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Abstract

When the asset market is incomplete, competitive equilibria are constrained
suboptimal, which provides a scope for pareto improving interventions. Price
regulation can be such a pareto improving policy, even when the welfare effects
of rationing are taken into account. An appealing aspect of price regulation is
that it that it operates anonymously on market variables.

Fix-price equilibria exist under weak assumptions. Such equilibria permit a
competitive analysis of an economy with an incomplete asset market that is out
of equilibrium. Arbitrage opportunities may arise: with three or more assets
actively traded, an individual may hold an arbitrage portfolio at equilibrium.

The local existence of fix-price equilibrium for prices that are almost com-
petitive may fail for robust examples. Under necessary and sufficient conditions
for the local existence of fix-price equilibria, Pareto improving price regulation
is generically possible.
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1 Introduction

Prices in competitive markets may fail to attain equilibrium; a variety of reasons,
such as institutional constraints on price formation and lags in the adjustment of
prices may underlie this failure. The theory of general competitive equilibrium does
not account for the formation of prices; moreover, empirical evidence indicates the
presence of persistent deviations from market clearing.

The failure of prices to attain market clearing is most plausible as a short-run
phenomenon in an economy subject to stochastic shocks and, consequently, with an
operative asset market; the extension of fix-price analysis to such a framework is,
thus, pertinent.

Fix-price equilibria, following Bénassy (1975) and Dreze (1975), characterize the
allocation of resources at arbitrary prices. The definition extends to economies with
uncertainty and an incomplete asset market. Under weak assumptions fix-price equi-
libria exist.

With the prices of commodities fixed, the distinction between nominal assets,
denominated in units of account, and real assets, denominated in one or multiple
commodities, vanishes. The argument for the existence of fix-price equilibria is an
adaptation of the argument for the existence of competitive equilibria for economies
with a complete market in contingent commodities’ or for economies with assets
whose payoffs are denominated in a numeraire commodity — Geanakoplos and Pole-
marchakis (1986).

The prices of assets may allow for arbitrage: with three or more assets effectively
traded, an individual may hold an arbitrage portfolio at equilibrium.

When the asset market is complete, competitive equilibrium allocations are Pareto
optimal.? Moreover generically, they are regular: locally, they are unique, and they
vary continuously with the parameters of the economy.?

When the asset market is incomplete, competitive equilibrium allocations gener-
ically fail to satisfy the criterion of constrained Pareto optimality that recognizes
the incompleteness of the asset market: there exist reallocations of portfolios that
yield Pareto improvements in welfare after spot commodity markets adjust to attain
equilibrium — Geanakoplos and Polemarchakis (1986); this is the case, even if the
payoffs of assets are denominated in a numeraire commodity and the set of states
of the world is finite, which allow for the existence and regularity of competitive
equilibrium allocations.

The informational requirements of improving interventions can be recovered from
the market behavior of individuals — Geanakoplos and Polemarchakis (1990), Kiibler
and Polemarchakis (1999).

The failure of constrained optimality casts doubt on the desirability of non-
intervention with competitive markets, such as the laissez faire policy in international

! Arrow and Debreu (1954), McKenzie (1954).
2Arrow (1951, 1953), Debreu (1951, 1960).
3Debreu(1970).



trade — Newbery and Stiglitz (1984). The heterogeneity of individuals and the re-
quirement of anonymity may interfere with improving interventions — Citanna, Kajii
and Villanacci (1998), Kajii (1994), Mas-Colell (1985 b). Nevertheless, the failure of
constrained optimality raises the possibility of active policy.

Financial innovation, the introduction of new assets, may lead to a Pareto deteri-
oration — of Hart (1975); conditions for Pareto improving financial innovation to be
possible are rather restrictive — Hara (1997), Cass and Citanna (1998), Elul (1995).

An alternative to the reallocation of portfolios or financial innovation is the reg-
ulation of prices in spot commodity markets. When the asset market is incomplete,
there exist variations in prices that lead to a Pareto improvement over a competitive
allocation after rationing attains market clearing.

The deviation of prices from their competitive equilibrium values can be chosen
independently of the state of the world;* thus, price regulation is comparable to
the reallocation of portfolios carried out before the resolution of uncertainty. More
importantly, it is anonymous. The volume of trade in the markets for assets as
well as commodities is endogenously determined. The information required for the
implementation of Pareto improving price regulation is null.

The incompleteness of the asset market makes competitive allocations targets for
regulation; compared with the reallocation of portfolios, the mode of intervention
here, price regulation, has the advantage that it involves only aggregate, market
variables, the prices of commodities: regulation can be decentralized.

Direct antecedants of this result are the argument in Polemarchakis (1979), which
showed that fixed wages that need not match shocks in productivity may yield higher
expected utility in spite of the loss of output in an economy of overlapping generations;
and the argument in Dreze and Gollier (1993), which employed the capital asset
pricing model to determine optimal schedules of wages that differ from the marginal
productivity of labor. An example of Pareto improving price regulation was developed
in Kalmus (1997).

The desirability of price stability was evoked earlier in the literature of interna-
tional trade — Waugh (1944), Howell (1945), Oi (1961, 1972) — where Samuelson
(1972 a, b) raised the issue of feasibility and pointed out that price stabilization can
be Pareto improving only if constraints prevent the Pareto optimality of competitive
allocations. In a different context, Weitzman (1974, 1977) argued that quantities
may dominate prices as planning instruments; but the argument does not distin-
guish efficiency from distribution; even with a complete asset market, a quantity
based mechanism may indeed allocate resources more effectively to “those who need
it most.”

Minimum wages and price supports for agricultural products, often advocated
and imposed on grounds of equity, even fixed exchange rates, may be called for on
grounds of efficiency when the asset market fails to price all risks.

4John Geanakoplos insisted on this point. Hamid Sabourian suggested the alternative of state-
independent quantity constraints.



2 The Economy

Individuals are ¢ € Z = {1,...,I}. States of the world are s € S = {1,...,S}.
Commodities are [ € £ = {1,..., L+ 1}; commodity [ in state of the world s is (I, s).
A bundle of commodities in state of the world s is® xy = (..., 25,...)’, and a bundle
of commodities across states of the world is x = (..., zs,...)".

Individual ¢ is described by his consumption set, X the set of consumption
plans, bundles of commodities across states of the world, his utility function, u*, with
domain the consumption set, and by his endowment, e’, a bundle of commodities
across states of the world.

Assets are a € A ={1,..., A+ 1}. A portfolio of assets isy = (..., ¥a,...)’. The
payoffs of assets are denominated in the numeraire commodity, (L + 1,s), in every
state of the world. The payoff of asset a in state of the world s is R, 4; the payoffs
of the asset across states of the world are R.q = (..., Rsg,...). The payoffs of assets
in state of the world s are Rs. = (..., Rsq,...); the payoffs of assets across states of
the world are

The asset market is complete if all reallocations of revenue across states of the
world are attainable: the matrix of payoffs of assets, R, has column span of dimension
S; otherwise, it is incomplete.

An economy is

E=((X"u'e):ieI,R).

The aggregate endowment is e* = >, 7 €'.

An allocation of commodities is 27 = (..., 2%,...), such that 2 € X?, for every
individual; aggregate consumption is 2% = 3 ,.7 2%, and the allocation is feasible
if aggregate consumption coincides with the aggregate endowment: z% = e®. An
allocation of portfolios is y* = (..., %%, ...); the aggregate portfolio is y* = Sier ¥
and the allocation is feasible if the aggregate portfolio vanishes: y* = 0. An allocation
is (zZ,3%), a pair of an allocation of commodities and an allocation of assets, and
it is feasible if both the allocation of commodities and the allocation of assets are
feasible.

Definition 1 An allocation of commodities, xX, Pareto dominates another, z*, if
ul(xt) > u'(7%), for every individual, with strict inequality for some. A feasible al-
location of commodities is Pareto optimal if no feasible allocation Pareto dominates
it.

54/» denotes the transpose.



The price of commodity / in the spot market in state of the world s is p;s; the
price of the numeraire commodity, (L+1, s) in every state of the world, is pr.11. = 1.
Prices of commodities in state of the world s are p, = (...,pys,...), and prices of
commodities across states of the world are p = (..., ps,...). The domain of prices of
commodities is P = {p: pry1, =1,s € S}.

