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Abstract. In a generic competitive distribution economy with “increasing disper-
sion,” market demand satisfies the weak axiom of revealed preference and equilib-
rium is unique. Increasing dispersion requires, roughly, that when the households’
incomes rise slightly their demand vectors move apart. We show how to test for it
using panel data with fixed relative prices under a “structural stability” hypothesis
[10]. We also show how to test for it using cross section data if the households’ de-
mand functions and incomes are independently distributed, or under a much weaker
assumption that is implied by “metonymy.” Metonymy, introduced in [6], relates
the demand distribution of households with income x to the demand distribution
that slightly poorer households would have if their incomes rose to z. We show that
metonymy for a single population is untestable—even with ideal panel data that
allow a direct test of increasing dispersion. Thus, cross section tests of increasing
dispersion rely on an assumption that is not potentially falsifiable.
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1 Introduction

In a generic competitive production economy, equilibrium is unique if mean
consumer demand satisfies the weak axiom of revealed preference. Moreover,
the weak axiom is the weakest demand-side restriction that ensures unique-
ness of equilibrium. In a distribution economy (in which the households’
shares of aggregate income do not vary with prices) mean consumer demand
satisfies the weak axiom if the consumption sector has increasing dispersion.
Increasing dispersion means, roughly, that a slight increase in the households’
incomes makes their demand vectors move apart on average. Considering the
importance of the weak axiom for mean consumer demand, it is natural to
ask whether the hypothesis of increasing dispersion is consistent with demand
data. This question is addressed in [6,8,9].

In the present paper we present a self-contained review the implications of
increasing dispersion, following the approach of [12,13]. We present new ways
of testing for increasing dispersion using panel and cross section data. The
tests depend on auxiliary hypotheses, “structural stability” or “metonymy,”
that are commonly assumed (at least implicitly) in demand analysis. We
will show that these auxiliary hypotheses are too weak to be testable. In
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particular, metonymy (the hypothesis introduced in [6] that links income
effects to cross section data) is untestable even with ideal panel data that
permit direct tests of increasing dispersion.

Increasing dispersion and a weak form of individual consistency, which
together imply the weak axiom in the aggregate, are satisfied in consump-
tion sectors with sufficient heterogeneity in the sense of Grandmont [5] and
Kneip [17,18]. These hypotheses do not restrict the parametric forms for the
households’ demand functions. They also do not require that the households’
demands are generated by competitive optimizing behavior. This contrasts
with the sufficient conditions for uniqueness in [19,22,23], which place restric-
tions on individual utility functions.

Increasing dispersion is a restriction on the effect of raising the house-
holds’ incomes. With ideal panel data it can be tested directly. The test can
be performed if the households’ incomes rise in fixed proportion while rel-
ative prices remain fixed. Data for such a test are, in principle, obtainable
from consumption experiments, as discussed below. Alternatively, increasing
dispersion might be tested using time series data from periods of nearly con-
stant relative prices and nearly constant relative income distribution. The
latter requirement is not compatible with the equal income changes used in
[8]. In order to test for increasing dispersion using time series data it is also
necessary for the distribution of household demand functions to evolve in
a special way. It is not necessary for the households’ preferences to remain
unchanged over time, but something like the structural stability hypothesis
introduced by Hildenbrand and Kneip [10] seems to be required. We will show
how to test for increasing dispersion under a version of structural stability.
However, the structural stability hypothesis itself is not testable.

In practice, it is difficult to obtain the data required for a direct test of in-
creasing dispersion—data from periods with structural stability and constant
relative prices and relative income distribution. An alternative approach is
to estimate the effect of changes in income using cross section data, [6,8,13].
Cross section data can be used to estimate income effects if the households’
demand functions and their incomes are independently distributed. But in-
dependence is unnecessarily strong. A much weaker restriction, metonymy
[6], is sufficient in order to test for increasing dispersion using cross section
data. The idea is to treat a measure of the dispersion of the demand vectors
of households with income z as an estimate of the dispersion that slightly
poorer households would have if their incomes rose to . Metonymy ensures
that the estimation errors are uncorrelated with income, and in that case, the
effects of increasing household incomes can be estimated using the method
of average derivatives from nonparametric statistics.

The metonymy hypothesis applies to a hypothetical “large” population
represented by a continuous distribution of demand functions and incomes.
Real consumption sectors are viewed as random samples drawn from the hy-
pothetical population. What is observed in a single period cross section is a
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set of household incomes and demand vectors. Evstigneev, et. al. [4] shows
that metonymy is not testable using a single cross section even if the en-
tire hypothetical continuous distribution of household demand vectors and
incomes can be observed. The present paper extends this result by showing
that metonymy is not testable with ideal panel data from a finite number of
periods. By ideal panel data we mean data on the entire continuous distri-
bution of household demand vectors and incomes in each of several periods.
The households’ incomes rise from one period to the next, but prices and
the households’ demand functions and shares of aggregate income remain
fixed. With such ideal panel data it is possible to test directly for increasing
dispersion, but it is not possible to test for metonymy.

