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1 Introduction

The following claim is widely prevailed concerning the fairness of indirect voting systems:
“An indirect voting system is fair, or voters have the same influence, if seats are allotted
to electoral districts in proportion to their population”. The claim implicitly assumes
that each voter’s influence varies inversely with population of his districts. It has been
shown, however, that the assumption is not true from the viewpoint of the Banzhaf
power index when each district has one seat. Instead, the so-called “square-root effect”
arises; that is, the decreasing influence of voters measured in terms of the Banzhaf index
varies inversely with the square root of the increasing population. See Banzhaf [1966]
and also Lucas [1983]. !

The model assumed in these studies is basically the following. In each district, voters
vote “yes” or “no” on a certain bill. Then the representatives vote “yes” or “no” on the
bill based on the majority opinion of the voters of their own districts. “Approval” or
“disapproval” of the bill is decided through the simple majority rule among the repre-
sentatives.

In our actual voting systems, however, voters usually vote a political party or vote a
person that a party puts forward as a candidate; not directly yes or no.

When there exist only two parties as in the United States, the model above can be
straightforwardly applied. The basic idea is the following. In each district voters vote
one of the two parties, say Party A or Party B; and then the seat is given to the party
that received the majority votes. In the House, representatives belonging to the same
party behave as a block; and vote yes or no on each bill proposed. To measure voters’
power, we list up all "Party A-Party B” combinations of voters’ votes and all “yes-no”
combinations of parties’ votes. Then for each voter, count the number of combinations
in which he can change final decisions in the House from approval to disapproval or
vice versa by changing his vote from one party to the other.? It is easily seen that this

procedure reaches the Banzhaf index of the original “yes-no” setting.

!Refer to Dubey and Shapley [1979] for mathematical properties of the Banzhaf index.
2Voters can indirectly alter final decisions through the change of the party that represents their

district.



When more than two parties exist, as observed in Japan, many European contries,
etc., however, the Banzhaf index is not directly applicable since voters have more than
two alternatives. The aim of the paper is to study voters’ power in such voting systems.

First we need to modify the Banzhaf index preserving at least its spirit. The idea
of modification is based on the discussion above for systems with two parties. We first
list up all combinations of voters’ choices, and also all yes-no combinations of parties’
choices. Then for each voter, count the number of combinations in which he can change
final decisions in the House from approval to disapproval or vice versa, by changing his
vote, say from one party to one of the others. By the use of this modified Banzhaf index,
we will show that the square-root effect holds even when more than two parties exist:
this is the pricipal finding of the paper.

The rest of the paper will be organized as follows. In Section 2, the model is described
on which we work throughout the paper. The modification of the Banzhaf index is given
in Section 3. Section 4 presents the main theorem: the proof is given in Sections 5 and 6.
Since the proof is complicated, we first present the detailed proof for the simplest three
party case in Section 5; and then in Section 6 we briefly explain how the proof can be
extended to the case with more than three parties. Some of the mathematical details of

the proof are given in the appendix. The paper ends in Section 7 with short remarks.

2 A Model

Let D = {d',...,d"} be the set of electoral districts. For each district d', let Q* be the
set of its voters, and let ¢' = |Q'], i.e., the number of voters in Q'. The sets Q’s are
mutually disjoint. Let P = {p;,...,pm} be the set of political parties. Exactly one seat
is allotted to each district.

In each district, there are m candidates: the jth candidate stands for the jth party
pjy j = 1,...,m. Each voter has exactly one vote and casts it to one of the candidates;
and a candidate who obtains the largest number of votes wins the seat. Ties are resolved
by a random choice.

For notational convenience, denote a voter k’s vote, k € Q*, by an m-dimensional



vector v** = (vi¥,...,vi¥) with one 1 and (m — 1) 0’s where vi¥ = 1 if the voter k votes
the jth candidate. Let vj = T reqi v;". j=1,...,m, and let v = (vi,..., v} ): v} is the
total number of votes given to the jth candidate in the district d*. Let j* = argmax{v; :
j=1,...,m}. Then the j*th candidate wins the seat. If there are more than one such j*,
each of them may win with equal probability. Let r* = (ri,...,r} ) be an m-dimensional
vector with one 1 and (m — 1) 0’s where r; = 1 if the jth candidate, or the jth party,
wins the seat in the district d'.

Let r; = X1y r;, j=1,...,m, and let r = (ry,...,7). The number r; is the total
number of seats that the jth party holds in the House. Note that }-7_,r; = n since
exactly one seat is allotted to each district.

In the House, “Approval (A)” or “Disapproval (D)” of each bill is decided by a simple
majority rule among the elected representatives. We assume that representatives be-
longing to the same party behave as a block; hence all of them vote “Yes (Y)” or all of
them vote “No (N)”. Thus for each bill, if the set of parties voting “Y” is S, then the
bill is approved when and only when S has the majority. To avoid ties in the House, we
assume n to be odd; thus the condition is ¥jesr; > (n+1)/2.