The price of asset a is q,; the price of the numeraire asset, which, without loss of
generality, can be chosen to be A+1, is ga4+1 = 1. Prices of assets are ¢ = (..., qq,- . .).
The domain of prices of assets is @ = {q: qa+1 = 1}.

Commodities other than the numeraire are £ = {1,..., L}, and assets other than
the numeraire are A = {1,...,A}. With prices of the numeraire deleted, prices of
commodities in state of the world s are Py, prices of commodities across states of the
world are p, and prices of assets are ¢. The domain of prices of commodities other
than the numeraire is P, and the domain of prices of assets other than the numeraire
18 Q

Prices are a pair, (p, q), of prices of commodities and prices of assets; the domain
of prices is P x Q. With prices of the numeraires deleted, prices are (p, §), and their
domain is P x O.

At prices of commodities and assets (p, q), the set of non-numeraire commodities
L is partitioned into the subsets of commodities with positive prices, £, , negative
prices, £_, and free commodities, Lo; the set of non-numeraire assets A is partitioned
into the subsets of assets with positive prices, A4, negative prices, A_, and free assets,
Ap.

An economy with fixed prices, (p,q), is

E(p,q) = (X', u',e') :i € T, R, (p,q)).

The economy satisfies the following assumptions

For every individual, the consumption set is the set of non-negative commodity
bundles: X% = {x : # > 0}, the utility function, u‘, is continuous, quasi-concave
and weakly monotonically increasing in the numeraire commodity in every state of
the world:® v®(z + El(r1)s,241)8) = u'(x), for all k > 0, and the endowment is an
element of the consumption set: e* € X*.

These restrictions on the characteristics of individuals are weak. The matrix of
payoffs of assets and the prices of commodities and assets other than the numeraires
are unrestricted.

In commodities and assets other than the numeraire, uniform rationing across
individuals serves to attain market clearing.

Rationing in the supply of commodity [ in the spot market in state of the world
sis z; 4, forl € L. Rationing in the supply of commodities, other than the numeraire
in state of the world s is 2z, = (...,2;4,.-.,215)', and rationing in the supply of
commodities across states of the world is z = (..., z,,...)". The domain of rationing

)8

in the supply of commodities is Z = {z: z, <0, s € S}. Rationing in the supply of

6“1k7K”denotes the k - th unit vector of dimension K.



asset a, is y , for a € A. Rationing in the supply of assets is y=(.. Yy ’QA)'
The domain of rationing in the supply of assets is ) = {y : y < 0}.

Rationing in the demand for commodity [ in the spot market in state of the world s
is Z; 5, for [ € L. Rationing in the demand for commodities, other than the numeraire,
in state of the world s is Z, = (..., Z1s,...,%L,s)’, and rationing in the demand for
commodities across states of the world isZ = (..., Zs,...)". The domain of rationing in
the demand for commodities is” Z = {Z : Z; > 0, s € S}. Rationing in the demand for
asset a, is 7, for a € A. Rationing in the demand for assets is 7 = (3T -5TA)-
The domain of rationing in the demand for assets is ) = {g : j > 0}.

A rationing scheme in commodities is a pair, (z,%), of rationing of supply and
rationing of demand. A rationing scheme in assets is a pair, (y,%), of rationing of
supply and rationing of demand. A rationing scheme is a pair, ((2,%),(y,7)), of
rationing in commodities and rationing in assets.

At prices and rationing scheme (p, q, z,%,y,7), the budget set of individual i is

qy <0,

6%@%%72%@) = (xay) : gl,S S (33[78 - 6?75) S zl787 (178) E ‘C X 87

r e X
The optimization problem of the individual is to

max u’(x)

st (2,y) € 5P, q,2,Z,Y,7)-

The solution to the optimization problem, §(p,q,2,%,y,7), defines the demand cor-
respondence, §¢, of the individual.

Definition 2 (Effective rationing) At prices and rationing scheme (p,q,2,%,y,7),
individual @ is effectively rationed in his supply (demand) in the market for commod-
ity (1,3) if there exists (v,y) € B'(p,q,2,2,y,9) ((x,y) € B (p.4,2,7,y,7)). such
that u'(x) exceeds the utility at 6'(p,q,z,%,y,Y), where g%g = —oo, while 2 , = 2
Z%E = +o0, while z ; = Z; 5 ), for all (I,s) € L xS\ {({1,3)}.

There is effective supply (demand) rationing in the market for commodity (1,5) if
at least one individual is effectively rationed on his supply (demand).

Individual i is effectively rationed in his supply (demand) in the market for asset

a if there exists (x,y) € 3'(p,q,2,%,y,7) (2,y) € 8'(p,4,2,%,4,7)), such that v’ (x)

Té? “>7and “>"are vector inequalities; also “<,” “<”and “<.”



exceeds the utility at 6'(p,q,2,%,y,7), where Yo = —oo, while y =y _ (Jg = +o0,
while i, =7,), for all a € A\ {@}.

There is effective supply (demand) rationing in the market for asset @ if at least
one individual is effectively rationed on his supply (demand).

The consumption sets and utility functions of individuals and the matrix of payoffs
of assets are held fixed; an economy is fully described by the allocation of endowments
of individuals: €& = e = (...,¢%,...), and an economy with fixed prices by the
allocation of endowments of individuals and the prices of commodities and assets:
Ep,q) = (%, (,9))-

The set of economies, €2, is a bounded, open subset of euclidean space of dimension
I(L 4+ 1)S. An economy is £(w) = ef(w) or, simply, w, and an economy with fixed
prices is £(w)(p,q) = (eX(w), (p,q)) or, simply, (w, (p,q)). A generic set of economies
is an open subset of the set of economies of full lebesgue measure; a property holds
generically if it holds for a generic set of economies.

Definition 3 (Fix-price equilibrium) A fiz-price equilibrium for the economy € =
(Xt,ut,et) : i € I,R) at prices (p,q) or, equivalently, a competitive equilibrium
for the economy with fized prices E(p,q) = (X!, u',e') : i € T, R, (p, q)) is a pair,
((z*, 2%, y*.7%), («F*,y**)), of a rationing scheme and an allocation, such that

1. for every individual, (z™*,y"™*) € 6'(p, q,2*,Z*,y*,7*),
2. x¥ =e€% and y** =0,

3. for every commodity other than the numeraire, if, for some individual, xj % —
-/ . L. . . _ . .
ej, = 2,4, then, for every individual, x}*, —e;, < Z[,, while, if, for some
. .o 7] 1 _ i ] k .
ndividual, xfg‘ — ei’ s = z}k s then, for every individual, x}*s — ei’ s > g}k s> and
%
a?
then, for every individual, y.* < yi, while, if, for some individual, y.* = 7
then, for every individual, y;* > y*.

4. for every asset other than the numeraire, if, for some individual, yg* =y

Conditions 1 and 2 are the usual optimization and market clearing conditions.
Conditions 3 and 4, together with the convexity of the consumption sets and the
quasi-concavity of the utility functions of individuals, imply that there is no effective
rationing, simultaneously, on both sides of a market: markets are transparent.

Definition 4 (Competitive equilibrium) A competitive equilibrium for the econ-
omy & = ((X',u',€") : i € T,R) is a triple, ((p*,q%), (2", 2%,y*,7), (2%, y*)), of
prices, a rationing scheme and an allocation, such that

1. for every individual, (a™,y™) € §'(p*,q*, 2%, 2, y*,7"),

2. x% =e€% and y** =0, and



3. for every individual, for every commodity other than the numeraire, 25 <

wf*s — ef s < Zj,, and, for every asset other than the numeraire, yr < Yo <.

In a competitive equilibrium there is no effective rationing in any market if pref-
erences are COnvex.

If (p*,q*) are competitive equilibrium prices, a fix-price equilibrium at prices
(p, ¢*) with p # p* may require effective rationing in the markets for assets, as well as
in the markets for commodities; this is the case when the prices of commodities are
regulated away from their competitive equilibrium values in order to effect a Pareto
improvement, while the prices of assets are held fixed at their competitive equilibrium
values.