In cross section tests in [8], increasing dispersion is accepted and its nega-
tion is rejected. However the tests are potentially sensitive to the treatment
of the tails of the income distribution, and the results are affected by the
number of high and low-income “outliers” that are thrown out. We present a
simpler cross section test based on [13] that might have more stable statistical
properties.

In the next section we present the model of a consumption sector in a
distribution economy. In section 3, we review the definition of increasing
dispersion and show that it implies the weak axiom in the aggregate. In
section 4, we show how increasing dispersion can be tested directly using
panel data under a modified version of structural stability. In section 5 we
show how to test for increasing dispersion using a single cross section, under
a weakened version of metonymy. In section 6, we show that metonymy for
a single population is not falsifiable, even using ideal panel data. In section
7 we discuss open questions raised by these results.

2 Notation

We consider economies with many heterogeneous households. The consuming
units are called “households” because it is usually not possible to obtain data
on the division of consumption within real households. We consider only
“distribution economies” in which the households’ incomes do not vary with
prices and are treated as exogenous. A distribution economy can be viewed
as a special case of a private ownership economy in which there is a good
(income) that each household offers in fixed supply. The households’ demands
in the distribution economy are their excess demands for goods other than
“income” in the corresponding private ownership economy. The sufficient
conditions for the weak axiom in the aggregate and the cross section test of
increasing dispersion presented below can be modified to apply to general
private ownership economies, [15].

The consumption side of a distribution economy is represented by a joint
distribution of household demand types and incomes. Let R/ and R", be
the nonnegative and strictly positive orthants of R™ respectively. We consider
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a measurable space (A4,.A) of demand types, and, for each type a € A and
each good j = 1,...,n, a nonnegative C! demand function f;(a,-,-) that is
homogeneous of degree zero. The vector-valued demand function f = ( fj)?:l
is assumed to satisfy the budget identity p- f (a, p, ) = x for every price vector
p € R}, and income level © > 0. A consumption sector is a triple (n, A, f)
with the following properties: 7 is a probability measure on R representing
the income distribution (with n(X) = 0 for every measurable X C (—o0,0));
A(z, ) is the conditional distribution of demand types for the households with
income z; A(-, B) is Lebesgue measurable for each B € A; and f(-,p, ) is
measurable on (A, A) for each price and income vector (p, z). We let i be the
corresponding joint distribution of demand types and incomes, the product
of n and A on A x R.

In the consumption sector (1, A, f), the marginal propensity to consume
function is m = (m;)}_,, where m(a,p,r) = 0.f(a,p,x) is the vector of
income derivatives for demand type a. The Slutsky (substitution) matriz of
type a at (p,x) is S(a,p,z) = [0,f(a,p,z)] + m(a,p,z)f(a,p,z)T, where
Opf(a,p,x) is the Jacobian matrix of f(a,-,x) at p. (Vectors in Euclidean
space are treated as columns, and superscript 7" denotes the transpose.) The
Slutsky matrix is a matrix of derivatives of the demands with respect to the
prices when the income is adjusted so that the initial demand vector remains
barely affordable, [20].

We restrict attention to consumption sectors in which the mean income,
T = [ an(dz), is well defined, and in which, for every p, the functions m(-, p, -)
and 9, f(-,p, -) are integrable with respect to p. Then the mean demand func-
tion

F(p,y) = / £(a, p, yz/7)(da, dz) (1)

is well-defined. The income argument of f in (1) is chosen so that F' satisfies
the budget identity and is homogeneous of degree 0.

We will consider hypotheses under which the mean demand function
satisfies the weak axiom of revealed preference. A demand function F o
R’ xR4 — R satisfies the weak aziom ifp~F(q, z) <z and q~F(p, xz) <z
imply F(p, x) = ﬁ'(q, z). The demand function F satisfies the weak weak az-
iom ifp~]3‘(q, z) < x implies ¢- F‘(p, x) > z. The weak axioms are consistency
requirements. They are satisfied if the demand function is generated by utility
maximization; but they do not imply that the demand function is generated
that way. The weak weak axiom has a simple differential characterization
that will be used below. A C! demand function satisfies the weak weak ax-
iom if and only if at each element of its domain its Slutsky matrix is negative
semidefinite, [16]. If at each (p,z) the Slutsky matrix is negative definite on
the set {v : v-p = 0} then the demand function satisfies the weak axiom. (An
n X n matrix M (not necessarily symmetric) is positive [respectively, nega-
tive] semidefinite if z7 Mz > [<]0 for every n-vector z. M is positive [resp.,
negative] definite on a set U if 27 Mz > [<]0 for every nonzero x € U.)
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Mean excess demand does not generally satisfy the weak axiom even if all
the individual households do. In fact, if there are at least as many household
types as goods, then utility maximizing behavior by the households does not
imply any useful structure for mean demand beyond homogeneity and the
budget identity [3,24].