Our main concern is to measure each voter’s power, i.e., to evaluate to what extent
he has an influence on decisions on bills in the House. The power index used below is
similar to the Banzhaf index at least in its spirit. In our model, however, each voter
has only an indirect influence on final decisions in the House. What he may directly do
is to alter the party that wins the seat in his district. It then may alter the number
of representatives belonging to each party in the House; and thus, it may change final

decisions on bills.

3 A Modified Banzhaf Index

The Banzhaf index, in usual direct voting systems, measures each voter’s power by
counting the number of “Y” — “N” combinations of votes in which he may change final
outcomes by changing his vote. More precisely, consider all “Y” — “N” combinations of

all voters. In each combination, a voter is called a swing if he may change a final outcome



from “A” to “D” (or from “D” to “A”) by changing his vote from “Y” to “N” (or from
“N” to “Y”). The Banzhaf index, more precisely the absolute Banzhaf index, of a voter
is given by the fraction of his being a swing over all “Y” - “N” combinations of votes,
or in other words, by the probability that he is a swing provided that each combination
is equiprobable.

In our model, however, each voter may only indirectly alter a final outcome; and
further he may have multiple ways to change his vote. Recall there are m candidates in
his district, and thus he has (m — 1) possible ways to change his vote. On the basis of
these characteristics of our model, we define a power index for our model in the following
manner.

Consider first all possible combinations of voters’ votes in all districs; in addition,
consider all combinations of parties’ votes in the House. Let II' be the set of all com-
binations of votes in the ith district, and II¥ be the set of all combinations of parties’
votes in the House. Since there are m parties, each voter has m alternatives to choose.
Each of the m parties has two alternatives to choose, i.e., “Y” or “N” in the House.
Thus |II'| = m? and |T1¥| = 2™: recall ¢’ is the number of voters in the ith district. Let
=1 x...xII" x I1¥; and thus, [[I| = m? x ... x m x 2™,

Take a combination 7 = (x!,...,7",7%) € II. Suppose the final decision induced by
the combination 7 is “A”. Pick up a voter k in the ith district, and suppose he votes
for the jth candidate in the combination 7. Then he may change his vote to one of the
other (m — 1) candidates; thus he has (m — 1) different ways of changing his vote. Let
s¥(r) denote the number that k can be a swing in =, i.e., the number of ways that k
may change the final outcome from “A” to “D”. Thus 0 < s*(7) < m — 1. If s¥(x) =0,
then k has no way to change the final outcome; and if s*¥(7) = m — 1, then k may change
the final outcome by changing his vote from the jth candidate to any of the others. If
0 < s¥(m) < m — 1, then we have an inbetween of these two extremes. Assuming that
each of m? x ... x m™ x 2™ combinations is equiprobable and that ties of the largest
number of votes are resolved by a random choice, we define a modified Banzaf index B¢
of the voter k by the expected number of his being a swing. It is to be noted that since

voters in the same district are symmetric their modified Banzhaf indices are identical.



Thus in what follows we denote by 3' the modified Banzhaf index of a voter in the ith

district.

4 Passage to the Limit and the Main Theorem

Our concern is to evaluate each voter’s relative power measured by the modified Banzhaf
index when every district’s population is quite large. For this purpose, we augment every
district’s population keeping their proportions fixed, and study asymptotic behavior of
ratios of voters’ indices in different districts. Let a’,...,a™ be rational numbers repre-
senting proportions of districts’ populations, and K be their least common multiple. Let
M be a positive integer, M = 1,2,..., and ¢(M) = o'KM, i = 1,...,n. Let §'(M)
be the modified Banzhaf index of a voter in the ith district when the district has ¢'(M)
voters, i = 1,...,n. We want to examine the asymptotic behavior of 8'(M)/8" (M) as
M — oo for each pair of 7,2’ = 1,...,n, t #i’. As a main theorem, we obtain the follow-
ing. The theorem shows that the relative power per capita of each district is inversely
proportional to the square root of its population. Hence the “square root effect” shown

in Banzhaf [1966] and Lucas [1983] also holds even if there are more than two parties.

Main Theorem: For each two districts d and d*',

lim —ﬂi(M) =] E
W2 (M)~ Vi

5 A Proof of the Main Theorem: the Case with

Three Parties

For simplicity of presentation, we first present a proof for the simplest case with three
parties. A similar proof holds even if there are more than three paries, which will be
given in the next section. Only a major difference is that the normal distribution which

will appear in the following discussion is replaced by a multi-variate normal.



5.1 Decomposition of 3'(M)

Let py,p2 and ps be the three parties, and suppose cach district ¢ has o' KM voters,
i =1,...,n. Pick up a district, say the ith district, and take one of its voters, say the
kth voter. We first rewrite the modified Banzhaf index 3'(M) of this voter. Recall every
voter in this district has the same index, and thus the notation 8‘(M) is used. In what

follows, we use the following notations to represent several events:

V(j),7 = 1,2,3: the voter votes the jth candidate: recall that the candidate belongs

to the jth party;

V(i — j§'),4,J" = 1,2,3,j # j'+ the voter changes his vote from the jth to the j'th

candidate;
R'(j),j = 1,2,3: the jth party wins the seat of the ith disctrict;

Ri(j — 3'),7,4" = 1,2,3,j # 7" the party winning the seat is changed from the jth to
the j'th.

A « D: a final outcome in the House is changed from A to D or from D to A.

Then since the modified Banzhaf index 3*(M) is defined as the expected number of

the kth voter’s being a swing, 3*(M) is rewritten as

=1

-

3
ﬂ‘(M):Z 3= Prob (A & D|V(j — j')) Prob (V(j)) | - (5.1)
i'#

(%

Here Prob(-) denotes the probability that an event - occurs. Since the kth voter may
change a final outcome through the change of a winning party of the district, the inner

sum of (5.1) is further rewritten as



3 3

Y. 3" Prob (A & D|R(f — g)) x Prob (R'(f = 9)[V(i = j'))). (5.2)
) =1 Ja=1
;’#1’ f#9

Prob(-| - -) denotes the conditional probability of - given --.

5.2 Evaluation of Prob(A « D|R(f — g)),f,9=1,2,3,f#g

Let h be the party other than f,g. Denote a combination of parties’ voters by (*,*,*) : *
stands for Y or N, and the first (second, third, resp.) element corresponds to a vote by
the party f (g, h, resp.). For example, (Y,N,Y) implies that f and h vote Y and g votes
N.

Recall first there are 23 = 8 combinations of parties’ votes in the House. Thus the

desired probability, henceforth denoted a(f,g) for saving spaces, is rewritten as

a(f,g) = Prob(Ae D & (Y,Y,Y)|R(f —g))
4+ ...4+Prob(Ae D & (N,N,N)|R(f - g)) (5.3)

Let a(f,g; (*,* %)) = Prob(A & D & (*,*,*)|R'(f — g)) where * stands for Y or N.
Suppose both of f and g vote Y or both vote N. Then a final outcome never changes

even if a winning party of the district changes from f to g. Thus we obtain

a(f,g;(Y,Y,N))
a(f,9;(N,N,Y)) = a(f,g;(N,N,N)) =0 (5.4)

a(f,g;(Y,Y,Y))

Take a(f,g;(Y,N,Y)). It is easily seen that under the combination (Y, N,Y’) the
change of a winning party from f to g alters a final outcome only when ry+r, = (n+1)/2:
in this case the final outcome changes from A to D. Recall r; is the total number of

seats that the party j holds in the House, j = 1,2,3. Therefore



Prob (ry+rn=(n+1)/2 & (Y,N, Y)|R'(f — g))
Prob (r;* = (n—1)/2 & (Y, N, Y)IR(f = 9))

a(f,g;(Y,N,Y))

Il

n
St

where r;‘ = 3 1 (5.5)

9
=1
i#i
;" is the number of seats that the party g holds in districts other than the ith.
Now since in the i'th district, 7’ # i, combinations of voters’ votes are equiprobable,

and further ties of the largest votes are resolved by a random choice, we have

Prob (R"(f)) = Prob (R"(k)) = Prob (R"(h)) = 1/3.

Recall R¥(j) denotes the event that the party j wins the seat of the #'th district, j =

1,2,3. Therefore (5.5) is rewritten as

1 - 1)! =
Wu N =gx L e () (5)
r,y20
r:v=("-1)/2
z,y integers

From the same reason, we have

a(f,g;(Y,N,Y)) = a(f,g; (N,Y,N)) = the r.h.s. of (5.6). (5.7)

Hereafter we denote the sum of the r.h.s. of (5.6) by X. It should be noted that X
depends neither on f nor on g. Thus (5.6) and (5.7) hold for all f,g =1,2,3, f # g.
Thus from (5.3), (5.4), (5.6) and (5.7), we obtain

a(f,g) = X/2forall f,g=1,2,3, f#g. (5.8)



It is to be noted further that X is independent of districts’ population.

5.3 Evaluation of Prob (R(f — ¢)|(V(j = J')), f,9=1,2,3,
f#9

In what follows denote this probability by b(f,g;7,7'). Let j” be the party other than
j and j'. First let f = j/. Then v'(j’) > max(v‘(j),v'(;")) since the party ;' wins the
seat. Recall v*(7)(v'(j'),v* ("), resp.) is the total number of votes that the candidate
(or the party) j(5', ", resp.) obtains. Thus under V(j — j'), the party j' still wins the

seat. Hence

b5, 5;3,3") = b(3",3";5,3) = 0 (5.9)

In a similar manner, we obtain

b(3",333,5") = 0. (5.10)

We now examine the remaining three probabilities &(7,j';7,7'), &(J,7";7,5"), and
b(3”,j;7,7'). Recall the ith district has o' KM voters. We first assume o'KM is a
multiple of three, and let o' K M = 3¢ where £ is a positive integer. Then we have the

following five cases in which V(j — ;') induces R'(j — j').
(1) v'(j) =v'(") =v'(") = &
(2) v'(j) =v'(F") 20" + 3
(3) v'(j) =v'(1) +1 2 v'(") + 2
(4) vi(5) = V(i) + 2 2 v(j") +4;

(5) v'(j) = v'(4") + 1 = v'(j") + 2.
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Hence

b(4,5"33,3")

Prob (R'(j — j') & (1)IV(F = j'))

4

...+ Prob (R'(j = j') & (B)V(H — ) (5.11)

In the following we explain in detail the two cases: Cases (1) and (3).