If ((p*,q%), (2%, 2%, y*,7"), (z7*,y**)) is a competitive equilibrium for the economy
&, ((z52z%y", 7", (a1, y%*)) is a fix-price competitive equilibrium for the economy
E(p*,q*); nevertheless, it is possible that there are fix-price competitive equilibria
(2, z,y™,7™), (x2** y2**)) such that x2** is not a competitive equilibrium al-
location of commodities — Madden (1982), for an example in an economy with a
complete asset market.

2.1 Arbitrage

An arbitrage portfolio, ¥/, is such that ¢y < 0, while Ry > 0. Prices of assets allow
for arbitrage if an arbitrage portfolio exists. Fix-price equilibria exist when prices of
assets allow for arbitrage — Proposition 3 — but the presence of arbitrage opportu-
nities imposes restrictions on equilibrium rationing schemes.

Proposition 5 If A > 1 and the utility function of every individual is monotoni-
cally increasing in the numeraire commodity in every state of the world: u*(x + k
L(r41)s,(L+1)8) > u'(x), for all k > 0, then, at a fiz-price equilibrium, if § is an arbi-
trage portfolio, there exists, for every individual, an asset a, other than the numeraire,
such that either y* = y;* and Yo <0 or 7y, = y;" and Yo > 0.

Proof If, for some individual, ¢, §, > 0 whenever y* = y* and 7, < 0 whenever
U = y¥, then Y= y&* implies y2* < y%, and ¥ = y»* implies Yy < yi*. Tt follows
that, for some A > 0, y* < Yo+ )\;Uq S ye, for all a < A. But then, 'the pair of a
consumption plan and a portfolio (2*,y*) defined by y* = y** + Ay, xj, = a}*,, for
all (1,s) € Ev'x S, and x33+1,s = xlf_i_l?s + )\Rs.ﬁ, for 'all s € 8, is an element of the
budget set 3‘(p,q,z*,Z*,y*,7"*), while u*(2*) > u'(2"), since the utility function is
monotonically increasing in the numeraire commodity in every state of the world, a
contradiction. O

At a fix-price equilibrium, ((z*,z*,y*,7%), (2*,4**)), the market for asset a is
closed if y. =0o0ry, =0; if the market is not closed, then it is open — the market
for asset A + 1 is always open. The set of all assets for which markets are open is
Ao; the associated effective prices of assets are q., an effective portfolio is y,, and the



matrix of effective payoffs of assets is R,. An effective arbitrage portfolio, 7, is such
that ¢.7, < 0, while Ro¥y, > 0.

Proposition 6 If the utility function of every individual is monotonically increasing
in the numeraire commodity in every state of the world, then, at a fix-price equilibrium
for an economy with at most two assets for which markets are open,® |Ao| < 2, there
is no effective arbitrage portfolio.

Proof If |A4,| =1, the argument is trivial.

If | A,| = 2, there exists a non-numeraire asset @ € A,. If 7, is an effective arbitrage
portfolio, then either yz = 0 or yz # 0. If ¥z = 0, then ¢.¥o < 0 and R.y, > 0 implies
R.411 <0, and, since individuals do not face constraints in the supply of asset A+ 1,
a fix-price equilibrium does not exist, a contradiction. If ¢z > 0, then by Proposition
1, g% = yi*, for all i € Z, and thus, by market clearing, 7% = 0 : the market for asset
@ is not open, a contradiction. If 7z < 0, similarly, the market for asset @ is not open,
a contradiction. O

The result does not extend to fix-price equilibria with more than two assets for
which markets are open. With three assets and three individuals, it is even possible
that, at a fix-price equilibrium, one individual holds an arbitrage portfolio that the
other two individuals, together, supply; which is peculiar and obviously implies the
existence of effective arbitrage portfolios.

An example

Individuals are ¢ € Z = {1,2,3}; there is only one commodity, the numeraire: [ €
L = {1} — the subscript that indicates the commodity is not necessary; states of
the world are s € S = {1,2,3}, and there are two assets other than the numeraire:
ae A={1,2,3}.

Individuals have utility functions u* = a*x; + b'ws + a3, x > 0, and endowments
et = (ef, e}, el) . For individual 1, (a!,b!,c!) = (2,1,2), and e! = (3,9, 3)’; for individ-
ual 2, (a?,b%,¢%) = (1,2,2), and €? = (9, 3,3)"; for individual 3, (a3,b%,¢*) = (1,1,2)
and 3 = (5,5,5)".

The matrix of payoffs of assets is

-4 2 =2
R = 2 -4 =2
2 2 6

Prices of commodities and assets are

p:(17171)7 q:(17172)

denotes the cardinality of a set.

8«| ‘75



An arbitrage portfolio satisfies
—4y1 + 2y2 — 2y3 > 0,
2y1 — 4dyz — 2y3 > 0,
2y1 + 2y + 6ys > 0,
with at least one strict inequality, and

Y1 +y2 +2y3 < 0.

For A > 0, the portfolio yy = (—=A,—A,\) is an arbitrage portfolio: Ry, =
(0,0,2)\)" > 0, while gy = 0.

The budget constraint can be shown to be holding with equality, so y3 = —(1/2)y; —
(1/2)ys. Since

Y1 —3y1 + 3y2
R Y2 =1 3y1—3y2 |,
—%yl - %y2 —Y1 — Y2

it follows that an individual with a utility function u*(z) = a’z; + b'xy + a3 solves
the optimization problem

max (—3ai + 3b% — ci)y1 + (3ai —3b" — Ci)y%
sty —y2 < Sel,
o < Lot
Y2 — Y1 > 3€9,
Y1 +y2 < e,

Yo S Y2 S Y.

If (2,2, y*,7"), (x7*,y%*)) is a fix-price equilibrium, since, for any A > 0, y, is
an arbitrage portfolio, it follows by Proposition 1 that all individuals are rationed on
the supply of asset 1 or asset 2. If no individual is rationed in the supply of asset 2,
then every individual is rationed in the supply of asset 1, and market clearing implies
that y7 = 0. Irrespective of rationing in the demand of asset 2, individual 2 supplies
2 units of asset 2 and individual 3 supply 4/3 units of asset 2, whereas individual 1
demands at most 2 units of this asset, which is a contradiction. Similarly, there is no
fix-price equilibrium without rationing in the supply of asset market 1. Consequently,
in every fix-price equilibrium, there is rationing in the supply of both assets, while

10



there is no rationing in the demand of any asset. Therefore, without loss of generality,
the demand for assets 1 and 2, and, hence, for asset 3 as well as for commodities, is
a function of the rationing scheme on the supplies of the assets.

If y* = (-1,-1), 7* > (2,2) (exact choice does not matter), then z'* =
(12,0,2), 2%* = (0,12,2)", 23 = (5,5,7), y** = (1,2, -1/2), y** = (2, -1, —1/2),
and y3* = (=1, —1,1)’; this describes the unique fix-price equilibrium, where equilib-
ria are equivalent if they differ only with respect to non-binding rationing schemes.

Indeed, the demands of individuals as functions of the rationing scheme on the
supplies are

xl(g) = (12,0,min{—2g1,6 — 2%})’,
yl(g) = (max{gl,g2 — 3}, max{3 +g1,g2},min{—1% —
xQ(g) = (0, 12,min{—2g2,6 — 2&1})',
yQ(g) = (max{3 +g2,g1},max{g2,gl — 3},min{—1% — Yo 1% —gl})’,
2 (y) = (5= 3y, +3y,,5 +3y; —3ys.5 —y; —8,)

y3(g) = (Qlﬂggﬂ _%Ql - %QQ),‘

The equality of supply and demand for assets 1 and 2, necessary and sufficient
for equilibrium yields

max{y ,y, — 3} + max{3 +y,,y,} +y, =0,

max{3 +Q17£2} + max{gz,gl -3} Y, = 0.

The unique solution is y = (-1, —1)".
At the fix-price equilibrium, individuals 1 and 2, together, supply the arbitrage
portfolio that individual 3 holds.

3 The Existence of Fix-price Equilibria

For the existence of fix-price equilibria, it is essential that budget constraints hold
with equality. Either one imposes this condition directly on the budget set, or one
makes the following assumption.

e The numeraire asset is weakly desirable, R.4.1 > 0.

Since the utility functions of individuals are weakly monotonically increasing in
the numeraire commodity while the numeraire asset is weakly desirable, with no loss
of generality, the budget constraints of the individual in the market for assets as well
as in the spot markets for commodities are satisfied with equality.

