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Abstract

Indirect inference estimators (i.e., simulation-based minimum distance estimators) in a
parametric model that are based on auxiliary non-parametric maximum likelihood density
estimators are shown to be asymptotically normal. If the parametric model is correctly
specified, it is furthermore shown that the asymptotic variance-covariance matrix equals the
Cramér-Rao bound. These results are based on uniform-in-parameters convergence rates
and a uniform-in-parameters Donsker-type theorem for non-parametric maximum likelihood
density estimators.

1 Introduction

Suppose X1, ..., X, are independent and identically distributed (i.i.d.) random variables with
law P. Furthermore, we are given a parametric model Po = {pg : 6 € ©} of probability density
functions pg and ® C R™. Assume for the moment that Pg is correctly specified and identifiable
in the sense that there is a unique 6y € © such that pg, is a density of P. A standard method
of estimation of 6 is then the maximum likelihood method, which under appropriate regularity
conditions is known to lead to asymptotically efficient estimators. However, in a number of
models, e.g., in econometrics and biostatistics, the maximum likelihood method may not be
feasible as no closed form expressions for the densities pg, and thus for the likelihood, are available.
For example, the data may be modeled by an equation of the form X; = g(g;,00) where ¢; are
i.i.d. with a known distribution but the implied parametric densities are not analytically tractable
because g is complicated or ¢; is high-dimensional. A similar problem naturally also occurs in the
estimation of dynamic nonlinear models; see Smith (1993), Gouriéroux, Monfort and Renault
(1993), Gallant and Tauchen (1996), Gouriéroux and Monfort (1996), and Gallant and Long
(1997) for several concrete examples. This has led to the development of alternative estimation
methods like the so-called indirect inference method, see the just mentioned references as well
as Jiang and Turnbull (2004). Ideally, these estimation methods should also be asymptotically
efficient. In our context these methods can be described in a nutshell as follows:

1. Simulate a random sample X7 (0), ..., X;(0) of size k from the density py for 6 € ©. [This
is often possible in the examples alluded to above, e.g., by perusing the equations defining
the model. Note that then only the disturbances €1, ..., have to be simulated once and
X;(0) can be computed from g(g;, 6) for any given 6.

*This paper is based on the doctoral thesis of the first author written under the supervision of the second
author.



2. Based on the simulated sample as well as on the true data, compute auxiliary estima-
tors pr(0) and p,, respectively, in a not necessarily correctly-specified but numerically
tractable auziliary model M. [For example, by maximum likelihood if M%"“* is finite-
dimensional. |

3. With a suitable choice of a distance x then estimate 6y by minimizing over © the objective
function

Qn.x(0) :== X(Pn, Pr(0)). (1)

In most of the indirect inference literature, the auxiliary model M®**“* is assumed to be finite-
dimensional indexed by a vector f € B C R!, say, and one then in fact minimizes a distance
between Bn, the maximum likelihood estimator in the auxiliary model computed from the original
data, and 3 . (0), the maximum likelihood estimator in the auxiliary model computed from the
simulated sample X;(0), ..., Xx(0). The resulting indirect inference estimator can be shown to
be consistent and asymptotically normal (under standard regularity conditions, see Gouriéroux
and Monfort (1996)). However, the indirect inference estimator is asymptotically efficient (in
the sense of having the Cramér-Rao bound as its asymptotic variance-covariance matrix) only
if M%** happens to be correctly specified. This assumption is certainly restrictive and often
unnatural if M*** is of fixed finite dimension. Therefore Gallant and Long (1997) suggested
that choosing M*“* with dimension increasing in sample size should result in estimators that
are asymptotically efficient, the idea being that this essentially amounts to choosing an infinite-
dimensional auxiliary model M?**  for which the assumption of correct specification is much
less restrictive.

In the present paper we show in some generality that the suggestion in Gallant and Long
(1997) is indeed correct, namely that the indirect inference estimator for 6 is asymptotically
normal with the Cramér-Rao bound as its asymptotic variance-covariance matrix if the auxiliary
estimators pi(6) and py,, in Step 2 are chosen to be non-parametric maximum likelihood (NPML)
estimators obtained from optimizing the non-parametric likelihood over suitable bounded sub-
sets of a Sobolev-space and if the size k of the simulated sample is of order larger than n?.
Furthermore, we show that asymptotic normality persist even if the originally given model Pg
is misspecified.

We now comment on some related literature in the area of indirect inference: Gallant and
Long (1997) studies the case where the density estimators are based on non-parametric maximum
likelihood estimators over sieves spanned by Hermite-polynomials, but their limiting result is
only informative if the sieve dimension stays bounded (so that efficiency of the estimator is only
established if the true density is a finite linear combination of Hermite-polynomials) bringing
one back into the realm of finite-dimensional auxiliary models. Fermanian and Salanié (2004)
propose a different procedure and establish asymptotic efficiency of their estimators under several
high-level conditions, which, as they admit themselves, are very stringent. For example, even
in the simplest model they consider, they need to have simulations of order & ~ n®. Nickl
and Potscher (2010) consider the case where pg(0) and p,, are spline projection estimators and
establish asymptotic normality and asymptotic efficiency if the parametric model Pg is correctly
specified. There are also some other related recent papers on this topic, Altissimo and Mele
(2009) and Carrasco, Chernov, Florens, and Ghysels (2007), whose proofs, however, we were not
able to follow.

In the present paper we shall use for x the Fisher-metric, hence the objective function defining
the indirect inference estimator will be given by

Qn,k(e) = /(ﬁn —ﬁk(e))Qﬁ;1



It transpires that the indirect inference estimators considered in the present paper can be viewed
as minimum distance estimators with the important (and nontrivial) modification that py has
been replaced by an estimator pg(#) based on the simulated data. In that sense our results can
be viewed as an extension of Beran’s (1977) asymptotic efficiency result for classical minimum
distance estimators to the case of simulation-based minimum distance estimators, the simulation
step introducing considerable additional complexity into the proofs.

In order to establish the above mentioned results for the indirect inference estimator a careful
study of several aspects of the NPML-estimators pg(6) and p,, is required. In particular, it turns
out to be crucial to establish the weak convergence of the stochastic process

6.1) — Vk / (5x(0) — po) @)

to a Gaussian process in £*°(0 x F) where F is an appropriate class of functions. This result can
be seen to imply a uniform-in-6 version of a Donsker-type result for NPML-estimators obtained
recently by Nickl (2007). In the course of establishing this weak convergence result it is also
necessary to derive rates of convergence for

sup [|pr(0) — poll, (3)
9o

where the norm is a suitable Sobolev-norm.

The outline of the paper is as follows: After some preliminaries in Section 2, we introduce
the model and assumptions in Section 3. In Section 4.1 we derive existence and uniqueness
of the NPML-estimator while rates of convergence as indicated in (3) are given in Section 4.2.
Donsker-type theorems like (2) are the subject of Section 4.3. In contrast to Nickl (2007), we
avoid an assumption that requires all densities to be bounded away from zero in our results as far
as possible. Section 5 introduces simulation-based minimum distance estimators (i.e., indirect
inference estimators) based on auxiliary NPML-estimators and establishes asymptotic normality
of these estimators even if the originally given parametric model Pg is misspecified. If Pg is
correctly specified, it is furthermore shown that the estimator is asymptotically efficient in the
sense that its asymptotic variance-covariance matrix equals the Cramér-Rao bound. Some proofs
and technical results are collected in the appendices.

2 Preliminaries and Notation

For A a non-empty set and f a real-valued function on A, define || f||a = sup,ca |f(2)| and let
£>(A) denote the Banach space of all bounded real-valued functions on A, equipped with the
sup-norm || - |[s. If D is a (non-empty) subset of £>°(A) we shall write (D, | - ||a) to denote
the metric space D with the induced metric ||f — g||a. For (A, A) a (non-empty) measurable
space, let L°(A, A) denote the vector space of all A-measurable real-valued functions on A and
define the Banach space L>(A, A) = L°(A, A) N ¢>°(A), again equipped with the sup-norm. For
f € LA, A) and p a non-negative measure on (A, A), define ||f[l2,, = [[ f2du]1/2 and set
L2(A, A p) = {f € LOA,A) || fll2,p < o0}. For the measure space (Q2,5(f2), ), where Q is a
(non-empty) measurable subset of the real line R with associated Borel o-field B(§2) and where
A is Lebesgue measure, we shall simplify notation and write £°(Q), £2(2), L>(Q), and || - ||
for £L9(Q, B(Q)), L£2(Q, B(2),\), L>=(2,B(Q)), and || - ||2,», respectively. Furthermore, we shall
write a.e. instead of A-a.e. For any (non-empty) metric space (T,d), we denote by B(T,d), or
simply B(T), its Borel o-field and by C(T,d), or simply C(T"), the Banach space of all bounded,
d-continuous real-valued functions on T, equipped with the sup-norm.



We shall denote by || - || the 2-norm on Euclidean space. For two real-valued functions f and g
on (0, 00), we shall write f(¢) < g(e) if there is a constant C', 0 < C' < oo, such that f(g) < Cy(e)
holds true for all ¢ > 0. It will also prove useful to define logoo = 0o and log0 = —oo, thus
making the logarithm a continuous function from [0, oo] to [—o0, 0].

Let (Ao, Ao, Po), (A, Apn, Py), n > 1, be probability spaces. Suppose Yy : Ag — T is an
Ao-B(T, d)-measurable mapping and Y;, : A, — T are (not necessarily measurable) mappings,
where (T,d) is a metric space. We say that Y,, converges weakly to Yy in (7, d), denoted by
Y,, ~ Yy, if the outer integrals f;n g(Y,,)dP,, converge to on g9(Yo)dP, for every g € C(T,d);
furthermore, Y, is said to converge weakly to a Borel probability measure L on (T, B(T,d)),
denoted by Y, ~ L, if f; 9(Yy)dP,, converges to [, gdL for every g € C(T',d). We say that Y,
converges to 7 € T in outer P,-probability if P¥(d(Y,,,7) > €) converges to 0 for all e > 0. If Y},
are real-valued and r, is a sequence of positive real numbers, we write Y, = o} (rp) if 7,1,
converges to 0 in outer P,-probability, and Y;, = Op, (1) if

im limsup P} (r,,'Y,, > M) =0.

1
M—oo pnooo

In case the probability spaces (A, A, P,) are the n-fold products of a single probability space
(A, A, P), that is, (A, Ay, Py) = (A", A", P™), we write Y,, = o (r,) instead of Y,, = 0%n(ry)
and Y, = Op(ry,) for Y, = O%n(1y).

2.1 Holder and Sobolev Spaces

For Q a (non-empty) open subset of R, a function f: Q — R, and s > 0, define
@S wl :
I flls.0 = {ZOSaSLsJ 17 le + SUD g2y ||$7y\——u| if s is non-integer,
Zogags ||f(a)||ﬂ otherwise.

Here f(®) denotes the classical derivative of f of order a, and |s| denotes the integer part of s.
For any non-integer s > 0, define the Holder space C*(2) as the space of all f : QO — R such that
I fls,0 < oo; for any integer s > 0, let C*(2) be the space of all f : @ — R such that ||f||s,0 < o0
and f®) is uniformly continuous. Note that C(£) thus is the space of bounded and uniformly
continuous functions on (2.

For © and s as above and functions f, g € £2(Q), let

Tncoct U154
b oy foy YL@ D (g D (@)= D ) gy () g0 ()

[e—y|1 2G5

(flg)s2 = if 5 is non-integer,

Zo§a§s<f(a)w g @))2
otherwise,

and set || fls.2 = \/{f[f)s.2. Here, f(®= denotes the weak derivative of f of order a, and (:|-)o
is the usual inner product on £2(Q). Define W3(€) as the space of all f € £2(Q2) such that
[I£]ls,2 is finite. For s > 1/2 and Q a non-empty bounded open interval in R, each f € W5(Q)
is a.e. equal to exactly one bounded continuous function on . For s > 1/2 and such Q, we
consequently define the Sobolev space W5(2) = W; () N C(Q) and note that it is a Hilbert
space. The Sobolev balls {f € W5(Q) : || f||s,2 < B} of radius B, 0 < B < oo, will be denoted by
Us.p, and its translates g +Us p by Us p(g). The next proposition collects some properties of
Sobolev spaces; see Appendix A for a proof.



Proposition 1 Let Q be a non-empty bounded, open interval in R.
(a) For s > 1/2, the Sobolev space W5(QY) is a multiplication algebra; that is, there is a finite
constant My > 0 such that

1£glls.2 < Ml Flls2llglls.2

holds true for all f,g € W5(2).
(b) For s > 1/2, the Sobolev space W5(Y) is continuously embedded in C>~/2(Q). Conse-
quently, W5(Q) is embedded in C(Q) with an embedding constant Cs, 0 < Cs < 0o; that is,

”fHQ < CS||f||s,2

holds true for all f € W5(Q).

(c) If 0 <1 < s, then W5(Q) is compactly embedded in W5(Q); if 1/2 <r <'s, then W5(£2)
is compactly embedded in W5(S2).

(d) If F is a (non-empty) bounded subset of some Sobolev space W5(Q2) of order s > 1/2 such
that infyeq rer |f(x)] > 0 holds, then {1/f : f € F} is also a bounded subset of W5(€2).

2.2 Covering Numbers and Metric Entropy

Let (T, d) be a metric space. Let 0 < ¢ < oo and let X be a (non-empty) totally bounded subset
of T. Then we denote by N (e, X,T,d) the covering number of X, i.e., the minimal number of
closed balls in T of radius € needed to cover X; we define the metric entropy of X as

H(e, X, T,d) =log N(e, X, T, d).

If T is a normed space with norm |||, we shall write in abuse of notation N(e, X, T, ||-||) and
similarly for the metric entropy.
Let (A, A, 1) be a (non-empty) measure space. For any two elements I,u € L(A, A), the set

[lu] = {f € L2\, A) : I(x) < f(z) < u(x) for all 2 € A}

is called a bracket and |ju — |2, its £?(u)-bracketing size. For 0 < € < oo and F a (non-empty)
subset of L2(A, A), we define Ny (g, F,|| - [|2,,) to be the minimal number of brackets of £?(u)-
bracketing size less than or equal to € needed to cover F; if there is no finite number of such
brackets, we set Nj j(e, F, || - ||2,.) = oo for convenience. The £?(u)-bracketing metric entropy of
F is defined as

H[ ](Eafa ” . ”2,#) = logN[ ](Eafv || . ”2’#)'

Furthermore, for 0 < n < oo the £2(p)-bracketing metric integral Ij(n, F, || - [|2,,) of F is given
by

Qﬂu) de.

Iy, Fo - Mlo,n) = /(0 ]\/HHH(e,f, I
>

3 The Framework and Assumptions

From now on let Q) be a non-empty bounded, open interval in R. We consider i.i.d. random
variables (X;);en that take their values in (2, B(Q2)) and have common law P, with X3,...,X,
representing the data at sample size n. Furthermore, let © be a (non-empty) compact subset
of R™ and let Pg = {pp: 0 € ©} be a parametric family of probability density functions pg
on . The law P may or may not correspond to a density in Pg. We assume that there is
a way of simulating synthetic data according to the densities in the class Pg in the following



sense: There is a probability space (V,V, ) and a function p : V x © — Q, which is V-B(Q)-
measurable in its first argument, such that for every 6 € © the law of p(-,0) under p has density
pg. Consequently, if (V;);en is a sequence of i.i.d. random variables with values in (V,V) and
law p, then X;(6) = p(V;,0) is an i.i.d. sequence with law having density pyg, simultaneously so
for all § € ©. We shall also always assume that the process (V;);en is independent of (X;);en.
[As indicated in the Introduction, the simulation mechanism p may derive form an underlying
equation model, but it may also arise in some other way.] In the application to indirect inference
in Section 5 we shall estimate 6 by matching a non-parametric estimator for (the density of) P
obtained from the data X1i,..., X, with a non-parametric estimator for py obtained from the
synthetic data X;(6),..., X, (0). We stress that construction of the synthetic data requires only
one simulation, and not a separate simulation for every #. For convenience we shall from now
on assume that the random variables X; and V; are the respective coordinate projections on the
measurable space (QN x VN, B(Q)N @ VN) equipped with the product measure Pr := PN @ uN. We
note, however, that all results of the paper hold also without this assumption; see Remark 19.
Furthermore, the empirical measures associated with X1,..., X, and Vi,..., Vi will be denoted
by P, and p,,, respectively.

The density estimators we shall consider will be NPML-estimators over non-parametric mod-
els (called auxiliary models in Section 5) of the form

P(t,¢, D) = {p e W5(9) : / pdh =1, iggp(w) > C, |Iplle2 < D}7
Q T

where t > 1/2, 0 < { < 00, and 0 < D < 00. Some important properties of P(t,{, D) that will
be used repeatedly are summarized in the subsequent propositions, the proofs of which can be
found in Appendix A.

Proposition 2 Suppose t > 1/2, 0 < ( < 00, and 0 < D < 0.

(a) The following statements are equivalent: (i) ¢ < MN(Q)~! < D?; (ii) the constant density
M)~ belongs to P(t, ¢, D); (iii) P(t,¢, D) is non-empty.

(b) Suppose ¢ < X(Q)~! < D2. Then the following statements are equivalent: (i) ( = \(Q)~*
or ()1 = D?; (ii) the constant density \(2) ™! is the only element of P(t,(, D); (iii) P(t,(, D)
is a singleton.