Case (1): Since ties are resolved by a random choice, each of the three parties may win

the seat with equal probability 1/3. When the voter k changes his vote from j to
7', the party ;' wins the seat for sure. Thus

the first term of the r.h.s. of (5.11) = = x K ol 3 X (1)31—1 5.12)

o ' 37 (e-1)wn 3 .
Applying Stirling’s approximation to the r.h.s. of (5.12) we obtain the following
proposition.

Proposition 5.1 :

the ﬁrst term Of (511) 7 %ﬁ— X % (513)
4 us

where ~ implies that the ratio of both sides converges to 1 as £ — oo.
¢

Proof. See the appendix.

Case (3): The party j wins the seat for sure; whereas if the voter k changes his vote

from j to j', the party j' wins the seat. Thus

[(3¢-1)/2] 1\ 3¢-1
the third term of (5.11) = 3 -1 (1) (5.14)

Z T30 -22-1) \3
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where [-] is the largest integer in -. Using a similar device to the proof of DeMoivre-
Laplace’s convergence theorem (the convergence of a binomial to a normal distri-
bution, e.g. refer to Feller [1957]), we obtain the following proposition: the detailed

proof is given in the appendix.

Proposition 5.2 :

the third term of (5.11) ~ 21 x (1 — 8(0)) = (5.15)

1
NZYi 4wt

where ®(-) denotes the normal distribution function with mean 0 and variance 1.

Proof. See the appendix.

As for the remaining three cases, we have similar asymptotic values. In Case (2), the
parties j,j' may win the seat with equal probability 1/2, and when the voter k changes
his vote from j to j’, the party j' wins for sure. In Case (4), the party j wins the seat,
and the parties j, j may win the seat with equal probability 1/2 after the change of voter
k’s vote. In Case (5), the party j wins the seat, and after the change of voter k’s vote,
three parties may win the seat with equal probability 1/3. Thus in a similar manner as

above, we obtain the following proposition.

Proposition 5.3 :

the second and fourth terms - 4\}”_[ X %
1
d the fifth t ~— 5.16
and the fifth term s 273t ( )
Hence, from (5.11), (5.13), (5.15) and (5.16) we obtain
. ¥ 5 3 1
b(j, 3" 3,3) (5.17)

by

72
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We next examine b(j,j";j,j'). We have the following three cases in which V(j — j’)
induces R'(j — j").

L v'(j) = v'(j") 2 v'(1") +3;
2. v'(j) = v'(i") +1 = v'(j") + %
3. 0(j) = v'(5") + L,v'(3") 2 V(") + &

recall that o' KM is a multiple of three. Thus in a similar manner as above, we obtain

1
j23"39537) o : 5.18
b(] J o .7) » 4\/”—[ ( )
As to b(3"”,7'; 7,J'), we similarly obtain
1
b .”i .,; '9 ")~ ——=. 5.19
G500 7 775 (5.19)
Since o' KM = £, we have from (5.17), (5.18) and (5.19)
1
b(5,5'33,3") + 63, 3"33,3") + 85", 33 3,3") ~ —. 5.20
m [r(a' KM/3) (5.20)

It is easily shown that (5.20) holds even if o' KM is not a multiple of three.

5.4 Evaluation of (M) and of the ratio ﬁ‘(M)/,B"(M)

We first obtain from (5.2), (5.8), (5.9), (5.10) and (5.20) that the asymptotic value of
(5.2) (the inner sum of (5.1)) is given by

1

V(e KM/3)

(5.21)
i'=1
1I'#3

3 3
X
Y Prob(AeDIV(Gi—=i) ~ ¥ X
jis
i'#

1
d
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where X is the sum of the r.h.s. of (5.6). Recall that X does not depend on dis-
tricts’ populations. Since every combination of voters’ votes is equiprobable, we have

Prob (V(3)) = 1/3. Thus it follows from (5.1) and (5.21) that
X

pM) & 2. /rai K M/3

Therefore for each i and i’ we obtain the desired relation

e B(M) 1/Vob Vo'
M=o B (M)~ 1/Va* ai

6 A Proof of the Main Theorem: the Case with
More Than Three Parties

Suppose there are m parties (m > 3), and let the set of parties P = {p1,...,pm}. Then

similarly to (5.1) and (5.2), we have
My=J, E Prob (A & D|V(j — j")) | Prob (V(3)) (6.1)
=1 .
;e

and the inner sum of (6.1) is rewritten as

Prob (A & D|R'(f — g)Prob (R'(f — ¢)IV(j = ") (6.2)

™M=
M=

]

&.g
h
o i
S~
* ©
L)



14

6.1 Prob (A« D|R'(f — g))

As in Section 5.2, R'(f — g) may induce A « D only when the parties f, g vote differ-
ently, i.e., f votes Y and g votes N, or f votes N and g votes Y. Thus letting S be a

set of parties which vote Y, we obtain

; i n—1) s1\*! 1
Prob (A DIR(f =)= Y mls ¥ (L))
Is|=o E.es’i=("_l)/2 i
Z:‘:) zi=n-—-1

where ,,C|s| denotes the number of combinations of taking |S| out of m elements. This

probability does not depend on districts’ populations similarly to the three party case.

6.2 Prob (R(f—9)|V(i—J)):

We first notice that, as in Section 5.3, V(j — j’) may induce R'(f — g) only in the
following three cases: (1) f = j,9 =3"; (2) f =j,9 = j"; and (3) f = j”,g9 = j' where
7" # 3,7’ One of the typical cases which induce the case (1) is

v'(j) = v'(3) + L,v'(§") 2 0'(5") for all 5" #j,5': (6.3)

this case corresponds to Case (3) of the evaluation of b(j,j’; 7,') in Section 5.3. We

obtain

Prob (R'(j — j') & (6.3)|V(j — j'))
[(a'h'g:-l)/zx (@KM)  /1\*KM-1
21! . Ym_2! (_) ‘
2= [(a'KM = 1)/m] R i NI
n+...+ym2=a'KM-1-2z

Viyeo¥m=-2 £ T

It is shown in a similar manner to the proof of Proposition 5.2 that this probably is of
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the order /1/a‘ K M; but the normal distribution appeared in the proposition must be
replaced by a multi-variate normal. By the use of this fact, the desired result follows in

a similar manner to that in the three party case.

7 Concluding remarks

We have studied voters’ power in indirect voting systems with multiple, in particular
more than two, parties. Since voters have more than two alternatives, we have first
propose a modification of the Bamzhaf index. Then using the modified index, we have
shown the square root effect holds even when more than two parties exist. We conclude
the paper with short remarks concerning possible future research directions.

The first is to extend the model so that it may cover the case where districts may
have unequal numbers of seats. In the case of two parties, studies were done by Owen
[1975] and Muto [1989].> The former assumed the party received majority of votes takes
all seats, and analyzed voters’ power in the U.S. Presidential Election; while the latter
assumed the seats are given to each party in proportion to the votes they received,
and demonstrated the following: (1) voters in districts with even number of seats are
completely powerless, and (2) voters’ power in districts with odd seats depends only on
districts’ population and never depends on the number of seats allotted to districts. It
must be interesting to study their counterparts in the case with more than two parties.

The second and more conceptually difficult question is on the application of the
Shapley-Shubik index. Since the Shapley-Shubik index is defined on the basis of coali-
tion formation, it seems much more difficult to extend this notion so that it may be
applied to voting systems with more than two parties. The difficulty arises since coali-
tion formation among political parties must be taken into consideration together with
coalition formation among voters.

These problems will be studied in future papers.

3Banzhaf [1966] also analyzed the case with unequal numbers of seats; but his analysis was limited
to voters’ influences within districts. Voters’ influences on final decisions made by representatives were

not considered.
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Appendix

Proof of Proposition 5.1: It follows from (5.12) that

8 (3¢-1)! x(l)““
(€—1)tee! 3

3¢)! ') 103

oo < 3—1" ( ) ’

the first term of (5.11) = %
(

By Stirling’s approximation, we obtain

3 (V2rl(e) exp(=0))* 3%
V3
2_7ré.

e

(30)! % (1)3’ \/2m(3€)(3€)3 exp(—3¢) y 1

~
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Further lim,_., £/(3¢ — 1) = 1/3. Hence we obtain

—

the first term of (5.11) s ﬁ x 7 Q.E.D.
™

Proof of Proposition 5.2: We first recall (5.14), i.e.,

(3e-1)/2] 8 71
{odemt 3 (;) . (A1)

the third term of (511) = zgl M—_l)' X

Denote the r.h.s. of (A.1) by A. Just for simplicity, suppose 3¢ — 1 is even in what
follows. Let y =  — ¢, and thus 3 —2z —1 =€ — 1 — 2y. Then

@1/ (3¢-1)! (1)3"‘

e Cry+ye—1-2y \3

(A2)

y=0

Denote each component of the sum of (A.2) by t(y), and for each s,s’ with 0 < s < s’ <
(£ —1)/2, denote 3°_, t(y) by t(s,s'). Further let ¢* = [€771?]. Then we have

A=t (oe"Tl) = 0.0+ 41,550
(0, £ (1 L ok el tl(o(i—) b/ 2)) (A3)

I

Claim A.1:

e+ 1,(0-1)/2)
T we

Proof of Claim A.1: We first obtain
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4y) =(é’+1—2y)(€—2y) forall y=1,...,(¢-1)/2.

t(y—1) (€+y)(t+y)

As for the r.s.h., we easily obtain

(€+1—2y)(l—2y)

0< " ot+y

<1 forall y=1,...,(6—-1)/2; (A.4)
and further this term is decreasing in y. Thus we have

ty) _ (£—20 —1)(¢—20 —2) o
oS P I forall y=¢€+1,...,(—-1)/2.  (A.5)

Denote the r.h.s. of (A.5) by B:0 < B < 1 from (A.4). Then we obtain from (A.5)

t(+u) _ H(+1 x (e +2) o e +u)
) - ey e+ e ru—-1)
<B* forall u=1,...,(£-1)/2-¢.

Thus

te +1,(6-1)/2) < H)(B'+ B*+...+ BN
HONB + B +......... )
t(¢*)(B/(1 —B)): recall 0 < B< 1. (A.6)

A

In the meanwhile, it follows from (A.4) that ¢(0) > #(1) > ... > t((¢ — 1)/2). Hence

1(0,€%) > (€ + 1)t(") (A7)
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Thus from (A.6) and (A.7),

(e+l,(e-1/2) 1B
t(0,¢%) #+1" 1-B

(A.8)

Since B is the r.h.s. of (A.5) and €* = [¢7/1?], it follows from a straightforward calcu-
lation that the r.h.s. of (A.8) is of the order 1/¢'/6. Noting that the Lh.s. of (A.8) is
positive by (A.4), we thus obtain that the L.h.s. of (A.8) converges to 0 as £ — oco. Q.E.D.

We now examine the asymptotic behavior of ¢(0,£*). We first note that t(y) is rewrit-

ten as
B (3¢ —1)! 1) %1
W = Tt —1=2) ~ (5)
B (36)! IN¥ [(t-2y
= Trot+yt—2) (5) "( ; ) (A3
Let
3 (30)! 1y
C= T oit+yii—29) (3) ;
Then by Stirling’s approximation,
0 V3t % &
¢ 2+ y)T-2y  (C+y)EV(C—2y)W
V3l 1

2r(€ +y)VT—2y % (1 + y/0)*+w(e — 2y/0)~2" (A.10)

We are examining ¢(0,¢), and thus y < ¢* = [¢1/'?]. Thus we obtain
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V3
the first term of (A.10) % S (A.11)
We now examine the second term of (A.10). Let its denominator be D. Then
log, D = (2¢ + 2y)log,(1 + y/¢) + (£ — 2y) log.(1 — 2y/¢).
By Taylor’s expansion, log, D = 3y?/¢ + y*/* + 6y*/6® + .... Since y < ¢ =
(€712, y3/€2,y*/ 6, ... — 0 as € — co. Hence
log, D = 3y?/¢, or D 3 exp(3y%/¢0). (A.12)

Substituting (A.11) and (A.12) to (A.10), we obtain

V3 —3y?
C '; m X exp 7
;x;xexp(ixﬁlﬁ)
2Vl | [2r(¢/6) 2 ")
Since (¢ — 2y)/¢ — 1 as £ — oo, we have
Hy) ~ — x _‘—xexp(ix 6—35)
¢ 2V/rl " \ar\fe/6 2 A
Let h = 1/(,/€/6) and 2z, = y/(,/¢/6). Then

e £
(0.6) = Y1) ; 375 2 M)

y=0 y=0



21

1 —z?
where 0(z) = ﬁexp <

Recalling £* = [€7/1?], we have

&

Zpp = ——= — 00 as ¢ — oo.

N

Further zo = 0. Thus we obtain

1

H0,6) 5 o=

(1 —®(0)).

By

~

Thus together with (A.3) and Claim A.1 the proof of Proposition 5.2 is completed.



Discussion Paper Series, CentER, Tilburg University, The Netherlands:

(For previous papers please consult previous discussion papers.)

No.

9235

9236

9237

9238

9239

9240

9241

9242

9243

9244

9245

9246

9247

9248

9249

9250

9251

Author(s)

L. Meijdam,
M. van de Ven
and H. Verbon

H. Houba and
A. de Zeeuw

A. Cameron and
P. Trivedi

J.-S. Pischke

H. Bloemen

F. Drost and
Th. Nijman

R. Gilles, P. Ruys
and J. Shou

P. Kort

A.L. Bovenberg and

F. van der Ploeg

W.G. Gale and
J.K. Scholz

A. Bera and P. Ng
R.T. Baillie,

C.F. Chung and
M.A. Tieslau
M.A. Tieslau,

P. Schmidt

and R.T. Baillie
K. Wirmneryd

H. Huizinga

H.G. Bloemen

S. Eijffinger and
E. Schaling

Title
Strategic Decision Making and the Dynamics of Government
Debt
Strategic Bargaining for the Control of a Dynamic System in