11



The effective consumption set of individual ¢ is
Xi={rex: Ts < €', (1,8) € L x S}

If 22 is a feasible allocation of commodities, then 2% € X ¢ for every individual.
A revenue plan is
w=(...,ws,...).

Associated with a consumption plan of individual i, 2 € X*, there is a revenue
plan

w'(z) = (.. w(@s), -,

where wi(z5) = ps(xs — €l).
The set of effective revenue plans of individual ¢ is

W = {w : w = wi(x), for some € X'}.
The set of effective portfolios of assets of individual ¢ is
V= {y:w=Ry,qy =0, for some w € W'}.

The sets X and W¢ are compact; not necessarily so for the set of effective port-
folios of assets of an individual, since the matrix of payoffs of assets need not have
full column rank.

3.1 Minimal asset trades

The set of effective feasible allocations of assets for the economy is
VI ={y" € xieg)' 1 y* =0}

Equivalently, y* € V7 if ‘
My* = (...,w',...,0,0),

for some w* € W*, i € T, where?!0

R 0 0
0 0
0 0 R
M=| ¢ 0 o0
0 . 0
0 0 q
Tpp1 -+ Iann

Sur A+1"denotes the unit matrix of dimension A + 1.
%The matrix M is of dimension (I(S+ 1) + A+ 1) x I(A+1).
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The set of minimal effective feasible allocations of assets is 1112

VE= {7 € V' : By" € Y*, with sign(y?) = sign(77), [y7| < |77 |}-

The set ;)A/I contains the effective feasible allocations of assets that are minimal:
there is no effective feasible allocation of assets such that at least one individual could
attain the same revenue plan with less trade, in absolute value, in at least one of the
assets.

Since M need not have full column rank, the left-inverse of M may not exist.

By the singular value decomposition, there exist orthogonal matrices, U, of dimen-
sion (I(S+1)+A+1)x(I(S+1)+A+1), and V, of dimension I(A+1) x [(A+1), such
that'® U'MV = diag(oy, ... ,01(A+1)), and there is r such that the first r elements
of diag(o1,...,07a41)) are positive and the others are zero. The Moore-Penrose
inverse of M is defined by

Mt =VEtU/,

where X7 = diag(1/01,...,1/0,,0,...,0). If M has full column rank, then
Mt = (MM) M.

If y% is such that y% = Mz, for some z, then yﬁ is an element in the row space of
M:z=M yﬁ, and yﬁ is the unique element of the row space of M with this property.

Lemma 7 The set, Vr , of minimal effective feasible allocations of assets is bounded.

Proof If not, there exists a sequence, (yZ € YT : n = 1,...), such that ||yZ|lsc >
n.Forn =1,..., wt = (...,Ry%,...). Since W* is compact, the sequence (wZ :
n = 1,...) has a convergent subsequence, denoted the same. The corresponding
subsequence of (yZ € Y% :n = 1,...) is also denoted the same. Moreover, without

loss of generality, sign(y?) is independent of n. For n =1, ...,
Yhm = M (u7,0,0)

and
7 T T
yN,n =Yn — yR,n'
The sequence (y%, : n = 1,...) is convergent, and therefore bounded. Since

(v € Y in= 1,...) is unbounded, without loss of generality, the sequence

1 T
— YN, =1,...
(Hy%,nHoo o )

sign(z)” denotes the sign vector associated with the vector z; an element of sign(z) is 1,0 or
—1 if the corresponding element of x is > 0,0 or < 0, respectively.
124|127 denotes the absolute value vector associated with the vector x; an element of || is the
absolute value of the corresponding element of x.
13«diag(...,ax,...)” denotes the diagonal matrix of appropriate dimension with elements
..,0k,...on the diagonal.

11«
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is well- deﬁned and convergent, with limit 75,. Evidently, M7k ~ = 0, and there is ¢°
such that yN # 0.

Moreover, ¥y , # 0 implies limy, oo |yg | = 00, sign(y,,,) > 0 implies Ty , > 0,
sign(yy,,,) = 0 implies gy , = 0, and sign(y,,) < 0 implies T , < 0.

So, there exists n° such that for n > n° sign(yn X)) = 81gn(yn)

Furthermore, for n > n°, M(y% — %) = My, whereas |y. ,, — yNa] < lyi,| and
there is a® such that [yke ,, — Ty 4ol < \yaom\.

Hence, for n > n°, y- ¢ YT , a contradiction. O

It is surprising that, even with arbitrage possibilities or with payoffs of assets that
are linearly dependent, it is possible to restrict attention to a bounded set of possible
sales and purchases of assets.

Since Y7 is bounded, there exists a > 0, such that [|y%||l. < o for all y% € Y.

At a rationing scheme (z,%,y,7), the exact budget set, 3 (2,%,9,7), of individual
i is the set of elements, (x,y) € 6'(p,q,2,%,y,7), that satisfy the budget constraint
in every state with equality: qy = 0 and ps(xs — €.) = R, .y. The exact demand set,
62,z ,¥,7) of the individual is the set of elements (z,y) € Bi(z,z ,¥,¥) that maximize
utility. N

Non-emptiness of §*(p, ¢, z,7%,y,y) implies non-emptiness of §*(z,7,y,7), since the
utility function is weakly monotonically increasing in the numeraire commodity in
every state, where there are no rationing constraints. Nevertheless, X (2,Z,y,7) can be
a proper subset of §*(p, q, 2,7, Y, %), since the utility function is not strictly monoton-
ically increasing.

Lemma 8 The correspondence §° is mon-empty, compact and convexr valued, and
upper hemi-continuous.

Proof For (2,%,y,Y) € 2% Z x Y x Y, the set Gi(z,%,y y,7) is non-empty: (e’,0) €
Bl(g Z,y,7), closed and convex. For (x,y) € Gi(z,z U59), Y, SYa <y, fora € A,

and
YA+ = = Dgcibal¥a = — DacA_ 9aY, — 2acA, 9a¥a>

YA+1 = — ZaeA GaYa < — ZGGA_ GalYq — ZaEAJ,. 4ay >

and, thus, the asset demands are bounded. Moreover,

O<x18<e,s—|—zls, (l,s)Efo,

0< TL+1,s < 62+1,5 - Z([7S)€£7 pl,szl,s + Z(l7s)eﬁ+ pl,sezs + R&Z/a s € S,

and it follows, from the boundedness of feasible asset demands, that the feasible spot
market demands are bounded as well; 3 (z Z,y,7) is compact. By the continuity and

quasi-concavity of the utility function, &° (2,%,y,7) is compact and convex.

14



If (20,20, Y,,,Un) € 2 % Zx)YxY:n=1,...)is a sequence that converges to

(2,%,9,7), for any sequence ((xn,yn) € gi(gn,in,gn,yn) n=1,...),

—Q(w S ya,n S ya,n? ac -’47

- ZaEA_ %Qam - ZaéA.,. qaya,n < Ya+in < - ZGGA_ qaya,n - ZGEAJ’_ ‘Jagam;

and limy, 00 (y,,¥n) = (¥,7); it follows that the sequence (y,, : n = 1,...) is bounded.
Similarly, since

0< Ll sn < 6;75 + Z1sms (l,S) € L x S,

0 S xLJrl,S,TL S eZ[P‘rl,S - Z(l,5)€£7 pl782l787n + Z(l,s)€£+ plvse’lL,S + Rs‘yn7
s€eS,

the sequence ((z,,,Z,) : m = 1,...) is convergent, as is, as a consequence, the sequence
(xp, :m=1,...). It follows that ((z,,y,):n =1,...) has a convergent subsequence,
also denoted ((xy,yn) : n=1,...), with limit (Z,7) € Bi(z,7, Y, 7Y)-

If there exists (Z,y) € gl(g, Z,Y,7), such that v’(z) > u*(Z), for L_, L., A_ and
JLF, the sets of non-numeraire commodities and non-numeraire assets, respectively,
for which z; , — ei s 1s negative, positive, y, is negative, and positive, respectively, and
for

An =
. e ;T P e AT aed
mll’l{l,;l i 7(l78)€£—75l ol 7(l75)E‘C-i-vjlva’EA—v’va“vaEA-‘r}v
58 l,s sS l,s a a
n=1,...,

and , ,
=+ N (T—¢), n=1,...

y ="y, n=1,...,
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since

i;fs 6;75 =A (xl78 el,S) TS_ESET(%Z,S € 5) = Z s (l7 S) S ‘C—7
TP, —el =X (Ts—e),) >20>27, (I,s) € (LxS)\ L,
—n '
:f;’fs 6; s A (ml s el,s) z Sl_,se? (xl,S e;,s) = 215 (l7 S) S £+,

QZSOSCU )‘nga_g*_a~a:yg7 GEA+,

it holds that (Z, ") € 3'(z",z" ,y™, 7"). Moreover, ', = (1—\")e} .+ X"T;, > 0, for
(I,s) € L x S, and & > 0. Evidently, limy_oo A" = 1, and limy,_oo(3",7") = (Z,7).
By the continuity of the function u®, u?(Z") > u’(2") for n sufficiently large, which
contradicts (z™,y") € 51(§ AN ,y ). Consequently, &' is upper hemi-continuous.
O

The demand of individuals depends in an upper hemi-continuous way on the
constraints they face in the markets of the non-numeraire assets and commodities.
It is not necessary to compactify consumption sets in order to get this result, even
though there are no restrictions whatsoever in the markets of the numeraire assets
and the numeraire commodities.

At a fix-price equilibrium ((z*,z*,y*,7%), (%, y**)), in the market for commodity
(1,8) € L x S, if there is an individual, i°, such that x, S e, s = Z] 5, so that the
individual is constrained on his supply in market (I, s), ‘then by the definition of a
fix-price equilibrium, no individual is constrained on his demand in market (1,s) :
m}*s —ei s < 22‘7 - For a fixed € > 0, since, for every individual, m} " e, s Safy=¢els, if
Z1s = e+ef,, then mf*s - e% s < Z15. If there is an individual, ¢°, such that x, o e%os =
Z] s SO that the individual is constrained on his demand in market (I, 3)7, then no
individual is constrained on his supply in market (,s) : w;*s — ei s > 2] - Since, for
every individual, m}*s — eis > —e,, if 2, = —€ — €], then x, = e}:vs > =2 s

There is a minimal effective feasible allocation of assets jj* € y satisfying >, .7 J* =
0, and, for every individual, Ry® = Ry™, q7' = qu**, sign(7’) = sign(y™), and
75| < |yi¥|, for all @ € A — it is possible that §Z = y?*. This implies that
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(2,7 € X (z*,Z*,y*,7"), for every individual, and that ((z*,z*,y*,7"), (z*,7%)) is
a fix-price equilibriJm. B

In the market for some asset a € A, if there is an individual, i®, such that @}; = QZ’
so that the individual is constrained in his supply in the market of asset a, then no
individual is constrained in his demand in the market of asset a : so , < 7. Since,
for every individual, 7% < «, if T = a, then g% < 7, for every individual. If there
is an individual, ¢°, such that g}f = 7., so that the individual is constrained in his
demand in the market of asset a, then no individual is constrained in his supply in
the market of asset a : ¢ > Y. Since, for every individual, gL > —a, if Yy, = —q,
then ¢ > y:, for every individual.

The state of the market of commodity (I,s) € £ x S is described by ;5 € [0, 1].
The rationing scheme in commodities is then fully determined by a function!1?

(2,2): CL5 — —RLS x RLS,
If 0 <7 s < 1/2, then there may be supply rationing in the market of commodity
(1, 5), while demand rationing is excluded by putting Z; s(r) = e+ef,;if 1/2 < r s <1,
then there may be demand rationing in the market of Commodity’(l, s), while supply
rationing is excluded by putting 2; ,(r) = —e — ef.,.
The state of the market of asset a € A is described by p, € [0,1]. The rationing
scheme in assets is then fully determined by a function

,7) : A — —RE x RA.

If 0 < p, < 1/2, then there may be supply rationing in the market of asset a, while
demand rationing is excluded by putting 7,(p) = «; if 1/2 < p, < 1, then there may
be demand rationing in the market of asset a, while supply rationing is excluded by

putting y_(p) = —a.
More precisely, the functions (Z,Z) and (y,7) are defined by

Zy5(r) = —min{2r;5(c + €f),e +ef s}, (I,s) € LxS8,recks,
Z1s(r) = min{(2 — 27y ) (e + efs)etefst, (ls)€ LxS,recks,
g,(p) = —min{2p,a,a}, a€ A, peRA,

Ta(p) =min{(2 — 2p,)a,a}, a€ A peRA,

for a fixed € > 0. R R
The correspondences ¢°, for all i, and ¢, with domain CX® x C4 are defined by

~

8(r,p) = 6'(2(r), 2(r), 5(p), (p));

{(rp) = Yieg 8(r, p) — {e?}.

144«RE” denotes the euclidean space of dimension K; “R’ ”denotes the positive orthant and “R*,”
the strictly positive orthant; R' = R, RL = R, and RL | = Ry4.
154cK» denotes the unit cube: C¥ = {r € R¥ : 0 < r, < 1}, of dimension K.
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The correspondence 5i, can be seen as a restriction of the correspondence 52 with
rationing schemes being parametrized by the sets C»% and CA4.

Lemma 9 If 0 € C(r*, p*), then there exists (2%, y™*) € §(r*, p*), i € T, such that
(Z(r),Z(r*),5(p"), 5(p*)), (aT*,y7*)) is a fiz-price equilibrium of the economy.

Proof If (r*, p*) € CL5 x C4 is such that 0 € {(r*, p*), then there exists (2%, ) €
5%2(7"*),%(7"*),g(p*),ﬁ(p*)), for all 4, such that 2%* = e® and ya = 0. There is a min-
imal effective feasible allocation of assets yX* € )A) such that y = 0, and, for every
individual, Ry** = Ry, qy' = qy' sign(yi ) = sign(y?), and |[y¥*| < |ya| for all a. This
implies that (z%*,y™) € §(z*,z* ,y*,7"), for every individual, and that (1) and (2) of
the definition of a fix-price equilibrium are satisfied by ((z*,z*,y*,7%), (27*,y%*)).

If for (I,s) € £ x S, x}os* - ef;, = 2 4(r*) for some i° € 7, then 2, ,(r*) > —e}:fs >
—e—efs. Sorf, < 1 and Z,(r*) = e + efs- It follows that x?*s - eis < Z4(r*), for
every individual.

If for (I,s) € L x S, w}os* — ef;, = Z1.5(r*) for some i® € Z, then Z; 4(r*) < x?os* <
e+e. Sorf, > 3, and 2, (") = —e — e}'s- It follows that x?*s — eis > 2 4(r), for
every individual.

If for a € A, yo* = y,(p*) for some i° € Z, then § (p*) > —a since Y e Y.
So pj s < 1, and J,(p*) = a. It follows immediately that y&*(p*) < 7,, for every
individual.

If for a € A, yi* = 7,(p*) for some i° € Z, then y,(p*) < a since y°* € Y. So
Pls > %, and y,(p*) = —a. Again, it follows immediately that Yo (p*) > y,, for every
individual.

Hence, (3) is satisfied as well in the definition of a fix-price equilibrium. O

The preparatory work is complete; it remains to show that there exists a zero point
of Z and thereby, a fix-price equilibrium. Since there is no rationing in the market of
the numeraire asset nor in the market of the numeraire commodities, existence of an
equilibrium is not obvious.

Proposition 10 A fix-price equilibrium ezists.

Proof Since the correspondence (5’ for all 7, is upper hemi-continuous and compact
valued, and the functions 2,%,7, and 7 are continuous, it follows that § =80

(g, Z,, y), with domain C™ x CA, for all 7, is a compact valued upper hemi-continuous

correspondence, and so Z is a compact valued upper hemi-continuous correspondence.
It follows that the set ((CES x C4) is compact.

The set Z is a compact, convex set that contains the projection on the first
(L+1)S coordinates of the set {(C=5 x C*); Y is a compact, convex set that contains
the projection on the last A+1 coordinates of the set E (C¥9xC4). The correspondence
p: Z — C¥ is defined by

p(z) =argmax{ Y rzs:reCt zeZY
(1,5)€LxS
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the correspondence v : Y — C# is defined by

v(y) = argmax{ _ paya:p € Cy € V};
aGA

the correspondence ¢ : Z x ) X CLS x CA — Z x Y x CY5 x ¢4 is defined by

@(z,y,m,p) = C(1,p) X pu(2) X v(y).

The correspondence ¢ is a non-empty, compact, convex valued, upper hemi-
continuous correspondence defined on a non-empty, compact, convex set. By Kaku-
tani’s fixed point theorem, ¢ has a fixed point, (z*,y*, r*, p*).

If, for some a € A, y! < 0, then, by the definition of v, p* = 0, and y* > 0, a
contradiction.

If, for some a € A, y} > 0, then, by the definition of v, p! = 1, and y} < 0, a
contradiction.

Consequently, v = O,Vfor all @ € A. Moreover, Yai1 = — 2acd 9a¥s = 0.

If, for some (I,s) € L x S, 2z, < 0, then, by the definition of x, 7/, = 0, and
2z, > 0, a contradiction. 7 ’

If, for some (I,s) € £ x S, zf s > 0, then, by the definition of p, r;, = 1, and
z,f s <0, a contradiction. 7 ’

Consequently, 2, =0, for all (I,s) € £ x S. Moreover, for every s € S, Zl41s =
N Z(l,s)eﬁxé‘ pl,szis + Rsy" = 0.

It follows that 0 € Z (r*, p*), and, hence, a fix-price equilibrium exists. O

The conditions under which equilibrium existence can be shown are very weak. Of
particular interest is that endowments can be on the boundaries of the consumption
sets of individuals, and there is no restriction that the aggregate endowment of every
commodity be positive; this is of particular interest in a world with uncertainty, since
one can imagine states of nature in which certain commodities are fully unavailable.

4 Local Comparative Statics

The characterization of the local behavior requires that the economy be smooth:

1. For every individual, the consumption set is X* = {z : > 0}; the utility
function is continuous and quasi-concave; in the interior of the consumption
set,’0 Int X7 it is twice continuously differentiable, Ou’ > 0 and 0?u’ is nega-
tive definite on'” (Qu)*; the endowment is strictly positive: ¢! € Int X, and
u'(e?) > u'(z), for every z € Bd X

2. The matrix of payoffs of assets has full column rank. The numeraire asset, has
positive payoff: R.4+1 > 0.

16«Int” denotes the interior of a set and “Bd” the boundary.
17«L» denotes the orthogonal complement.
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In a smooth economy, the solution to the individual decision problem, d*(p, q, 2, %, y, %),
is unique, and the demand correspondence of an individual is a piece-wise continu-
ously differentiable function, d’.

With convex consumtion sets and quasi-concave utility functions, if an individ-
ual is effectively rationed in his supply in the market for commodity (I,s), then
d} s(0,4,2,2,9,7) — ei s = 215, and, similarly, if the individual is effectively rationed
in his demand in the market for commodity (I, s), then d} (p,q,2,%,y,Y) — €} , = Z1 5.
If an individual is effectively rationed on his supply in the market for asset a, then
di(p,q,2,2,y,7) = y,, and, similarly, if the individual is effectively rationed on his
demand in the market for asset a, then d' (p,q,2,%,y,7) = 7,,.

A sign vector is a vector with components —1, 0,_1.

The state of markets at a fix-price equilibrium is described by a sign vector

= (e, sy s TLyssesTas---sTA)-

If there is effective supply rationing in the market for a commodity or an asset, the
associated component of the sign vector is —1, if there is effective demand rationing
it is +1, and if there is no effective rationing it is 0.

For a sign vector r, the set PO(r) is the set of prices (p, q) € P x Q, for which there
exists a fix-price competitive equilibrium at prices (p,q) with state of the markets r.

For prices (p,q) € P x Q, the set of fix-price equilibrium allocations is D(p,q),
and, for a sign vector r, the set of fix-price equilibrium allocations with state of the
markets 7 is D(p, q,r).

Definition 11 (Local uniqueness) The allocation (xX*,y**), at a competitive equi-
librium, ((p*,q*), (2,25, y*,7"), (7%, y**)), is locally unique as a fiz-price equilibrium
allocation if there exists a neighborhood, N ,z. T Of (x7*,y%*), such that, for every
neighbourhood /\/;1*72/1* of (x*,y**) that is contained in N ,z. T+, there exists a neigh-
bourhood, Ny~ g+, of (p*,q*), with the set D(p,q) N Nyz« yz- a singleton, for every
(p,q) € N;D*,q*-

If a competitive equilibrium allocation is locally unique as a fix-price equilibrium
allocation, then, for prices close to competitive equilibrium prices, there is exactly
one fix-price equilibrium allocation close to the competitive allocation. Even if a com-
petitive equilibrium allocation is locally unique as a fix-price competitive equilibrium
allocation, variations in non-binding rationing schemes yield inessentially distinct
fix-price equilibria.

The prices of numeraire commodities and of the numeraire asset are equal to one,
so neighbourhoods of prices are subsets of the domain P x Q.

With a complete asset market, generically, the set of fix-price competitive equilib-
rium allocations can be represented by a finite number of continuously differentiable
functions of prices and endowments — Laroque and Polemarchakis (1978). Never-
theless, under standard assumptions, competitive equilibria are not locally unique as
fix-price equilibria — Laroque (1978), Madden (1982). Although fix-price equilibrium
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allocations exist for all prices even with an incomplete asset market — Proposition
3 — there may be robust local non-existence at competitive prices. The equilibrium
manifold has a particularly complicated structure at competitive prices, which have
lebesgue measure zero — as the generic regularity of fix-price equilibria requires; the
incompleteness of the asset market does not alleviate the problem.

Local uniqueness of fix-price equilibrium allocations at competitive equilibria is
not too strong a requirement; given the upper hemi-continuity of the equilibrium
correspondence, it is less demanding than the requirement of uniqueness of fix-price
equilibrium allocations, which, in turn, is weaker than the requirements for stability.

Comparative statics require a differentiable form of local uniqueness.

Definition 12 (Differentiable local uniqueness) The allocation (z2*,y**), at a
competitive equilibrium ((p*,q*), (2*, 2%, y*, 7*), (x2*,y**)), is differentiably locally unique
as a fiz-price equilibrium allocation if it is locally unique and there is a neighbourhood,
Np+q#, of (p*,q*), and a neighbourhood Nyz. yz. of (x2*,yT*), such that, for every
sign vector v, the function (27,7") : Nps g+ N PQ(r) — RIEADSHAD " obtained
by associating the unique fiz-price equilibrium allocation in Nwz*,yz* N D(p,q,r) to
(p,q) € Ny g« N PQ(r), is differentiable 8.

For a locally unique fix-price competitive equilibrium allocation, the requirement
that it be differentiably locally unique is not very demanding; this is the case, since the
requirement of differentiability applies separately to different states of the markets.

The function (2,7) : Nprgr — RIEFDIHIAFD g obtained by associating the
unique fix-price equilibrium allocation in Nxz*7y1* to (p,q) € Np= g+ The indirect
utility function of an individual at a locally unique fix-price equilibrium is defined by

v'(p,q) = u' (@ (p,q)), (p,q) € Nprg=-

Lemma 13 At a differentiably locally unique competitive equilibrium allocation, for
every individual, the indirect utility function v', with domain Ny« 4, is differentiable
and

8pl,svl<p*7q*) = _8$L+1,suz(xl*)(x§:ks - e;,s)a (l7 S) eLXS.

Proof For every sign vector, , the restriction of the function v to Npr o« N PO(r),
denoted v, is differentiable. From the differentiation of the budget constraints,

q7" (p,q) =0,

and
;T

ps(@ (p,q) — €)) = R (p,q), s €S,
with respect to p;-, and the first order conditions for individual optimization at a
competitive equilibrium,
O, u'(x™) =0

.Z’l xZ

i(xi*)pzs, (I,s) € L x S,

i u
L+1,s

8 A function with domain a subset of euclidean space which is not necessarily open is differentiable
if it has a differentiable extension to an open neighborhood of its domain of definition.
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Z 612 ) u'(x™)Rs. = p'q”, for some u' >0,
SES the

it follows that ‘ o ' '
8]02;1}2 (p*7 q*) = _8miL+13uZ (xz*)(x%:kg - eiig)‘

Since the derivative is independent of the sign vector, r, the result follows. O

The effect of a change in the spot market price of commodity (I,s) € £ x S is
equal to the negative of the marginal utility of the numeraire commodity in state s
multiplied by the excess demand of commodity (I, s) at the competitive equilibrium.

We analyse the local comparative statics of fix-price equilibria in the neighbour-
hood of a competitive price system. This analysis follows Laroque (1978, 1981) for
economies with a complete asset market and leads to necessary and sufficient condi-
tions for differentiable local uniqueness.

At a competitive equilibrium, ((p*,¢%), (2*, 2%, y*, 7"), (z7*,y%*)), 2 z;rs, y, and
yT, defined by
= min; mi*s - eis, (I,s) € L x S,

Zl,s

2 = max; m}*s - eis, (I,s) e L. XS,

l,s —
Y, = min; ¥, a € A,

y(j_ = max; yé*a ac -’ZL
determine the minimal and the maximal excess demands on both the spot and the
asset markets. If

llfs = {Z : w;:ks - 6’;75 = les}ﬂ (l7 S) € ‘C X S7
Tis={izajy —ej, =2} (Ls)eLx$,
L, ={i:ys=vyz}, a€A

To={i:y¥ =y}, ac A,

then in a neighbourhood of the competitive equilibrium, only individuals in Z; ; may
be rationed on supply in the spot market (I, s), only individuals in Z; s on demand
in the spot market ([, s), only individuals in Z, on supply in the asset market a, and
individuals in Z, on demand in asset market a.

Lemma 14 Generically,
|l'.l,s| = |Tl,s| =1, (l,S) S L x S,

and

IZ,| = |Z. =1, acA
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Proof It follows from a standard transversality argument. O

There is a generic set of economies, for which, there is exactly one individual in
each market with the minimal excess demand and exactly one individual with the
maximal excess demand; one restricts attention to this set, which does not include
economies with Pareto optimal endowments.

At a competitive equilibrium, ((p*,q*), (z*,2",y*,7"), (#¥*,y**)), N}

in giv 1S 2
R R T 7y
neighbourhood of (z™*,y™) with the property that, for every (z%,y%) € Nyze gz =

XiEIN;i*7yi*7 for all (I,s) € L x S,
Z’/ Z’/ Z’/ Z’/ ’l ’l . YAy
r,—e,<0andaj, —e <z, —e, 171,17l
it it i’ i’ i i AT
g€ > 0 and T =€ > T g€, Fi',i' €y,

and, for all a € A,
y! <0andy? <y, i#4di'€Z,

y! >0and yl >y, i#i,i €T,

In the optimization problem an individual faces when determining his demand for
commodities and assets, the lagrange multipliers corresponding to the rationing con-
straints in the markets for commoditiesarem = (..., m,,...), with7m, = (..., 75, ..., 7L 5),
and the multipliers corresponding to the rationing constraints in the markets for as-

setsare p= (..., Pq,...,PA).
At prices and lagrange multipliers (p, g, 7, p) the modified demand correspondence
d’ of an individual is defined by the solution to the optimization problem
max  u' (x) - Z(L@gﬁxs T,sLl,s — Zaé/\ PaYa,
s.t. qy <0,

ps(xs — eg) <Ry, se€S.

Although the correspondence d may have empty values, this is not the case in a
neighbourhood of (p*, ¢*,0,0); and it is single-valued, and, hence, a function, when-
ever it is non-empty valued.

Lemma 15 Generically, at a competitive equilibrium, ((p*,q*), (2*,Z*,y*,7"),
(2%, 9yT*)), the function di is continuously differentiable on an open neighbourhood

'/\/;9*7(1*70,0 Of (p*7 q*7070)-

Proof It follows from a standard transversality argument. O
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For every individual, the function ¢ : RYS x RA — RES x R4 is defined by

s, ifms<0andi€Z
¢ 5(m, p) = if ms>0andi€Z;,, (I,s)€LxS,

0, otherwise,

and by
Pa, fpe<0andiecZ,

(m,p) = if po >0andi€Z,, ac€A,

0, otherwise.

It relates the lagrange multipliers, (7, p), to the fix-price equilibria in the neighbor-
hood of a competitive equilibrium.
The aggregate, modified excess demand function for commodities and assets other

than the numeraire, 2% = (..., 2}',..., 2} 5,..., 29,...,2%), is defined, on the neigh-
bourhood N+ 4+ 0.0 of (p*,q*,0,0), by
Zts(p, g, m,p) = Zdlqu, Ze (I,s) € L xS,
i€l i€l
and by
2 p,q,m,p) =Y di(p,q,c (m,p), a€A
i€l

For fix-price equilibria in the neighbourhood of a competitive equilibrium, it is
sufficient to restrict attention to the function z%

Lemma 16 Generically, (z,y*) € D(p,q) N Nazs yzoy if and only if there exists
(7'(',[)), such that (p7Q77T710) € '/\/;7*#1*,0,07 C/ﬁ(p,q, ( )) ( )7 for all © € Ia and
Z*(p,q,m, p) = (0,0).

Proof It follows from the first order conditions. O

At a competitive equilibrium, the function 2 vanishes: z%(p*,¢*,0,0) = (0,0).
The functlon is Lipschitz continuous because of the dlfferentlablhty of the func-
tions dl, and the Lipschitz continuity of the functions ¢, for every individual; it is
differentiable at each point (p,q,m, p) € Np= g« 0,0 where all components of 7 and p
are non-zero. Lemma 7 establishes that fix-price equilibria in the neighbourhood of
a competitive equilibrium, are characterized by studying the zero points of z*

For a sign vector 7,

Ny 00 =
{(p,q,m,p) € Np= g+ 0,0 : mis71s >0,(,s) € L xS, para >0,a € A}.
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The function 2% is differentiable on A .. . If no component of r is equal to
zero, then the limit of its jacobian, limy, .. 02%(p",¢", 7", p"), along a sequence
(" q" 7", p") € Nj ge00 : m = 1,...) that converges to (p*,¢*,0, 0), exists and
is denoted 02 (p*, ¢*,0,0). Since

8]5@21?; (p*a 7,0, 0) = Z 8ﬁ,qd;,s(p*7 7,0, 0) = aﬁ,qzlcfs(p*? q*)7

i€l
and
GMEg (r*,4*,0,0) = Zaﬁ@dfz(p*?q*?ovo) = 0z,(p*, "),
i€l
where 2% = (..., 2], ..., 20 . ..., 2%, ...,2%) denotes the unconstrained total excess

demand function for commodities and assets other than the numeraires, at a com-
petitive equilibrium, the jacobian with respect to (p, §) is independent of r.

Proposition 17 If ((p*,q*), (2", 2%, y*,7"), (7%, y**)) is a competitive equilibrium
and r is a sign vector without zero, and if 0z(p*,q*) is of full rank, then the tangent
cone at (p*,q*) to the set of price systems having a fiz-price equilibrium with state of
the markets r is

{(p,q) €P x Q:(p,q) = (0z(p*,q*)) 10x 2 (p*,q*,0,0)(m, p),
msr1s > 0,(1,5) € L xS, pare >0,a € A}.

Proof The restriction of the function 2 to NV, . o o extends to a differentiable func-
tion 2% on Npx g« 0,0 as follows: for i € Z, the function ¢ is defined by ¢ (7, p) =

ifi € Z;, and ry = —1 ori € Tl,s and r;, = +1, or E”l's = 0 otherwise and
é(mp) =paifi €Z, and ry = =1 or i € Z, and r, = +1, and ¢&,(7, p) = 0, other-
wise. The function 2°(..., 20, ..., 27 ..., 24, .-, 24) is defined by 2 (p,q, 7, p) =

ZiGI d;,s(p7 q, &1(7(7 p)) - ZiGI e, and by gg(p’ q,T, p) = ZiEI dfz(pv q, 61(’7'(', p)) Since
0z(p*,q*) is of full rank, it follows by the implicit function theorem that the solution
to 2%(p,q,m, p) = (0,0) determines p and g as a function of 7 and p in a neighbour-
hood of (0,0). The derivative of this function at (0,0) with respect to 7 and p is
given by (9z2(p*,q*)) 10x ,2*(p*, ¢*,0,0). The expression in the proposition follows
immediately if one takes into account that only 7 ’s and p ’s satisfying m; 4775 > 0,
for all (I,s) € L xS, and pare > 0, for all a € A, should be considered. O

The assumption that 9z(p*,¢*) has full rank at every competitive equilibrium
holds generically — Geanakoplos and Polemarchakis (1986), Proposition 2. Propo-
sition 1 characterizes the tangent cones to the regions in the price space having a
fix-price equilibrium with state of the markets r in the neighbourhood of a competi-
tive equilibrium. It guarantees neither that the closures of these tangent cones cover
the price space nor that the tangent cones are full-dimensional nor that the tangent
cones do not intersect. If this were the case, one would have local uniqueness of the
fix-price competitive equilibrium; in fact, differentiable local uniqueness, since p and
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q are differentiable functions of 7 and p, and the demand functions of individuals
are differentiable as a function of p,q,m, and p on Np« g« 00. Even in the case of a
complete asset market, the local uniqueness of the fix-price equilibrium fails in robust
examples — Madden (1982).

The function 2% is Lipschitz continuous. The generalized jacobian of a lipschitz
continuous function, f, at a point, x, is the convex hull of all matrices that are the
limits of the sequence (Of(z™) : n =1,...), where (2" : n = 1,...) is a convergent
sequence with lim, .., ™ = x and f is differentiable at 2", n=1,....

If a function f is lipschitz continuous, f(Z,y) = 0, and every matrix M in 0, f(Z, )
has full rank, then there exist a neighbourhood, N;ﬁ of (Z,7), a neighbourhood j\/;j
of 7, and a lipschitz continuous function, g, on ./\f;, such that (z,y) € Ngﬁ and

f(z,y) =0if and only if y € NV and = = g(y).B?

Proposition 18 If ((p*,q¢*), (2", 2", y*,7"), (zT*,y**)) is a competitive equilib- rium,
and if the determinants of the matrices Or 2" (p*,q*,0,0), with r sign vectors without
zero components, are either all equal to —1 or all equal to +1, then the competi-
tive equilibrium allocation is differentiably locally unique as a fiz-price equilibrium
allocation.

Proof The generalized jacobian 0y ,2%(p*,¢*,0,0) is equal to the convex hull of the
matrices M" = 0r ,2% (p*,q*,0,0), with r any sign vector without zero components.
Moreover, column (I,s) of such a matrix only depends on r; ¢ and column LS + a
only on r,. Therefore, any matrix M in 0, ,2%(p*,¢*,0,0) can be written as

(. R )\178]\/1}775 + (1 — )\175)]\/1'Jr . 7>‘L75]\/[lj,s + (1 — )\L,S)]\/[ZS,

e
ces AaMy + (L= X)) Mo a My + (1= Aa) M),

with A s € [0,1], and A\, € [0,1], for all @ € A, with M;, corresponding to column
(I,s) of a matrix M" with r;, = —1, M;", to column (I,s) of a matrix M" with
r s = +1, M, to column LS + a of a matrix M with ro = —1 and M to column
LS + a of a matrix M™ with r, = +1. The determinant of M, is equal to the sum
over all sign vectors without zero components of

X(l,s)eﬁxs(% + (% = Ays)Tls) X e 4 (% + (% — Aa)ra) det(M").

If, the sign of every det(M") is negative, then the sum is negative, whereas the sum
is positive otherwise. So, M has full rank. By the extension of the implicit function
proposition, ™ and p are described as a Lipschitz continuous function of p and g on
a neighbourhood of (p*,¢*) to guarantee that z%(p,q,m, p) = (0,0). Since fix-price
competitive equilibria are, locally, lipschitz continuous functions of (p,q), the com-
petitive equilibrium is a locally unique fix-price equilibrium. The implicit function
theorem applied to the function z%, as constructed in the proof of Proposition 1 for

¥ aroque (1978, p. 121), following Clarke (1976).
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any sign vector r without zero components, yields that the competitive equilibrium
is differentiably locally unique as a fix-price competitive equilibrium. O

There exist utility functions of individuals and matrices of payoffs of assets such
that the set of economies satisfying Proposition 5 at all competitive equilibria is
non-empty and open.

Assumption 1 For every economy, w € €1, every competitive equilibrium allocation
is differentiably locally unique as a fix-price equilibrium allocation.

As in Laroque (1981), whenever there are two sign vectors, ! and r2, without zero

components such that the determinants of 67“,)2“1 (p*,q*,0,0) and 67“,)2“2 (p*,q*,0,0)
have opposite signs, and 0z(p*,¢*) has full rank, then, for every neighbourhood,
Nyze e, of (2%, y%*), there exists, for every neighbourhood, Np« 4+, of (p*,q*), a
price system, (p, q) € Np= o+, with at least two fix-price competitive equilibrium allo-
cations in N$I*7yz* : the conditions in Proposition 2 are “almost necessary.”

It is an open question whether the interior of the set of allocations of endowments
for which all competitive equilibrium allocations of the economy are differentiably
locally unique as fix-price equilibrium allocations can be empty.

5 Pareto Improving Price Regulation

Price regulation can Pareto improve on a competitive equilibrium 2° ((p*, ¢*), (z*,Z*, y*,7"),
(z*,y*)) if there exist prices of commodities, p, such that a fix-price equilibrium allo-
cation of commodities, x, at prices of commodities and assets (p, ¢*) Pareto dominates
the allocation x*. The ambiguity introduced by the possibility of multiple fix-price
equilibrium allocations of commodities at prices (p, ¢*) is circumvented by consider-
ing local variations at competitive equilibria allocations that are differentiably locally
unique as fix-price equilibria.

Price regulation at competitive equilibrium prices p* is uniform if the deviation
of prices of commodities from their competitive equilibrium values, p¥ — ps, does not
vary across states of the world.

Definition 19 (Pareto improving price regulation) A competitive equilibrium,
(", "), (& 2"y 77), (27,y%))

can be Pareto improved by price requlation if it is differentiably locally unique as
fix-price equilibrium and there exists an infinitesimal variation in the prices of com-
modities,

5= (..rdpy,..),

29The superscript Z that indicates allocations is omitted in this section.
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such that |
N O V(0 )dps >0, Qe
(Z,S)ELVXS

A competitive equilibrium, can be Pareto improved by uniform price regulation if
it can be Pareto improved by price requlation with

dps = dpy, 5,8 €S.

Pareto improvement by price regulation is possible only if the competitive equi-
librium allocation is not Pareto optimal, which is generically the case, and the asset
market is incomplete.

Assumption 2 A+1<6S.

Another necessary requirement is that the economy allows for heterogeneous in-
dividuals.

Assumption 3 [ > 1.

The function ¢ is defined by
oui(zt) — Nip, iel
ZSESﬁS(wg _ei)a (SN
ZiGI(x%,s_G;,s)7 (l,S) GﬁXS\{(L—l—l,S)}

ZSES nSﬁS(mé - eé), 1€ I\ {1}

where n # 0 is a fixed vector, such that nR = 0; prices of commodities, p, are
discounted prices, with only the price of commodity (L + 1,5) normalized to 1, and
the lagrangian multipliers ,Xi, do not vary with the state of the world.?!

For e fixed, the function ¢, is defined by

@e(T, M, D) = @(, A, B, €).

Lemma 20 Generically, competitive equilibrium allocations are not Pareto optimal.

21The dimension of the domain of the function ¢ is I(L+1)S+ I+ (L+1)S — 1+ I(L+1)S, while
the dimension of the range is I(L+1)S+ I+ (L+1)S—-1+1-1,
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Proof A necessary condition for = to be a Pareto optimal competitive equilibrium
allocation for an economy, e, is that p.(x, A\,p) = 0.

Since the dimension of the domain of the function ¢, is lower than the dimension
of the range,?? whenever the function is transverse to 0, a solution to the equation
@e(x, X\, p) = 0 does not exist.

By a standard argument, the function ¢ is transverse to 0. By the transversal
density theorem,?3 the set of economies for which the function ¢, is transverse to
0 has full lebesgue measure; by Assumption 1 and a standard argument, this set is
open and, hence, generic. O

The function 1 is defined by

Opiu'(a’) — Nops, i€ZI,5€8
ps(mé—eé)—Rs,yi’ ’iEI,SES
NR—ylq, i€T

ZiEI(w’Zi,s - 65,5)7 (l7 S) €L xS

Z’iGnyzv acA

qy', i€l

where?*
§= (2, