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1 Introduction

In many economic situations it seems perfectly reasonable that agents have
some say not only over their choice of action, but also over the timing of that
choice. It is, therefore, important to check the robustness of results obtained
from models in which agents are restricted to a certain timing structure.
In this paper is shown that letting the timing decision be endogenous in
a two-player game of incomplete information has serious impact on what
can be equilibrium behaviour. In particular, the strategies used in a game
restricted to simultaneous moves will never be used in equilibrium in a version
of the same game where sequential moves are possible. In other words, once
sequential moves are allowed the players will never mimic the equilibrium
behaviour of players in the simultaneous move game. In contrast, complete
separation in time is shown always to be an equilibrium.

The model has a number of special features. There are two players and
two periods. A player can take action in one of the two periods only. If she
acts in period 1 she cannot act in period 2, and vice versa. There is no cost
of waiting, that is, there is no discounting between the two periods. Payoffs
are realized after period 2. However, the two periods need not be separated
by any significant physical time. What is necessary is that a player acting
in the first period makes some irreversible decision which the other player
can observe before choosing her action in the second period. Another distin-
guishing feature of the model is that the players have incomplete information
about the type of the other player. Player i’s type influences only her own

payoff, and not that of player j. However, the action of player i does influ-



ence the payoff of player j. The incomplete information gives an incentive
for players to wait until the second period in order to observe the action of
the other player. On the other hand, being in the first period can be advan-
tageous in that it may entail a first mover advantage. Furthermore, some
types of a player may prefer to hide their identity by delaying their action
until the second period, while others will want to separate themselves from
these “bad” types. The analysis of these conflicting motives of hiding and
separating, and of reaping a first mover advantage versus reacting optimally
to the rival’s action, is the focus of the paper.

The main result is that simultaneous move configurations, where both
players always move in the same period, regardless of type, can never be
Perfect Bayesian Equilibria (PBEs) of this timing game. In contrast, sequen-
tial move configurations, where one player always moves in the first period,
regardless of type, while the other always moves in the second period, re-
gardless of type, can always be supported as PBEs. Furthermore, there may
be equilibria where some types of both players are in period 1 and others in
period 2. An example of such an equilibrium is presented in Section 4.

One natural application is to the well known Stackelberg leadership model.
Consider for example two firms who know their own unit cost, but not that
of their rival. The results from the general model show that leadership is a
PBE of a model where the firms not only choose how much to produce, but
also when to produce it. However, the (Bayesian) Cournot-Nash solution,
in which the two firms simultaneously choose outputs, cannot be supported
as an equilibrium of the more general timimg game. Recently, a number of

studies have analysed endogenous timing in various versions of the Stackel-



berg model. For instance, Mailath (1988) lets a duopolist receive a private
signal about a random demand parameter, that is, a parameter of common
value to the two firms. This firm can then decide whether to play Nash or
to be a Stackelberg leader. Mailath finds that the only equilbrium (after
invoking an equilibrium refinement) has the informed firm moving first, no
matter what the observed signal is. In Albzk (1990) I ask whether private
cost information can lead to an endogenous explanation of the distribution of
Stackelberg roles. However, in that paper the firms decide before they know
their own cost whether they will play Stackelberg or Nash, and who shall be
leader and follower. The answer is that in some cases the firms can indeed
agree on such an endogenous distribution of roles.

Another strand of literature has analysed endogenous timing in Stackel-
berg models in full information environments. Hamilton and Slutsky (1990)
extend the work of Dowrick (1986) to show that in a complete information
model close to the model of this paper the two Stackelberg equilibria (that is,
either firm can be the leader) are the only two pure strategy equilibria if at-
tention is restricted to undominated strategies (Theorem VIII). Hence, their
result confirms that the sequential move equilibrium tends to perform better
than (simultaneous) Nash if games are extended to model the timing decision
endogenously. A similar conclusion is reached by Robson (1990), who anal-
yses a price-setting duopoly in which the firms can choose and commit to a
price at any of a countable set of dates before the fixed market-clearing date.
However, the cost of setting a price is increasing in the difference between
the price-setting and the market-clearing dates. Robson’s analysis shows

that “the only subgame perfect equilibria are more reminiscent of Stackel-



berg than of Bertrand”. Simon (1987) is the only paper modelling the timing
decision in continuous time. The general conclusion carries over to this set-
ting, since he finds that in a Stackelberg/Cournot model in continuous time
the two firms will never choose output simultaneously.!

Saloner (1987) analyses a complete information Cournot model in which
the firms can produce in both periods while the market clears after the second
period. He shows that there is a large set of subgame perfect Nash equilib-
ria, basically consisting of the points on the outer envelope of the reaction
functions between the two? Stackelberg points. Banerjee and Cooper (1991)
show that introducing a small fixed cost for producing in both periods in
Saloner’s model eliminates all equilibria except the Cournot equilibrium in
the first period and the two Stackelberg equilibria. However, a simple form of
asymmetric information about costs also eliminates the Cournot equilibrium.

In the next section the model is presented, while Section 3 contains the
main results. In Section 4 I concentrate on the Stackelberg version of the
model and give an example of an equilibrium where the firms sometimes
are in period 1 and sometimes in period 2. In the final section I offer some

concluding remarks.

In fact, Simon only uses the Stackelberg/Cournot model as an example of a more
general theory of timing decisions in continuous time.