State-Space Form

Tests of Independence in Parametric Models: With
Applications and Illustrations

Individual Income, Incomplete Information, and Aggregate
Consumption

A Model of Labour Supply with Job Offer Restrictions

Temporal Aggregation of GARCH Processes
Coalition Formation in Large Network Economies
The Effects of Marketable Pollution Permits on the Firm’s

Optimal Investment Policies

Environmental Policy, Public Finance and the Labour Market
in a Second-Best World

IRAs and Household Saving

Robust Tests for Heteroskedasticity and Autocorrelation Using
Score Function

The Long Memory and Variability of Inflation: A

Reappraisal of the Friedman Hypothesis

A Generalized Method of Moments Estimator for Long-
Memory Processes

Partisanship as Information

The Welfare Effects of Individual Retirement Accounts

Job Search Theory, Labour Supply and Unemployment Duration

Central Bank Independence: Searching for the Philosophers’
Stone



9252

9253

9254

9301

9302

9303

9304

9305

9306

9307

9308

9309

9310

9311

9312

9313

9314

9315

9316

Author(s)

A.L. Bovenberg and
R.A. de Mooij

A. Lusardi
R. Beetsma
N. Kahana and

S. Nitzan

W. Giith and
S. Nitzan

D. Karotkin and
S. Nitzan

A. Lusardi

W. Giith

B. Peleg and
S. Tijs

G. Imbens and
A. Lancaster

T. Ellingsen and
K. Wimeryd

H. Bester

T. Callan and
A. van Soest

M. Pradhan and
A. van Soest

Th. Nijman and
E. Sentana

K. Wirmneryd

O.P.Attanasio and
M. Browning

F. C. Drost and
B. J. M. Werker

H. Hamers,
P. Borm and
S. Tijs

Title

Environmental Taxation and Labor-Market Distortions
Permanent Income, Current Income and Consumption: Evidence
from Panel Data

Imperfect Credibility of the Band and Risk Premia in the
European Monetary System

Credibility and Duration of Political Contests and the Extent
of Rent Dissipation

Are Moral Objections to Free Riding Evolutionarily Stable?

Some Peculiarities of Group Decision Making in Teams

Euler Equations in Micro Data: Merging Data from Two Samples

A Simple Justification of Quantity Competition and the Cournot-
Oligopoly Solution

The Consistency Principle For Games in Strategic Form
Case Control Studies with Contaminated Controls

Foreign Direct Investment and the Political Economy of
Protection

Price Commitment in Search Markets

Female Labour Supply in Farm Households: Farm and
Off-Farm Participation

Formal and Informal Sector Employment in Urban Areas of
Bolivia

Marginalization and Contemporaneous Aggregation in
Multivariate GARCH Processes

Communication, Complexity, and Evolutionary Stability

Consumption over the Life Cycle and over the Business
Cycle

A Note on Robinson’s Test of Independence

On Games Corresponding to Sequencing Situations
with Ready Times



No.

9317

9318

9319

9320

9321

9322

9323

9324

9325

9326

9327

9328

9329

9330

9331

9332

9333

9334

9335

9336

Author(s)
W. Giith

M.J.G. van Eijs

S. Hurkens

J.J.G. Lemmen and
S.C.W. Eijffinger

A.L. Bovenberg and
S. Smulders

K.-E. Wirneryd

D. Talman,

Y. Yamamoto and
Z. Yang

H. Huizinga

S.C.W. Eijffinger and
E. Schaling

T:C: To

J.P.J.F. Scheepens

TE:To

F. de Jong, T. Nijman
and A. Roell

Huizinga

Huizinga

wEL X m

Borm and S. Tijs

Lauterbach and
Ben-Zion

cw

B. Melenberg and
A. van Soest

A.L. Bovenberg and
F. van der Ploeg

E. Schaling

Feltkamp, A. Koster,
van den Nouweland,

Title
On Ultimatum Bargaining Experiments - A Personal Review

On the Determination of the Control Parameters of the Optimal
Can-order Policy

Multi-sided Pre-play Communication by Burning Money

The Quantity Approach to Financial Integration: The
Feldstein-Horioka Criterion Revisited

Environmental Quality and Pollution-saving Technological
Change in a Two-sector Endogenous Growth Model

The Will to Save Money: an Essay on Economic Psychology
The (2™™' - 2)-Ray Algorithm: A New Variable Dimension
Simplicial Algorithm For Computing Economic Equilibria on
S"x R}

The Financing and Taxation of U.S. Direct Investment
Abroad

Central Bank Independence: Theory and Evidence

Infant Industry Protection with Learning-by-Doing
Bankruptcy Litigation and Optimal Debt Contracts
Tariffs, Rent Extraction and Manipulation of Competition

A Comparison of the Cost of Trading French Shares on the
Paris Bourse and on SEAQ International

The Welfare Effects of Individual Retirement Accounts
Time Preference and International Tax Competition

Linear Production with Transport of Products, Resources and
Technology

Panic Behavior and the Performance of Circuit Breakers:
Empirical Evidence

Semi-parametric Estimation of the Sample Selection Model

Green Policies and Public Finance in a Small Open Economy

On the Economic Independence of the Central Bank and the
Persistence of Inflation



No.

9337

9338

9339
9340

9341

9342

9343

9344

9345

9346

9347

9348

9349

9350

9351

9352

9353

9354

9355

Author(s)

G.-J. Otten

M. Gradstein

W. Giith and H. Kliemt
T.C. To

A. Demirgiig-Kunt and
H. Huizinga

G.J. Almekinders

E.R. van Dam and
W.H. Haemers

H. Carlsson and
S. Dasgupta

F. van der Ploeg and
A.L. Bovenberg

J.P.C. Blanc and
R.D. van der Mei

J.P.C. Blanc
R.M.W.J. Beetsma and
F. van der Ploeg

A. Simonovits

R.C. Douven and
J.C. Engwerda

F. Vella and

M. Verbeek

C. Meghir and

G. Weber

V. Feltkamp

R.J. de Groof and
M.A. van Tuijl

Z. Yang

Title

Characterizations of a Game Theoretical Cost Allocation
Method

Provision of Public Goods With Incomplete Information:
Decentralization vs. Central Planning

Competition or Co-operation
Export Subsidies and Oligopoly with Switching Costs

Barriers to Portfolio Investments in Emerging Stock Markets

Theories on the Scope for Foreign Exchange Market Intervention

Eigenvalues and the Diameter of Graphs
Noise-Proof Equilibria in Signaling Games
Environmental Policy, Public Goods and the Marginal Cost

of Public Funds

The Power-series Algorithm Applied to Polling Systems with
a Dormant Server

Performance Analysis and Optimization with the Power-
series Algorithm

Intramarginal Interventions, Bands and the Pattern of EMS
Exchange Rate Distributions

Intercohort Heterogeneity and Optimal Social Insurance Systems
Is There Room for Convergence in the E.C.?

Estimating and Interpreting Models with Endogenous
Treatment Effects: The Relationship Between Competing

Estimators of the Union Impact on Wages

Intertemporal Non-separability or Borrowing Restrictions? A
Disaggregate Analysis Using the US CEX Panel

Alternative Axiomatic Characterizations of the Shapley and
Banzhaf Values

Aspects of Goods Market Integration. A Two-Country-Two
-Sector Analysis

A Simplicial Algorithm for Computing Robust Stationary Points
of a Continuous Function on the Unit Simplex



9356

9357

9358

9359

9360

9361

9362

9363

9364

9365

9366

9367

9368

9369

9370

9371

9372

Author(s)

E. van Damme and
S. Hurkens

W. Giith and B. Peleg
V. Bhaskar

F. Vella and M. Verbeek
W.B. van den Hout and
J.P.C. Blanc

R. Heuts and
J. de Klein

K.-E. Wimneryd
P.J.-J. Herings
P.J.-J. Herings

F. van der Ploeg and
A. L. Bovenberg

M. Pradhan

H.G. Bloemen and
A. Kapteyn

M.R. Baye, D. Kovenock
and C.G. de Vries

T. van de Klundert and
S. Smulders
G. van der Laan and

D. Talman

S. Muto

S. Muto

Title

Commitment Robust Equilibria and Endogenous Timing

On Ring Formation In Auctions
Neutral Stability In Asymmetric Evolutionary Games

Estimating and Testing Simultaneous Equation Panel Data
Models with Censored Endogenous Variables

The Power-Series Algorithm Extended to the BMAP/PH/1 Queue
An (s,q) Inventory Model with Stochastic and Interrelated Lead
Times

A Closer Look at Economic Psychology

On the Connectedness of the Set of Constrained Equilibria

A Note on "Macroeconomic Policy in a Two-Party System as a
Repeated Game"

Direct Crowding Out, Optimal Taxation and Pollution Abatement
Sector Participation in Labour Supply Models: Preferences or
Rationing?

The Estimation of Utility Consistent Labor Supply Models by
Means of Simulated Scores

The Solution to the Tullock Rent-Seeking Game When R > 2:
Mixed-Strategy Equilibria and Mean Dissipation Rates

The Welfare Consequences of Different Regimes of Oligopolistic
Competition in a Growing Economy with Firm-Specific
Knowledge

Intersection Theorems on the Simplotope

Alternating-Move Preplays and vN - M Stable Sets in Two

Person Strategic Form Games

Voters’ Power in Indirect Voting Systems with Political Parties:
the Square Root Effect



PO. BOX 90153, 5000 LE TILBURG. THE NFTHERLANDS
Bibliotheek K. U. Brabant

17 O00 01133581 8



	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31