(c) Suppose ¢ < A(Q)~ < D%. Then P(t,(, D) is a non-empty convex set, which is compact
in C(2) as well as in W5(Q) for every s satisfying 1/2 < s < t.

In the following let H; denote the closed affine hyperplane given by H; = {f e WL(Q) : fQ fdx= 1}
endowed with the relative topology it inherits from W5(2). Note that P(t,¢, D) C H; holds.

Proposition 3 ' Supposet > 1/2 and 0 < ¢ < A\(2)7! < D? < .

(a) An element p € P(t,(, D) is an interior point of P(t,(, D) relative to H; if and only if
(i) IIplle2 < D and (ii) infyeq p(x) > ¢ hold.

(b) A (non-empty) subset P’ of P(t,(, D) is uniformly interior to P(t,(, D) relative to H;
(meaning that there exists a § > 0 such that for every p € P’ the set Uy s(p) NHy C P(¢,¢, D)) if
and only if (i) suppep: |plle2 < D and (ii) inf,eq pepr p(z) > ¢ hold.

(c) Suppose ¢ < A(Q)~1 < D? holds. Then the constant density A\(Q)~! is interior to
P(t,(, D) relative to H,. Moreover, the interior of P(t,(, D) relative to H, is dense in P(t,(, D)
(w.r.t. the Wh(Q)-topology).

L An obvious extension of Theorem V.2.1 in Dunford and Schwartz (1966) to affine spaces shows that in our
setting the notion of an element being interior relative to H coincides with the notion of internality of that element
(relative to H).



We emphasis that for the rest of the paper t, ¢, and D will be treated as fized (although
at arbitrary values) satisfying the constraints t > 1/2 and 0 < ¢ < A\(Q)~! < D? < oo (thus
excluding only the trivial cases where P(t,¢, D) is empty or the singleton {\(Q)7!}). Many
results will hold under the natural condition ¢ > 0, but for some results we shall have to assume
the stronger requirement ¢ > 0. In that context we note that if D? is sufficiently close to A(€2)7!,
then P(t, 0, D) coincides with P(¢, ¢, D) for sufficiently small ¢ > 0, cf. Remark 29 in Appendix
A.

For later use we stress that any p € P(t,¢, D) is continuous on 2 and satisfies ||p||q < C:D
in view of Part (b) of Proposition 1. We further note the fact that in P(t,{, D) pointwise
convergence is equivalent to convergence in all Sobolev norms of order smaller than ¢, as well as
to convergence in the sup-norm, as shown in the next proposition.

Proposition 4 Let p,,p € P(t,(,D). Then the following statements are equivalent: (i) ||pn —
plla converges to 0; (ii) p, converges pointwise to p; (iii) p, converges to p a.e.; (iv) p, converges
to p on a dense subset of ; (v) ||pn, — pllr2 converges to O for some r satisfying 0 < r < t; (vi)
lpr. — pllr2 converges to O for all v satisfying 0 < r < t.

Apart from the maintained assumptions laid out at the beginning of this section, we will
make frequent use of the assumptions listed below. We start with assumptions on the probability
measure P governing the data.

Assumption D The probability measure P has a density pa .

In the following we treat the probability density p, as a function from ) to R, that is, we
let pa denote a fixed representative of the Radon-Nikodym derivative of P with respect to A.
Recall also that P need not correspond to an element of Pg, hence p, need not be a.e. equal to
an element of Pg.

Assumption D.1 Assumption D holds and the density function p, belongs to P(t,(, D).
Assumption D.2 Assumption D holds and the density function p, satisfies the strict inequality

inf .
L) =0

Clearly, if ¢ > 0, then Assumption D.1 implies Assumption D.2. In light of Proposition 3,
the next assumption just states that p, is an interior point of P(¢,, D) relative to Hy.

Assumption D.3 Assumption D.1 holds and the strict inequalities

inf pa(z) >¢ and |pallt2 <D
z€Q

are satisfied.

We note here, however, that even under Assumption D.3 the NPML-estimator is never an
interior point of P(t,(, D) relative to Hy as shown in Section 4; this leads to a number of
complications as discussed prior to Lemma 15 in Section 4.3.

Next are assumptions on the class Pg. We will often write p(x,0) for pg(x), and we stress
that p(z,0) is a function from Q x © to R.

Assumption P.1 Po C P(t,(, D).



Assumption P.2 The strict inequality
inf 0
Jnf p(z,0) >0
holds true.
Clearly, if ¢ > 0 then Assumption P.1 implies Assumption P.2.
Assumption P.3 Assumption P.1 holds and the strict inequalities

inf p(z,0) >¢ and sup|pslt2 <D
1x© )

are satisfied.

Assumption P.3 states that Pg is uniformly interior to P(t, ¢, D) relative to Hy, cf. Proposition
3. If Po happens to be a || - ||;,2-compact subset of P(t,{, D) (which in light of compactness of
O is, e.g., the case if the map 6 — py is || - ||¢,2-continuous), Assumption P.3 is clearly equivalent
to infyeqp(z,0) > ¢ and ||pg|lt,2 < D for every 6 € © (i.e., equivalent to Po belonging to the
interior of P(t, (, D) relative to H;).

Occasionally we shall also need to refer to the following assumption. However, note that As-
sumption P.1 together with Assumption R.1 below already imply this assumption, cf. Proposition
30 in Appendix A.

Assumption P.4 For every x € Q, 0 — p(x,0) is a continuous function on ©.

Remark 5 If Assumption P.1 is satisfied, then in view of Proposition 4 the following are equiv-
alent: (i) Assumption P.4; (ii) § — pp is continuous as a mapping from O into the space
(P(t,¢, D), || - |ls,2) for every s satisfying 0 < s < ¢; (iil) # — pg is continuous as a mapping from
O into the space (P(t,(, D), || - lla)-

Next are assumptions on the simulation mechanism p(v, ). Apart from the already assumed
measurability of p(v, ) in its first argument, we will need assumptions to control its behaviour
in the second argument. We note that Assumption R.2 below is weaker than the corresponding
Assumption R.2 in Gach (2010), but we have been able to obtain the same conclusions as in
Gach (2010) by refining the proofs.

Assumption R.1 For every v € V, the simulation mechanism p(v,8) is continuous in 6.

Assumption R.2 For some constant v, 0 < v < 1, and some measurable function R : V —
(0,00), the simulation mechanism p: V x © — Q satisfies

p(v,0") = p(v,0)| < R(v)[|6" — 0|
for allv €V and all 0,0 € O, with the function R satisfying fV Ry < oo for some a > 0.

Assumptions on the class Pg and on the simulation mechanism p(v, ) are obviously closely
related. In principle, the assumptions on Pg could be substituted for by assumptions on p(v, ).
[Conversely, the existence of a simulation mechanism having certain required properties can in
principle be deduced from suitable assumptions on Pg.] However, the interrelation between
assumptions on Pg and on p(v, #) is complicated and intricate, and hence we prefer to work with
the two sets of assumptions as given above. For some results concerning the relationship between
these two sets of assumptions see Proposition 30 in Appendix A.



4 Non-Parametric Maximum Likelihood Estimators

We now introduce NPML-estimators, called auxiliary estimators in Section 5. Define the (non-
parametric) log-likelihood function based on the given data Xi,..., X, as

1 n
i=1

for p € P(t,(, D), and based on the simulated data X1(6) = p(V1,0),..., Xi(0) = p(Vi,0) as

k
Z ogp(p(Vi, 0))

forp € P(t,{, D) and § € ©. Note that L, (0,p) = Li(p; X1(0), ..., Xx(0)) = Z 1 log p(X;(6))
holds. In view of our convention for the logarithm, both functions L, (f) and Lk @, f ) are in fact
well-defined and take their values in [—o00, 00) for any non-negative real-valued function f on .

An NPML-estimator for given X7, ..., X, is defined as an element p,,(-) := p,(-; X1,..., Xp)
of P(t,(, D) satistying

w\H

Lk(gap) = Lk(ovpv V17 .. '7

Lu(pn) = sup  Lu(p).
pE'P(t,C,D)
Similarly, an NPML-estimator for given X1 (0), ..., Xx(0) is an element 5y (0)(+) := pr(0)(+; Vi, ..., Vi)
of P(t,(, D) satistying
Lk(aaﬁk(e)) = sup Lk(gap)
pE'P(t,C,D)

Clearly we have

Pe(0)( Vi, o, Vi) = Pr(5 X1(0), ..., Xi(0)). (4)

In this section we investigate existence, uniqueness, consistency, rates of convergence, and
uniform central limit theorems for NPML-estimators. The results obtained here go beyond Nickl
(2007) in three respects: First, we show not only existence but also uniqueness of the NPML-
estimators. Second, we allow for non-parametric models P(¢,{, D) where the lower bound for
the densities, i.e., ¢, can be equal to 0 and extend the consistency and rate results for the
NPML-estimator w.r.t. the Sobolev-norms || - ||s.2 with s < ¢ in Nickl (2007) to this case. We
furthermore also establish inconsistency of the NPML-estimator in the || - ||;,2-norm. Third, we
prove that the consistency and rate results in Nickl (2007) for p,, hold for the NPML-estimators
pr(0) even uniformly over the parameter space © (provided that ¢ > 0). Finally, we prove a
uniform Donsker-type theorem which extends Theorem 3 in Nickl (2007) and shows that, for
appropriate classes F, the stochastic process (6, f) — \/EfQ (Pr(0) — po) fdX converges weakly in
0°(0 x F) to a Gaussian process.

4.1 Existence, Uniqueness, and Consistency of NPML-Estimators

In the following theorem we show that the NPML-estimators defined above exist, are unique,
and are measurable (cf. also Lemma 36 in Appendix D).

Theorem 6 (a) There exists a unique p, € P(t,(, D) such that

Ly(pn) = sup  Ln(p)
pEP(t,C,D)



holds. The resulting mapping p, : Q" — P(t,(, D) is measurable with respect to the o-fields
B(Q)™ and B(P(t,¢, D), | - ll). Moreover, p,, always satisfies ||pnl|i,2 = D.
(b) For each 0 € © there exists a unique py(0) € P(t,(, D) such that

Li(0,px(0)) = sup  Li(0,p)
peP(t,¢,D)

holds. The resulting mapping pr(0) : V¥ — P(t,(, D) is measurable with respect to the o-fields
VE and B(P(t,¢(, D), - la). Moreover, pi(0) always satisfies |px(0)|r2 = D. Furthermore, if
Assumption R.1 is satisfied, then, for arbitrary fized values of the underlying simulated vari-
ables Vi,..., Vi, 0 — pr(0) is continuous when viewed as a mapping from © into the space

(P(t, ¢, D), [l - llo)-

Proof. (a) Let z1,...,2, be given points in Q. The existence of a maximizer of L,(p) =
L. (p;x1,...,x,) follows from the fact that L,, is continuous on the compact space (P(¢,¢, D), || -
|lo) by Part (bl) of Proposition 31 in Appendix B with F = P(¢,(, D) and by Proposition 2. We
next establish uniqueness: Denote by S the set of all p € P(¢,(, D) that maximize L,,, and note
that S is non-empty as just shown. Since L,, is a concave function on the convex set P(t,(, D)
with values in [—o0,00), a standard argument shows that S is convex. If S is a subset of the
Sobolev sphere of radius D we are done, as then S must be a singleton since the Sobolev norm
I - [ls,2, being a Hilbert norm, is strictly convex. Suppose now S is not a subset of the Sobolev
sphere of radius D and let p € S with ||p||;2 < D. Then there is some z € Q with p(z) > ¢ since
the maintained assumption ¢ < A~*(Q) implies that ¢ ¢ P(t,¢, D). By continuity of p we may
assume that z is different from any of the finitely many data points z1,...,x,. We claim that
there is a ¢ € P(t,(, D) such that ¢(x;) > p(x;) whenever x; = 21 and ¢ coincides with p on the
remaining (if any) observations z; with x; # 1. This will contradict the maximizing property
of p (noting that the case L, (q) = L,(p) = —oo is impossible in view of A(2)~! € P(¢,{, D) and
Ln(p) > L,(AM()™1) > —00). The existence of such a ¢ can be seen as follows: Choose ¢ > 0
such that [ := [z — 2,2 + 2¢], U := [z1 — 2¢,71 + 2¢], and {z; : x; # x1} are pairwise disjoint
subsets of Q and inf,e;p(z) > (. As A :=[r1 — e, 21 + €] is a closed set contained in the open
set U := (z1 — 2¢,21 + 2¢), there is a compactly supported C*°-function f : @ — R with values
in [0,1] such that f|4 =1 and f|o\y = 0. For every y € 2 let
Fly) = {f(y+x1 —2) ify+x.1 —z€Q,
0 otherwise,

so that f is the translation of f by z—x1; and define g : 2 — Rby g = f—f. Then ¢ has values in
[—1,1], integrates to 0, and is contained in W4(Q) since it is C° and has compact support in €.
Since ||p|lt,2 < D and inf,e; p(z) > ¢, we can find a scalar 8 > 0 such that ||Bglt2 < D — ||pll¢.2
and 8 < inf,e; p(xz) — (. Let ¢ = p+ Bg and observe that ||g||s,2 < ||pll¢,2 +[189ll+,2 < D. Further,
q(x) > ¢ for every x € Q, which can be seen as follows: For x € Q\ I we have that g(z) > 0,
and hence ¢(x) > p(x) > ¢. If z € I, then ¢(z) > p(z) — B > p(z) — infyer p(z) + ¢ > ¢, where
the first inequality holds because g(x) > —1 for every x € ), the second inequality holds by the
choice of 3, and the third one does so since « € I and therefore p(z) —inf,c; p(x) > 0. It follows
that ¢ € P(t,¢, D). Since § > 0 and g(z1) = 1, ¢(z;) > p(x;) whenever x; = 1. Furthermore,
g coincides with p on the remaining (if any) data points because g is 0 there. The existence of ¢
contradicts the maximizing property of p, and consequently S is a subset of the Sobolev sphere
of radius D. We thus have established uniqueness as well as ||y ||¢2 = D.

To see that p,, : Q" — P(t,(, D) is measurable, we apply Lemma A3 in Pétscher & Prucha
(1997), making use of Proposition 31(a),(b1) in Appendix B. [Because L,, potentially can attain
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the value —oo, we apply this lemma to the real-valued function arctan(L,) rather than to L.,
where we use the usual convention arctan(—oo) = —7/2.]

(b) The same arguments as above establish existence, uniqueness, and measurability of Py (6),
as well as ||pg(0)]]t.2 = D, for any fixed § € ©. To see that the mapping 6 — py(0) is continuous as
claimed, apply Lemma 34 in Appendix B with X = 0,Y = (P(t,{, D), || ||la), u(z,y) = Li(0, p),
and v(z) = pr(0). Note that (P(¢,(, D), | - |l) is a compact metric space by Proposition 2 and
that, under Assumption R.1, L (6, p) is continuous on © x (P(t,¢, D), || - ||a), as can be seen by
applying Part (b2) of Proposition 31 in Appendix B with F = P(¢,{, D). =m

Remark 7 (i) The mapping p, : © x Q" — R is continuous in the first argument and B(£2)"-
measurable in the second argument. Since €2 is separable, p,, is consequently jointly measurable.
Similarly, the mappings px(6) : © x V¥ — R are jointly measurable for all § € ©.

(ii) For any z1,...,x, in Q, we have that p,(z;) = pn(xi;21,...,2,) > 0 for i = 1,... n.
This follows from the observation made in the above proof that L, (p,) > —oo must hold. By
a similar argument we have that pg(6)(p(vi,0)) = pr(0)(p(vi, 0);v1,...,0) > 0fori=1,... k
and for every 6 € O©.

We next turn to consistency of the NPML-estimators. Theorem 6 already shows that p,
cannot be consistent in the || - ||;2-norm as ||p,|ls,2 = D always holds and P(t,{, D) contains
densities with || - ||;,2-norm less than D (under our assumptions on ¢ and D). A similar remark
applies to pg(0). However, this does not preclude consistency of the NPML-estimators in other
norms as we show next. To this end define for any non-negative measurable function f on {2 and
for any 0 € ©

L) = | oz fap

and

L. f) = /V log £(p(-. 6))dy

provided the respective integral is defined. If f € L*°(Q), then both functions are well-defined
and take their values in [—00,00). We note that the restrictions of L(f) to P(t,{, D) and of
L(9, f) to © x P(t,(, D) are real-valued in case ¢ > 0. We will make use of the following simple
facts which are proved in Appendix B.

Lemma 8 (a) L(pa) is well-defined and satisfies L(pa) > —oo, provided Assumption D holds.
Similarly, for every 6 € ©, L(0,pg) is well-defined and satisfies L(0,pg) > —oc.

(b) If Assumption D.1 is satisfied, then p, is the unique mazimizer of the function L(-) over
P(t.C, D).

(c) If pp € P(t,(,D) for a given 6 € O, then py is the unique mazimizer of the function
L(0,-) over P(t,(, D).

The consistency result is now given below. Under the additional assumption that ¢ is positive,
Part (a) of the subsequent theorem already follows from Proposition 6 in Nickl (2007).