2 Assuming for simplicity that each firm has only one Stackelberg point.



2 The Model

The players face two decisions: what action to take, and when to takeit. If a
player acts in period one, she cannot act in period 2, and vice versa. A player
acting in period two can, before making her decision, observe the choice of a
player acting in period one. However, if both players act in the same period,
neither of them observes the other’s action before choosing her own. Payoffs
are determined after period two, and there is no discounting between the
two periods. The presentation which follows at times relies heavily on the
construction in Okuno-Fujiwara, Postlewaite and Suzumura (1990). The two
players are denoted A and B. Each player has private information summarized
by her type t;, an element of T; = {t},...,t}, | T: | > 2,i = A, B. To keep
the analysis simple, T; is assumed to be finite with elements ordered so that
t! <t? < ... < ti. Before period 1 each player learns her own type t;. She
does not know the other player’s type; however, she does know the prior
distribution p; over T; from which the other player’s type was drawn. The
distributions p, and p, are assumed independent and common knowledge.

If nobody acts in period 1 the players have to form beliefs about which
type of the other player they are facing in period 2. Let Q; be the set of all
probability distributions on T;. Then a period 2 belief about player i’s type
is an element ¢; € Q;. Hence g;(t;) is the probability which player j in the
second period places on player i being of type ¢;.

The set of possible actions of player i is denoted S;. Player i therefore has
to choose an element s; € S;. For both players I assume that S; is a closed

interval [0,3;] of the real line. Playeri’s payoff functionis 7; : S;xS;xT; — R.



Note that only player j’s action, but not her type, influences the payoff of
player i.® Furthermore, the timing of actions is not per se important; in
particular, there is no discounting between the two periods.

A strategy of player i is a quadruple of functions, o; = (0.-,0’},a?",a?’r )
where 0; : T; — [0,1] gives the probability that player i of a certain type t;
will act in the first period while o} : T; — S; is the action as a function of
type that she will take if she acts in the first period. If she instead decides
to act in period 2, there are two possibilities: 07" : T; — §; is, again as a
function of type, the action that she will take in period 2 if player j also acts
in period 2 (n is for “Nash”); finally, o o : S; x T; — S; gives, as a function
of player j’s (period 1) action and player i’s type, the action that i will take
in the second period when j has acted in the first period (f for “follower”).

Given a strategy profile (0,,0s) the expected payoff to player A of type

t, is then
Py(0a,05,ta) = Zo o)Po(ts)8s(te)ma(02(ta), o4 (), 2a)
+ ;&(ta )P (t)[1 = O5(ts)]ma( 05 (ta), 047 (05 (ta), 1), ta)
+ i[l = 0a(ta)]ps(ts)Bb(ts)Ta (02! (3 (1), ta), 04 (1), ta)

Ty

S = Ba(ta)lps(ts)[1 — Bb(ts)]ma(02"(ta), 03" (2s), ta)

Ty

4t

The second period “Nash” strategies 02" and 07" will depend on the
second period beliefs g, and g;. It is convenient to consider in general si-

multaneous choice equilibria (o7, 0}') depending on beliefs ¢, and ¢;. Hence,

3Letting player i’s payoff depend directly on player j’s type would change the set-up

into a signalling game.



(o™, oF) constitute a simultaneous choice equilibrium if for all ¢; € T; and for

all s; € S;
; g;(t;)mi(al(t:), 07 (t5), t:) 2 ; g;(t;)mi(si, 07 (t;), i)

I shall assume that, given any beliefs ¢, and ¢, the simultaneous choice
equilibrium is unique, so that the simultaneous choice equilibrium strategy
o?(gi, gj, ti), is uniquely defined.*
A period 2 belief ¢; € Q; is said to be consistent if
(1 —6i(t)]pi(ts) .
(1) = if 1-6;(t,)]>0
a(k) o[l = 8i(t:)]pi(ti) ;,;[ (t]

Acting in period 2 is a zero probability event if 6;(¢;) = 1 for all ¢; € T;. In

that case Bayesian updating puts no restrictions on beliefs, and any ¢; € Q;
is consistent.

A Perfect Bayesian Equilibrium is a quadruple (o,, 03, ¢a, ¢5) for which

(i) P(oi,0j,ti) 2 Pi(ol,05,t;) for all t; and o)

(i) o (sj,t;) € argmax, s, 7i(8i,S;, )

(iii) ¢; and g; are consistent, and

of"(t:) = o7(¢i, ¢ i)

The first condition states that the strategy profile has to be a Nash equilib-
rium. Condition (ii) ensures that a follower will always act optimally in the
second period; hence, incredible threats are eliminated. The third condition
says that the strategies in a second period Nash-like situation can be rational-

ized by some beliefs ¢; and g; over which types of the other player would wait

4See Okuno-Fujiwara et al. (1990) for a discussion of this assumption.



and act in the second period. Of course, given a particular strategy profile,
one or both of the conditions (ii) and (iii) may be implied by (i). However,
for some strategy profiles certain events may happen with zero probability.
In those situations conditions (ii) and (iii) guarantee that responses to out-
of-equilibrium behaviour are rational. Note that no belief system about a
leader’s type is specified in condition (ii). A follower cares only about the
action choice of the leader. The opponent’s type matters only to a player in
so far as it indicates something about the action that the opponent will take.
When the leader has already chosen her action the follower simply maximizes
payoffs taking the leader’s action as given. In this situation the leader’s type
is of no interest to the follower.

The reader may well find the following assumptions about the payoff func-
tions quite restrictive. However, the results are later shown to hold under

a wide set of alternative assumptions. For the moment, the following must

hold for all (s;,s;) € (Si,S;) and forall t; € T;, i = A, B,

Assumption 1. ; is strictly concave and twice continuously differentiable

in s;, and decreasing and continuously differentiable in s;.

Assumption 2. a—f:m(sg,sj,ti) is decreasing and continuously differentiable

in 8;.
Assumption 3. a%m(s;,sj,t.-) is increasing in t;.

Assumption 4. For all ¢; € Q;, ¢; € Q; and ¢t; € T, 07*(qi, g5, t;) € (0,3;)



The first assumption is fairly self-explanatory, while the second asserts
that the actions of the two players are strategic substitutes (Bulow, Geanako-
plos and Klemperer, 1985). If player j increases s;, player i will respond by
lowering s; in order to meet the first order condition for maximizing her pay-
off. In other words, the best response functions are downward sloping. As-
sumption 3 is by Okuno-Fujiwara et al. (1990) called “positive-monotonicity
of best response functions”. The higher a player’s type, the more aggressive
her behaviour will be, since the best response function shifts out. Hence, the
lowest type is also the “weakest” type from the opponent’s point of view.

The final assumption restricts simultaneous choice equilibria to be interior.

3 Results

In this section the main results from the analysis are presented. As stated
in the introduction the aim is to describe what can be Perfect Bayesian
Equilibria of the timing game set up in the previous section. However, in the

first two propositions I shall state what can not be equilibria.

Proposition 1 Under Assumptions 1 - 4 there is no Perfect Bayesian Equi-

librium in which 0,(t;) = 1 for all t, € T, and 0,(ty) =1 for all t, € T,.

Proof. See Appendix. ||

The intuition behind this result is as follows. It is easy to see that, under

Assumptions 1, 3, and 4, each type of a player must be choosing different
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actions. Then the other player, say B, will in general not be choosing her
exact best response to A’s action, but rather an average best response. By
deviating to period 2 B will observe A’s period 1 action, and, therefore, be
able to respond optimally. Hence, both players always® acting in period 1
cannot be an equilibrium.

Remark. Often a stronger statement than Proposition 1 can be made,
namely that there is no PBE in which 6;(t;) = 1 for all t; € T; and 6,(t;) > 0
for some t; € T}, i # j. Imagine that one player (say A) always acts in period
1. When would a type of player B be willing also to act in period 1 with
positive probability? The answer is: only if all types of A choose the same
action. If two types of A choose different actions, B will only be choosing an
average best response but would by moving in period 2 observe A’s action
and be able to play the best response to each of A’s actions. That all types
of A would choose the same actions cannot in general be ruled out; however,
it seems rather unlikely. In the Appendix I discuss this possibility further
and give a sufficient condition that it cannot happen.

The proposition says that equilibria in which both types always act in
period 1 are not possible. The next proposition rules out such situations in

period 2 as well.

Proposition 2 Under Assumptions I - 4 there is no Perfect Bayesian Equi-
librium in which 0;(t;) = 0 for all t; € T; and 0;(t;) < 1 for some t; € Tj,
t 2 3

51In this context “always” means “with probability one for all t; € T;”.
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Proof. See Appendix. ||

Again the intuition is quite straightforward. Imagine now that player
B always moves in period 2. It is easy to show that under Assumptions 1 - 4
the game exhibits a “first mover advantage” in the following sense. Iinagine
that only one type of player A waits until the second period. Then that
type would prefer moving in the first period to the period 2 equilibrium. It
would then choose a larger action which has no first order effects on its pay-
off (due to the envelope theorem) while it would lead the follower to be less
aggressive. Hence, there can be no PBE in which only one type of player A
moves in the second period. Now, if a subset (with more than one type) of
T, moves in period 2 with a positive probability, B will, using Bayes’ rule,
form a belief about who she is playing against. Denote by t™ the highest
type of A playing in period 2. It can then be shown that tM would prefer a
period 2 equilibrium in which player B knew for sure that A was of the type
tM to the equilibrium when B only knows that t¥ is the highest of several
types. However, because of the first mover advantage, it is then clear that t¥
will always deviate from the supposed equilibrium to the first period. This
argument breaks any possible equilibrium with 6,(¢,) < 1 for some ¢, € T,.

Two possible types of equilibrium remain. One can be thought of as a
leader-follower situation where one player always moves in period 1 while the
other always moves in period 2. The other possibility entails both players
using strategies where they move in period 1 for some types and in period two
for other types. The next proposition states that leader-follower situations

can always be supported as PBEs.
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Proposition 83 Under Assumptions 1 - § there always ezist Perfect Bayesian
Equilibria in which 6;(t;) = 1 for all t; € T; and 0;(t;) = 0 for all t; € T;,
$ ki

Proof. See Appendix. ||

Clearly the player who in equilibrium is supposed always to move in pe-
riod 2 (say, player B) will never deviate, since the other player’s (A’s) action
choice is not changed by this deviation; hence, deviating to period 1 for B
simply means an unprofitable loss of information. I then concentrate on the
belief used by B if she unexpectedly finds herself called upon to play a period
2 game instead of being a “follower”. If I can find a belief which keeps all
A types from deviating, I have proved the proposition. Now, for an A type
considering a deviation the worst B can think is that A for sure is the lowest
(which is also the “weakest”) type t!, since B then will behave aggressively
and choose a high s;. Because of the first mover advantage, type t} will not
deviate if B holds this belief. Neither will any other type, since she will not
only loose the first mover advantage, but also mistakenly be taken for a lower
type in the period 2 game. Hence, I have found a belief which supports the
sequentizl choice equilibrium path described in the appendix. Since I am free
to choose B’s period 2 belief, the proposition is indeed proved. Note that
the proposition says nothing about which player will be in period 1; both
“leader-follower” configurations can be sustained as equilibria. Furthermore,
the proposition only describes the equilibrium path, not the equilibrium it-

self, since the associated beliefs are not specified. In fact, each of the two



13

outcomes can be supported by any belief belonging to a connected set® in
the space of possible beliefs, Q, or @y, whichever is relevant.

Assumptions 1 - 4 are admittedly quite restrictive and rule out several
well known industrial organization models. If, for instance, types are unit
costs of production, and a higher type is a firm with a higher unit cost,
neither standard Cournot nor Bertrand (with differentiated products) mod-
els meet all four assumptions. The Cournot model fails Assumption 3; the
Bertrand model meets Assumption 3, but not Assumptions 1 and 2. I there-
fore consider a set of alternative assumptions and show that the propositions

still hold.

Assumption 1’. m; is strictly concave and twice continuously differentiable in
s;, and increasing and continously differentiable in s;.
Assumption 2’. %m(s;,s,»,t,‘) is increasing and continuously differentiable

in 8;.
Assumption 3’ %r;(s.-,sj,t;) is decreasing in ;.

According to Assumption 1’ player i now sees player j as less aggres-
sive if player j chooses a higher action, while Assumption 2’ says that the
actions of the two players are strategic complements. Finally, Assumption 3’

is what Okuno-Fujiwara et al. (1990) call “negative-monotonicity of best re-

6See Kohlberg and Mertens (1986).
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sponse functions”. Note that, with incomplete information about the rival’s
unit cost, the standard Cournot duopoly model meets Assumptions 1, 2, 3’
and 4, while the Bertrand duopoly model with differentiated products meets

Assumptions 1°, 2’, 3 and 4. The following proposition can now be proved.

Proposition 4 For any quadruple consisting of Assumptions 1 or 1°, 2 or

2’ 8 or 8’, and 4, Propositions 1 - 8 will hold.

To economize on space the proof of this proposition is omitted. However,
the basic intuition is that changing one of the assumptions simply changes
which type would for sure deviate in the proof of Proposition 2, and therefore
also the specification of the out-of-equilibrium beliefs in Proposition 3. If I
change only one of the assumptions, the lowest type A specified to stay in
period 2 in the proof of Proposition 2 will always deviate to period 1; therefore
the g, in the proof of Proposition 3 should put all weight on the highest type.
If I change yet another assumption, the incentives flip once more, and we are
back to the highest type deviating.

As mentioned above, there may be more than the two sets of equilibria
already found. Excluding the unlikely possibility discussed in the remark to
Proposition 1, all additional equilibria would be characterized by some types
of each player moving in the first period and others in the second, perhaps
even with some types using mixed strategies to determine when to produce.

In the next section I present an example of such an equilibrium.
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4 A Simple Example

In this section I shall present a simple example based on an application to
Stackelberg’s leader-follower model. The derivations are quite elementary
and therefore not be shown here; however, they can be found in Appendix 2
of Albak (1991).

Consider a duopoly where the inverse demand function is linear in total

output
p=d—(za+ )

where z, and z; are the outputs of the two firms A and B. The products
of the two firms are assumed to be homogenous, and the slope has been
normalized to unity. A firm’s type is now its unit cost ¢;, which can take on
two values only. With probability 0.5, ¢; = 1, and with probability 0.5, ¢; =
h,i= A, B.

The analysis in the preceding section showed that there exist at least
two equilibrium outcomes of this game. In one 8,(I) = 6.(h) = 1 while
0,(1) = 65(h) = 0; in the other 8,(I) = 0,(h) = 0 and 8,(I) = 8,(h) = 1. The
question is whether there are more equilibria.

Suppose both firms with probability 1 produce in period 1 if they have
low marginal costs, and with probability 1 in period 2 if their marginal costs
are high. Framed in the language of this paper, 6;(I) = 1 and 6;(k) = 0, i
= A, B. I shall now show that this can be equilibrium behaviour for some
parameter values, but not for others.

The expected profit to a low cost firm from this situation is
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_ 3 2
P(l) = 256[3d+ h -4l
while the expected profit to a high cost firm is
P(h) = —-[5d — 9h + 41" + [d — A]?
512 18

By deviating to period 2, and making the optimal output choices, the low

cost firm would alternatively have expected profits of
P'(l)= L[2d +h=31+ —1—[5d —h—4l)?
72 512

Similarly, the maximal expected profits to a high cost firm from deviating

to period 1 is
/ = L - 2
P'(h) = 768[9d 13k + 4]

Suppose the parameters have the specific values d = 120,1 = 10,and h =
20. Then P(l) = 1355, P(h) = 969, P’(1) = 1304, and P’(h) = 963. Since P(l)
> P’(1) and P(h) > P’(h), the strategies form an equilibrium.” It is obvious
that the low cost leader will not want to deviate. Since the cost difference is
big, there is a large benefit to the high cost follower of knowing exactly which
type it is playing against, and it will forego the first mover advantage to get
this information. Hence, this example shows that there can be equilibria of

other types than the ones discussed in the previous section. Furthermore,

"That is, the timing functions 6;(c;) given above, and the associated quantity functions

z}(ci), z?*(ci) and z?l(q), which are not shown here, form an equilibrium.
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the equilibrium is one in pure strategies, since for both firms 6;(c;) is either
0 or 1 for both types.

Now, change the value of h to 12. Then P(l) = 1292, P(h) = 1201, P’(1)
= 1271, P’(h) = 1210. In this case the high cost firm will deviate to period 1,
and the situation is not an equilibrium. Since the high and low cost firms are
so similar, the value to the high cost firm of knowing which type it is playing
against is small, while it will gain substantially if it ends up being a leader
to a high cost follower. It is easy to show that with these cost values (I =
10 and h = 12) there are no other pure strategy equilibrium outcomes than
the two Stackelberg situations. Hence, any other equilibrium would have to

involve at least one type of one of the firms mixing over its timing decision.

5 Conclusion

This paper has analysed a game of imperfect information in which the players
not only decide what to do, but also when to do it. Comparing the equilibria
of this model to those of a game where the players are restricted to act
simultaneously, one finds that the equilibrium strategies are never the same.

This result underlines the problems of concentrating on simultaneous-
choice models in a world where economic agents often can choose when to
act from a large set of possible times. Modelling this explicitly may prove
very difficult. However, this paper has shown that using a simple two-period
model can give drastically different results than the one-period simultaneous-

choice model.
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Appendix

In this appendix I make extensive use of the method used in the proof of
Theorem 2 in Okuno-Fujiwara et al. (1990).

Before proving Proposition 1 it is convenient to introduce some extra
notation. Consider a simultaneous choice situation with beliefs ¢; and g;.
Let player j be using the strategy o7. Define player i’s simultaneous choice
best response by

¢r(07,95,t:) = argmax} q;(t;)mi(si, 07 (t;), ti)
s€Si T,
Lemma 1 Under Assumptions 1 and 3, i’s simultaneous choice best response

@7 (07, g5, ti) is increasing in t; if its value lies in the interior of S; = [0, 3].

Proof. If $7(o7,q;,t:) is interior, it is the s; which secures that
3 a5(ts) e mi(siy 2(85), ) = O
T, SANS ] 68,‘ R N U

By Assumptions 1 and 3 the lemma is obvious. ||

Proof of Proposition 1.

It is clear that if an equilibrium with 6,(t;) = 1 for all t, € T, and
0s(ty) = 1 for all t, € T, exists, we must have ol(t,) = o?(pa,ps,ts) and
oi(ts) = oF(psyParts). From Lemma 1 and Assumption 4 we know that
different types of a player always will choose different actions. Consider
the timing choice of a type ;. Acting in period 1 she chooses o} (ps, pa,ts) =

@3 (0}, pa, ts) = argmax, ¢, Tor, Pa(ta)ms(8s, 04 (ta), ts). However, if ¢, chooses
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to wait until the second period, she can react optimally to A’s action, that
is, choose ¢7/(8a,t5) = argmax, es, Tb(8s, 30, t). Since A chooses a differ-
ent action for each t,, and s, has a (negative) impact on 7, in general
¢t/ (01(ta), ts) # 7(0L, Pasts). Since the former is chosen optimally for each
value of o}(t,), it must be true that 37, Pa(ta)ms (927 (01 (ta), ts), 01(ta), ts) >
Z:T_ Pa(ta)mo(dF (02, Pay ts), ol(ta), ts). Hence, t, will always deviate to period

Remark to Proposition 1. In the remark I mention that a stronger result
than Proposition 1 often can be shown to hold, namely that there is no PBE
in which 6;(¢;) = 1 for all ¢; € T; and 6;(t;) > 0 for some t; € Tj, 1 # j.
To see when this is true suppose 8,(t.) = 1 for all t, € T,. Fix a player B
strategy o = (6, 0}, o} ,abl ). A player A period 1 best response must then

be
$a(0s,ta) € ar%g;-axZpb(tb){ab(tb)%(sm%(tb),t a)
+[1 = 85(t6)] (50, 027 (S0, 1), ta) }
If ¢l (0%, 1) is interior it is an s, which secures that

1, Po(t6){06(ts) = (S0, 0 (1), ta) + [1 = O5(ts)] = Ta(8a, 03 (30, 1), ta)
+[1 = gb(tb)]%ab?](sutb)%”a(say U:I(Sa,tb), tu)} =0
From the argument in the proof of Proposition 1 it is clear that a type ¢,

will only be willing to act in period 1 if A chooses the same action for all

t, € T,. If not, t, would gain by deviating to period 2. Hence there has
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to exist an action §, which makes the first order condition above hold for
all t, € T,. While the present assumptions on the payoff functions do not
rule this possibility out, it does seem rather unlikely. Note that the two first
terms by Assumption 3 are increasing in ¢,. Hence, only if the third term for
all t, exactly offsets the effect of the rise in the two first terms can a single
3, be optimal for all t, € T,. For this to be the case B%r.(s,,azl(s,,tb),ta)
must be increasing in ¢, since 5‘2—.03/ (8a,ts) is negative (and independent of
t,). Therefore, a sufficient condition for the stronger statement to hold is
that %w;(s;,a?’(s;,tj),t.-) is not (monotonically) increasing in t;, and that
not all ¢; has a period 1 best response at the same endpoint of [0,35;]. It
is easy to check that in the simple Cournot model with linear demand and
incomplete information about the rival’s unit cost, %w;(s;,a;"(s;,tj),t;) is
independent of ¢;. Hence, the stronger statement is true for this model as

long as [0, 5] is sufficiently large.

Also in proving Proposition 2 some preliminaries are useful. Define first
the degenerate belief ¢* € Q, associated with tf € T; as
& 1 ift;= t:-‘
g () = .
0 otherwise
Hence, the degenerate belief ¢f indicates that player j with probability 1
believes that player i is of the type t*. Now, suppose 8,(t;) = 0 for all t, € T.
Consider any candidate PBE in which 6,(t,) < 1 for some t, € T,. Player
B’s consistent period 2 belief g, is then formed by Bayes’ rule as described

in Section 2. Denote by t™ the maximum t, for which 6,(ts) < 1, and by
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gM the degenerate belief associated with t¥. For a given player i period 2
strategy 02" and belief ¢;, player j’s perlod 2 best response ¢2"(0?",g;,t;) is
found as

¢ (0", girt;) = argmax Y _ qi(t:); (s, 07" (t:), t;)
3,€S; T;
Note that by Lemma 1 we know that ¢?"(o?", ¢;, ;) is increasing in ¢; if

its value lies in the interior of S; = [0, 5;].

Lemma 2 Under Assumptions 1 - 4, for any non-degenerate q, € Q,, if
(03", 02") is the equilibrium of the period 2 simultaneous choice game with
the beliefs (qa, ps) and gM is the degenerate belief associated with the highest
to in the support of q,, then for any ty € Ty,

¢f"(f’a y9a 1tb) < ¢:n(aa +Gas tb)

Proof. By Lemma 1 02" is increasing in ¢,. Since dm,/0s; is decreasing in s,

the lemma must be true. ||

Lemma 3 Let g, be non-degenerate and g™ the degenerate belief associated
with tM, the highest element in the support of q,. If (63"*,0%™) and (o?"M,

o2"M) are the period 2 equilibria associated with (¢q,ps) and (¢M,ps), respec-
tively, then

(a) o3 (tsf) < o™ M(2))

() X1, po(ts)ma(o2™(tM), 03 (), tM) < T, po(to)ma(a2"M(tM), o2 M(2s), tM
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Proof. Proof of (a): Since g™ is degenerate, for any o2", ¢"(o2",¢M,t,) =
¢:! (62*(tM),t,). Hence, by the uniqueness of the period 2 equilibrium,

o2"M(tM) is the unique fixed point of the composite mapping

Ya(8a) = 62(3 (3as ts), Po,s tV)

By Lemma 2

a(tl) o2 (o™, po, tM)
&3 (3 (a2m (1), t4), pu, t2)

Ya(03™(t31)

A

By the uniqueness of the fixed point, the first part of the lemma must be

true.

Proof of (b): From (a) and Assumption 3, for all ¢, € T},

B (02, qas 1s) > B (02"M(81), 1)
By Assumption 1 the second part of the lemma must hold. ||

Lemma 4 Let ¢* € Q, be the degenerate belief associated with t* € T,, and
let (02", a2"*) be the period 2 equilibrium associated with (¢¥,py). Then,
under Assumptions 1 - 4, for all t* € T,,

2 pu(t)7a(0274(t2), 04 (10), £5) < max 37 p(ts)Ta(5a, 8} (50, 1), )

T, BES8 gy
Proof. Note first that the right hand side of the inequality is the best ex-

pected payoff to t* if she deviates to the first period. Clearly, o?"*(t;) =
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¢! (a2nk(tk), ty) = sk(ts). Hence, o3"*(t%) is implicitly defined by
d
Zpb(ts)a—r.(s.,s,',‘(tb),tﬁ) =0
T, Sa

Moving in the first period t¥ could ensure herself the same expected payoff as
in the period 2 equilibrium by choosing the same action o2"*(t¥). However,

this is not optimal as

1, Po(ts) 5= wa(02"5(22), sE(ts), 13)

+ 5 (1) 2o 82 (07H(15), 1) o ma (02K (25), sb (t4), 20) > O

since the first expression is zero and the second strictly positive under As-
sumptions 1 and 2. Hence, by moving to the first period and choosing a
slightly larger action t* could increase her payoff. The lemma, therefore,

must be true. ||

Proof of Proposition 2.

Lemma 4 shows that there can never be an equilibrium with 8,(¢,) = 0
for all t, € T} and ,(t,) < 1 for a single t, € T, only. So suppose 0.(ts) <1
for more than one ¢,. Then Lemmas 3 and 4 together show that the highest
of these types would prefer deviating to the first period to staying in the

second period. This proves the proposition. ||

Lemma 5 Let (02"*, 02™*) and (o2"™,03"™) be the period 2 equilibria asso-

ciated with (g*,py) and (g, ps), respectively, where g} # qI* are degenerate
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and th < t™. Then, under Assumptions I - 4,
max 3 (1) 7a(sa, 0200, £7) < B ma(2 D), 030, 1)
a€Sa T T,

Proof. By an argument similar to the proof of Lemma 3 (a), o"*(t)) >

of"™(t,) for all t, € T; hence, by Assumption 1, the lemma must be true.||

Proof of Proposition 3.

Let 8,(to) = 1 for all ¢, € T, and 6y(ty) = O for all t, € Ty. Furthermore,
let B’s period 2 belief be the degenerate belief ¢!, and let the strategies o}
and " be chosen optimally according to these probabilities. Clearly, no B
type will ever deviate to period 1; this is simply the reverse of Proposition
1. By Lemma 4 the lowest A type, t}, will not deviate to the second period.
Neither will any other type, by combining Lemmas 4 and 5. ||

References

Albzk, S., 1990, “Stackelberg Leadership as a Natural Solution under Cost
Uncertainty”, Journal of Industrial Economics, 38, 335-347.

Albzk, S., 1991, “On Nash and Stackelberg Equilibria when Costs are Pri-
vate Information”, WP ECO 91/34, European University Institute.

Banerjee, A. V. and D. J. Cooper, 1991, “Do Quantity Setting Oligopolists

Play the Cournot Equilibrium?”, mimeo, Princeton University.

Bulow, J. 1., J. D. Geanakoplos and P. D. Klemperer, 1985, “Multimarket



25

Oligopoly: Strategic Substitutes and Complements”, Journal of Polit-
ical Economy, 93, 485-511.

Dowrick, S., 1986, “von Stackelberg and Cournot Duopoly: Choosing Roles”,
Rand Journal of Economics, 99, 251-260.

Hamilton, J. H. and S. M. Slutsky, 1990, “Endogenous Timing in Duopoly
Games: Stackelberg or Cournot Equilibria”, Games and Economic Be-

havior, 2, 29-46.

Kohlberg, E. and J.-F. Mertens, 1986, “On the Strategic Stability of Equi-
libria”, Econometrica, 54, 1003-1037.

Mailath, G., 1988, “Endogenous Sequencing of Firm Decisions”, CARESS
WP 88-12, University of Pennsylvania.

Okuno-Fujiwara, M., A. Postlewaite and K. Suzumura, 1990, “Strategic

Information Revelation”, Review of Economic Studies, 57, 25-47.

Robson, A., 1990, “Duopoly with Endogenous Strategic Timing: Stackel-
berg Regained”, International Economic Review, 31, 263-274.

Saloner, G., 1987, “Cournot Duopoly with Two Production Periods”, Jour-
nal of Economic Theory, 42, 183-187.

Simon, L, 1987, “Basic Timing Games”, WP 8745, Department of Eco-
nomics, UC Berkeley.



Discussion Paper Series, CentER, Tilburg University, The Netherlands:

(For previous papers please consult previous discussion papers.)

No.

9070

9071

9072

9104

9105

9106

9107
9108

9073

Author(s)

F. van der Ploeg
E. Bennett and
E. van Damme

S. Chib, J. Osiewalski
and M. Steel

M. Verbeek and
Th. Nijman

F. van der Ploeg
and A. de Zeeuw

F.C. Drost and
Th. E. Nijman

Y. Dai and
D. Talman

Th. Nijman and
R. Beetsma

F. van der Ploeg
E. van Damme

J. Eichberger,
H. Haller and F. Milne

G. Alogoskoufis and
F. van der Ploeg

G. Alogoskoufis and
F. van der Ploeg

R.M.W.J. Beetsma

C.N. Teulings

E. van Damme
E. van Damme

K.C. Fung

Title

Macroeconomic Policy Coordination during the Various
Phases of Economic and Monetary Integration in Europe

Demand Commitment Bargaining: - The Case of Apex Games
Regression Models under Competing Covariance Matrics: A
Bayesian Perspective

Can Cohort Data Be Treated as Genuine Panel Data?

International Aspects of Pollution Control

Temporal Aggregation of GARCH Processes

Linear Stationary Point Problems on Unbounded Polyhedra

Empirical Tests of a Simple Pricing Model for Sugar Futures

Short-Sighted Politicians and Erosion of Government Assets
Fair Division under Asymmetric Information

Naive Bayesian Learning in 2 x 2 Matrix Games

Endogenous Growth and Overlapping Generations

Debts, Deficits and Growth in Interdependent Economies

Bands and Statistical Properties of EMS Exchange Rates

The Diverging Effects of the Business Cycle on the Expected
Duration of Job Search

Refinements of Nash Equilibrium
Equilibrium Selection in 2 x 2 Games
Strategic Industrial Policy for Cournot and Bertrand

Oligopoly: Management-Labor Cooperation as a Possible
Solution to the Market Structure Dilemma



9101

9102

9103

9109

9110

911

9112

9113

9114

9115

9116

9117

9118

9119

9120

9121

9122

9123

9124

Author(s)
A. van Soest

A. Barten and
M. McAleer

A. Weber

G. Alogoskoufis and
F. van der Ploeg

L. Samuelson

F. van der Ploeg and
Th. van de Klundert

Th. Nijman, F. Palm
and C. Wolff

H. Bester

R.P. Gilles, G. Owen
and R. van den Brink
F. van der Ploeg

N. Rankin

E. Bomhoff

E. Bomhoff

J. Osiewalski and

M. Steel

S. Bhattacharya,

J. Glazer and

D. Sappington

J.W. Friedman and
L. Samuelson

S. Chib, J. Osiewalski
and M. Steel

Th. van de Klundert
and L. Meijdam

S. Bhattacharya

Title
Minimum Wages, Earnings and Employment

Comparing the Empirical Performance of Alternative Demand
Systems

EMS Credibility

Money and Growth Revisited

Dominated Strategies and Commom Knowledge

Political Trade-off between Growth and Government
Consumption

Premia in Forward Foreign Exchange as Unobserved
Components

Bargaining vs. Price Competition in a Market with Quality
Uncertainty

Games with Permission Structures: The Conjunctive Approach
Unanticipated Inflation and Government Finance: The Case
for an Independent Common Central Bank

Exchange Rate Risk and Imperfect Capital Mobility in an
Optimising Model

Currency Convertibility: When and How? A Contribution to
the Bulgarian Debate!

Stability of Velocity in the G-7 Countries: A Kalman Filter
Approach

Bayesian Marginal Equivalence of Elliptical Regression
Models

Licensing and the Sharing of Knowledge in Joint Ventures

An Extension of the "Folk Theorem" with Continuous
Reaction Functions

A Bayesian Note on Competing Correlation Structures in the
Dynamic Linear Regression Model

Endogenous Growth and Income Distribution

Banking Theory: The Main Ideas



9125

9126

9127

9128

9129

9130

9131

9132

9133

9134

9135

9136

9137

9138

9139

9140

9141

9142

9143

Author(s)
J. Thomas

J. Thomas
and T. Worrall

T. Gao, AJJ. Talman
and Z. Wang

S. Altug and
R.A. Miller

H. Keuzenkamp and
A.P. Barten

G. Mailath, L. Samuelson
and J. Swinkels

K. Binmore and
L. Samuelson

L. Samuelson and
J. Zhang

J. Greenberg and
S. Weber

F. de Jong and
F. van der Ploeg

E. Bomhoff

H. Bester and E. Petrakis
L. Mirman,

L. Samuelson and

E. Schlee

C. Dang

A. de Zeeuw

B. Lockwood

C. Fershtman and
A. de Zeeuw

J.D. Angrist and
G.W. Imbens

AK Bera and
A. Ullah

Title

Non-Computable Rational Expectations Equilibria

Foreign Direct Investment and the Risk of Expropriation
Modification of the Kojima-Nishino-Arima Algorithm and its
Computational Complexity

Human Capital, Aggregate Shocks and Panel Data Estimation
Rejection without Falsification - On the History of Testing the
Homogeneity Condition in the Theory of Consumer Demand
Extensive Form Reasoning in Normal Form Games
Evolutionary Stability in Repeated Games Played by Finite
Automata

Evolutionary Stability in Asymmetric Games

Stable Coalition Structures with Uni-dimensional Set of
Alternatives

Seigniorage, Taxes, Government Debt and the EMS
Between Price Reform and Privatization - Eastern Europe in
Transition

The Incentives for Cost Reduction in a Differentiated Industry

Strategic Information Manipulation in Duopolies

The D’ Triangulation for Continuous Deformation Algorithms
to Compute Solutions of Nonlinear Equations

Comment on "Nash and Stackelberg Solutions in a Differential
Game Model of Capitalism"

Border Controls and Tax Competition in a Customs Union

Capital Accumulation and Entry Deterrence: A Clarifying
Note

Sources of Identifying Information in Evaluation Models

Rao’s Score Test in Econometrics



No.

9144

9145

9146

9147

9148

9149

9150

9151

9152

9153

9154

9155

9156

9157

9158

9159

9160

9161

9162

Author(s)

B. Melenberg and
A. van Soest

G. Imbens and
T. Lancaster

Th. van de Klundert
and S. Smulders

J. Greenberg

S. van Wijnbergen
S. van Wijnbergen
G. Koop and
M.FJ. Steel

A.P. Barten

R.T. Baillie,

T. Bollerslev and
M.R. Redfearn
M.F.J. Steel

A K. Bera and
S. Lee

F. de Jong

B. le Blanc

AJJ. Talman

H. Bester

A. Ozcam, G. Judge,
A. Bera and T. Yancey

R.M.W.J. Beetsma
AM. Lejour and
H.A.A. Verbon

S. Bhattacharya

Title

Parametric and Semi-Parametric Modelling of Vacation

Expenditures
Efficient Estimation and Stratified Sampling

Reconstructing Growth Theory: A Survey

On the Sensitivity of Von Neuman and Morgenstern Abstract
Stable Sets: The Stable and the Individual Stable Bargaining
Set

Trade Reform, Policy Uncertainty and the Current Account:
A Non-Expected Utility Approach

Intertemporal Speculation, Shortages and the Political
Economy of Price Reform

A Decision Theoretic Analysis of the Unit Root Hypothesis
Using Mixtures of Elliptical Models

Consumer Allocation Models: Choice of Functional Form
Bear Squeezes, Volatility Spillovers and Speculative Attacks
in the Hyperinflation 1920s Foreign Exchange

Bayesian Inference in Time Series

Information Matrix Test, Parameter Heterogeneity and
ARCH: A Synthesis

A Univariate Analysis of EMS Exchange Rates Using a Target
Zone Model

Economies in Transition

Intersection Theorems on the Unit Simplex and the
Simplotope

A Model of Price Advertising and Sales

The Risk Properties of a Pre-Test Estimator for Zellner’s
Seemingly Unrelated Regression Model

Bands and Statistical Properties of EMS Exchange Rates: A
Monte Carlo Investigation of Three Target Zone Models

Centralized and Decentralized Decision Making on Social
Insurance in an Integrated Market

Sovereign Debt, Creditor-Country Governments, and
Multilateral Institutions



9163

9164

9165

9166

9167

9168

9169

9170

9201

9202
9203

9204

9205

9206

9207

9208

9209

9210

9211

Author(s)

H. Bester, A. de Palma,
W. Leininger, E.-L. von
Thadden and J. Thomas
J. Greenberg

Q.H. Vuong and W. Wang

D.O. Stahl IT

D.O. Stahl II

T.E. Nijman and F.C. Palm
G. Asheim

H. Carlsson and
E. van Damme

M. Verbeek and
Th. Nijman

E. Bomhoff
J. Quiggin and P. Wakker

Th. van de Klundert
and S. Smulders

E. Siandra
W. Hirdle

M. Verbeek and
Th. Nijman

W. Hirdle and
A.B. Tsybakov

S. Albzk and
P.B. Overgaard

M. Cripps and
J. Thomas

S. Albzk

Title

The Missing Equilibria in Hotelling’s Location Game

The Stable Value

Selecting Estimated Models Using Chi-Square Statistics

Evolution of Smart, Players

Strategic Advertising and Pricing with Sequential Buyer Search
Recent Developments in Modeling Volatility in Financial Data
Individual and Collective Time Consistency

Equilibrium Selection in Stag Hunt Games

Minimum MSE Estimation of a Regression Model with Fixed
Effects from a Series of Cross Sections

Monetary Policy and Inflation

The Axiomatic Basis of Anticipated Utility; A Clarification

Strategies for Growth in a Macroeconomic Setting

Money and Specialization in Production
Applied Nonparametric Models

Incomplete Panels and Selection Bias: A Survey

How Sensitive Are Average Derivatives?

Upstream Pricing and Advertising Signal Downstream
Demand

Reputation and Commitment in Two-Person Repeated Games

Endogenous Timing in a Game with Incomplete Information



P(\ BN QAN4AESD . ENANL C T DL TLIE l\IETLICDLAN(

Bibliotheek K. U. Brabant

17 O00 01117451 4



	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31
	page 32
	page 33
	page 34