3 Increasing Dispersion and the Aggregate Weak
Axiom

We now introduce hypotheses leading to the weak axiom in the aggregate.
The main hypothesis, increasing dispersion, requires that a small propor-
tional increase in all the households’ incomes increases the dispersion of their
“normalized” demand vectors. The normalized demand vectors are the de-
mand vectors rescaled so as to lie in the frontier of the budget set determined
by the mean income. With the subsidy, this budget set expands, so there is
more room for the normalized demand vectors to spread out—more possi-
bility for diversity in the households’ demands. The hypothesis is especially
plausible at the lower end of the income distribution. With additional in-
come, poorer households are less restricted to buying a limited number of
necessities. Increasing dispersion can hold even if the rise in income does
not lead any households to change the set of goods that they buy. For ex-
ample, a sufficient condition for increasing dispersion is that the households
have homothetic preferences (not necessarily identical). On the other hand,
increasing dispersion is a much weaker requirement than homotheticity. It
places no restrictions on the forms of the households’ demand functions; it
only restricts the way in which the demand functions are related to each
other.

In order to define increasing dispersion, we let  be the mean income and
we consider the normalized demand vector (Z/x)f(a, p, kz) of a household of
demand type a and initial income x > 0 when the income is multiplied by
k. Note that the value of this vector at the prices p is kZ. Increasing dis-
persion requires that for each price vector p, the variance of the households’
normalized demand vectors increases in all directions orthogonal to p when
the households are weighted by their shares of aggregate income. When the
households’ incomes are multiplied by &, the mean of their normalized de-
mand vectors is [(z/Z)[(Z/z)f(a,p, kz)|p(dx, da) = F(p, xT). The variance
of their normalized demand vectors in the direction v is

VN(Hapvv) = VG,?“{’U : (j/l')f(avpa le)}
- / (/) {0 - [(#/2)f (0, p, nz) — F(p, n2)|}ulda, dz). (2)

The integration with respect to x is over R ;. The consumption sector has
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Increasing Dispersion (ID) at p if for each nonzero v with v-p =0
VI#(1,p,v) = 0.Var{v- (z/x)f(a,p, kx)}|x=1 > 0, (3)

where the subscript on V# denotes the partial derivative with respect to the
first argument. The consumption sector has increasing dispersion (ID) if it
has ID at every p € R% .

Define a(a,p,z) = f(a,p, z)/x, the average propensity to consume vector
of a household of demand type a and income x > 0. When the households
are weighted by their shares of aggregate income, the mean of their average
propensities to consume is @ = [(z/%)a(a, p, z)u(da, dz), and the mean of
their marginal propensities is m = [(z/z)m(a, p, z)p(da, dz).

It is easy to verify that the derivative in (3) equals 2z2v” Cv, where

C

/ / (2/8)(m(a, p,x) — m)(a(a,p, z) — @) Az, da)n(da)
1

— - [Im(epn)f(apa) - (@/om(a.pa) Fp. ) n(da,dr) - (0)

is the covariance matrix of the households’ marginal and average propensi-
ties to consume. Increasing dispersion is equivalent to positive definiteness of
this covariance matrix on the space orthogonal to p. When it holds, house-
holds with higher than average budget shares for a good tend to have higher
than average marginal propensities to consume that good. If the households’
demands are generated by homothetic preferences then the marginal and av-
erage propensity to consume vectors are equal and C' is the positive semidef-
inite variance-covariance matrix of the households’ average propensities to
consume. It follows from theorems of Kneip [17,18] that NAS and ID are sat-
isfied if the households’ demands are sufficiently heterogeneous in the sense
of Grandmont [5] or Kneip [17,18].
Increasing dispersion is defined in [8] as requiring

05 / - f(ap.z+8) — F(p, 7 + 6)Pu(da, de)]s—o > 0 (5)

whenever v- F(p,z) = 0. This is a statement about the effect on the variance
of the households’ demand vectors when their incomes rise by the same small
amount. Condition (5) is equivalent to positive semidefiniteness of C' and also
to a slightly weakened form of increasing dispersion with the strict inequality
in (3) replaced by a weak inequality, cf. [14]. However unlike (3), the version
of increasing dispersion in (5) cannot be tested using ideal panel data in the
manner described in the next section. The problem is that (5) applies to v in
a subspace that changes with the aggregate demand vector as the household
incomes change.

In order for mean demand to satisfy the weak axiom it is neither necessary
nor sufficient that the households satisfy the axiom. It helps if the households
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do satisfy the axiom, but a weaker restriction is sufficient when ID holds. We
say that the consumption sector has

Nonpositive Average Substitution (NAS) at p if the mean of the households’
Slutsky matrices, [ S(a,p,x)u(da,dz), is negative semidefinite. The sector
has NAS if it has NAS at every p € R}

The sector has NAS if all the households satisfy the weak weak axiom. It fol-
lows that the sector has NAS if the households are competitive utility maxi-
mizers. However, experimental evidence suggests that consumers often violate
even the weak weak axiom, cf. [2,21,25]. NAS allows for such violations. The
households’ Slutsky matrices do not have to be negative semidefinite. If some
households have positive substitution effects for price changes in a particular
direction, the negative substitution effects of other households can make up
for it.

Proposition 1. In a consumption sector with NAS and ID, the mean de-
mand function satisfies the weak aziom.

Proof. 1t is sufficient to show that for each p € R’} | the Slutsky matrix of the
mean demand function S*(p, z) is negative definite on the set of v orthogonal
to p.

5 (p. @) = [0,F (9. 2)] + [0,F (0.1)lys] F(p. )
- / (0 (0. p, 2)(da, ) + / (x/)m(a. p, 2)u(da, dz) F(p, 2)"

/S a,p, z)u(da, dx) /m a,p, x) f(a,p, )" p(da, dx)
/ (c/2)m(a, p,2)p(da, dz) F(p, 2)"

/S (a,p, z)p(da,dx) — zC (6)

where C is defined in (4). NAS implies that [ S(a,p,z)u(da, dz) is negative
semidefinite, and ID implies that C is positive definite on {v : v-p = 0}.
Together they imply that S*(p, Z) is negative definite on {v : v-p = 0}, hence
that mean demand satisfies the weak axiom. &

It is clear from the decomposition in (6) that increasing dispersion is not nec-
essary in order for mean demand to satisfy the weak weak axiom. Violations
of increasing dispersion can be compensated for by sufficient substitutability
among the goods in consumption, which implies negativity of the quadratic
form of the mean of the households’ Slutsky matrices.
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4 A Direct Test of Increasing Dispersion Using Panel
Data

Increasing dispersion can be tested directly if the households’ demands can
be observed when their incomes rise proportionally with no change in relative
prices. The comparison can also be made under more general conditions de-
scribed in the next proposition. It is not necessary for the households’ shares
of aggregate income to remain fixed. Some households can move up while
others move down in the relative income distribution. We assume, however,
that there is no change in the distribution of characteristics of the house-
holds with a given set of observable attributes and a given income share in
that attribute class. The fraction of the population with a particular set of
observable attributes is allowed to change over time.

The direct test of increasing dispersion will be formalized as a comparison
of different consumption sectors even though the goal is to test for increasing
dispersion in a single sector. The sectors to be compared are interpreted as
belonging to the same economy at different dates. An alternative interpre-
tation applying to experimental data from a single period will be discussed
below. If the households’ demand functions change over time, then only in
special cases can we use information about the distribution of demands in one
period to draw conclusions about effects of income changes in another period.
The main hypothesis that allows such conclusions to be drawn is a modifica-
tion of the “structural stability” hypothesis introduced by Hildenbrand and
Kneip [10]. Structural stability places no restrictions on the evolution of any
particular household’s characteristics. It restricts only the evolution of the
distribution of household characteristics.

In order to formulate our version of the structural stability hypothesis
we need new notation representing information about observable household
attributes. We consider a population of households consisting of a finite num-
ber of attribute classes observed over a number of periods. The households
in each attribute class ¢ € C in period t € 7 form their own consumption
sector Dy = (ng, ¢, f), with pu§ the joint distribution of demand types and
incomes. The consumption sector for the whole population at date t is the
aggregate of all the consumption sectors for the different attribute classes. It
is denoted by (Dg, 7f)cec, where m§ > 0 is the fraction of the population in
attribute class ¢ in period t. The mean income of attribute class ¢ in period
tis 2§ = [anf(dz), and the mean demand function is

Fé(p.y) = / F(a,p, g 29) X (z, day (dx),

The mean income and mean demand for the entire population are respectively
1o =Y, nfaf and Y, w¢FY(p, ).

Our structural stability hypothesis requires that for households with the
same observable attributes who stay in the same percentile in the income
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distribution of their attribute class, the conditional distribution of demand
types remains the same over time. Formally, the population has structural sta-
bility for attributes over T if nf((—o0,&]) = nS((—o0,&s]) implies A¢(&, ) =
AS(&s, -) for each attribute class ¢ and all periods ¢ and s in 7. Hildenbrand
and Kneip [10] use a slightly different version of this hypothesis to derive a
simple formula for changes in the ratio of aggregate consumption to aggregate
income. Our version of the hypothesis holds under the standard assumption
that the households’ budget shares are functions of prices, household income
or total expenditure and observable household attributes, plus a random vari-
able with a distribution that does not change over time. Since structural sta-
bility for attributes is a hypothesis about unobservables it cannot be tested
directly.

Structural stability for attributes is not strong enough to permit time
series testing of increasing dispersion. We will assume in addition that (a)
each attribute class has fized relative income (relative to the mean income
of the whole population), so that xf/z; is constant in ¢ € 7, and (b) each
attribute class ¢ has invariant relative income distribution, so that for each
k€ Ry and ¢t and s in T, 0y ((—o0, kxf]) = nS((—o0, kz¢]). Under (b), within
each attribute class the relative distribution of income is constant over time.
Hypotheses (a) and (b) can be tested using time series data. If all of the above
hypotheses are satisfied during a period of constant relative prices, then it
is possible to test for increasing dispersion using time series data. The next
proposition shows how.

For each pair of periods t and s, define

Tis = Zﬁguﬁ and Fys(p) = ZWEF:&C(Z% p).

These are respectively what the mean income and mean demand for the entire
population would be in period t if the sizes of the attribute classes remained
the same as in period s. The variance-covariance matrix of the households’
normalized demands would then be

T
Vie=3om [ [ fapisn) = Fuao)|| 2 i) Fron)] i, ).
™)

Proposition 2. In the notation above, suppose that the consumption sectors
(Dg, §) e have structural stability for attributes, and that each attribute class
¢ has fized relative income and invariant relative income distribution over 7T .
If ID holds in period s € T then Vis — Vs, is positive [resp. negative] definite
on {v:ps-v =0} whenever p; = (ps, with x; > [<]|Cxs.

In order to test for ID, we need to compare the variance-covariance matrix
of the households’ normalized demands in period s with what the variance-
covariance matrix would be in period t if the sizes of the attribute classes
were the same as in period s. The latter matrix, Vi, can be estimated by
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replacing the terms on the right side of (7) by their values in samples of
households in each class ¢ from periods ¢ and s.

Proof. Under the hypotheses, FyY = F¢ for each attribute class ¢ and each ¢
and s in 7. To see this, note that invariance of the relative income distribution
implies that for each z € Ry, nS((—o0, z]) = nf((—o0, xfx/x¢]). Therefore,
by structural stability for attributes, for each p € R} |,

Fi(pat) = [ £l p )X, days(do)
— [ /e ra,p o)X afn ot dayi (ot ) da)

- / F(ap, (2/25)2) Xz, daynt (d2)
= F(p, ). (8)

Let V*(k,p,v) be the variance defined in (2) when p is replaced by s, the
joint distribution of demand types and incomes in the whole population in pe-
riod s. The homogeneity of f(a,-,-) implies that V*(-, -, v) is homogeneous of
degree zero, and that its partial derivative with respect to the first argument,
Vi (-, -, v) is homogeneous of degree —1. Suppose that the consumption sector
for the entire population in period s has ID. If v-p = 0 and v # 0 then for
every ¢ > 0 we have V(1,(p,v) > 0 and V°(1/¢,p,v) = (VE(1,(p,v) > 0.
Therefore, V*(k,p,v) > V*(1,p,v) when k > 1.

Define Fis = ) wSEFf(pe, x7). Under the hypotheses, x5 = ) m5xf =
Sowlatay/xs = . Let

G(a,p,w,b) = (b/x)f(a,p,a:) - Fts-

In the notation above, using (7) and the change of variables z = xSz /z§ =
TS /T,

T X X
V;fs - Z 7G(a7pt7xvxt)G(a7pt7xvmt)T)‘g(xvda’)ng(dx)
c Lt
z .
:Z/?G(aﬂphxtz/mmxt)G(G’?phxtz/wsaxt)TA;(za da)ng(dz) (9)

It follows that if p; = (ps then vTViov = V*(x,/(, ps,v). Also, vT Vv =
V3(1,ps,v), so ID implies that vT [Vis — VisJv > 0 when 2, /¢ > ws. O

We have referred to ¢t and s as labels for time periods, but time series
are not the only way of obtaining ideal panel data for a test of increasing
dispersion. In principle, it should be possible to obtain ideal panel data from
consumption experiments using the design due to Sippel [25]. Each subject
is asked to choose consumption vectors in a number of different budget sets,
then one of the sets is selected at random and the subject consumes the
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vector chosen for the selected budget set. In this way the subjects have the
incentive to report accurately what they would buy in several different budget
situations, and several demand choices from a single period are observed.

As noted above, the alternative definition of increasing dispersion in (5)
cannot be tested directly even using idea panel data. Another test, using
cross section data under a weak version of metonymy, will be described in
the next section.

5 A Test of Increasing Dispersion Using Cross Section
Data

In this section we show how increasing dispersion can be tested using a single
cross section. We will need a hypothesis, called dispersion metonymy that
links the effects of increasing the households’ incomes to the effects of moving
up the income distribution in the cross section. We will use a measure of the
dispersion of the demands of households with income x as an estimate of the
dispersion that slightly poorer households would have if their incomes rose
to x. Dispersion metonymy is essentially the hypothesis that the estimation
error is uncorrelated with household income. The estimation error is zero if
the households’ demand functions and incomes are independently distributed.
Dispersion metonymy is a substantially weaker hypothesis. It is similar to,
but different from “average covariance metonymy” in [8]. We will show in the
appendix that dispersion metonymy is weaker than the metonymy hypothesis
introduced in [6] and examined in the next section. This implies that, like
metonymy, dispersion metonymy is not refutable with ideal panel data.

Let (n, A, f) be a consumption sector with mean income z = [ an(dz) and
mean demand vector F' = [ f(a,p, z)\(z,da)n(dz) at the price vector p. We
focus on a single cross section so that p is fixed and will be suppressed as an
argument of the functions f and m.

If the households’ demand functions and incomes are independently dis-
tributed, then A(z,-), the distribution of demand types with income z does
not depend on x. In that case,

0 / (f(a,2) = (z/2)F)(f(a,z) = (z/Z)F)" N, da)
A
= /A[(m— (1/2)F)(f = (x/2)F)" + (f = (¢/2)F)(m — (1/2)F)"|\(z, da)
= / [me - ngT + fmT — gFmT] Mz, da), (10)
A T z

where the omitted argument of m and f is (a, z).
We will only require (10) to hold “on average.” This means that we require
(10) to hold when all the terms are integrated with respect to income, . We
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say that the consumption sector has dispersion metonymy at p if

/ o, / (fla,) = ZF)(f(,2) = ZF)' A, da) n(dz) = 2(C + CT) (11)
R A

Increasing dispersion is equivalent to positive definiteness of C' on the space
orthogonal to p. It can be tested under dispersion metonymy by estimating
the left side of (11) and testing whether it is positive semidefinite. The left
side of (11) is the average derivative of a regression function, the regression
of the matrix of household demand dispersions, (f(a,z) — (z/Z)F)(f(a,x) —
(x/z)F)T on x. The average derivative matrix can be estimated nonpara-
metrically using a random sample of observations of the household demand
vectors f(a,x) from the cross section, as in [9]. The distribution of these
average derivatives can be estimated by bootstrap methods to obtain a sta-
tistical test of the hypothesis that the left side of (11) is positive definite
on the space orthogonal to p. Under dispersion metonymy, this is a test of
increasing dispersion.

According to Proposition 3 below, dispersion metonymy is weaker than
the metonymy hypothesis of [6], which is described in the next section. Since
we show that metonymy is untestable using ideal panel data, dispersion
metonymy is also untestable.

6 Unfalsifiable Metonymy

In this section we show that the metonymy hypothesis of [6] is stronger than
dispersion metonymy, yet is still too weak to be testable using ideal panel
data. This extends the main theorem in [4].

Metonymy was introduced so that the mean of the households’ sym-
metrized income effects matrices (m;f; + m;f;) could be estimated using
cross section data. Here, m; is the marginal propensity to consume func-
tion for good 4. As in the previous section, the price vector is fixed and
suppressed as an argument of all functions. Metonymy relates averages of in-
come effects [, 0;[fi(a,z)f;(a,2)"]\(z, da) to slopes of cross section regres-
sion functions: 0, [, fi(a, ) f;j(a,z)A(x,da). These derivatives are equal if the
households’ demand functions and incomes are independently distributed.
Under metonymy, they need not be equal, but their averages over the income
distribution are equal. The average derivatives of the regression functions can
be estimated from cross section data as in [6,8,9].

It might seem that the income effects could be estimated using ideal panel
data in which the households’ incomes rise without changes in relative prices.
Then metonymy could be tested by comparing the estimated income effects
to the cross sectional average derivatives. We will show that this intuition is
incorrect. Metonymy is a local, differential condition, and it cannot be tested
using data from a finite number of shifts in household incomes.
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Without loss of generality we let every price equal 1. We also assume
that demands are positive, i.e., that each household with a positive income
demands a positive quantity of every one of the n goods. This simplifies the
proof considerably and does not seem unduly restrictive since the demands
are allowed to be arbitrarily close to zero.

We will need to consider variations in the measurable space of household
demand types, so we include that space in the notation for a consumption
sector. The consumption sector A = (A, A, n, A, f) satisfies metonymy (or is
metonymic) if for each 4,5 =1,...,n,

/R /A {00 1fi(a ) £ (0, 2)] I\ (2, da)(dar)
- / 0, / filan2) (0 2) A, da)](d). (12)
R A

Our definition of a consumption sector implies that the integral on the left
side of (12) exists. We say that the consumption sector has a smooth cross
section if the integral on the right side of (12) exists. In that case, the right
side of (12) can be estimated as an average derivative of the regression func-
tion [, fi(a,-)fj(a,-)A(-,da) using cross section data, treating the observed
demand vectors as random draws from the distribution on R’ induced by f.

Proposition 3. A metonymic consumption sector has dispersion metonymy.

Proof. In the notation above, a metonymic consumption sector satisfies

/[&c/f(a,w)f(a,x)TA(%da)]??(dw) = /(me + fm")u(da, dz), (13)

where the omitted argument for m and f is (a,z). Post multiplying both
sides of (13) by the price vector, we obtain

/[893/a:f(a,a:))\(x,da)]n(dx) = /(mm—i— Hp(da, dz). (14)

By (13) and (14),
/ 0, / (f(a2) — (2/D)F)(f(arz) — (2/2)F)" A(x, da)(da)
= [0 [(17 = Z1FT — PS4 @) PFTA e, da)n(do)

= /[me + fm” — %(mm + f)FT — %F(:cm +NHT+ %fFFT]M(da, dz)

2 2
= /(me + fm’ — %mFT — ZPm"T)u(da, de) — %FFT + gFFT

T

=z(C+C7),

where the missing argument of m and f is (a,z), and where C is defined in
(4). Thus the consumption sector has dispersion metonymy. &
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Metonymy is a restriction on the effects of giving every household the
same small income subsidy . Suppose that we can give the households
such a subsidy and observe the effects. Starting with a consumption sec-
tor A = (A, A,n, A, f) we obtain a new consumption sector called an in-
come translation or §-translation) of A. The d-translation of A is the sector
As = (A, A, ns, As, f), where ns(X) = n(X — §) for measurable X C R, and
where A\s(x, A') = Aa — 9§, A’) for each z € R and A’ € A.

Given the consumption sector A = (A, A,n, A, f) and A C R, define
fA(a,7) = {f(a,x + &) }sca. A measurable function G : (A, A) — RF de-
termines a measure G(-) o A(z, -), which takes the value A(z,U) at @, where
U = {a € A|G(a) € Q}. The income translations {As}sca and {Is}sca of
the consumption sectors A and I' = (B, B, 7,7, g) are observationally equiva-
lent if f2(-,x) o Mz, -) = g2 (-, x) oy(x,-) for every x € R. The last equation
states that for each x the two consumption sectors have the same distribution
of Engel curves f(a,-) restricted to {x + 0}sca for households with initial in-
come z. In addition the consumption sectors A and I" are required to have the
same income distribution 1. Note that observational equivalence is stronger
than the requirement that f(-,z) o A\s(x,-) = g(-,x) o ys(x,-) for all x and all
6 € A. The latter condition restricts the distributions of households’ demand
vectors in Ay and [ for each § € A. But observational equivalence restricts
the distribution of household Engel curves at a variety of income levels for
households at each initial income level z.

The following result shows that metonymy for a single population cannot
be tested with panel data on a finite number of income translations, even if
we have a continuum of data from each cross section.

Proposition 4. For every finite set of income translations of an arbitrary
consumption sector with positive demands and smooth cross section there is
an observationally equivalent set of metonymic income translations.

Proof. Consider the consumption sector A = (4, 4,7, A, f) and é-translations
As = (A, A,ns, As, f) for § in a finite set A. Without loss of generality we can
let A C Ry. Let L? be the Hilbert space of real valued functions on A4 x R
that are square-integrable with respect to the measure pgs, the product of 75
and As. For ¢ and ¢ in L% define (¢, ¢)s = [ ¢(a,z)(a, ) ps(dz, da). Let

B = / 0, / Fila, 2) £ (a, @) s (x, da)ns (dz).
R A
The consumption sector Ay satisfies metonymy if for each 7,57 =1,...,n,

&7 = (fi,ms)s + (f5,mi)s, (15)

where m is the marginal propensity to consume function. The proof of Propo-
sition 1 in [4] implies that for each § € A there exist functions 1s; € L2,

i = 1,...,n, satisfying Y, 5 = 1 and &F = (fi,vs;)s + (f;, ¢si)s for
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1,7 = 1,...,n. We will use these functions 1s5; to construct a consumption
sector and its income translations, which are metonymic and observationally
equivalent to the As sectors.

Let B = A x R and let B be the product measure of A and Lebesgue
measure on R. Define v(z,:) = B, o A(x,-), where 3, : a € A — (a,z) for
each € R. The measure 7y(z,-) is concentrated on the set B, = {(a,y) €
Bly = x}, with the same structure on that set as the measure A(z,-) on A.

Let A = {61,02,...,05} with 0; < ;41 for j=1,...,k—1. Fix (a,y) € B
and define z; = y+ 94, and f;; = fi(a,x;) for each 4,5 = 1,..., k. For each
i = 1,...,n, consider the piecewise linear function ¢; on [zq, x| satisfy-
ing ¢i(2) = fi; + [(z — ;) (fij+1 — fi)/(@j41 — 25)] when z € [x;, z;11],
j=1,...,k—1. Then ¢, is affine on each segment [z;, ;1] and ¢;(z;) = fi;
for each j. By construction, for 0 < z € [z1, %], ¢i(2) > 0 and ), ¢;(2) = z.
For each i = 1,...,n — 1, let g;(a,y,-) be a C! nonnegative real valued
function on R such that g¢;(a,y,0) = 0 and g;(a,y,z) > 0 for z > 0,
and such that g;(a,y,2) = fi(a,z) and 9,g:;(a,y,2) = ¥si(a,x) whenever
x = y+ 0 for some 6 € A. The function g;(a,y, ) restricted to [zy, ] is
a smoothed approximation to ¢;, and can be chosen close enough in the
sup norm to ¢; so that Z?;ll gi(a,y,x) < z for each x > 0. Since f;(+,z)
and 1s; (-, ) are measurable, g;(-,x) can be chosen to be measurable for
each z. Define g,(a,y,7) = x — Z;:ll gi(a,y,x). Since .1, fi(a,z) = =
for z > 0, and Y. | ¢si(a,x) = 1, we have g,(a,y,z) = fn(a,z) and
Opgn(a,y,x) = Ysn(a,x) when x =y + § for § € A.

By construction g = (g;)?_; satisfies g(a,y, ) = f(a,z) and d,g9;(a,y,x) =
Ysi(a, x) for every a € A, y,z € Ry with x = y + 0 for some 6 € A. In addi-
tion, g(-, ) is measurable in B for each x € R. It follows from the definition
of v that g2 (-, x)oy(z,-) = fA(-,x)oA(z, -). Thus letting vs(z,-) = v(z—7, ),
the income translations I's = (B, B,7s,7s,9g) are observationally equivalent
to the As sectors.

By construction, for each § € A and each nonnegative x > §, we have
I 9i(b,2)[02g,(b, )]s (x, db) = [, fi(a,x)s;(a, x)Xs(x,da) and therefore

/R {0elgi(b.2)g; (b 2) s (@, db)s (de) = {Fisbsg)s + (S bsids = o,

so I's = (B, B,ns,7s, g) satisfies metonymy. This completes the proof. O

Metonymy is also unfalsifiable if one observes finitely many consumption
sectors, each obtained by multiplying the incomes of all the households in
one sector by a common factor. Given X C R, let kX = {skx : z € X} for
k € R. A multiple or k-multiple of a consumption sector A = (A, A,n, A, )
is a sector A" = (A, A,n", \*, f) obtained by multiplying every household’s
income by x > 0, where n*(X) = n((1/k)X) for measurable X C R, and
where \*(z, A’) = Az /K, A’) for each x € R and A’ € A.
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Given K C Ry, define fX(a,z) = {f(a, kz)}wex. Sectors {A"}.cx and
{I'*}xex, multiples of A = (A, A,n, A\, f) and I" = (B, B,n,, g) are observa-
tionally equivalent if fX(-,x) o Xz,") = ¢*(-,x) o y(z, ) for every x € R.

A slight modification of the proof of Proposition 4 yields the following.

Proposition 5. For every finite set of multiples of an arbitrary consumption
sector with positive demands and smooth cross section there is an observa-
tionally equivalent set of metonymic multiples of some consumption sector.

We showed in section 4 how to test for increasing dispersion in a single
consumption sector using data on a finite set of x-multiples of that sector.
But according to Proposition 5, data on the x-multiples are not enough to
test whether a sector I' is metonymic. Whether it is or not, there is another
sector with metonymic k-multiples that are observationally equivalent to the
k-multiples of I.

7 Conclusion

In a competitive distribution economy with increasing dispersion, mean de-
mand satisfies the weak axiom and there is a unique equilibrium allocation.
We have described new ways to test for increasing dispersion using suitable
data from periods with constant relative prices and a form of structural sta-
bility, or using data from a single cross section under metonymy or dispersion
metonymy. However, the structural stability used above and metonymy and
dispersion metonymy cannot be tested using ideal panel data.

Other sources of information might offer hints about the plausibility of
these auxiliary hypotheses. It might be reasonable to apply the structural sta-
bility hypothesis to periods in which the consumers report that their prefer-
ences and other circumstances did not change significantly. Metonymy seems
plausible when applied to narrow attribute classes, defined by characteris-
tics other than prices and income that are the most important determinants
of demand. The proof of Proposition 4 suggests another way to evaluate
the metonymy hypothesis. The construction of the metonymic consumption
sectors in that proof will not necessarily work if there are bounds on the
households’ marginal propensities to consume. If there are known bounds on
the marginal propensities, then metonymy is potentially refutable using data
from finitely many income translations or income multiples.

We have not considered tests of the nonpositive average substitution
(NAS) assumption in Proposition 1. Experimental evidence suggests that al-
though consumers often violate the weak axiom, the violations are not large
in the sense of Afriat [1,2,21,25]. The connection between the sizes of viola-
tions of the weak axioms and violations of Slutsky negative semidefiniteness
is described in [11] for the case of deterministic smooth demand functions.

Most of the results in the present paper can be modified to apply to gen-
eral private ownership economies, following the approach in [15]. But many
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questions remain concerning the relationship between the models and data.
For example, how do we allow for discreteness of purchases? At what levels
of commodity aggregation is increasing dispersion likely to hold? With finely
defined commodities, there are likely to be inferior goods that violate in-
creasing dispersion. When the households’ incomes rise enough, the variance
of their demands for such goods falls as the demands approach zero.

The treatment of time is also problematic. Consumption data typically
come from surveys in which households report their expenditures during a two
to four week period. But the duration of applied models is typically longer.
This means that part of the demand vector in the models is not observed.
However, in that case, the propositions and empirical tests discussed above
can be interpreted as applying to models with suitable time separability of
consumer demands. For those models, the empirical dispersion analyses based
on the Slutsky decomposition (6) have led to a deeper understanding of the
structure of market demand and the conditions under which competitive price
adjustment is likely to be stable.
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