Theorem 9 (a) Let Assumption D.1 be satisfied. Then
nlLIIQlo |Pr — Pallse =0 P-a.s.

for every s, 0 < s < t; in particular, lim, o ||Pn, — Pallo =0 P-a.s.
(b) Let pg € P(t,(, D) for a given 8 € ©. Then, for the given 0,

Tim [54(6) ~ polla> =0 p-a.s
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for every s, 0 < s < t; in particular, limy_ ||Pr(0) — pollo =0 p-a.s.
(¢) Let Assumptions P.1, P.2, and R.1 be satisfied. Then

lim sup||pr(f) —polls2 =0 p-a.s.
k— o0 9cO

for every s, 0 < s < t; in particular, limy_, o sSUpycg [Pk (0) — pollo =0 p-a.s.

Proof. (a) In view of Part (c¢) of Proposition 1, we may restrict ourselves to the case 1/2 < s < .
Note that |L(pa)| < oo by Assumption D.1 and Part (a) of Lemma 8; also note that the random
variables log p, (X;) are P-a.s. real-valued. By Kolmogorov’s strong law of large numbers we then
have

nh_)rgo |Ln(pa) — L(pa)| =0 P-as. (5)

Let ¢; be positive real numbers that converge monotonously to 0 as | — co. Apply the uniform law
of large numbers in Part (d1) of Proposition 31 in Appendix B with F = {p+¢;: p € P(t,¢{, D)}
to see that
lim sup |Ln(p+e)—Lp+e)=0 P-as. (6)
N peP(t,(,D)
for every [ € N. In the following arguments we fix an arbitrary element of the probability 1
event where the statements in (5) and (6) hold true. We now prove that ||p,, — pal|s,2 converges
to 0 by showing that any subsequence p, of p, has another subsequence converging to p, in
the Sobolev norm || - ||s,2. Because P(t,(, D) is compact in W5(£2) by Proposition 2, there is a
subsequence P, of p,, and some p* € P(t,(, D) such that ||pn» — p*||s.2 converges to 0. Now
use Assumption D.1, the definition of p,,» as maximizer, and the monotonicity of the logarithm
to obtain

Ln”(pA) Ln”(ﬁn”) S Ln”(ﬁn” +El)

<

< L(pn+e)+ sup  |Lp(p+e)— Lip+e)l (7)
pEP(t,¢,D)

The first term on the r.h.s. of (7) converges to L(p* + ¢;) since ||pn» — p*||s,2, and hence also

|prn — p*|lq, converges to 0 and since L(- + ;) is sup-norm continuous on P(¢,¢, D) by Part

(c1) of Proposition 31 in Appendix B. The supremum on the r.h.s. of (7) goes to 0 and L, (pa)

converges to L(p,) in view of (5) and (6). It follows that

L(pa) < L(p* +¢1). (8)

The sequence of functions log(p* + €;) is monotonously non-increasing in ! with pointwise limit
log p*, and is bounded above by the integrable function log(p* + £1). Using the theorem of
monotone convergence, we conclude from (8) that L(pa) < L(p*). Hence, p* = pa by Part (b)
of Lemma 8.

(b) Follows analogously as Part (a) with p, replaced by pg.

(c) As in the proof of Part (a), we may restrict ourselves to the case 1/2 < s < ¢. Define
¢* = infgye p(z,0). By hypothesis, ¢* > 0, and P(t, ¢, D) is non-empty as it contains Pe.
We may now apply Part (d2) of Proposition 31 in Appendix B with F = P(¢, ¢*,D) to get

lm  swp  [Lk(6,p) — L(6,p) =0 pas. (9)
k—oo gxp(t,c#,D)

Let ; be as in the proof of Part (a). For each I € N, Part (d2) of Proposition 31 in Appendix B
with F ={p+e;:p € P(t,(, D)} implies that

lim sup sup |Lip(@,p+e)—LO,p+e) =0 pas. (10)
k=00 9e0 peP(t.¢,D)
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In the following arguments we fix an arbitrary element of the probability 1 event where (9) and
(10) hold. Assume that supgeg ||Px(0) — polls,2 does not converge to 0. Then there is some 1 > 0
such that for every k € N there are ¥’ € N, k' > k, and 0y, € © that satisfy

1Bk (Orr) — Do, 5,2 > n- (11)

By compactness of © and compactness of P(t, (, D) as a subset of W5(Q2), we find a subsequence
P (Bgr) of Prr(0x) such that Oy~ converges to 0 for some 6 € O, and ||pr (0r+) — p*|ls.2
converges to 0 for some p* € P(t,(,D). So, if p* equals pyg~ (which we verify below), then
D (O ) — po+||s,2 converges to 0. Consequently, ||pr(Or) — g, ||s,2 converges to 0 because
po,,, converges to pg= in (P(t,{,D),] - ||s,2) in view of Proposition 30 in Appendix A and Re-
mark 5. This is in contradiction to (11) and therefore in contradiction to the assumption that
SUPgee |[Pk(0) — pol|s,2 does not converge to 0.

It remains to show that p* equals pg«. Use Assumption P.1, the definition of pg~(0x~) as
maximizer, and the monotonicity of the logarithm to obtain

Lk//(ok//7p9k”) g Lk”(ek‘”yi)k”(ak‘”)) g Lk”(ek‘”yi)k”(ak‘”) —|—€l)
< LBk, P (Ok) +€1)

+sup sup |Lgr(0,p+¢e;) — L(O,p+er)l. (12)
0€0 peP(t,(,D)

The first term on the r.h.s. of (12) converges to L(6*, p*+¢;) since 0y~ converges to 6, ||pg (0 ) —
P*||s,2, and hence also ||pg (01 ) —p*|la, converges to 0, and L(-, -+¢;) is a continuous function on
Ox(P(t,(, D), ||-lo) by Part (c2) of Proposition 31 in Appendix B. Recall that the supremum on
the r.hus. of (12) goes to 0 in view of (10). Further, the supremum on the r.h.s. of the inequality

| L (O, po,) = L0, po-)

< sup ‘Lk”(a,p) - L(evp)‘ + |L(9k”7p9ku) - L(a*,pg*)
OXP(t,(#,D)

converges to 0 by (9). The second term on the r.h.s. goes to 0 as 6 converges to 6%, ||ps,,, —
Po~||s,2, and hence also [|pg,,, — po|la, converges to 0, and L(6,p) is a continuous function on
O x (P(t,¢*,D),| - |la) by Part (c2) of Proposition 31 in Appendix B. Hence, the Lh.s. of (12)
goes to L(6",pgp-). Tt follows that

L(6%,pg-) < L(0",p* + &1). (13)

The sequence of functions log (p*+&;)(p(-, 0")) is monotonously non-increasing in [ with pointwise
limit log p*(p(-,6)), and is bounded above by the integrable function log(p* +¢1)(p(-,6%)). Using
the theorem of monotone convergence and (13), we conclude that L(6*,pg~) < L(0*,p*). Hence,
p* = pg- by Part (¢) of Lemma 8. m

Remark 10 For later use we note the following: (i) Let Assumption D.1 be satisfied, and
suppose x > 0 satisfies inf,cq pa(z) > x. It follows from Part (a) of Theorem 9 that there are
events A, € B(Q)™ that have P"-probability tending to 1 as n — oo on which inf,cq pn(z) > x
holds.

(ii) Let pp € P(t,(,D) for a given § € © be satisfied, and suppose x(0) > 0 satisfies
infreqp(x,0) > x(0) for the given 0. It follows from Part (b) of Theorem 9 that for the given
6 there are events By(f) € V¥ that have p*-probability tending to 1 as k — oo on which
inf,eq pr()(z) > x(0) holds.

(iii) Let Assumptions P.1 and R.1 be satisfied, and suppose x > 0 satisfies infoxo p(x,0) > x.
It follows from Part (c) of Theorem 9 that there are events Bj, € V¥ that have p*-probability
tending to 1 as k — oo on which infpecg inf,cq pr(0)(z) > x holds.
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4.2 Rates of Convergence for NPML-Estimators

Following ideas of van de Geer (1993), Nickl (2007, Proposition 6) obtained convergence rates
for the NPML-estimator p,, in various Sobolev-norms as

1B — Palls2 = Op(n~(t=9)/(t+1) (14)

for every 0 < s < t, provided Assumption D.1 and ¢ > 0 hold. Modulo measure-theoretic
nuisances, this immediately gives an analogous result for ||px(6) — pg||s,2 for each 6 € ©. [The
complication here is that the result in Nickl (2007) is proved for data generating processes defined
as coordinate projections on a product space, which is not the case for X;(0); cf. the proof of
Part (b) of the subsequent proposition.] In Section 4.3 below, however, we shall need convergence
rates for supycg ||Px(6) — polls,2, i-e., convergence rates that hold uniformly w.r.t. § € ©. Before
we turn to these uniform results, we provide an extension of Nickl’s (2007) rate result in that we
avoid the restriction ¢ > 0. Note that Assumption D.2 already follows from Assumption D.1 in
case ¢ > 0.

Proposition 11 (a) Under Assumptions D.1 and D.2 we have ||p,,—pa||s.2 = Op(n=(¢=3)/(2t+1))
for every 0 < s <t. (b) If po € P(t,{, D) and inf eqp(z,0) > 0 hold for a given 6 € O, then
5% (0) — polls.2 = O, (k=) CHD)Y for every 0 < s <t and the given 6.

Proof. (a) Measurability of ||p, — palls,2 is established in Proposition 37 in Appendix D. The
result is trivial in case s = t since P(t,(, D) is a bounded subset of W5(Q2). Hence assume
s < t. If ¢ > 0, the result follows from Proposition 6 in Nickl (2007). Now suppose ( = 0. By
Assumption D.2 we can then choose x > 0 = ¢ such that inf,cq pa(z) > x holds. By Remark
10(i) we have that p, € P(t,x, D) on events A,, € B(Q)™ that have probability tending to 1 as
n — oo. Since P(t,x, D) C P(t,¢, D), the NPML-estimator p,, over P(t,(, D) coincides with
the NPML-estimator over the smaller set P(¢,x, D) on these events, and the latter estimator
satisfies (14) by Proposition 6 in Nickl (2007).

(b) In view of (4) and since (z1,...,zk) — pr(;x1,...,2k) IS a measurable mapping from
QF into (P(t,¢, D), || - la), cf. Theorem 6 Dr(0) has the same law as pg(; Z1,...,Zx), where
(Zy,...,Z;) has the same distribution as (X1(0),..., Xx(6)) but the Z; are given by the coor-
dinate projections on (N, B(Q)N). Since | - ||a and || ||ls,2 for s < t generate the same Borel
o-field on P(t,¢, D) (cf. Lemma 36 in Appendix D), ||pr(0) —
same distribution as ||px(-; Z1,...,Zk) — polls,2. Now apply the already established Part (a) to
ﬁk('; Zlv ey Zk) ]

In case s = t, in fact ||pp, —palls,2 < 2D and ||pr(0) —pel|s,2 < 2D hold under the assumptions
of the above proposition. The next proposition is instrumental in proving the uniform-in-6
convergence rate result.

Proposition 12 Let F be a (non-empty) bounded subset of W5(Q) with s > 1/2. Suppose
Assumption R.2 holds.
(a) Then the L?(u)-bracketing metric entropy of

F={f(p(-,0)):0 €0, f € F}

satisfies

Hiy(e, F5 || - o) Set/e. (15)

In particular, F* is p-Donsker.
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(b) Suppose the elements of F are bounded below by some x > 0. Then the L2 (u)-bracketing
metric entropy of

log F* = {log f(p(-,0)) : 6 € ©, f € F}

satisfies
Hy(e,log F*, || - [la,0) Se7/°.

We note that in the subsequent uniform-in-6 convergence rate result Assumption P.2 already
follows from Assumption P.1 in case ¢ > 0.

Theorem 13 Let Assumptions P.1, P.2, and R.2 be satisfied. Then

sup [[54(0) = polls.2 = O, (k= =9/ s | — o0 (16)
S

for every 0 < s < t. [In case s =t, the above supremum is bounded by 2D.]

Proof. Measurability of supgeg ||Pr(6) — polls,2 for 0 < s < t is established in Proposition 37
in Appendix D. The claim in parentheses follows since pg(0) € P(t,(, D) by construction and
po € P(t,¢, D) by Assumption P.1. We now distinguish two cases:

Case 1: Assume first that ¢ > 0 and s = 0. We then verify the conditions of Theorem 40
in Appendix E with (A, A, P) = (VN VW ), § =0, T = P(t,(,D), d(p,q) = |lp — qll2,
Hy(o,7) = Li(0,p), H(o,7) = L(0,p), Tr(0) = pr(0), and 7(c) = pp. Condition (43) is satisfied
by definition of the NPML-estimators py(#). Condition (41) follows from the second-order Taylor
expansion of L(#,-) around the density pg: using Proposition 32 in Appendix B we obtain

1 )
L(0,p) = L(0:p) = DL(0,p0)(p — po) + 5 D*L(0,)(p — po,p — o)
1 —py)? 1 _
= 5 [ i < @) - i,
Q D 2

where p is some density on the line segment joining p and pp; note that p € P(¢t,(,D) b
convexity of this set, and hence satisfies ||p||q < C;D. This proves condition (41) in Theorem 40
with C =271¢ (C’tD)_2 and o = 2, both constants being independent of # and p.

Next we verify condition (42): set

g§ = {logp(p(79)) - 10gpg(p(79)) NS @7 pE P(t7<?D)7 ||p _p9||2 < 6}

for § > 0, which is clearly non-empty. Then clearly

Wsup  sup | VE(Ly = L)(0,p) — VE(Lx — L)(6,p0)| = E
0€0 peP(t,C,D),
lp—poll2<s

Ky, — 1)

Gs

where E* denotes the outer expectation. Since we have temporarily assumed ¢ > 0, the logarithm
is Lipschitz on [¢, c0) with Lipschitz constant ¢~'. This implies that Gs is bounded by B :=

2¢"'C;D in the sup-norm and by 7(8) := §71C2/2D1/26 in the £2(u)-norm. Consequently,

< (1696 + 64v/2) I 1(1(9), Gs, || -

E*

Vi — ﬂ)‘

B
) { + WI[ 1(n(6), Gs, || - 2,u)}

Gs
by Theorem 41 in Appendix E. Since

Gs < {logp(p(-,0)) —logpe(p(-,0)):0 € ©,peP(t,(,D)}
C {logp(p(-,0)):0 €O, peP(t( D)} —{logp(p(-,0)) :

N

0€0,peP(t( D)},
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we have that

N[ ](5,g5, || ' H2,,u) < N[ ](5/27 {Ing(P(ag)) 10 € @, pE ’P(t,C,D)} ) || ’ 2,#)2'

Applying Proposition 12(b) with s = ¢t and F = P(t,{, D) we get from this inequality

Iy 0(6), G5, | - o) < / VIt e 1tde < max(n(s), / /%)
(0,m(8)] (0,m(8)]

< max(8, 86 7Y%,

Hence there is some constant L, 0 < L < oo, such that

1-1/2t
< Lmax(é,élfl/zt) [1 + Hm(&’é)]

\/E(:U']c _:U') Gs 52\/@

E*

holds for all § > 0. Write ¢, (6) for the r.h.s. of the last display and note that & — 6, (6) is
non-increasing for 8 = 1. This establishes condition (42) in Theorem 40.

Condition (44) in that theorem is satisfied for & = 2 and 7}, = k*/(2*+1). This gives the desired
rate and completes the proof in case { > 0 and s = 0. Now suppose ¢ > 0 but 0 < s < t. Recall
that supgeg ||Pr(6) — pollt,2 < 2D. The result then follows from the interpolation inequality

s,2 S Cs,t

I/ IS IS

for f € W5(2), where Cs ; > 0; see Theorem 1.9.6 and Remark 1.9.1 in Lions & Magenes (1972).

Case 2: Suppose now ( =0 and 0 < s < t. In view of Assumption P.2 we may choose x > 0
such that infoye p(z,0) > x. Then, by Remark 10(iii), there are events that have probability
tending to 1 on which infgce infcq pr(0)(z) > x holds true. Since P(t,x,D) C P(t,(, D),
we have that on these events py(6) coincides with the NPML-estimators over the smaller set
P(t,x,D). The result now follows from what has already been established in Case 1 since
Assumption P.1 (and P.2) is also satisfied with respect to P(t,x, D). m

4.3 Donsker-type Theorems for NPML-Estimators

Nickl (2007) established Part (a) of the following Donsker-type result under the additional as-
sumption that ¢ > 0 holds. Part (b) is (modulo measure-theoretic nuisances) a simple conse-
quence of Part (a).

Theorem 14 Let F be a non-empty bounded subset of W5(Q2) for some s > 1/2.
(a) Suppose Assumption D.3 is satisfied. Then, for all real j > 1/2,

sup ’\/ﬁ [ o= pa) FiX = V(B ~ BF| = g (nin(e =y (7)

feF

as n — oo; in particular, the Lh.s. of the above display is op(1) as n — oo. Consequently, the
stochastic process f — \/ﬁfQ (Pr. — pa)fdX converges weakly to a P-Brownian bridge in £>°(F).

(b) Suppose pg € P(t,¢, D), infyeqp(z,0) > ¢, and ||pgllt,2 < D hold for a given 8 € ©. Then,
for the given 0, a result analogous to Part (a) holds for the process f +— \/Efﬂ(pﬁc(e) —po) fdX
with Pr, and P, respectively, replaced by Pg . and Py, where Py is the empirical measure of
X1(0),...,Xk(0) and Py is the probability measure corresponding to py.
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Proof. (a) Measurability of the L.h.s. of (17) follows from Proposition 38 in Appendix D. For
¢ > 0 the result follows immediately from Theorem 3 in Nickl (2007). Now suppose ¢ = 0. In view
of Assumption D.3 we may choose x > 0 such that inf,cq pa(z) > x. Then, by Remark 10(i),
there are events that have probability tending to 1 on which inf,cq pn(2) > x holds true. Since
P(t,x,D) CP(t, ¢, D) =P(t0,D), we have that on these events p,, coincides with the NPML-
estimators over the smaller set P(¢, x, D). Since x > 0 and since Assumption D.3 is also satisfied
relative to P(t, x, D), the result now follows from what has already been established.

(b) Note that X1 (Z, f) and sup ez | Xk (2, f) — Dr(Z, f)| defined in Proposition 38(a) in Ap-
pendix D are Borel measurable on Q*. Consequently,

]Sclelglxk(%(@, s Xi(0), f) = Di(Xa(0), ..., Xi(0), f)]

and

sup ‘xk(Zla . '7Zkaf) - Eyk’(Zla . 'aZkaf)|

feF
have the same distribution, where the Z; are as in the proof of Proposition 11. Furthermore,
it follows that the finite-dimensional distributions of the processes f +— X5 (X1(6),..., X%(0), )
and f — Xp(Z1,...,Zk, f) coincide. It is easy to see that the maps f — Xi(Z, f) belong to
Co%F, || lla), the space of bounded uniformly continuous functions on (F, || - [lo). Consequently,
X (%,-) is Borel measurable as a random element in C°(F, || - ||q), since the Borel o-field on this
space is generated by the point-evaluations (observe that (F,| - ||q) is totally bounded in view
of Lemma 35 in Appendix C). Since C°(F, || - |lo) is Polish by total boundedness of (F,|| - ||a),
the entire laws of the processes f — Xi(X1(0),...,Xr(0),f) and f — Xp(Z1,...,Zg, f) on
Co%F, ||l - llo), and hence on £>°(F), coincide. In view of (4), Part (b) now follows from applying
the already established Part (a) to pr(; Z1,...,Z;). ®

The next theorem shows that a weak limit theorem for the stochastic process (6, f) —
VE [o(51(0) — po)fdX can be obtained even in the space £>°(© x F). A corollary of this is
then a uniform-in-6 version of Part (b) of the above theorem. The proof of this theorem largely
follows the ideas in Nickl (2007): Loosely speaking, a mean-value expansion of DL (6, 5x(0))(-),
analogous to the one in the classical parametric case, shows that this can be represented as the
sum of the score evaluated at the true density pg, i.e., DL(0,p9)(-), plus a second derivative
term applied to the estimation error (pg(6) — pg,-). [For given 6 € ©, the Fréchet-derivative of
Ly, with respect to the second argument is here denoted by DL (6,-).] The score, evaluated at
the true density py and properly scaled, turns out to be an empirical process having a Gaussian
limit. The second derivative term turns out to coincide with — [, (5% (6) — pg) fd up to negligible
terms. [An important ingredient for establishing negligibility are the uniform-in-6 convergence
rates for pi(f) in different Sobolev norms that have been established in the previous section.]
Apart from a series of technical difficulties not present in the classical parametric case, the major
difficulty is then the following: in the classical parametric case the usual assumption that the
true parameter belongs to the interior of the parameter space together with consistency implies
that the estimator is eventually an interior point, implying that the score evaluated at the max-
imizer is zero. In the present case, while py is an interior point of P(¢,(, D) relative to H; as a
consequence of the assumptions underlying Theorem 16, the estimator pg(6) is, however, not an
interior point of the domain P(t, ¢, D) (relative to H;) over which optimization is performed, as
shown in Theorem 6; in particular, py(f) is not consistent w.r.t. the |-, ,-norm. As a conse-
quence, one can not conclude that the score evaluated at the maximizer is zero. [Trying to save
this argument directly by using an [|-[| ,-norm with s <t does not work either: while py(6) is
consistent in the [|-||, ,-norm, pg is then not an interior point of P(t,(, D) relative to H,.] Hence,
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a different reasoning is needed to show that DL (0, pr(0))(+), although not necessarily zero, is of
sufficiently small order. This is provided in the subsequent lemma, which is essentially a uniform
version of Lemma 4 in Nickl (2007). The proof as given below makes use of Proposition 3 which
allows us to simplify the arguments given in Nickl (2007). In the following lemma let HY denote
the linear subspace of W5(Q) that is parallel to Hy.

Lemma 15 Suppose Assumptions P.3 and R.2 are satisfied and ¢ > 0 holds. Let G be a non-
empty bounded subset of H) C WL(2). Then

sup sup DLy, (0, pr(0))(g)| = 0, (k™ 9/ GHHD=1/2) (18)
0EO geg

for every real j > 1/2.

Proof. Measurability of the L.h.s. of (18) follows from Proposition 38(c) in Appendix D. W.l.o.g.
we may assume 1/2 < j < ¢. By Assumption P.3 and Proposition 3(b) we can find § > 0 small
enough such that

Po +w € P(taC7D)

holds for every 6 € © and every w € U; 5 N HY. Note that § does not depend on 6. Since Py (6)
maximizes Lg(6,-) (which is differentiable in view of Proposition 32 as ¢ > 0 is assumed) over
P(t,¢, D) we conclude that

DLy (0, px(0))(po +w — pr(6)) <0
holds for all § € © and all w € U; s "HY. This implies
DLk(0,pr(0))(w) < DL(0, pr(6))(Br(0) — po)

for all # € © and w € Us NHY. Since Uy s N HY is invariant under multiplication by —1, we
obtain

sup  sup [DLy(0,px(0))(w)| < sup [DLy(0,pr(0))(Pr(0) — po)l

0€O© weld, sNHY 0cO
< sup (DL (0, px(0)) — DL(O,pr(0)))(Pr(0) — po)l
€
+ sup |((DL(0, px(0)) — DL(O,pe))(Pr(0) — po)|
S
< sup|pr(0) —pel;» sup [[DLy(0,p) — DL(Y,p)ll, ,
9o OxP(t,¢,D) 2

_ ~ 2
+¢sup |15k (0) — poll5 »
0cO

where we have repeatedly used Proposition 32, in particular to establish that DL(6, pg))(px(0) —
pp) = 0. Now use Theorem 13 and Proposition 33 with a = 1 and H; = U;1 to conclude that
the r.h.s. of the last display is

Ou(k—(t—j)/(2t+1)—1/2) n O”(k—zt/(ztﬂ)) _ Ou(k—(t—j)/(2t+1)—1/2)
since 7 > 1/2. A fortiori this holds for all j > 1/2 and thus proves the result for the case where
G is contained in U; s N HY. Since (18) is homogenous w.r.t. scaling of G and § does not depend

on G, this inclusion can, however, always be achieved by rescaling. =

We note that the lemma can easily be extended to the case ( = 0 by making use of Remark
10(iii). The main result is now the following.
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Theorem 16 Suppose Assumptions P.3 and R.2 are satisfied. Let F be a non-empty bounded
subset of W5(Q) for some s > 1/2. Then:
(a) For all real j > 1/2,
sup sup [V [ (51(0) = po) Fa = VE(uy = ) £(p(.0))| = 0, (o050 q1g)
9€0 feF

as k — oo; in particular, the Lh.s. of the above display is 0, (1) as k — oo.

(b) There exists a zero-mean Gaussian process G indexed by © x F with bounded sample paths
such that the stochastic process (6, f) — \/Efg(ﬁk(ﬂ) — pg)fd\ converges weakly to G(0, f) in
(0 x F). The process G is measurable as a mapping with values in £>°(0 x F), has separable
range, and has sample paths that are uniformly continuous with respect to the pseudo-metric

(9, f), (0", 9)) = (Var[G(0, f) — G(é)',g)])l/Q. Its covariance function is given by

Co((6,1). 6(0'.9)] = | (f<p<-,0>>— / f(p(-,(a))du) (g<p<-,9'>>— / g(p(-ﬁ'))du) m

(c)

sup sup
0O feF

Proof. Part (a): Measurability of the Lh.s. of (19) follows from Proposition 38(b) in Appendix
D.

Step 1: We first consider the case ¢ > 0. Let G be a non-empty bounded subset of HY.
Applying the pathwise mean-value theorem to the function DL (0, )(g), adding and subtracting
a term, and using Proposition 32 leads to

DL (6,5%(0))(9) = DLk(6,pp)(g) +D*Ly(8,5(6))(Bx(0) — 1o, 9)
= (e — 1) (05 "9)(p(-,0)) + DL(0, po) (Br(0) — po. 9)
+ [D*Li(60, e (0)) — DL(6, po)] (Pr(0) — po, 9),

where Py (0) = pi(0) + (1 — &)py for some & € (0, 1); note that pi(0) € P(t,¢, D) by convexity.
In the above display we have also made use of the fact that u(p,'g)(p(-,0)) = 0 since g € HY.
Again adding and subtracting a term and using Proposition 32 this leads to

DL(0,5:(0))(9) = (s, — 1) (py ' 9)(p(-,0)) — /Qpe_l(ﬁk(m — Po)gdA
+ [D* L (0, pr(0)) — D*L(0, pr(0))] (5 (0) — peo, 9)

+ [ O GO~ $)(310) ~ )i
Q

\/>/ Pr(0) — pe fd)\‘ Ou(1) ask — oo.

Consequently, for every real j with 1/2 < j < t we obtain

sup sup / P (B (0) — po)gdX — (i — 1) (pg "9) (p(-, 9))’
6e® geg Q

sup sup [DLx (0, px(0))(g)| +
0€O geg

sup sup |[D*Li (0, pr(0)) — D*L(0, pr(0))] (5x(0) — po, 9)|

IN

+swsup | [ 52O GR0) - 1) 5u(0) —pa>gdx}
€O geg Q

= I+II+11I, (20)
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where I = o, (k~(#=9)/(2+1)=1/2) hy Lemma 15. We next bound expressions I and I11:
Clearly,

17 < Sug\\ﬁkw) —polj2  sup  ||D’L(6,p) — D*Ly(0,p
c

OxP(t,(,D) )HZ/{J'J xXG

The first supremum in the above display is O, (k~(¢=7)/(2*+1)) by Theorem 13. Since G is
bounded in W4(Q) and hence also in W5(Q) as j < t (cf. Proposition 1), and since U; 1 is clearly
bounded in Wé (€), the second supremum in the above display is O,, (k='/2) by Proposition 33,
when applied with @ = 2, H; = U;1, and Hy = G. This shows that the expression II is
O, (k=(t=D/(+D=1/2) for every real j with 1/2 < j < t.

Next, observe that |px(0) — pe| = & [px(0) — po| < [Pr(0) — pe| and that pr(0) > ¢, ps > ¢ as
these functions belong to P(t,{, D). Hence

111 <2(73C?DG sup [4(9) — ol
c

where G < 00 is a [|-||, ;-norm bound for G. (Here we have repeatedly used Proposition 1(b)).
Theorem 13 then shows that expression I17 is O, (k~2!/(2¥1). Putting things together we obtain
that the Lh.s. of (20) is O (k~(!=9)/(+1)=1/2) for every real j with 1/2 < j < t, and hence a
fortiori for every real j > 1/2. Consequently,

sup sup Vk
0€O geg

/ngl(ﬁk(@) — Po)gd — (. — 1) (g 9) (o (", 9))' = o (k=) (21)

for every real j > 1/2.

Let now F be a nonempty bounded subset of W5(Q2) and let B < oo denote a |||, ,-norm
bound for F. Define o (f) = (f — [, fPord\)pe for any f € W5(2) and §' € ©. Then, using
Proposition 1(a) and the fact that pgr € P(¢,(, D) by Assumption P.3, gives

sup sup |[mg: (f)|[t,2 < M; sup sup U‘f —/ fper dA ||p9'||t,2]
0'eo fEF 0'eo fEF Q t,2
< MD |B+sup|flg ||1||t,21
fer
< MDB(1+ CANQ)'?) < 0. (22)

This shows that the set
G(O,F) = {ng(f) cfeF, 0 e @}

is a nonempty bounded subset of W5(Q2). In fact, it is a subset of HY by definition of my. It is
now easy to see that applying (21) to G(©,F) implies (19) in the case s = ¢. The case s >t
immediately follows, since every nonempty bounded subset of W5(£2) with s > ¢ can also be
viewed as a nonempty bounded subset of W5(Q) by Proposition 1(c). This proves Part (a) in
case ( > 0 and s > t.

Step 2: We now consider the case where ( > 0 and 1/2 < s < t. For every f € F let
uk(f) € W5(Q) be the approximators defined in the proof of Proposition 1 in Nickl (2007). They
have the following properties:

sup (/) e = O/ as s — oo, (23)
€
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where sup s  [[ux(f)]|¢,2 is finite for every k € N; and, for every r, 0 <r <'s,

sup | f — wg(f)||r2 = Ok~ 7/ CHD) ag | — oo, (24)
fer
We have that

supsup‘f 50 - pysar ~ Vi ><p<-7e>>'

0€o feF

up sup M [0~ )s - uk<f>>dA\

0eO feF

o sup sup [VE(ry = 1) (£(p(,6)) = 1w (ol 0)))

0€O feF

IN

wsupsup [V [ (50(0) = po)un ()03 = VEGue = i (ot 0)|
0eO feF
— IV+V+VIL (25)

We now derive bounds for each of the above expressions:
Using (24) with r = 0, the Cauchy-Schwarz inequality, and Theorem 13 we obtain

1V < VEsup || f — ur(f)ll2 sup [[px(0) — polla = O, (k=57 1/2/CHD),
feF 0co

Next, choose an arbitrary real j such that 1/2 < j < s and observe that

V= supsup [VE(u — m)(f = w()(p(-6)

9O feF

< (Sup sup |V&(py —M)h(P('ﬁ))D sup || f — uk(f)ll5.2
€O hell; 1 feFr

= |[VE(uy — )l

7,1

5, SUD 1f = ue(F)ls2; (26)

where
Uiy = {h(p(-,0)) : 0 € ©, h € Uy}

Since j > 1/2, the class of functions U, is u-Donsker by Proposition 12(a), hence
Vi —w)|, = 0.
7,1

in view of Prohorov’s theorem, measurability following from Proposition 38. Making use of (24),
it follows that the r.h.s. of (26), and hence Expression V, is O,,(k~(s77)/(2t+1)),
Finally note that Expression VI is bounded by

Vi / 54(6) — po)hd — VE( — i)h(p(-0))| sup i (F)]]ez.

feF

sup sup
0€O© hel, 1

Since Uy, is a nonempty bounded subset of W5(2) and since Part (a) has already been estab-
lished in Step 1 for such sets of functions, the first term on the r.h.s. of the last display is
0, (k= (¢=9)/(24+1)) "and using (23), we conclude that

VI = Ou(k—(S—j)/(Qt-*-l)).

21



The above bounds imply that the Lh.s. of (25) is O,,(k~(*=7)/(2+1) for all 1/2 < j < s, and
hence is o, (k~(*=9)/ 1) for all j > 1/2. This completes the proof of Part (a) of the theorem
in case ¢ > 0.

Step 3: We next consider the case ( = 0. In view of Assumption P.3 we may choose x > 0 such
that infgxe p(x,0) > x. Then, by Remark 10(iii), there are events that have probability tending
to 1 on which infgeo infyeq pr(6)(x) > x holds true. Since P(t,x, D) C P(t,0,D) = P(t,(, D),
we have that on these events py(6) coincides with the NPML-estimators over the smaller set
P(t,x, D). Part (a) in case ( = 0 now follows from what has already been established in the
preceding two steps (applied to the NPML-estimator based on P(t,x, D) instead of P(t,(, D)
and noting that Assumption P.3 is also satisfied relative to P(¢, x, D)).

Part (b): In view of Part (a) it is sufficient to show that (6, f) — Vk(uy — p)f(p(-,0))
converges weakly in £°(© x F) to G(0, f). To this end, let

H(p)(0, f) = ¢(f(p(-0)))

for every p € £°(F*), 0 € ©, and f € F, where F* = {f(p(-,0)) : 0 € ©, f € F}. Note that the
resulting mapping H : £{°(F*) — £>°(© x F) is continuous since H is linear and

[H(¢)|loxr = sup sup [o(f(p(-,0)))| =
€O feF

for all ¢ € ¢°(F*). In fact, H is an isometry. Since F* is u-Donsker by Proposition 12(a),
VE(py, — 1) converges weakly in £%°(F*) to a u-Brownian bridge G*, that is, G* is a mean-zero
Gaussian process indexed by F*, which is measurable as a mapping with values in £°°(F*), has
covariance function

Cov[G™(f(p(-,0))).G"(g(p(-,0)))]

= /V( /f )(g(p('ﬁ’))/Vg(p(n@’))du) dp,

and has sample paths that are uniformly continuous with respect to the pseudo-metric

& (F(p(0)),9(p(-,0))) = (Var[G*(£(p(-,0))) — G*(a(p(-,0'))]) ">

Since the empirical process Vk(u;, — 1) indexed by F* is mapped into the process (6, f) —
VE(uy, — 1) f(p(-,0)) by the map H, the continuous mapping theorem shows that the latter
process converges weakly in £*°(0 x F) to G := H(G*). The properties of G claimed in the
theorem follow easily from the corresponding properties of the p-Brownian bridge G* and the
fact that H is an isometry.

Part (c): Follows directly from Part (b) in view of Prohorov’s theorem, with measurability
again following from Proposition 38(b) in Appendix D. m

We next obtain a corollary showing that \/Efﬂ (Pr(0) — po)(-)dA converges in £°(F) to G(0)
uniformly over ©, where G(0)(f) := G(0, f) for all f € F. For this we recall the following
definitions: Let (5,d) be a metric space. For probability spaces (A1,.A1, P1), (Aa, As, Py) and
mappings Y7 : Ay — S, Y3 : Ay — S such that Y5 is As-B(S, d)-measurable and has separable
range define an analogue of the dual bounded Lipschitz metric by

Bs,a)(Y1,Y2) = sup {

/ " h(V)aP; — /A h(Y3)dPs

Ay

hllBLis,a) < 1}7
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where [ * denotes the outer integral and || - || L(s,4) denotes the bounded Lipschitz norm; cf. the
definition on p. 115 in Dudley (1999). By Theorem 3.6.4 in Dudley (1999), Y;, ~» Y (where Y is
measurable and has separable range) if and only if

Jim g4 (Yn,Y) = 0.

Corollary 17 Let the hypotheses of Theorem 16 be satisfied. Then, for every 0 € ©, G(0) =
G(6,-) is a measurable mapping with values in €>°(F) that has separable range. Furthermore,

lim sup B () (VE | (51(6) — po) ()N E(O)() = 0.
(S] Q

k—oo g

[In fact, G(0) is a Py-Brownian bridge where Py denotes the probability measure corresponding
to py.]

Proof. Let 6 € © be fixed, and define Hy(¢)(f) = ¢(6, f) for every p € £°(© x F) and f € F.
This gives a Lipschitz mapping Hy : {°(© x F) — (°°(F) whose Lipschitz constant is 1 and
hence is independent of 6. Clearly, G(6) = Hy(G) holds. Since G is a measurable mapping with
separable range in ¢*°(© x F) by Part (b) of Theorem 16, this shows that, for every 6 € O,
G(0) is measurable with separable range in ¢*°(F). Further, since the composition of Lipschitz
mappings with Lipschitz constant at most 1 is again Lipschitz with Lipschitz constant at most
1, it follows that

sup o () (VE / (3x(6) — po) ()dN. G(0)())
6cO Q

= sup By iy (Ho (VE / (Fe(®) — pa)()dN), Hy(G(o)()))
€O Q

< Breionm (VE / (5i(e) — po) ()N, G (o) ().

The r.h.s., and therefore the Lh.s., of the previous display converges to 0 by Part (b) of Theo-
rem 16. That G(6) is in fact a Pyp-Brownian bridge indexed by F easily follows from Part (b) of
Theorem 16 and the transformation theorem. m

Remark 18 The statement in Corollary 17 is in fact independent of any distance describing the
concept of weak convergence in £°°(F). More precisely, under the assumptions of Corollary 17,
the following statements are equivalent: (i)

fim, sup By () (VE | (51(6) = po) (AN B(O)() = 0

k—oo gco

(ii) For any 6y, 6 € © such that 6}, converges to 6,
VE [ (51(61) = p0) (A = GO)() ask — cx.
Q

To see this we apply Lemma 39 in Appendix D with T = ©, S = ¢*(F) equipped with the
sup-norm, Y3(6) = \/Efﬂ(ﬁk(O) —po)()dA, Y(0) = G(#). Note that G(#) is measurable with
separable range in £>°(F) as shown in Corollary 17. It remains to show that G(6y) ~» G(6) for
any 0,0 € © such that 05 converges to 6. Since G(6,-) is measurable in ¢°°(F), it is sufficient
to show that G(6}) converges a.s. to G(#) in £°>°(F), that is

lim sup [G(0r, f) ~ G(6, )] = 0. (27)
—0 feF
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Fix an arbitrary € > 0. Because the sample paths of G are uniformly continuous with respect to
the pseudo-metric d given in Theorem 16(b), there is a §(¢) > 0 such that |G(0, f) —G(¢', g)| <
whenever d((0, f), (¢',g)) < 6(¢). Now, observe that

d((aka f))ﬂ (07 f))

IN

[/v |F(p(-,01)) — f(p("e)”zd,u] 1/2

IN

. 1/2
L, [/V (-, 0k) — p(-,9)|2m1n(s—1/2,1)d4

for some finite constant Ls; > 0 not depending on f € F. Here, we have used that F is a
bounded subset of C™"(s=1/2.1)(Q)) by Proposition 1(b). The r.h.s. of the last display converges
to 0 as k — oo in view of the theorem of dominated convergence (use that Assumption R.2
implies Assumption R.1 together with the fact that p takes its values in the bounded set ).
Consequently, d((0x, f)), (8, f)) < d(g) for k > k(6(g)), which implies (27).

Remark 19 We have assumed that the processes (X;) and (V;) are canonically defined, i.e., are
given by the respective coordinate projections of the measurable space (QY x VN, B(Q)N @ VM),
We have made this assumption to be able to freely use results from empirical process theory as
well as from Nickl (2007) which typically are formulated in this canonical setting. However, the
measurability results in Appendix D show that all results of the paper continue to hold if (X;)
and (V;) are defined on an arbitrary probability space.

5 Simulation-Based Minimum Distance Estimators

We next study simulation-based minimum distance (indirect inference) estimators when the
auxiliary density estimators are the NPML-estimators p,, and pg(6) based on the given auxiliary
model P(t,{, D). To this end we define for every 0 € ©

Joo (B — Pr(0))?Dy, tdX  if P (2) > 0 for all z € €,
0

otherwise,

Qi (0) = { (28)

and

Joo(Pn — po)?Dyp tdX if pp(z) > 0 for all z € Q,
0 otherwise.

Note that Q,, ; as well as Q,, take their values in [0, 00]. By separability of €2 and continuity
of Py, the set {pn(z) > 0 for all x € O} belongs to the o-field B(2)". Since p, and p(0),
respectively, are jointly measurable by Remark 7(i), it follows from Tonelli’s theorem that Q,, x(6)
is B(Q)" ® VF-measurable and that Q,,(6) is B(2)"-measurable for every 6 € ©. [Assigning the
value 0 on the complement of {p,(x) > 0 for all z € Q} to both objective functions is arbitrary
and irrelevant for the asymptotic considerations to follow.]

A simulation-based minimum distance (SMD) estimator is now a mapping 9n s X VE -0
that minimizes Q,, ; over © whenever the minimum exists (and is defined arbitrarily otherwise).
Similarly, a minimum distance (MD) estimator is a mapping 0, : Q" — O that minimizes Q,
over © whenever the minimum exists (and is defined arbitrarily otherwise). The MD-estimator
is of course only feasible if a closed form expression for py can be found; here it serves as an
auxiliary device for proving asymptotic results for the SMD-estimator.
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Furthermore, whenever Assumption D.2 is satisfied, we define
Q0) = [ (a =po)ni'ax

which takes its values in [0, 0c]. In view of convergence of p,, to pa and of pi(6) to pp (under the
assumptions of Theorem 9), @) can be viewed as the limiting counterpart of both Q,,  as well as

Qn M

5.1 Consistency of SMD-Estimators

Before turning to consistency, we show that MD- and SMD-estimators in fact minimize their
corresponding objective function at least on events that have probability tending to 1. Note that
in the following proposition the statement of Part (c) is stronger than the one of Part (b), but
also requires additional assumptions.

Proposition 20 Let Assumption R.1 be satisfied.

(a) Suppose ¢ > 0 holds. Then any SMD-estimator @n,k minimizes Qy, for every
(1, Tn, V1, ..., v) € Q" x VF. Furthermore, there exists an SMD-estimator that is B(Q)" ®
VE_B(©)-measurable.

(b) Suppose ¢ = 0 and Assumptions D.1 and D.2 hold. Then there are events A, € B(2)"
having probability converging to 1 as n — oo such that, on the events A, x V¥ and for every
k € N, any SMD-estimator é?nk minimizes Q, k.

(¢) Suppose ¢ = 0 and Assumptions D.1, D.2, P.1, and P.2 hold. Then, for every constant
X > 0 satisfying inf,eq pa(z) > x and infoxe p(z,0) > X, there are events C,, ) € B(Q)" @ VF
that have probability tending to 1 as min(n, k) — oo such that on Cy, 1 any SMD-estimator 9n7k
coincides with an SMD-estimator that is obtained from using P(t, x, D) instead of P(t,(, D) as
the underlying auxiliary model.

Proof. (a) By Proposition 43(b) in Appendix F, Q,, 1 is continuous and real-valued on the
compact set O for each (z1,...,2,,v1,...,v) € Q*x V¥ implying that any @n,k is a minimizer for
each (x1,...,%p,v1,...,0). Since Q,, 1 is also a measurable function in (z1,..., Ty, v1,...,Vk)
for each fixed § € ©, as shown earlier, the existence of a measurable selection follows from
Lemma A3 in Potscher & Prucha (1997).

(b) By Remark 10(i) there are events A, € B(2)" that have probability tending to 1 as
n — 0o on which inf,eq pn(z) > 27 Vinf,eqpa(z) > 0. From Proposition 43(b) it follows that
Qu,. is continuous and real-valued on © for each (z1,..., %y, V1,..., V) € Ay X V¥, Compactness
of © completes the proof.

(c) Let x be as in the proposition. Set C, = A, X By, where A, and Bj are as in
Remarks 10(i) and (iii), and observe that C), ;. has probability tending to 1 as min(n, k) — co. By
Remark 10, we have on C,, i, that inf,cq pp(x) > x and infoxe pr(0)(z) > x. Since P(t, x, D) C
P(t, ¢, D), it follows that on C,,  the NPML-estimators p, and py(f), respectively, coincide
with the corresponding NPML-estimators based on the auxiliary model P(t,x, D) instead of
P(t,(, D). Therefore, on C, j, the objective function Q,, ; coincides with the corresponding
objective function based on the auxiliary model P(t,y, D), and thus @nk coincides with the
corresponding SMD-estimator based on the auxiliary model P(¢,x, D). =

The proofs of Parts (a) and (b) of the subsequent proposition are analogous to the proofs of

Proposition 20 above. Part (c) follows immediately from compactness of © and Lemma 42 in
Appendix F.
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Proposition 21 Suppose Po C L2(Q) and 0 — py is a continuous map from © into (L*(2), ]| -
[l2)-

(a) Suppose ( > 0 holds. Then any MD-estimator 0,, minimizes Q,, for every (T1,...,2n) €
Q™. Furthermore, there exists an MD-estimator 0,, that is B(2)"-B(©)-measurable.

(b) Suppose ¢ = 0 and Assumptions D.1 and D.2 hold. Then there are events A, € B(2)"
that have probability tending to 1 as n — oo such that, on these events, any MD-estimator 0,
minimizes Q. [In fact, more is true: If x > 0 satisfies inf,.cqpa(x) > x, then, on A,, any
MD-estimator 0,, coincides with an MD-estimator that is obtained by using P(t,x, D) instead of
P(t,(, D) as the underlying auziliary model.]

(¢) Suppose Assumption D.2 is satisfied. Then Q attains its minimum on ©.

Remark 22 Assumption P.4 together with a uniform integrability condition on {pg 10 € @}
clearly implies that Pe C £2(Q2) and that 6 — py is a continuous mapping from © into (£2(Q), || -
l2). In particular, Assumptions P.1 and P.4 together are sufficient.

Proposition 23 (a) Let Assumptions D.1, D.2, P.1, P.2, and R.1 be satisfied. If Q has a
unique minimizer 05 over ©, then any SMD-estimator énk converges to 05 in outer probability
as min(n, k) — oo.

(b) Suppose Po C L2(Q) and 6 +— py is a continuous map from © into (L*(Q),] - [2).
Let Assumptions D.1 and D.2 be satisfied. If Q has a unique minimizer 05 over ©, then any
MD-estimator 0, converges to 0y in outer probability as n — co.

Proof. (a) For e > 0, let
cle)= —inf [Q6) —Q65)]-

16—06511=
Since @ is continuous by Remark 22, Proposition 30 in Appendix A, and Proposition 43(c) in
Appendix F, since the set{f € © : ||§ — 6;|| > €} is compact, and since Q(6) > Q(6;) for any
0 # 65, we conclude that c(¢) > 0. It follows from Proposition 44(b) in Appendix F that, for
any 6 > 0,
sup |Qn x(0) — Q(O)] < o

9c©
on events having inner probability tending to 1 as min(n,k) — oo. Choose § > 0 such that
d < ¢(e)/2. Since
inf [Qn,k(e) - Qn,k(QS)] 2 inf [Q(Q) - Q(HS)] -2 sup |Qn,k(0) - Q(9)|
16—6511>¢ 6—65 11> 0co
it then follows that

Hejg%ﬁ‘zg[(@n,k(g) - Qn,k(%)} > 6(6) —20>0

on events having inner probability going to 1 as min(n, k) — oo. Together with Proposition 20
this implies that Hénk — 65|l < e, at least on events having inner probability tending to 1 as
min(n, k) — oo.

(b) Analogous. m

Remark 24 (i) It follows from Proposition 30 in Appendix A together with Remark 22 that the
assumptions of Proposition 21(c) are satisfied under the assumptions of Part (a) of the above
proposition (and they are trivially satisfied under the assumptions of Part (b)). Consequently,
under the assumptions of the above proposition, ) always has a minimizer over ©. Hence, the
assumption in the above proposition that () has a unique minimizer is in fact only a uniqueness
assumption.

(ii) We do not strive for utmost generality in the consistency result for MD-estimators; pos-
sible relaxations lie in weakening the assumptions that Pg C £2(£2) and that 6 is unique.
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5.2 Asymptotic Normality of SMD-Estimators

We next show that SMD- and MD-estimators are asymptotically normally distributed, with their
asymptotic variance-covariance matrix reaching the Cramér-Rao bound in case the parametric
model Pg is correctly specified. We first prove the result for MD-estimators and then show how
this can be carried over to SMD-estimators. To this end we introduce a further assumption which
is standard in maximum likelihood theory.

Assumption P.5 The interior ©° of © C R™ is non-empty. For every x € Q the function
0 — p(x,0) is twice continuously partially differentiable on ©°, and the following domination
conditions hold for all i,j =1,...,m:

/ sup
Q0co°

We note that under the assumptions of the subsequent theorem, as well as under the assump-
tions of Theorem 27, the function @ always possesses a minimizer (cf. Proposition 21(c) and
Remark 22, as well as Proposition 30 in Appendix A in case of Theorem 27); furthermore, the
Hessian matrix of Q(6) exists for every 6 € ©°, c¢f. Lemma 46 in Appendix F which provides an
explicit formula. We shall write J(6) for 1/2 times the Hessian matrix of Q(9).

%p
90,00,

L (2,0)

d)\(:v) < 00, sup
Q0cor

Op
26, (z, 9)’ dA(z) < 0.

Theorem 25 Let Assumptions D.83, P.1, P.2, P.4, P.5 be satisfied. Suppose that the minimizer
05 of Q over © is unique and belongs to ©°, and suppose that the matriz J(05) is positive definite.
Furthermore, assume that the first-order partial derivatives 2 36 (-, 0g) belong to W3(R2) for some
s>1/2 and for alli=1,...,m. Then

Vi(On — 05) ~ N(0,J(03)" 105 J(05)"Y)  asn — oo,
where 1(607) is given by
0, ey P pr / 05 )po- pi! /
—(-,05)=(+,6p) d\ — dA L,
o 39( ) 0)60/( :00)p, 20" Pa 89/ 0 pG Pa

which is well-defined and nonnegative definite. If, additionally, Pe is correctly specified in the
sense that pa = pe, a.e. for some Oy € O, then 0y = 0y and I(0y) = J(0o) hold, and I(6y)
coincides with the Fisher-information matriz.

Proof. Step 1: Assume first that ¢ > 0. By Proposition 23(b), 0, belongs to a sufficiently
small open ball, centered at 8 and contained in ©°, on subsets E,, of the sample space that have
inner probability tending to 1 as n — oo. Consequently,

a@n P _
00 (6n) =0

holds on E,. Applying the mean-value theorem to each component of Q,,/96 then yields on
ETL

faé%” (05) + J(O5)V/nbn — 05) + (Ho = J(05))V/n (0, — ) = 0, (29)

where H,, is the Hessian matrix of Q,, with i-th row evaluated at some mean value én,i on the
line segment that joins 6 and 6,,. Observe that H,, converges to the invertible matrix J(65) in
outer probability by Proposition 23, Proposition 47 in Appendix F, and continuity of J(#) on ©°
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(cf. Lemma 46 in Appendix F). We next show that the score evaluated at 6 satisfies a central
limit theorem. To this end let v € R™ be arbitrary, and use Lemma 46(a) to obtain

0Qp Ip

/ * _ 2,/ 0
/U\/ﬁ 80 (00) - 2\/75 Q(p’n pA) ae( 00) npAd)\
R ap 0

Q
,0 N 1
*QW/ Pa — Doy) 62;( 0 )*d/\
Pa
= I+ 1141

Observe that Expression 11T equals v/nv'(0Q/90)(05) by Lemma 46(b) in Appendix F. Since 6
is an interior minimizer of @ by assumptlon Expression [I] is 0.

Convergence of 1. By assumption v’ ( 65) belongs to W5(Q) with s > 1/2 and is thus
sup-norm bounded by Cs||v’ ap( 00)]]s,2 < oo. Clearly,
of Assumption P.1. Hence,

Pos b P ||, < ¢PCiD holds in view

,Op

1< 20, |[v/ 55 (-, 607) ¢2CeDVnBr — pall3-

s,2

Consequently, Expression I converges to 0 in outer probability by Proposition 11(a) applied with
s=0.

Convergence of 1I: Set r = min(s,t) > 1/2. Observe that —2v'(9p/d0)(-,0;) € W5(2) by
assumption, that pg: € W5(€2) by Assumption P.1, and that p, € W5(2) by Assumption D.1.
Since ¢ > 0 has been assumed, it follows that

Op Do;;
f=—2L 0
a0

belongs to W5(£2) in view of Proposition 1(a),(d). Applying Theorem 14(a) with F = {f} we
obtain that IT converges in distribution to a centered normal distribution with variance 4v'I(6;)v.
By the Cramér-Wold device, /n(0Q,,/96)(0;) asymptotically follows a centered normal distrib-
ution with variance-covariance matrix 41(6;). Nonnegative definiteness of I(67) is now an imme-
diate consequence and the asymptotic distribution of v/n(6,, — ;) follows easily from (29). The
claims under correct specification of the model Pg follow easily from Lemma 46(b) in Appendix
F.

Step 2: Now assume that { = 0. Note that inf,cq pa(z) > 0 and infoxe p(z,0) > 0 because
of Assumptions D.3 and P.2. Let x > 0 be such that inf,cq pa(z) > x and infoxe p(z,0) > x.
Then it follows from Proposmon 21(b) that there are events that have probability tending to
1 such that on these events 6, coincides with an MD-estimator @, that is based on P(t,x,D)
instead of P(t,{, D). Since the assumptions of the theorem are also satisfied with P(¢, x, D)
instead of P(¢,¢, D), applying to 0,, what has already been established in Step 1 completes the
proof. m

The following lemma will be instrumental in proving the asymptotic normality result for
SMD-estimators.

Lemma 26 Let U C R™ be a (non-empty) open, convex set. Let f: U — R and g : U — R be
functions such that g is twice partially differentiable on U with Hessian satisfying

2

079 2
n > K
éesz DrOL ()y > Kyl (30)
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for all y € R™ and some 0 < K < co. If u is a minimizer of f over U and v is a minimizer of

g over U, then
lu— ol < 2K~V = gllv-

Proof. Suppose that minimizers v and v exist, since otherwise there is nothing to prove. As v
is a minimizer of the twice partially differentiable function g on the convex open set U, we have
(by a pathwise Taylor series expansion) that

2
o) = g0) + S (u—v) o) ),

where ¢ lies in the convex hull of {u,v} C U. By (30) we obtain
lu = ol < V2K~2\/]g(u) — g(v)]. (31)
Next, note the inequality

f(u) = g(u) < fu) —g(v) < f(v) = g(v)
which implies
|f(w) —g@)| < |If = gllu,

which in turn yields

l9(u) = g(v)] < [g(u) = f(u)| + [f(u) = g(v)| <2[f = glv-

Plugged into (31) this proves the result. m

The asymptotic normality result for SMD-estimators is now as follows.

Theorem 27 Let Assumptions D.3, P.1, P.5, R.2 be satisfied. Suppose that the minimizer 03
of Q over © is unique and belongs to ©°, suppose that the matriz J(05) is positive definite, and
assume that the first-order partial derivatives %(ﬁg) belong to W5(S2) for some s > 1/2 and
foralli=1,...,m. Suppose further that either (i) Assumption P.2 is satisfied and k(n) satisfies
k(n)/n*t/* — oo as n — oo; or (ii) Assumption P.3 is satisfied and k(n) satisfies k(n)/n? — oo
as n — o0o. Then

V(O () = 05) ~ N (0, J(05) " 1(65)7(65)"") as n— oo,

where 1(63) is given as in Theorem 25, is well-defined, and is nonnegative definite. If, addition-
ally, Pe is correctly specified in the sense that pa = pg, a.e. for some 0y € O, then 05 = 0y and
I(60) = J(80) hold, and I(6y) coincides with the Fisher-information matriz.

Proof. Step 1: Assume that ¢ > 0. Observe first that the assumptions of the current theorem
imply the assumptions of Theorem 25, noting that Assumption P.4 follows from Assumptions
P.1 and R.2 in view of Proposition 30 in Appendix A. It hence suffices to prove that

VitBrny — 02) = 0, (1) as m — . (32)

We achieve this by applying Lemma 26 to the objective functions Q,  and Q,: Let U be
a sufficiently small open, convex neighbourhood of 6 that is contained in ©° such that the
smallest eigenvalue of J(#) is bounded from below by a positive constant for all § € U, the
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constant not depending on . Such a set U exists, since J(65) is positive definite by assumption
and J(6) is continuous on ©° by Lemma 46 in Appendix F. Since for all 4,5 =1,...,m

su 82@‘” (0) _ 82@
bee | 90,00, 90,00,

(0)] =op(l) asn — o0

by Proposition 47 in Appendix F, it follows that there are events E,, having probability tending
to 1 as n — oo such that on F,,

2
ify 020y > K|l for all y € R
holds for some constant K > 0 which does not depend on n or the data. By Propositions 23,
0,, and 9n Jk(n) belong to U on subsets E], of the sample space whose inner probability goes to 1
as n — oo. For the rest of the proof of Step 1 we restrict our reasoning to the events E, N E/
and note that they have inner probability tending to 1 as n — oco. By Proposition 21(a) and
Proposition 20(a) the estimators 9 and 9n k(n)> Tespectively, minimize the objective functions
Qn and Q,, y(n). Hence, we may apply Lemma 26 with f = Q, 1n)|U, g = Qu|U, u = 0, Jo(n)
and v = Hn to obtain

10ty = Bull < 2572, /11Qu iy — Q-

It follows from Proposition 44(c) in Appendix F and the choice of k(n) that (32) holds under (i)
as well as under (ii).

Step 2: Now assume that ¢ = 0. Note that inf,cq pa(z) > 0 and infoxe p(z,0) > 0 because
of Assumptions D.3 and P.2 (P.3, respectively). Let x > 0 be such that inf,cqpa(z) > x and
infoxe p(x,8) > x. Then it follows from Proposition 21(b) and Proposition 20(c) that there
are events C,, () having probability tending to 1 as n — oo such that on these events 9,%,6(”)
coincides with a SMD-estimator én,k(n) that is based on P(t, x, D) instead of P(¢,({, D). Since
the assumptions of the theorem are also satisfied with P(t, x, D) instead of P(t, ¢, D), applying
to émk(n) what has already been established in Step 1 completes the proof. m

Remark 28 The preceding theorem was proved by showing that émk(n) and 6, are sufficiently
close and by applying Theorem 25. The reason for going this route instead of directly applying
a mean-value expansion to the score 9Q, x(,)/00 is that this would require knowledge about
differentiability properties of the mapping 6 — Py, (@), which we were unable to obtain. [The
usual approach to establish such differentiability properties via the implicit function theorem is
not feasible here since py(n,)(¢) falls on the boundary of P(t,(, D) as shown in Proposition 6.]
A consequence of the method of proof chosen is that we have to assume at least k(n)/n? — .
It is likely, that if the more direct method of proof via expansion of the score 0Qy, x(n)/0¢ can
be made to work, this would deliver asymptotic normality under weaker conditions on k(n); see
Nickl & Potscher (2009) where density estimators other than NPML-estimators are used.

A Appendix: Proofs for Sections 2 and 3

Proof of Proposition 1: For a proof of Part (a) see, e.g., Part 6 of Proposition 2 in Nickl
(2007). Part (b) follows from Section 2.7.1, Formula (12), in Triebel (1983) additionally noting
that (by Proposition 3.4.2 in Triebel, 1983) W3 (€2) is equal to the space B3 5(£2) (as defined there)
up to equivalent semi-norms. For Part (¢) see Theorem 1.16.1 in Lions & Magenes (1972). We
finally prove Part (d): By the already established Part (b), F is a bounded subset of C5~1/2(Q).
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Hence, every f € F has classical derivatives f(®) at least for 0 < a < |s] — 1 (since [s] — 1 <
|s —1/2]), and each of these derivatives is sup-norm bounded uniformly by the finite constant
¢ =supser || flls_1/2,0- Furthermore, since flshw € £2(Q) by the assumptions, it follows from
Theorem 2.1.4 in Ziemer (1989) that fUsI=1 is absolutely continuous, and hence f(L51) exists
a.e. and coincides with the weak derivative on a set of full Lebesgue measure. The derivatives of
1/f can now be computed for 0 < « < |s] by the classical rules for differentiation, leading to

(/D = =f /24 Po (1 £V, £ (33)

where P, is a polynomial in « variables which is completely determined solely by a. Note
that the equality in (33) holds everywhere for @ < |s], but may only hold a.e. for a = |s].
Let § = infycq,fer f(x), which is positive by the assumptions. It follows from the remarks at
the beginning of this proof that HPa (1/]",]"(1)7 .. .,f(o‘_l))HQ is bounded by a finite constant
uniformly over f € F for 0 < a < |s]. Consequently, the same is true for the £2(£2)-norm of
P, (1/f, FO f(""l)). Furthermore, Hf(o‘)/f2||2 <¢? ||f(o‘)H2 which is bounded by a finite
constant uniformly in f € F for every 0 < a < |s], since F is a bounded subset of W5(£2). This
proves the claim in case s is integer. If s is not an integer, we additionally have to establish a
bound, uniformly in f € F, for

/Q/Q((f“s“/fz) (2) - (110 /52) (y))2Iw—yl’“““*“mdA@c)dA(y) (34)

// (Pl (1/f, fO, ., flsl=D) (z) — P, (l/f,f(l),,..,f(Lstl))(y))2d>\(x)d)\(y). (35)

|z — |(1+2 s—s]))

Since F is a bounded subset of C5~/2(Q), it follows that f(®) for 0 < o < |s] — 1, is Holder
of order at least 8 with Holder constant not exceeding ¢ where 5 = s —1/2 — |s — 1/2] in case
[s—1/2] = |s] — 1, and =1 1in case |s — 1/2| = |s] (using the mean value theorem). Since
the derivatives involved are also sup-norm bounded uniformly in f € F and since £ > 0 holds,
it follows that Py (l/f,f(l)7 .. .,f(m_l)) is Holder of order 8 in both cases, with a Holder
constant that can be chosen independently of f € F. Hence, the integral (35) is bounded by a
finite constant, that is independent of f € F, times [[ |z — y|® dA(z)dA(y) which is finite since
d=208—(142(s— [s])) satisfies —1 < 6 < 0 in both cases. The integral in (34) is bounded by

267 [ [ (70 (@) = 11D) fe =y ax@)ar)
wste™ [ [ (140) fo ol M)A

using the fact that f is sup-norm bounded and Holder as mentioned earlier. The first one of
these two integrals now is clearly bounded by 2¢~* sup rerllf ||§2 The second one is bounded
by

8cte 8 sup Hf(L J sup/ lz — y|° dA(z) < 16c%¢ 8 sup ||f||52 [(b—a)/2° T /(6 +1) < oo

yEQ

where a and b denote the endpoints of 2. H
Proof of Proposition 2: (a) The implications (i) in (ii) and (ii) in (iii) are obvious. If p
is an element of P(t,(,D), we have 1 = [, pdX > [, (dX\ = (A\(Q2) showing that ¢ < A(Q)~*
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Furthermore, the Cauchy-Schwarz inequality implies 1 = ||p[|; < [Iplly [I1]l, < ||th,2 1], <
DA(Q)'/2, which implies A(Q)~! < D?. Thus (iii) implies (i).

(b) Suppose (i) holds. Then A\(Q)~! € P(¢,¢, D) by Part (a). Suppose p € P(t,(, D). If now
¢ =), then p—A(©)~* > 0. But clearly [, (p — A(Q2)™!) dA = 0, implying that p = A\(2)~*
A-a.e., and hence everywhere by continuity of p. If A(Q2)~ = D?, then ||p||, = ||p|l, ||1]|, follows
from the calculations in the proof of Part (a). But this shows that p is A-a.e., and hence
everywhere by continuity of p, proportional to the constant function 1, the proportionality factor
necessarily being A(€2)~!. This proves that (i) implies (ii). That (ii) implies (iii) is trivial. Since
the constant density A(Q)~! belongs to P(t,¢, D) by Part (a), (iii) is equivalent to (ii). To show
that (ii) implies (i), assume that ¢ < A(2)~! < D?. Choose € > 0 small enough such that
¢ < MQ)! —¢ holds. Then define f to be the restriction to € of the affine function that has the
value A\(Q)~! —¢ at the left endpoint of Q and A(2)~! +¢ at the right endpoint. By construction
€ WE(Q), integrates to 1, satisfies info f > ¢, and ||f]js2 < D provided ¢ is small enough.
That is, f is a further element of P(t,(, D), contradicting (ii).

(¢) Note that P(t,(, D) is non-empty by Part (a). Since the defining conditions are convex,
it is convex. That P(t,{, D) is compact as claimed follows from Lemma 3 in Nickl (2007). [Note
that the proof of this lemma does not use that ¢ > 0, as is implicit there, and therefore is also
valid for ( =0.] B

Proof of Proposition 3: Since (a) is a special case of (b) it suffices to prove the latter:
Suppose P’ satisfies (i) and (ii), and choose § > 0 small enough such that § < D —sup,cp [|p|l¢,2
and Cyd < infyeq pepr p(z) — ¢ hold, where C; is the constant appearing in Proposition 1. For
every p € P’ and f € WE(Q) with [[f|ls2 < d we then have ||p + fllr2 < |Iplle2 + [|flle2 <
sup,eps |Ipllt2 +0 < D and info(p + f) > info p — supg f > infreq pep p(z) — Cid > ¢ (for the
latter using Proposition 1). This shows that U, s(p) "H, is a subset of P(¢, ¢, D) for every p € P'.
Conversely, suppose P’ is uniformly interior to P(t,(, D) relative to H;. We first establish (i):
Let § > 0 be the radius figuring in the definition of being uniformly interior and let p € P’ be
arbitrary. Choose a ¢ € H, different from p and define f = §(¢ — p)/(2]|g — p|l¢,2). [Note that ¢
and hence f may depend on p.] Then f # 0, ||f|lt2 = 6/2 < 4, and fQ fdX = 0 hold. Observe
that p+ f and p— f then both belong to U, s(p) N"H; and hence to P(¢,¢, D), since Uy s(p) "Hy C
P(t,(, D) by assumption; in particular ||p+ f|l¢2 < D and ||p — f|l+,2 < D is satisfied. Since the
Sobolev-norm originates from an inner product, we have ||p+f[|7o+|p—flI72 = 2 [Ipll7 2 + Il f1172]
and thus [|p[|7, < D? — 6% /4. Since this is true for every p € P’ we obtain (i). We finally prove
(ii): Let =, € Q and p, € P’ satisfy p,(z,) — infyeq pep p(x). The sequence z,, has a cluster
point g in the closure Q of the interval Q. There exists a sufficiently small neighborhood A of
7o in Q and a C™ function h satisfying h(z) = —1 for all x € AN Q (which is non-empty) as
well as fQ hdA = 0. Furthermore, h can be chosen to be bounded with all its derivatives having
compact support contained in €2; consequently, h € W5(Q). Since P’ is uniformly interior to
P(t, ¢, D) relative to Hy by assumption, it follows that p,, + ah € P(t,(, D) for sufficiently small
a > 0, where « can be chosen independently of n. Consequently, infq (p, + @h) > ¢ must hold.
But this implies p,,(z,,) > infq p, = inf gnq P = infang (Pn — @) + @ = inf anq (pn + ah) +a >
infg (pn + ah)+a > ¢+ «, which in turn implies inf cq pep p(x) > (+a > (. Finally, we prove
Part (c): Note that A(Q)~! € P(¢,¢, D) by Proposition 2. It is interior to P(t,¢, D) relative to
H; by Part (a) of the current proposition and the assumption ¢ < A(Q)~! < D?. The second
claim then follows from Theorem V.2.1. in Dunford and Schwartz (1966). W

Proof of Proposition 4: To show that (v) implies (vi), it suffices, in light of Part (c) of
Proposition 1, to show that ||p, — p||s,2 converges to 0 for arbitrary s > r satisfying 1/2 < s < t.
Since P(t,(, D) is a compact subset of W5(€2) in view of Proposition 2, for any subsequence p,,s
of p,, there exists a further subsequence p,,» of p,s and a p* € P(¢,¢, D) such that ||p, — p*||s,2
converges to 0. By Part (c) of Proposition 1, we then have that also ||p,» — p*||.,2 converges to
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0 since s > r. Because also ||p,» — pl|,2 converges to 0 as a consequence of (v) and keeping in
mind that p and p* are continuous, it follows that p* = p. This shows that ||p,, — p||s,2 converges
to 0. Furthermore, (i) implies (ii), (ii) implies (iii), and (iii) implies (iv). That (vi) implies (i)
is a direct consequence of Part (b) of Proposition 1. It remains to show that (iv) implies (v).
Choose r such that 1/2 < r < t. The same compactness argument as above shows that for
any subsequence p,s of p, there exists a further subsequence p, of p, and a p* € P(¢,(, D)
such that ||p, — p*|,2 converges to 0. By Part (b) of Proposition 1, we have that ||p,» — p*|a
converges to 0. Consequently, p and p* coincide on a dense subset of 2. Since p and p* are
continuous, they are identical. This shows that ||p,» — pl|,2 converges to 0, and hence the same
is true for the entire sequence p,,. W

Remark 29 We note that P(t,(, D) can equivalently be written as
{pews@: [par=1 ntpe) > ¢ lp- 2@, < 07 -2 @)}
Q S ’

because p — A\~ (Q) and 1 are orthogonal in W5(Q). As a consequence, P(t,0, D) = P(t,(, D) at

least for all 0 < ¢ < A™H(Q) — C; (D? - )\_1(9))1/2, since p € P(t,0, D) implies infyeq p(x) > ¢
for such ¢ by Proposition 1(b).

Assumptions on the density functions in the class Pg and on the simulation mechanism p are
of course related to each other, but the interrelationship is somewhat intricate. The following
proposition collects two important observations.

Proposition 30 If Assumption P.1 is satisfied, then Assumption R.1 implies Assumption P.4.
Howewver, in general Assumption R.1 does not imply Assumption P.4.

Proof. The first claim is proved as follows: Let F(z,6) = f{er:x<z} Do dA be the distribution
function on Q that is associated with pg. Let 6,,,0 € © be such that 6,, converges to 8. Now
Assumption R.1 implies that p(-,6,) converges to p(-,6) in distribution under p. Noting that
F(-,0) and F(-,0,,) are the distribution functions of p(-,8) and p(-,0), respectively, as well as
noting that F'(-, ) is continuous in its first argument, it follows that F'(z,6,,) converges to F'(z, 6)
for every z € Q. By Assumption P.1 and sup-norm compactness of P(t,(, D) it follows that
every subsequence pg , of pg, has a further subsequence pg , that converges to an element p* €
P(t,¢, D) in the sup-norm. But this clearly implies that F'(z,0,,) converges to f{zEQmQ} p*d\
for every z € Q. Tt follows that p* = pg a.e., hence everywhere on by continuity of py and p*.
This proves the first claim. For a proof of the second claim see Proposition 5 in Gach (2010). m

B Appendix: Properties of the Non-Parametric Likelihood
Function

Proposition 31

(a) For every non-negative B(Q)-measurable real-valued function f the map (x1,...,%,) —
Lo(f;21,...,2p) s B(Q)"-B([—00, 00))-measurable, and the map (v1,...,v;) — Li(0, f;v1,...,0k)
is V¥ -B([—00, 00))-measurable for every 6 € ©.

(b) Let F be a set of non-negative bounded real-valued functions on €.

(b1) Then, for every (x1,...,x,) € Q", f— L,(f;x1,...,2,) is a continuous map from

(F, || - llq) to [—00,00). The same is true for the map f — Lg(0, f;v1,...,v;) for every 8 € ©
and every (vy,...,v;) € VF.
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(b2) If the elements f € F are additionally also continuous and Assumption R.1 is
satisfied, then, for every (vi,...,vr) € V¥, (0,f) — Li(0, f;v1,...,vx) s a continuous map
from © x (F,| - |la) to [-00,00).

(c) Let F be a set of non-negative bounded B(SY)-measurable real-valued functions on Q that
are uniformly bounded away from 0.

(c1) Then L(f) is a continuous real-valued function on (F,||-||q). The same is true for
L(6, ) for every given 6 € ©.

(c2) If the elements [ € F are additionally also continuous and Assumption R.1 is
satisfied, then L(0, f) is a continuous real-valued function on © x (F,| - |a).

(d) Let F be a sup-norm compact set of non-negative bounded B(Q)-measurable real-valued
functions on Q that are uniformly bounded away from 0.
(d1) Then
lim sup |L,(f)— L(f)|=0 P-a.s.,
nTeo feF

and, for every 6 € O,
lim sup |Lix(0, f) — L(O, f)| =0 p-a.s.
k—o0 ferF
(d2) If the elements f € F are additionally also continuous and Assumption R.1 is
satisfied, then
lim sup |Lx(0, f) — L(O, f)| =0 p-a.s.
k—oo @xF

(In Part (d) we use the convention that the supremum is 0 if F is empty.)

Proof. (a) The first claim is clear as f is B(€)-B([0, 00))-measurable by hypothesis and the
extended logarithm is B([0, 00))-B([—00, 00))-measurable. For the second claim additionally use
that p: V x © — Q is V-B(2)-measurable in the first argument for every 6 € O.

(b) To prove the first claim in Part (bl), fix (z1,...,2,) € Q™. Let f;, f € F be such that
IIfi = fllo converges to 0. Since setting log0 = —oo continuously extends the logarithm to the
interval [0, 00), log fi(z;) then converges to log f(x;) for every i, thus establishing the first claim.
The second claim in Part (b1) is proved analogously. To prove Part (b2), fix (vq,...,vz) € VF
and let 6;,0 € © and f;, f € F be such that ||§; — 0] and || f; — f|lq converge to 0. Use the
triangle inequality to obtain for every i

|filp(vi, 01)) = flp(vi, ) < [filp(vi, 01)) — f(p(vi, 00))] + | f (p(vi, 1)) — f(p(vi,0))]
< fi = flla + 1f(p(vi, 01)) — f(p(vi, 0))]. (36)

The first expression on the r.h.s. of (36) converges to 0 by hypothesis. Making use of Assumption
R.1 and the continuity of f, the second one converges to 0 as well. Continuity of the extended
logarithm on [0, c0) delivers Part (b2).

(c) To prove the first claim in Part (cl), denote by & > 0 the lower uniform bound of all
elements in F. Let fj, f € F be such that || f; — f|lq converges to 0. Then {f; : | € N} is bounded
by some B, 0 < B < oo. Since the logarithm is bounded on [¢, B], the domination condition

[ supliog )| de (o) < oo
Q leN

is satisfied. By the already established Part (bl) (with n = 1), log f;(x) converges to log f(z)
for every x € €. The first claim then follows from the theorem of dominated convergence. The
second claim in Part (c1) is proved in exactly the same manner. To prove Part (c2), let ;,0 € ©
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and f;, f € F be such that ||0; — || and ||f; — f|lq converge to 0. By the same argument as
before, the domination condition

[ sup supllog flp(w,6))] due) < oo
V 00 IeN
is satisfied. By the already established Part (b2) (with k& = 1), log fi(p(v,6;)) converges to
log f(p(v,0)) for every v € V. Part (c2) then follows from the theorem of dominated convergence.
(d) To prove the first claim in Part (d1), we use Mourier’s strong law of large numbers as
given in Corollary 7.10 of Ledoux & Talagrand (1991) with the separable Banach space (B, || - ||)
given by (C(F, | -|la), | - [l#) and the mapping X given by X(f) = log f(X1) — [, log fdP for
f € F. Note that X has values in C(F, | - ||q) by using the already established Parts (b1) and
(c1) in conjunction with the assumed sup-norm compactness of F. Clearly, X (f) is a random
variable for every f € F, and hence X is measurable with respect to the o-field on C(F, || - |la)
that is generated by the point-evaluations. Since this o-field coincides with the Borel o-field on
C(F, | - |lo) (see, e.g., Problem 1 in Section 1.7 in van der Vaart & Wellner (1996) and observe
that (F,|| - |la) is a compact metric space), X is a Borel random mapping. The integrability
condition E || X|| < oo follows from

[ sup og f(@)d(z) < .
Q feF

which is true since the elements of F are uniformly bounded and uniformly bounded away from
0 by hypothesis. The second claim in Part (d1) is proved completely analogously. Part (d2) is
proved in a similar manner: Apply Corollary 7.10 in Ledoux & Talagrand (1991) with B the
separable Banach space of all bounded, continuous functions on © X (F, || - ||a) equipped with the
sup-norm || - [|ex# and with X given by X (6, f) = log f(p(V1,0)) — [, log f(p(-,0))dp. Note that
by the already established Parts (b2) and (c2) in conjunction with compactness of © x (F, || -||a),
X takes its values in the space of (bounded) continuous functions on © x (F, || - |q). Again X
is a Borel random mapping. The integrability condition E || X || < co now follows from

| sup sup |10 (p(0.6))dn(e) < .
V 0€e® feF
which is true since the elements of F are uniformly bounded and uniformly bounded away from
0 by hypothesis. ®

Proof of Lemma 8: (a) It is sufficient to show that

/ (log(pa)) ™ dP = / (log(pa))” padh < .
Q {z€Q: pa (z)>0}

By Assumption D this is equivalent to showing that

/ hpa)dA < oo, (37)
{z€Q: 0<pa (z)<1}

where h(y) is defined by h(y) = —ylogy for every y € (0,1]. Since h : (0,1] — [0,00) can be
continuously extended to [0, 1] by setting A(0) = 0, it is bounded on the compact interval [0, 1],
and a fortiori on (0, 1]. But this establishes (37) since A\(2) < oo and thus completes the proof
for L. The proof for L(6,-) is analogous upon observing that

/ (log po(p(-8))) ™ dp = / (log(ps)) ™ podA (38)
1%

{z€Q: p(x,0)>0}
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by the change of variable theorem.

(b) For any p € P(t,(, D) different from p,, the set {z € Q: p(z) # pa(z) > 0} has positive
P-probability since p and p, are continuous functions on ). In view of the already established
Part (a) the expression L(p) — L(pa) is well-defined, and the strict Jensen inequality gives

L(p) — L(pa) = / log L dP < log/ Pap<o.
{z€Q: pa (2)>0} Pa {z€Q: pa (2)>0} Pa

(c) Follows similarly to Part (b) in view of the representation

L(0,po) = / log(pg)podA.
{z€Q: p(x,0)>0}

Part (a) of the following proposition is essentially given in Proposition 3 in Nickl (2007). [We
note that the set V defined there is not sup-norm open as implicitly claimed, the apparently
intended definition in the notation of Nickl (2007) being V = {d € L>°(Q) : inf,cq d(x) > (/2}.
Inspection of the proof shows that this proposition remains correct for ¢ = 0.] The proof for
Part (b) is completely analogous.

Proposition 32 Defineld = {f € L>°(Q) : inf,cq f(z) > 0}. Let a be a positive integer, f € U,
and f1,..., fa € L(Q).
(a) The a-th Fréchet derivatives of L, :U — R and L : U — R are given by

DLy (f)(f1s---s fa) = (*1)0171(0‘ —DIP(ff1- fa),

DYL(f)(f1s- - fa) = (1) Ha = DIP(f™" f1--+ fa).

(b) The a-th partial Fréchet derivatives of Ly, : © XU — R and L : © x U — R with respect
to the second variable are, for 0 € ©, given by

DLi(0, f)(f1,- -, fa) = (=1)*7 (& = D (f~(p(,0)) f1(p (-, 0)) - fa(p(-,0))),

DL, )(frr fa) = ()™= Dl (o 0) 1 (p(0)) - fulp(-6)))
= (~1)* Y a—1)! / Ff1 - f podh.

The next result is a uniform version of Lemma 2 in Nickl (2007). It provides rates of con-
vergence for all derivatives of the auxiliary log-likelihood function that hold uniformly in 6 and

p-

Proposition 33 Let a be a positive integer, and let Hy, ..., Hs be bounded subsets of some
Sobolev space W5(Q) of order s > 1/2. If Assumption R.2 and ( > 0 are satisfied, then

sup  [DYL(0,p) — DL(0,D) |l 3¢, ...x 10, = O, (k7Y% as k — oc. (39)
OxP(t,(,D)

Proof. Note that

sup DL (6,p) = DYL(O, P) 3¢, s.on,, = (@ = D g = plle-
OxP(t,(,D)
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by Proposition 32, where H* = {h(p(-,0)) : h € H,0 € O} and
H={p “hi-...-ha: peP{t,(,D), hy € Hi,...,ha € Ha}.

Since ¢ > 0, the class H is a bounded subset of the Sobolev-space W5 () with r = min(¢, s) > 1/2
by Proposition 1. Measurability of the supremum on the L.h.s. of (39) now follows immediately
from Proposition 38 in Appendix D. The class H* is p-Donsker by an application of Proposi-
tion 12(a), hence ||y — /|7 is bounded in probability at rate k~'/2 by Prohorov’s theorem.
]

The following lemma is a special case of Berge’s (1963) maximum theorem.

Lemma 34 Let X be a metrizable space and Y a compact metrizable space. Let u: X XY —
[—00,00) be a continuous function that has a unique mazximizer, say v(x), on the fiber {(z,y) :
y € Y} for every x € X. Then the mapping v : X — Y is continuous.

C Appendix: Proofs for Section 4.2

The following lemma is a consequence of Birman and Solomyak (1967), cf. Lorentz, v.Golitschek,
and Makovoz (1996), p. 506. It can also be obtained from Theorem 1 in Nickl & Pétscher (2007)
via a retraction argument; see Gach (2010).

Lemma 35 Let F be a bounded subset of the Sobolev space W5(Q2) of order s > 1/2. Then the
sup-norm metric entropy of F satisfies

H(e, F,W3(), | - llo) S e™/°.

Proof of Proposition 12: (a) Choose a real number r < s satisfying 1/2 < r < 3/2 and
2r — 1 < a, where a is as in Assumption R.2. Then F can also be viewed as a bounded subset
of W5(£2), and hence of C"~1/2(Q), in view of Proposition 1(b),(c). We use this to obtain

sup |/ (p(v, 6)) — f(p(v,0)| < Lylp(v,0') — p(v,0)]""/> < L, [Rw) |0’ — 0] /"

for some finite constant L, > 0 and all v € V, all 4,0’ € O, where we have made use of
Assumption R.2. A cover of F* is obtained from suitable covers of © and F as follows: Fixe > 0
and set 6(e) = (¢/L,)"/", where v := ~(r — 1/2). To cover ©, note that it is contained in an m-
cube of edge length [ and thus in the union of at most [I\/m/d(g)]™-many closed Euclidean balls
B(0;,6(¢)) with centers 6; € © and radius (), where [z] denotes the smallest integer not less
than z. To cover F, we take N (e, F,W5(Q), || - ||o)-many sup-norm closed balls [f; — 2¢, f; + 2¢]
of radius 2 whose centers f; already belong to F. [Note that this can always be achieved.] We
claim that the brackets

[£i(p(-,60:) = R/ ()e = 26, f5(p(-,0:)) + R/ ()e + 2] (40)
withi=1,...,[ly/m/d(e)]™ and j = 1,..., N(e, F,W5(Q), || - ||o) provide a cover of F*. To see
this, let h € F*, that is, h = f(p(-,0)) for some 6 € © and f € F, implying that there are indices
i,7 such that 8 € B(0;,d(¢)) and f € [f; — 2¢, f; + 2¢]. Consequently,

h e [fi(p(-,0)) = 2¢, f;(p(-, 0)) + 2¢].
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Now,

h(v) < fj(p(v,0)) + 2¢ fi(p(v,0:)) +1£5(p(v,0)) = fi(p(v, 0:))] + 2¢

S )
< filp(v,0:)) + R/ (v)e + 2¢

for all v € V, where the last inequality follows from the first display in the proof and the choice
of §(g). Similarly,
Fi(p(v,6:)) = R (v)e — 2 < h(v).

By construction of r, we have that [;, (R"/ ”)2 dp < oo, and hence the £2(u)-bracketing size of
any of the brackets in (40) can be bounded by ¢ times a positive constant ¢ that only depends on
R, r, and u. Using the elementary inequality [2]™ < max(1, (22)™) this leads to the relationship
m
€

N (s, F7 1 llae) < max(l, (20/mEYY ) &™) Nz, F,W3(Q), |- ).
Apply Lemma 35 to get
Hp(e, 75, - ll2,) S max(0,1 —loge) +e s < g /s

which proves (15). The claim that F* is u-Donsker now follows from Ossiander’s central limit
theorem (see Theorem 7.2.1 in Dudley, 1999) since clearly F* C L2(V,V, i) holds.

(b) For any fixed € > 0, we take for F* the cover given in (40). Since the elements of F are
bounded below by x > 0, the sets

[log max(x, £5(p(:,0)) — RY/()e — 2¢),log(fy(p(-, ) + B/ (Je +2¢)]

fori=1,...,[lv/m/é(e)]™, j=1,...,N(g, F,W5(Q),| - |lo) are non-empty brackets and cover
log F*. Since the logarithm is Lipschitz on [x,o00) with Lipschitz constant x~1, the £2(u)-
bracketing size of these brackets can be bounded by x ! times the £2(u)-bracketing size of the
corresponding brackets given in (40). Arguing now as in the proof of Part (a) completes the
proof. W

D Appendix: Measurability Issues and An Auxiliary Re-
sult

Lemma 36 Suppose t > 1/2. Then the Borel o-fields BIW5(Q), || - |la), and B(WL(Q), | - ||s.2)
for 0 < s < t all coincide. In particular, the norms || - |lq and || - ||s2 for 0 < s < ¢ are
B(WE(Q), Il - lo)-measurable.

Proof. Since the || - ||o-topology on W5(Q) is coarser than the || - ||s 2-topology on W(Q), which
in turn is coarser than the || - ||; 2-topology on W4(Q) (cf. Proposition 1), it suffices to show that
BWL(2), [ - ll1,2) € BWL(Q), |l - o). The former o-field is generated by the collection of all
closed || - [|¢,2-balls since (W5(R), | - [|+.2) is separable. As shown in the proof of Lemma 3 in Nickl
(2007), these balls are || - ||o-compact and hence belong to B(W5(Q), || - o). =

Proposition 37 (a) The quantities ||pn — pallQ, [[Pn — Pa
15 (0) — pglls,2 for 0 < s <t are random variables.

(b) Suppose Assumptions P.1 and R.1 are satisfied. Then supgeg ||Px(8) — polla and
Supgee [Pk (0) — polls,2 for 0 < s <t are random variables.

s,2 fOTO S S S t7 ||ﬁk(0) _p9||Q7 a’nd
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Proof. (a) Follows immediately from Theorem 6 and Lemma 36. (b) By Assumption R.1
and Proposition 30 in Appendix A the parameterization 6 — py(z) is continuous, and hence is
continuous in the || - ||o- and || ||s,2-norms (0 < s < t) in view of Assumption P.1 and Proposition
4. By Theorem 6(b) and again Proposition 4 0 +— pg(0) — pp is then continuous in the same
norms. Since O is separable, (b) follows from Part (a). m

Proposition 38 Suppose s > 1/2.

(a) Then
and .
V(@ ) =02 (f(2:) = P(f))
i=1
are Borel measurable on Q™ for every f € W5(Q), where & denotes (z1,...,z,) € Q™. Further-

more, if F is a non-empty bounded subset of W5(€2), then sup ez [3n(Z, f)| is Borel measurable
on Q" where 3, stands for any of X,,, Dy, and X, — Y.

(b) Then
uk(i/}a 9, f) = \/E o (ﬁk(e)(';vla e avk) _pé()) f()dA
and i
Bi(0,60,1) = k2 (F(p(vi,0)) = u(f (p(-,6))))
i=1
are Borel measurable on V¥ for every 6 € © and every f € W5(R), where ¢ denotes (vy, ..., v;) €

V%, Purthermore, if Assumption R.1 is satisfied and F is a non-empty bounded subset of W5(2),
then supgcg supser [V (0,0, f)| is Borel measurable on V' if, additionally, Assumption P.1
holds, then supycg sup sz |20 (0, 0, f)| is Borel measurable on V*, where 20y, stands for any of
ﬂk and ﬂk — Qik.

(¢) Then

k
Th(@,0, ) = k1Y 5 (0)(p(vi, 0); v, -, vr) f (p(v,6))
i=1

is Borel measurable on V¥ for every § € © and every f € W5(Q). Furthermore, if Assump-
tion R.1 is satisfied, F is a non-empty bounded subset of W5(Q), and ¢ > 0 holds, then
SuPpeo SUPfer [Tk (0,0, f)| is Borel measurable on %48

Proof. (a) Since (x1,...,2n) — Dn(-;21,...,Ty) is a measurable map from Q™ into (P(¢, ¢, D), ||-
o) by Theorem 6, since the map p — /n ([ pfd\ —P(f)) is || - ||o-continuous on P(t, ¢, D) for
every f € W5(Q), and since every f is clearly Borel measurable, we see that X,,(Z, f) as well as
D (&, f) are Borel measurable on Q" for every f € W5(Q). Furthermore, it is easy to see that
X, (&, f) and D, (Z, f), and thus also X, (Z, f) — Dn(Z, ), are continuous on (F,| - ||q) for given
Z. Since (F,| - ||q) is clearly separable, Borel measurability of the suprema in Part (a) follows.

(b) The first claim is proved completely analogous, making also use of the fact that p is
measurable in its first argument. The second claim is also proved analogously by showing that
now Uy (9,0, f) and BV (v, 0, f) are continuous on the separable space (© x F, ||| + | - |lo) for
given ¥: for Yy, use that 0 — p(v,0) is continuous on O by Assumption R.1 and that F is a
sup-norm bounded set of continuous functions. For 4}, use the fact that 6 — pg(6) as a mapping
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from O into the space (P(t,¢, D), | - |lq) is continuous by Theorem 6, and that the same is true
for pg in view of Assumption P.1, Proposition 30 in Appendix A, and Remark 5.

(c¢) Measurability of Ty (-, 6, f) for 6 € © and f € W5(Q?) follows from measurability of f and
p(+,0) and Remark 7(i). Continuity of ¥ (9,-,-) on the separable space (0 X F, ||| + | - o)
follows from continuity of pg(0)(-;v1,...,vr) and f(-), Assumption R.1, and { > 0. m

Lemma 39 Let T be a non-empty compact metric space, and (S,d) a metric space. For every
7T andn €N, let Y, (1) be a (not necessarily measurable) mapping from a probability space
(A, An, Pp,) into S; furthermore, for every T € T, let Y(7) be a measurable mapping from a
probability space (A, A, P) into S that has separable range. If Y (1,,) ~ Y (1) whenever 7,7 € T
are such that T,, converges to T, then the following statements are equivalent:

(1)

(ii) For any 7,,,7 € T such that 7,, converges to T, Y,,(7,) ~ Y (7).

Proof. We first prove that (i) implies (ii). Suppose that 7,, € T converges to 7 € T. Observe
that

5(S,d)(Yn(Tn)a Y(7)) ﬁ(s,d)(Yn(Tn)a Y (7)) + B(S,d)(Y(Tn)v Y (7))

SUP Bs,.a) V(7)Y (7)) + Bs.0) (Y (), Y (7).

INIA

The first term on the r.h.s. of the last display converges to 0 by (i), whereas the second term
converges to 0 because Y (7,,) ~» Y (7). Hence, the Lh.s. converges to 0, which just means that
Y, (1) ~ Y (1) by Theorem 3.6.4 in Dudley (1999).

That (ii) implies (i) is seen as follows: Let 7,, € T be a sequence such that the distance between
Bs,a)(Yn(Tn), Y (75)) and sup,cp B(g,4)(Yn(7), Y (7)) converges to zero. Since T is compact, we
can find for every subsequence of 7, a subsubsequence, 7, say, that converges to some 7 € T
It follows that the L.h.s. of the inequality

Bs,ay (Yo (1), Y (1)) < Bs,a) (Y (T0), Y (7)) + Bs,ay (Y (Twr), Y (7))

converges to 0 because the r.h.s. does so in view of (ii) (applied to the sequence 7,, given by 7,
when n = n’ and by 7 otherwise) and since Y (,,/) ~ Y (7) by hypothesis. m

E Appendix: Uniform Rates of Convergence and Entropy
Bounds for Empirical Processes
The subsequent theorem is a uniform version of Theorem 3.2.5 in van der Vaart & Wellner (1996).

Theorem 40 Let (A, A, P) be a probability space, S and T non-empty sets, and let d be a non-
negative real-valued function on T x T. Consider a sequence of real-valued stochastic processes
(Hig(o,7):0€ S, 7€T) defined on (A, A) and a function H : S x T — R with the property that
for every o € S there exists a (o) € T such that for all T €T

H(o,7)— H(o,7(0)) < =Cd*(r,7(0)) (41)
holds, where C,« > 0 are constants neither depending on o nor T. Suppose, for all 6 > 0,

E'sup  sup  VEk|(Hp—H)(o,7) — (Hy — H)(0,7(0))| < 94(6) (42)
ceSreT,d(r,m(0))<é
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is satisfied for real-valued functions ¢, such that for some 8 < «a the functions § — 57590,,@((5)
are all non-increasing in §. Assume further that, for every o € S, 7(0) : A — T satisfies

Hy(o,7(0)) > Hg(o,7) forallT €T, (43)

and let Ty, be a sequence of positive reals such that

o —1
sup TE2E ) (44)

ke Vk
Then, for every o € S, 7(0) is a mazimizer of H(o,-), and

sup d(74(0),7(0)) = Op(r;,") as k — oc.
oceSs

Proof. We have to show that for every N € N

lim limsup P* (rk sup d(7x(0),7(0)) > 2N> =0.

70 k—oo oces
For k,j € N, set Vi ; = {(0,7) : 2771 < rpd(7,7(0)) < 27}. Then

rpsup d(7i (o), 7(0)) > oN
ogES

implies that there is some oq € S such that 7yd(7x(00),7(00)) > 2V, which in turn gives
(00,7Tk(00)) € Vi j, for some jo > N. Combine this with (41) and (43) to get

(Hk — H)(Uo,f'k((fo)) — (Hk — H)(O’o,T(Uo)) Z Cda(f'k(O'()),T(Jo)) > CT;QQQjoia.

This implies

P* (rk sup d(#x(0), (o)) > 2N>

oS

< ZP*< sup ‘IH,F H)(o,7) — VEk(H), — H)(0,7(c)) zc\/Er,;%aﬂ‘a).

(0,7)EVL,;

Via Markov’s inequality (for outer probability) and (42), the r.h.s. in the previous display can
be bounded by

i —1 j —1 «

e (277 zrg < Z 253‘?1@(7"@_)7“1@ < 20 su T P 7"1@ Z 9(B—a
% OVk2ed % CVk299 keh =
where the first inequality follows from ¢, (cd) < ¢®¢, () for ¢ > 1. Note that the upper bound is
finite by (44) and does not depend on k; since Zj>N 28-a)j converges to 0 as N — 0o as < «

holds, the proof is complete. m

We next present an upper bound for E* ||/n(P, — P)||# for sup-norm bounded classes of
functions F. This result is essentially well-known, see Lemma 3.4.2 in van der Vaart & Well-
ner (1996), but we provide ezplicit constants. A proof, under the additional assumption that
Yi,...,Y, are the coordinate projections on a product space, can be found in Gach (2010);
inspection of the proof reveals that this assumption is unnecessary.
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Theorem 41 Suppose (A, A, P) is a probability space, Y1,...,Y, are i.i.d. with law P, and P,
denotes the empirical measure associated with Yi,...,Y,. Let F be a non-empty class of A-
measurable functions on A, which are bounded by B, 0 < B < oo, in the sup-norm and by 7,
0 < n < oo, with respect to || - ||2,p. Then

N B
E" [IVn(Py = P)ll= < (1696 + 64v2) I (1 . || - ||2.p) 1+Wf[](77’f» |- ll2,p) |-

F Appendix: Auxiliary Results for SMD-Estimation

Lemma 42 Suppose Po C L2(Q) and 0 — py is a continuous mapping from © into (L2(Q),]| -
ll2). Let f: Q — R be an integrable function satisfying inf,cq f(x) > 0. Then

1) = [ (F =) aN
Q
is a continuous real-valued function on ©.

Proof. Rewrite the integrand as f — 2py + pg/f, and note that each term is integrable by the
hypotheses. Hence, H is real-valued. For continuity, let 6;,0 € © be such that ||6; — 6| converges
to 0. Letting ¢ = inf,cq f(x),

|H (0:) — H(0)]|

/ P3N — / p?f‘ldA’ <! / 103, — 52| dA
Q Q Q

¢ ipo, — pell2(llpe, — pell2 + 2llpoll2) — 0 for I — oo.

IN

Proposition 43 (a) Suppose Po C L2(Q) and 0 — py is a continuous map from © into
(L2(2), || - ||2). Then, on the event where inf,eq pn(z) > 0,

Qu(0) = /Q (P — po)?BirdA

holds and Q,, is a continuous real-valued function on ©. [In particular, in case ¢ > 0 holds, the
above event is the entire sample space 2™.]
(b) Let Assumption R.1 be satisfied. Then, on the event where inf,cq pn(z) > 0,

Qn,k(6) =/Q(ﬁn—ﬁk(0))2ﬁ;1dA

holds and Q,, 1 is a continuous real-valued function on ©. [In particular, in case ¢ > 0 holds,
the above event is the entire sample space Q™ x VF.]

(¢c) Suppose Pe C L2(Q) and 0 — py is a continuous map from © into (L2(Q),] - |l2). If
Assumption D.2 holds, then @ is a continuous real-valued function on ©.

Proof. Parts (a) and (c) are immediate consequences of Lemma 42. We next prove Part (b):
Since p,, and pi(0) belong to P(¢,(, D) by construction, these densities are sup-norm bounded
by C.D. Hence, Q, ; is real-valued whenever inf,cq p,(x) > 0. Since the map 0 — pi(0) is
continuous by Theorem 6(b), continuity of Q,, , then follows from the theorem of dominated
convergence. W
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Proposition 44 (a) Suppose Po C L2(2) and 6 +— py is a continuous map from © into
(L2(Q), | - |2)- Let further Assumptions D.1 and D.2 be satisfied. Then

sup [Qn(0) — Q(0)] = 0p(1) asn — oo.
0c©
(b) Let Assumptions D.1, D.2, P.1, P.2, and R.1 be satisfied. Then
sup |Qp x(8) — Q(0)] = 0p,.(1) as min(n, k) — oco.
0coO

(¢) Suppose ¢ > 0 holds and Assumptions P.1 and R.2 are satisfied. Then

sup sup sup |Gy 1(6) — Qu(O)] = O (k™) as k — oo,
neN Qm HcO

If Assumption P.1 is strengthened to P.3, then

sup sup sup |Q,, x(0) — Q,(9)| = O;r(k_l/Q) as k — oo.
neN Qn 9€o

Proof. (a) Set x = 27 linf,cq pa(x) and observe that y > 0 by Assumption D.2. In view of
Remark 10(i) there is a sequence of events 4,, that have probability converging to 1 as n — oo
such that inf,ecq pn(x) > x. On these events we then have

/ Pl gy - / 26 gy
Qpn
Since © is compact, the assumptions on Pg imply that supgeg ||poll2 < co. Part (a) of Theorem 9

now completes the proof.
(b) Let x and A,, be as in the proof of Part (a). On A, we have

2
/p’“(e) X — /pidA
Q Pn DPa
< sup

g [0 PG [ (5= )

< 2! sup 155(0) — polle + X >D?||pn — pallo-
€

-2

< x*sup|lpoll3 15n — pallo-
90

sup |Q,(6) — = sup
0€O )

sup |Qnx(0) — Q(0)] < sup
)

0cO

The result then follows from Parts (a) and (c) of Theorem 9.

(c) Note that pg(0) € P(t,(,D) by construction and py € P(t,(,D) by Assumption P.1.
Hence, these densities are sup-norm bounded uniformly in 6 (and vq,...,v; € V in case of
Pr(0)). Observe now that

_ pr(0) +
Qusl0) - Q) = [ (31(0) ) D20,
Q n
Using ¢ > 0, Part (d) of Proposition 1 applied to {p, : z1,...,z, € Q, n € N} shows that
{1/pn : z1,...,2, € Q, n € N} is bounded in W5(£2). By Assumption P.1 and the construction
of pi(0), it follows from Part (a) of Proposition 1 that

{ﬁkw) + Py
D

is contained in a Sobolev ball U; p for some B satisfying 0 < B < oco. The first claim then follows

from Theorem 13 with s = 0 (note that under ¢ > 0 Assumption P.1 implies Assumption P.2),

where we have made use of the inequality [, |f]dA < A©Q)2||f]l2 and the fact that the set in

(45) is bounded in the sup-norm. If Assumption P.1 is strengthened to P.3, we may apply Part

(c) of Theorem 16 with F equal to the set given in (45) to obtain the second claim. m

:6’6@,ml,...,xneﬂ,vl,...,vkEV,n,kGN} (45)
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Remark 45 If ¢ > 0 holds, then the events A,, in Parts (a) and (b) of the above proof are the
entire sample space and Q,, — @, respectively Q,, ;, — @, is continuous on ©. By separability of
O, the measurability of the respective suprema then follows.

Lemma 46 (a) Let Assumptions P.1 and P.5 be satisfied. Then, on the event inf,cq pn(z) > 0,
the objective function Q,, is twice continuously partially differentiable on ©° with

0Q,, . . dp 1
e = =2 [ ) g (O

2*Q, dp dp >*p -1
= 2 . —_— . —— . N
90,00 ) /Q (aai( +9) aej( 0) + aeiaej( Ol ") P A,

fori,j=1,...,m.
(b) Let Assumptions D.2, P.1, and P.5 be satisfied. Then @Q is twice continuously partially
differentiable on ©° with

0 0
S = =2 [ a0 (O i

a0,
92Q dp dp d%p _1
90,00 () /Q (aai( ,0) 90; (-~6) 90;00; (-0 9) Py dh,

fori,7=1,...,m.

Proof. Note that the densities involved are all uniformly bounded by Assumption P.1. Under
the respective assumptions, differentiation and integration can be interchanged, leading to the
above formulae upon noting that the integral of 9%p/(90;00;)(-,0) is zero. Continuity of the
partial derivatives follows from the theorem of dominated convergence. m

Proposition 47 Let Assumptions D.1, P.1, and P.5 be satisfied and suppose { > 0. Then, for
alli,5=1,...,m,

*Qn >Q
sup

A A 7 B e )
9€6° aﬂiﬁﬂj() 96,00, (0)| =op(l) asn — oo (46)

Proof. Let b < co be a bound for all the integrals appearing in Assumption P.5. By Lemma 46
the Lh.s. of (46) is not larger than 2¢~2b(1+CyD)||pn, — pa ||, which converges to 0 in probability
by Theorem 9(a). Measurability of the supremum in (46) follows from continuity of the second
derivatives (Lemma 46) and separability of ©°. m

Remark 48 If ( = 0 the assertion of the preceding proposition still holds true in outer prob-

ability under Assumptions D.1, D.2, P.1, and P.5, if 92Q,,(0)/0000" is interpreted as the zero
matrix on the event where inf,cq p,(x) = 0.
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