) +0(X)) €, 1 <i<n, (4.10)

where Y; = %, o(+) > 0 is unknown nonparametrically, and ¢; ~ N (0, A™!), in

which A is the time between successive observations. Since we consider a daily data

. . _ 1
set, this gives A = 5.
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Figure 4.1: Seven—day Eurodollar deposit rate, June 1, 1973 to February 25, 1995.
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Figure 4.2: Nonparametric kernel density estimator of the Eurodollar rate.

On the question of whether there is any nonlinearity in the drift function u(-),
existing studies have provided no definitive answer. For example, Ait—Sahalia (1996),
and Arapis and Gao (2006) show that there is some evidence of supporting nonlin-

earity in the drift on the one hand. On the other hand, existing studies, such as
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Chapman and Pearson (2000), and Fan and Zheng (2003), suggest that nonlinearity
may just be caused by estimation biases when using nonparametric kernel estimation.
To further discuss whether the assumption on linearity in the drift is appropriate

for the given set of data, we apply our test to propose testing
Hor : p(x) = p(z;00) = Bo(apg—z) versus Hiy : p(z) = Bi(ag —z)+c,A(z) (4.11)

for some 6; = (a;,3;) € © for j = 0,1 and ¢, = (/n~tloglog(n), where O is a
parameter space in IR? and A(zx) is a continuous function.
It can be shown that the proposed test in Section 2 has an asymptotically equiv-

alent version of the form:
n n ~ X, —X, ~
. LNt e K 1) €
Tn(h) = e (X.h_X.) Z
\/227;12?1@2 K2 (3575 @

, (4.12)

where & = Y;— 3 (@ — X;), in which (&, B) is the pair of the conventional least squares
estimators minimizing .7 ; (Y; — ﬁ(& — Xi))Q.

As pointed out in the literature (Arapis and Gao 2006), 7, (h) is independent
of the structure of the conditional variance o2(-). The kernel function used is the
standard normal density function given by K(z) = \/%e_é.

Let hiest be the corresponding version of (B.43). It has been shown in Appendix

B below that

=

1.3
2

Piest = Gy *In 2, (4.13)
where %, and @, are the same as in (B.43), in which &(7) becomes

1
n

Z%(Xi)&‘*(xi)) E (4.14)

. 1 & .

o) = L YR
] =1

with

n X;—X
v=1 K ( }}\;cv U)
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Let L; = Tn(ﬁtest) and Ly = Tn(ﬁcv). To apply the test L; for each j = 1,2 to

test Ho1, we propose the following procedure for computing the p—value of L;:

e Computee; =Y, — B (@ — X;) and then generate a sequence of bootstrap resam-

*
79

ples {€;} given by éf = 7(X;) €, where {€} is a sequence of i.i.d. bootstrap

resamples generated from N (0, A™!) and 52(.) is defined as above.

7

for each j = 1,2 based on {Y;*}.

e Generate Y = (@ — X;) + ;. Compute the corresponding version L3 of L;

e Repeat the above steps M = 1000 times to find the bootstrap distribution of
L} and then compute the proportion that L; < Lj for each j = 1,2. This

proportion is a simulated p-value of L;.

Our simulation results return the simulated p—values of p; = 0.102 for L; and
P2 = 0.072 for L,. While both of the simulated p—values suggest that there is no
enough evidence of rejecting the linearity in the drift at the 5% significance level, the
evidence of accepting the linearity based on L is stronger than that based on Ls.

As our test fn(ﬁtest) involves no estimation biases, the process of computing the
simulated p—values is quite robust. We therefore believe that this improved test
further reinforces the findings of Chapman and Pearson (2000) and Fan and Zhang
(2003) that there is no definitive answer to the question whether the short rate drift

is actually nonlinear.

5. Conclusion

This paper has addressed the issue of how to appropriately choose the bandwidth
parameter when using a nonparametric kernel-based test. Both the size and power
properties of the proposed test have been studied systematically. The established
theory and methodology has shown that a suitable bandwidth can be optimally chosen

after appropriately balancing the size and power functions. Furthermore, the new
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methodology has resulted in a closed—form representation for the leading term of
such an optimal bandwidth in the finite-sample case.

Existing results (see, for example, Li and Wang 1998; Li 1999; Fan and Linton
2003; Gao 2007) show that this kind of nonparametric kernel test associated with a
large sample critical value may not have good size and power properties. Our small
and medium—sample studies in both the simulated and real-data examples have shown
that the performance of such a test can be significantly improved when it is coupled
with a power—based optimal bandwidth as well as a bootstrap simulated critical value.

It is pointed out that the established theory and methodology has various ap-
plications in providing solutions to some other related testing problems, in which
nonparametric methods are involved. Future extensions also include dealing with

cases where both X; and e; may be strictly stationary time series.

Appendix A

This appendix lists the necessary assumptions for the establishment and the proofs of

the main results given in Section 2.
A.1. Assumptions

AssumMPTION A.1. (i) Assume that {e;} is a sequence of i.i.d. continuous random errors
with Ele1] =0, 0 < 0% = Ele?] = 0% < 00 and E[ef] < .
(ii) We assume that {X;} is strictly stationary and a—mizing with mizing coefficient

a(t) being defined by
a(t) = sup{|P(ANB) — P(A)P(B)| : A€ Q},B € Q,} < C, o (A.1)

forall s,t > 1, where 0 < C,, < 00 and 0 < a < 1 are constants, and QZ denotes the o—field
generated by { Xy 11 < k < j}.

(iii) We also assume that {Xs} and {e:} are independent for all 1 < s <t < n. Let
7(-) be the marginal density such that 0 < [73(z)dx < oo, and 7ry 1y..,(*) be the joint
probability density of (Xi4r,..., Xi47n) (1 < 1 < 4). Assume that 7 ..., () for all

1 <1 <4 do exist and are continuous and bounded.
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(iv) Assume that the univariate kernel function K(-) is a symmetric and bounded proba-
bility density function. In addition, we assume the existence of both K(?’)(-), the three—time
convolution of K(-) with itself, and K§2)(~), the two-time convolution of K?2(-) with itself.

(v) The bandwidth parameter h satisfies both lim,, oo h = 0 and lim,, . nh? = cc.

ASSUMPTION A.2. (i) Let Hg be true. Then for any sufficiently small €1 > 0 and some
Bip >0

lim P <\/ﬁ|\§— bol| > BlL> < ey,
where Oy is the same as defined in (1.2).
(ii) Let Hy be true. Then for any sufficiently small e3 > 0 and some Bay, > 0

nlLHgoP (\/ﬁ”é\* 91|| > B2L> < €9,

where 01 is the same as defined in (1.2).

(iii) There exist some absolute constants es > 0 and 0 < Bsp, < 0o such that the following
lim P (v/nllf* =8| > Bsr W) < e
n—oo

holds in probability, where 0* is as defined in the Simulation Procedure above Theorem 2.1.
(iv) Let mg(x) be differentiable with respect to 6 and 8”3990(36) be continuous in both x and

0. In addition, E | (2% (X)) (mag(X1)\" s a positive definite matriz, and
00

o0
O</H6m9(az)‘9:90

2
m2(z)dr < oo.

00

AssumpPTION A.3. (i) Let {A,(z)} be a sequence of continuous functions such that
0 < [A2(z)7?(x)dx < oo.
(ii) Let C2 satisfy lim, oo n Vhe C2 = co and lim, ..o n CS = 0, where

o Ai@)r(a)da

" 24/2v fK2(11)6l117

in which vy = E [12(X1)] < 0.

Assumptions A.1-A.3 are standard and justifiable conditions. Some detailed justifica-

tions are given in Appendix C below.
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A.2. Technical lemmas

Recall that using lim,, o nh? = 0o

22 3y
Vhd (#dnhd(O) + 4/1% sK(S)(0)> _ 1
Kn = 3 =c; Vhe+ ¢
On nv hd

= ¢ Vhi (1 + cacr ! ) ~ ¢ Vhe. (A.2)

nhé
In order to establish some useful lemmas without including non—essential technicality,

we introduce the following simplified notation:

1 Xi — X; noz
“i = nmg,f(( ) W= 2 e
p(h) = ﬂK(B)(O <\//7T2 )du /K2 ) Vh. (A.3)

We need the following lemmas; their proofs are given in Appendix C below.

LEMMA A.l. Suppose that the conditions of Theorem 2.2(i) hold. Then for any h

sup |P (Ln(h) < 2) — ®(2) + p(h) (22— 1) \_ ( ) (A.4)

zelR!

Recall Ly (h) = >71 1 277 4 €i ajje; as defined in (A.3) and let

Toh) = 23 Y @ KnXi-X) 8 =223 Y e Kn(Xi— X)) ¢
NOn 327 j=1,#i NOn 327 j=1,#i
h% n n
T3 Y KX = X)) [mlX) —mp(Xa)| [m(X) —mg(X;)]
=1 j=1,#i
2MmE &
T N e KalXi = Xp) [m(X) — m(X;)]
=1 j=1,#i
= Lu(h) + Sa(h) + Dn(h), (A.5)
where ,,(h) = g;n s KX = X5) [m(Xs) = mg(X)| [m(X;) = mg(X;)] and
Z > e Kn(Xi = X;) [m(X;) = my(X;)] (A.6)
=1 j=1,#i

Define L} (h), Si(h) and D} (h) as the corresponding versions of Ly, (h), Sp(h) and D,,(h)
involved in (A.5) with (X;,Y;) and 8 being replaced by (X;, Y;*) and §* respectively.
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LEMMA A.2. Suppose that the conditions of Theorem 2.2(i) hold. Then

sup
zelR!

LEMMA A.3. Suppose that the conditions of Theorem 2.2(i) hold. Then under H

P (L (h) < @) = @(@) + p(h) (o = 1) ()] = O (). (A7)

B[S, (h)] = O(Vhi) and E[Du(h)]=o(Vhi), (A.8)
E*[S;(h)] = Op(Vhi) and E*[D}(h)] =op (Vhi), (A.9)

E[Su(h)] = B*[S;(h)] = Op (VA9) and E[Du(h)] - E* (D ()] = op (Vhi)  (A.10)
in probability with respect to the joint distribution of Wy, where E*[-] = E[-|W,].
LEMMA A.4. Suppose that the conditions of Theorem 2.2(ii) hold. Then under H

lim E[S,(h)] =00 and  lim m =0. (A.11)
A.3. Proof of Theorem 2.1:
A.3.1. PROOF OF (2.10): Recall from (2.8) and (A.5)-(A.6) that
To(h) = (Ln(h) + Sn(h) + Dy(h)) - % +op (Vhi), (A.12)
Ti(h) = (Li(h)+ Si(h) + D(h))- gZ +op (Vhi), (A.13)

n

2

where 02, 52 and 532 are as defined in (2.4), (2.7) and (2.9) respectively.

In view of Assumption A.2 and Lemmas A.1-A.3, we may ignore any terms with orders
higher than Vhe and then consider the following approximations:
To(h) = Ln(h)+ E[Sy(h)] + op(Vh?) and
Tr(h) = Ly(h)+ B*[S;(R)] + op (V). (A.14)
Let s(h) = E[S,(h)] and s*(h) = E*[S}(h)]. We then apply Lemmas A.1 and A.2 to
obtain that uniformly over = € IR?,
P(Tuh)<z) = P(Lu(h) <z —s(h)+op (Vid)) (A.15)
= ®(x —s(h) — p(h)((z — s(h))? — 1) ¢z — s(h)) + o (Vh) and
P (Tph) <o) = P*(Ly(h) <2 —s"(h)+op (Vi)
= (@ —s"(h) = p(h)((z — s"(h)* = 1) d(x — 5*(h)) + op (VAT) .
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Theorem 2.2(i) follows consequently from (A.10) and (A.15).

A.3.2. PROOF OF (2.11): In view of the definition that P* (f,’f(h) > l;;) = «a and the

conclusion from Theorem 2.1(i) that
P (Tu(h) > 13) = P (T3 (h) > 1) = Op (VR), (A.16)

the proof of P (f n(h) > l;) =a+0 (\/ﬁ) follows unconditionally from the dominated

convergence theorem.
A.4. Proof of Theorem 2.2

It follows from Lemmas A.1-A.4 that

an(h) = P (Tu(h) > la|Ho) = P (Ln(h) > Lo = Sa(h) + 0p(Su(h))[Ho)

(

= 1—P(Ln(h) <loy—Sp(h)+op(Sn(h))|Ho), (A.17)
ap(h) = P(Tu(h) = [3|Ho) = P (La(h) > I = Sa(h) + 0p(Su(h))[Ho)

= 1= P (Ly(h) < I = Su(h) + 0p(Sa(h))[Ho) , (A18)
Bu(h) = P (Tu(h) > la[H1) = P (Ln(h) > Lo = Su(h) + 0p(Su(h))[H1)

= 1= P (Lp(h) < Lo — Su(h) + 0p(Su(h))|H1), (A-19)
Bu(h) = P (Tu(h) > 13[H1) = P (Ln(R) > I — Su(h) + op(Sa(R))[H1)

= 1—P(Lp(h) <, —Sn(h)+op(Sn(h))|H1). (A.20)

Using Assumptions A.2(iv) and A.3, a Taylor expansion of mgy(-) at 6y implies that for

sufficiently large n

So(h) = Co(m) VR (1+0p(1)) under Ho and (A.21)
Sp(h) = n C2Vhi (1+o0p(1)) under M, (A.22)

hold in probability, where C? is as defined in Theorem 2.2(ii). The proof of Theorem 2.2
then follows from (A.15) and (A.17)-(A.22).

A.5. Proof of Theorem 2.3 The proof follows from that of Theorem 2.2. The details are
given in Appendix C below.
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Appendix B

B.1. Derivation of (3.9) in the submission

In the sequel we work with the approximate power—function ((z), and discuss how

to find a maximum for this function. Straightforward calculations imply that the first

derivative may be written as

10
B (x) = (20 + dzx + dgz™ ) 276 Z Vi’ (B.1)
=0

where the coefficients are given by

Yo
U3
V4
U5
e
7
g

con~ld}, 91 = 3zadica nTY, V9 = 2ean tdsdi — diepn (4 — 322) + djey,
3zadzdicon™ — con " zady(5 — 22) + 3zadicy,

2dzdy(—con ™t + d2cy) 4 diei (2 — 322),

—3zad§d402n71 + ds (—zad4 + 3zadicl) — 2odycq,

—c1(1 = 22) + d3(—1 4 2dycy) — d3con™ (=2 4 322) — 2d3dycon ™,
—3zad302n71 — 3zad§d4cl + zqdsc1 (5 — zi),

—Czdén_l — 201d§d4 — cld§(323 — 4), ’199 = —3clzad§, ’010 = —Cldé. (B.?)

Due to the complexity of the expressions of §'(z), it is very difficult to find such an zg

explicitly. Numerically, however, it may be possible to find xey = y/h%, such that

Tew = arg max ((z) with Hy(a)={r: o — cnin < a(x) < @+ cmin} (B.3)

r€Hn (o)

when ¢y is chosen as cyin = {5 for example.

We now discuss how to get to an explicit expression of an optimal bandwidth, by

maximizing the power function over a subset of H,(«). Note that the minimal conditions

that lim,,_oo h = 0 and lim,,_.~, nh? = oo imply that there is some large integer N > 1 such

that for any arbitrarily large but finite cpax > 1,

h<cl

max

and nh? > cpax  for any n > N. (B.4)
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In our finite—sample analysis, we then define a new interval of the form

H, = l(cﬂ;fx)dl ,cm;X] . (B.5)

Since Theorem 2.2(i) shows that lim, .o o, (h) = «a holds in probability under the

minimal conditions lim,_. h = 0 and lim,,_., nh® = oo, we have H,, C H,(«) at least for
sufficiently large n.

In order to represent hey, explicitly we consider, quite naturally, solving the optimization
problem:

hew = arg max Bn(h). (B.6)

To keep the notation simple, we still use the notation hey even when H, may not be
identical to H,(«). We impose the very natural condition that lim,, nh® = 0o and obtain

the following approximations:

o2 QM%VQ/KQ(U)dU = o2,

3 2 3
ko = o7 3Vhd (‘%2””1(@)(0) + il fj;ffg)) ~Vhi o33 4"75”31((3)(0). (B.7)

Let
-3
4K ®3) 3.3 2K (3)
a; = (0:3”2” = VZES(0) /KQ(u)du () (B.8)
30} 3
7'('3 x)ax
with ¢(m) = %. We then have sy, ~ a1 Vhe. Let by = (22 — 1)ay.

(/i)

From the condition lim, .., nh? = oo and using (B.7) and (B.8), we then get the

following simplified versions:

lo —Th = za+’yn—rnxza+(bl—n02)x
= Zatazw, (B.9)
Bn(h) ~ 11— (I)(la - Tn) — Kn (1 - (loc - 7’71)2) ¢(la - rn)

Q

1 — ®(2q + a0x) —ay = (1 — (24 + a22)?) ¢(20 + azz)
= [(x), (B.10)

where as = by — nC’%.
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The natural condition lim,_., nh% = oo implies that we may take co = 0, and subse-
quently dy = 0. This simplifies the expression of '(x) substantially. As a result, we have

¥; =0 for 0 < i < 5. Thus, with the following new coefficients:

Oy = Y= anL, 01 =7 = zo(5 — zi)alag,

0, = vg= —(3z§ — 4)a1a%, 03 =Yg = —3zaa1a%, 04 = V19 = —aéal, (B.11)
equation (B.1) simplifies to
B'(2) = ¢z + azz) (60 + 12 + 0502 + O32° + szt ) . (B.12)
Since ¢(+) is nonnegative, the equation '(z) = 0 is equivalent to
0o + 61 + Oax% + 0323 + G4z = 0. (B.13)

We find the zeros of equation (B.13) by using existing results for a general quartic
equation (see for example, http://mathworld.wolfram.com/QuarticEquation.html). Note

that equation (B.13) can be written as
4 3 2 . 0; .
x* +r3x’ +rox” +rmax+ro=0 with i = 1=0,1,2,3. (B.14)
4
Let x = u — %Tg,
3 1 1 1 1 3
p2 =12 — *7“32,, p1=1T1— zT2r3 + fr?:, Do =To — ~Tr1T3 + *7“27“2 3 (B.15)

8 2 8 1 1623 256"

We then may eliminate #3 from (B.14) to obtain a standard equation of the form
u* + pou® + pru+ po = 0. (B.16)

Existing results immediately imply that the zeros can be represented by

1 1

Uy = 5(141 + Ag2), wug= 5(141 — A), (B.17)
1 1

us = o(=ArtAs), =5 (=41 - A), (B.18)
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where A1 = \/—p2 + y1,

VA2 =20 — 201 AT for A1 #0

\/—2]92 +24/y? —4py  for A3 =0

VAR = 29y + 291 AT for A #0,
A3 = (B.19)

\/—ng —2/y? —4pg  for A} =0,

in which y; is a real root of the cubic equation

Ay =

Yy’ + a2y’ + 1y + g0 =0, (B.20)
where go = —p2, ¢1 = —4pp and qo = 4papo — p3. A real root of equation (B.20) is

Y1 = —%2 + (B1 + Bs), (B.21)

in which
1/3

B = (Rc T \/ch)l/3 and By = (RC - \/170) (B.22)

with

99201 — 2740 — 243 ) _ 391~ &
54 P 9

In order to evaluate the four roots in (B.17) and (B.18), note first of all that the quantities

R. = and D.= Q>+ R2. (B.23)
R. and D, can be re—expressed as

 —T2pop2 + 27p} + 2p3
N 54

_ 2
and Q.= m. (B.24)

R,
9

For each of the quantities involved we now provide the dominant terms, in view of the
fact that t,, = 0y = nC? can be viewed as sufficiently large when assuming that t,, — co as
n — oo.

Note that for finding the dominant term in the quantity B; + Bo, some caution is
needed since certain terms cancel out each other, and the dominant term comes from the

second—order terms in the quantities By and Bs. Indeed, we have

B1:<Jﬁc)l/3 <1+ ;;%)1/3 z(\/ﬁc)l/g{uiﬁ)ic} , (B.25)
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where we used a Taylor expansion of the function g(y) = y'/? around the point 1. Similarly,

using a Taylor expansion of the function g(y) = y'/3 around the point —1 we have

By = (\/Di)l/3 (—1+\Z)ic>l/3 ~ (@)1/3{—1+§%} : (B.26)

2
and then B; + B» is given by B; + By =~ gRC Dc_l/3. Note that the dominant term for the

latter term is
1/3

o) ]

It may be shown that all four roots of the equation (B.16) are of order

Jun

3
1

w54 = (1+0(1)) (=po)T = (1+0(1)) (~70)7 = (1+0(1)) a; * t, 7, (B.28)

but that only one root is real and non—negative, namely u; given by

_1 .3
up = (14+0(1)) a; * tn*. (B.29)
Letting 1 = w1 — %Tg, the optimal bandwidth is given approximately by
2 2 1 3
hew =i = (14 0(1)) ui = (14 0(1)) ay **t, > (B.30)

recalling the notation x = Vh9, where a1 = w ( sz(u)du> c(m) is as defined
before.

Thus, equation (3.9) of the submission has been derived.
B.2. Derivation of (3.10) in the submission

In order to show that hey is the maximizer of the power function 3, (h) at h = hey we

need to verify that
Bu@)l,_ sz <0 (B.31)

for at least sufficiently large n.

Let zg = \/hd,. Using ' (z9) = 0 and equation (B.13), we have
ﬂ”(xo) = ¢(2q + agxo) (494.%8 + 393:63 + 20520 + (91) . (B.32)
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We thus have
8@, = (6(20 + as) (4042° + 30522 + 2057 + 1) || _ S (B.33)
In order to verify (B.31), it suffices to show that
[40,0° + 3032° + 2000 + 01| _ i <0, (B.34)

which follows immediately from the fact that 423 is the dominant term.
B.3. Comments on (3.11) in the submission

As given in (3.11), we have

-~ 1. 3
hew = @, 218, 2, (B.35)
where
- - o Iy A2(X)R(X
tn, = an with C'?L:n iz S (X)) and

ﬁ21 / 21//\2 f K2(U)dU
_ V2K®)(0)

_ o 5 i (XG)
a; = 5 ¢(m) with ¢(m) = 2= : 3
3 (y/J K2 (u)du) (Vi St 7))

in which iz, 7, and 7(-) are as defined in (2.7) of the submission, and A, (z) is given by

(525 (¥ - my(x)

cv

n z—X;
()

In real data application, An(:n) can be computed directly from using the data. One

An(x) =

may then imply whether there is any departure and how significant the departure is. In
simulation study, computing ew requires the availability of the data {Y;} generated under
either Hy or Hi. As a result, the value of /f;ew under Hg can be different from that of /f;ew
under H; as they should be.

Note that under Ho: Ap(-) =0

cv cv

n oK z—X; 1 noK rz—X;
=1 /b\cv n/b\gv =1 /b\cv
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= ilK( N ) An(Xi) == i1K< = > e
nbd, —i=1 < bev ) nbd, —i=1 < bev >

1 n —X; 1 n z—X;
i i=1K( ; ) (may (X0) = mp(X)) =L Z¢:1K< ) €
cv cv + .

1 n z—X; 1 n z—X;
2= KO = 2= KO
nbcv bev nbcv bev

Under Ho: Ap(-) =0, it may be shown that

K
x/\

N 1
Ch = Di—— (1+o0p(1)),
nbd,
where D > 0 is some constant.
As a result, under Hy,

-~ ~3
hew = D3 béy (1 + OP(l))’

where Dy > 0 is also some constant.
This shows that the optimal bandwidth used for computing sizes should be smaller

(asymptotically) than the conventional bandwidth ECV used for optimal estimation purposes.

Under Hi: A,(+) # 0, it may be shown that

K (55 (Y- mp() A S K (525 (e, () - mp(X0)

N bev v cv
Anl) = X - 1 X
n T—Aj n Tr—X;
_X; _X;
ﬁ ?1K(IEV ) An(X) ﬁ ?1K<IECV > €
. TR . 4 k (B.36)
n z—X; n z—X;
AR () ATk ()
2T K (52) A
= op(1) = +op(1)

1B i oz o LAEE:
N J K2(v)dv

37



This shows that the order of ?Lew is proportional to the rate of A,(-) converging to zero.
As in Example 4.1 of the submission, when A, (x) is specified for the simulation, one may
clearly see the relationship between them. For example, when A, (z) = ¢, A(z) as in the

~ _3
case in the simulation study in Example 4.1, the order of hey is proportional to (n c%) 2d
B.4. Proof of Proposition 3.1

In view of (B.36), Assumption A.2 and the assumption that inf, g |A, ()] \/nbd, —p

00, we can obtain that uniformly in z € D, = {z € R? : 7(x) > 0},

An(x) 1 _ An(ﬂc) —An(z) 1 - (o N x
1 “ ’
= A5 ;Wm(x) ((X; — 2)T AL(€)) + op(1)
| T K () (G - o A6))
N - y wort
! nzlg i K (IEX>
B 17A! (2)
a1 op() By [uK(dutop(1) = 0p(1)  (B37
using Taylor expansions to Ay (x), where £ is between x and X;, and 1 = (1,1,---,1)7

denotes the identity vector.

Let 32 = iz \/20» [ K2(v)dv, B® = 02\/21y [ K2(v)dv, C2 = s, A2(X;)m(X5)

and C Ly AL(X)T(X5).
2
Because of the conventional convergence, in order to show that % —p 1, it suffices to

show that for n large enough

LIsn (B2(X) - A2(x0)) n(X0)| |[ (B2(2) — A2(@)) 7X(x)da + 0p (1))
1 AZ(Xo)m(X) T IR @ @)dr +op(1)

2
c,

n

-1

1 (33 - 1) M@ @)t + op()
J A% (z)n?(2z)dz + op(1)
Al(x) 1‘ [ A2(z)n2(z)dx + op(1)
A2 (z) [ A2 (z)m2(z)dx + op(1)
A2(x)
()

IN

sup
:EEDﬂ'

IN

sup —1

€D,

= op(1) (B.38)
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using (B.37).
In view of the Edgeworth expansion of (3,(h) in Theorem 2.2(ii), in order to prove

Proposition 3.1, it suffices to show that as n — oo

ew

—1—p0, (B.39)

> S

ew

which follows from using Taylor expansions as follows:

N &
w (@)Qd—uc)p(l):(gﬁ) ~1+o0p(1)

ew n n

>

>

3
Cn 2
= <1+@—1> —1+o0p(1)

n

= % (g: — 1) (I+o0p(1)) =o0p(1) (B.40)

following (B.38). This completes the proof of Proposition 3.1.
B.5. Justification of the use of (4.12)

Similarly to existing proofs (Lemma A.2 of Li 1999 for example), it can be shown that
Tp(h) of (2.9) can be approximated by T}, (h) of (4.12) in the following form:

T,(h) = Tu(h) + op (V). (B.41)

As T, (h) is invariant to the form of o(+) and thus does not involve a consistent estimator

of o(+), it is used for the continuous—time model case.

B.6. Justification of the applicability of the proposed theory and methodology
to model (4.10) and the equations (4.13) and (4.14)

By examining the derivation of (3.9) of the submission, it can be shown that

: (B.42)




Thus, equation (3.11) of the submission becomes

o~

_ 1
hew = @ 278, 2 (B.43)

- ~ 3
where t, = nC2, a; = w ( fK%u)du) e(m),

in which 7(z) - 62(z) = 3{1 "L K (J»EX) e2 with & = Y; — mz(Xy).
n cv cv

Before checking the proofs of the corresponding versions of Theorems 2.1-2.3 for model

(4.10), we need to note that the leading term @, (h) in (2.7) becomes

! zn: zn: € o(X)K (X;XJ) o(X;) €. (B.44)

Qn(h) = ——=—
( ) n\/ﬁan i=1j=1,#i

X,— X,
R

Since a;; = o(X;) K ( ) o(Xj;) is still a symmetric function of (Xj, X;) and {¢;} is still
a sequence of i.i.d. errors, it can be checked that the corresponding versions of Lemmas

A.1-A.4 remain true.

Appendix C

C.1. Justification of Assumptions A.1-A.3

Assumption A.1 is quite standard in this kind of discussion. Similar conditions have
been used in Li (1999) for example. Assumption A.1(i) can be extended to the case where
e; = o(X;)e; as discussed in (4.10).

Assumption A.2(i) is required to ensure that the parametric estimator 0 is a \/n-
consistent estimator of #y. In addition, Assumption A.2(ii) requires that ) may also be
considered as a /n—consistent estimator to 6;. This is achievable in this kind of local alter-
native case as in (1.2). For example, in the univariate linear model case where my(z) = Sz
and m(x) = mp,(x) = Boxr under Hy and m(x) = mp, () + Ay (z) = iz + Ap(x) under
‘H1, the conventional least squares estimator

n

i=1 XzYz
n 2
i=1 Xi

@)
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is a y/n—consistent estimator of both 3y and ; when the conditions E[X;A,,(X;)] = 0 and
E[Xie1] = 0 are satisfied. This is because
3 Sy Xiei  E[Xje] _1/2
B—0B = L = + Op(n )
X7 EXf
= Op(n~'?) under Hy, and
im1 Xiln(Xi) 3 Xie

F-h = X2 X2
_ EXiAn(X1)] | E[Xae] _1/2
= ToExy kg o)

= Op(n™"?) under H;

using both E[X1A,(X1)] =0 and E[Xe;] =0.

Alternatively, one may use a semiparametric estimator @ of the form

S YR XY,
i1 X7
¢ ; (%)
- K
Jj=1 h

In this case, unlike the case where there are two different regressors {X;} and {V;} and the
conventional semiparametric estimation is applicable to a partially linear model of the form

Y: = XiB+ g(V;) + e; discussed in Hérdle et al (2000), 5 is not a y/n—consistent estimator
of 3.

Assumption A.3 is needed to ensure that the power of the proposed test goes to one
when n — oo. To ensure that the optimal bandwidth hey satisfies Assumption A.1(v),
Assumption A.3 is needed to impose certain rate of C2 — 0. In the case where h = /Bew,

the assumptions that lim,, . nh® = 0o and lim,,_, o nVhd Cfl = oo reduce to

lim n C? =00 and lim n C® = 0.
n—oo n—oo

Assumption A.3 holds in most cases, including the case where the marginal density function

m(-) either has compact support or satisfies lim, oo Ay (2)7(x) = 0.

C.2. Proofs of Lemmas A.1-A.4
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In order to establish some useful lemmas without including non—essential technicality,

we introduce the following simplified notation:

®)(0) [ 73 (u)du -
o) = V2K (0)3f (wd <\/ [ w2 [ Kz(v)dv> Vil (C2)

To simplify the proof of Lemma A.1 below, we use the result that

lim o2 = ZM%VQ/KQ(U)CZU =

n—oo
and then assume without loss of generality that o9 = 1.

We now have the following lemma.

LEMMA A.1l. Suppose that the conditions of Theorem 2.1(i) hold. Then for any h

sup |P (Ln(h) < z) = ®(z) + p(h) (2 ~ 1) o(x)| = O (n). (€3)

zelR?

PrOOF: The proof is based on a non-trivial application of Theorem 1.1 of Gotze,
Tikhomirov and Yurchenko (2004) listed in Appendix D below. As the proof itself is ex-
tremely technical, we provide only an outline below.

In view of the form of L, (h), we need to follow the proofs of Theorems 1.1 and 3.1 as
well as Lemmas 3.2-3.5 of Gotze, Tikhomirov and Yurchenko (2004) step by step to finish
the proof of Lemma A.1. Note that their proofs of Theorems 1.1 and 3.1 remain true.
The proofs of Lemmas 3.2-3.5 also remain true by successive conditioning arguments when
needed.

We may also apply Lemma D.1 below to the conditional probability P (L, (h) < z|X,,)
and then use the dominated convergence theorem to deduce (A.4) unconditionally.

To avoid repeating the conditioning argument (given X,,) for each case in the following
derivations, the corresponding conditioning arguments are all understood to be held in
probability with respect to the joint distribution of &, = (X1, -+, X).

In any case, in order to apply Lemma D.1 listed in the Appendix D below, we need to

verify certain conditions of Lemma D.1.
aj; = n_lh_d/QK(O)
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d™ = 7lh d/2K<O) (
TrA = h~%2K(0)

V? = (nh®) T K*(0)

" X, — X
A 2 _ n72h7d K2 ( S t)
4o PR E
s#t
d"Aod = n3h 32 K% (0) Z < xt). (C.4)
gy
Obviously
TI'(Ag) = ZZ Zaqkakj%q
g=1 k=1 j=1
k#tq Hk
J#q
14V R - Xq — Xi Xp — X Xj— Xy
= () Y Y S K (T ke (P (R

Using the stationary ergodic theorem and the a—mixing condition, the sums involving

the kernel function K in (C.4) can be approximated as follows:

Xi—Xj T—y
Ly e (B s [ R () wtwimto)dody
J k=1
Jj#k
A hd//K2 7(y + uh)m(y)dudy
~ hd//K2 v)dudv, (C.5)
where 7(x) is the marginal density function of Xj.
Similarly, for the second sum in expression (C.4)
1 Xs— Xi
= Z K <h> ~ hd/K(u)du /7r2(v)dv. (C.6)
.s‘;t#—tl
For the triple sum in expression (C.5) we find
1IN (X=X o (X — X X; - X,
A K (T () ()
q=1 k=1 j=1
kg JHk
J#4q
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~ ///K (”” - y) K <y - Z) K (Z - ‘”) (@) (y)m(2) dadydz

~ h2d / / / K(=(u+ ) K (0) K (w)7(z — uh)r(z + vh)(2)dudvdz
~ 2 / / / K(—(u + 0) K (0)K ()7 (2)dudvdz
— p2 / / K (u+ ) K (0) K (u)dudv / (2)dz
_ p2d / ( / K(w)K (w — v)dw) K (v)do / 3 (2)dz
_ p2 / K % K (v)K (v)dv / () du
— 12 (K« K % K)(0) / 3 (u)du. (C.7)
Combining (C.4)—(C.7) we obtain the following approximate behaviours
TrA ~ h™¥2K(0)
VZan thT K?(0)
1 Aolf? ~ /K2(u)du /ﬂz(v)dv
d"Aod ~ n~'h2 K2 (0) / K(u)du / 72(v)dv
Tr(A3) ~ h%/? K@) (0) / 2 (w)du, (C.8)

where we denoted K®)(.) = (K % K % K)(-) the three times convolution of K with itself.

From this we get approximations for the quantities 02 and & involved in Lemma B.1

below:
o2 ~n th (g — p3)K2(0) + 23 /K2(u)du /772(v)dv
o j; WM 0)
~ \@K;)(O) ( /K?(u)du> h e(r) VA = p(h),
where ¢(m) = S a)de

a (1 /fﬂ'Q(:r:)da:)S
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In order to apply Lemma D.1 to finish the proof, we need to show that the upperbound

of Lemma D.1 tends to 0 as n — oco. Observe that

n
IAI® = llAol® +>_aj;

&Q

/ K2(w)du / 72 (v)dv + (nh?) L K2(0). (C.9)

Similar to (C.7), we may show that

Sef - z(z) B Sh I TS5 D SN

s=1t=1 s=1t1=1to=1,%4t1

= n21hd /K4(u)du /7‘(2(’[)>d’l)
N nlhd//Kz(w)K2 (w L ; U) 7(uw)m(v)dwdudv
_ n21hd / K (u)du / w2(v)dv+%K§2)(0) / 2)dv,  (C.10)

where K§2)(0) is the two-time convolution of K?(-) with itself.

Similarly, we may show that as n — oo

max Z|aw] < Vhi /K )du /7r (v)dv. (C.11)

1<]<n

Consequently, using that h — 0 and nh? — oo, we find that
M2 R [a?(v)dv

~ 12
AR~ TR .
From (C.7)-(C.10) we then find that
n 1/2
ct) ;
(; _VEP© [ -
A2 vn
Thus, (C.12) and (C.13) imply that there is some constant C such that
M =~ Cyohf, (C.14)

which shows that the upperbound in Lemma B.1 tends to 0 at a rate proportional to h¢.

This completes the proof of Lemma A.1.
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Recall L,(h) =>4 ZZ:I,# es ager as defined before and let

d d
_ h2 L N h2 L
Tn(h) = no Z Z €; Kh(Xi —Xj) ej = no Z Z €; Kh(Xi —Xj) ej
=1 4=1,#i =1 j=1,#i
d
h§ n n
=y % Kn(X; = X;) [m(X,) = mg(X0)] [m(X) = mg(X))]
i=1 j=1,#1i
+ 3N e Kn(X = X;) [m(X;) = mp(X;)]
NOn 327 20 i
= Lu(h) + Sn(h) + Dn(h), (C.15)
where
hg n n
Salh) = =3 3 Ea(Xs = Xg) [m(X) = ma(X)| [m(X;) = mg(X;)]
=1 4=1,#i
2h% n n
Dalh) = = > e Kn(Xi = X;) [m(X;) — mg(X;)] (C.16)
" i=1j=1,%i

We then define LY (h), S} (h) and D} (h) as the corresponding versions of L, (h), S, (h)
and D, (h) involved in (A.5) with (X, Y;) and 8 being replaced by (X, Y;*) and 6* respec-

~—

tively.

LEMMA A.2. Suppose that the conditions of Theorem 2.2(i) hold. Then the following

sup

P (Ly(h) < @) = () + p(h) (22 = 1) ¢(x)| = Op (h) (C.17)
zcIR!

holds in probability.

PrOOF: Since the proof follows similarly from that of Lemma A.1 using conditioning

arguments given W,, = {(X;,Y;) : 1 <1i < n}, we do not wish to repeat the details.

LEMMA A.3. (i) Suppose that the conditions of Theorem 2.2(ii) hold. Then under Hy
E[Su(h)] =0 (Vh?) and B [Dy(h)] =o(Vhd). (C.18)

(i1) Suppose that the conditions of Theorem 2.2(ii) hold. Then under Hy
E*[S;(h)] = Op (VA?)  and  E*[D}(h)] = op (Vh?) (C.19)
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in probability with respect to the joint distribution of Wy, where E*[-] = E[-|W,].
(iii) Suppose that the conditions of Theorem 2.2(i) hold. Then under H

E[Su(h)] = E* [S;(h)] = Op (VAY)  and  E[D,(h)] - E* [D;(h)] = op (Vh?) (C.20)

in probability with respect to the joint distribution of W,,.

PROOF: As the proofs of (i)—(iii) are quite similar, we need only to prove the first part
of (iii). In view of the definition of {as} and (A.6), we have

n

Su(h) = 3 an ( — mg(X, )) st (m(Xt)—ma(Xt)),
t=1s=1,#t

S*(h) = an an ( —m@\*(xs)) st (m(Xt)—ma*(Xt)). (C.21)
t=1 s=1,#t

Ignoring the higher—order terms, it can be shown that the leading term of S} (h) — Sy, (h)

is represented approximately by

S50) — Sulh) = (14 0p(D) S 3 (mglXs) — g (X0)) e (gl X0) = m (X))

t=1s=1,#t
(C.22)
Using (C.22), Assumption A.2 and the fact that
1 X — X4
el = [ (55
ol = h
d d
_ i / K(u)du / 2yds = Y / 2(v)dv, (C.23)
noy, no,
we can deduce that
E[Su(h)] = E*[S;(h)] = Op (VA1) , (C.24)

which completes an outline of the proof.

LEMMA A.4. Suppose that the conditions of Theorem 2.2(iii) hold. Then under Hi

lim B[S(h)] =0 and lim Zi0n()]

Jim_ Jim T =0 (C.25)
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PROOF: In view of the definitions of and S, (h) and D, (h), we need only to show the
first part of (A.11). Observe that for 6; defined in the second part of Assumption A.2(ii),

I
NSERINGE
M~ 1= £ 1M

Sa(h) = (m(X,) = mg(X,)) ast (m(X0) = ms(Xs))

~
Il
—_
w
~

(m(Xs) —meg, (X)) ase (m(Xy) —mp, (X4))

t=1s t
T
£ (e () = mp(X)) au (may () — mi(X)
t=1 s=1,#t
4 op (Su(h)) (C.26)

In view of (C.26), using the second part of Assumption A.2(ii), in order to prove (A.11)

it suffices to show that for n — oo and h — 0,

n n

B> (m(Xs) — mo, (X)) ast (m(Xe) —mag, (Xt))] — 00. (C.27)

t=1 s=1,%#t

Simple calculations imply that as n — oo and h — 0

Do > (m(Xs) —mo, (Xs)) as (m(Xe) —mel(Xt))]

Z Z An()(s)ast‘An(‘X})

t=1s=1,#t
)

— o (1+0(1)) Viin /K(u)du /Ag(v)wz(mdv

n

— o (1+o(1) n Vil /A%(v)ﬂg(v)dv o (C.28)

using Assumption A.3, where o, is as defined before.
C.3. Proof of Theorem 2.3

Define F,, () and F}; | (z) as the exact finite-sample distributions of T, (h) and T (h),
respectively. Using existing results (Serfling 1980; Hall 1992) and Theorem 2.2(i) imply

— — (I)(Za) B Fn,h(la) o . _ L
la « ¢(2a) + P(|la a|) ¢(Za)

((z2 = 1) 9(za) arV'h)
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+ 0p(lla — 2a]) = b1 VR + 0p (Jla — 2a)

e ) Ee) L
lh=2a = g ton (I~ zal) = oo (G = D) 6(za) Vi)
+ o (|15~ zal) = by VAT +op (15~ zal), (C.29)

where a1 and by are as defined above Theorem 2.3. The proof is now finished.

Appendix D

Gotze, Tikhomirov and Yurchenko (2004) consider a quadratic sum of the form

n
Qn=1> aj(X; —EX;)+ > apX;Xy, (D.1)
Jj=1 1<j#k<n
where X1, - -+, X,, are independent and identically distributed random variables with E[X;] =

0. E[X?] < 0o and E[X?] < co. Here {a;;} is a sequence of real numbers possibly depending
on n. They actually consider a more general setup than this, but for simplicity we briefly
present this simplified form.

The following notations are needed.

A= (ajk)?kzl : n X n matrix containing all coefficients a;y,
n
2
1A= 3" af
Jik=1

n
TrA = Z aj;: the trace of the matrix A;

j=1
n
2 n 2 2 _ 2 . .
Vi = 2= L3=> ajpj=1-mn
k=1
d” = (a11,a22,*+,any) € IR™: n-dimensional column vector containing all diagonal

elements of the matrix A;
Ay denotes the n x n matrix with elements aj;, if j # k and equal to 0, if j = k;
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A1 the maximal in absolute value, eigenvalue of the matrix A;

(> ch:

M =
M = max , ;
[A]2" JA[P?
02 = (1 — 1)V + 23| Aol k= 0% (13d"Aod + §u3TrAG ).

In the above notations the superscript 7 denotes the transposition of a vector or matrix.
Note that the matrix Ag is obtained from the matrix A by replacing all diagonal elements
by 0.

The coefficients in the quadratic form (D.1) should satisfy some conditions:

Q(i): ||A] < oo; Q(ii): there exists some absolute positive constant 2 > 0 such
that

2

1 > b2, (D.2)

[N/
Note that (D.2) means that the ‘non-diagonal’ part of [|A| is bounded away from

zero and has a non-negligible influence on the distribution of @,,.

Lemma D.1. Under conditions Q(i) and Q(ii), we have
n —4 2 —1 -3
sup |[P{Qn/0: < ) = B(w) + £®"(2)| < Cor* (5 + VIAIT06) ma°M . (D3)
fAS

with C being an absolute positive constant and where ® denotes the cumulative distribution

function of the standard normal.

PROOF: Its proof is given in the proof of Theorem 1.1 in G6tze, Tikhomirov and Yurchenko
(2004).
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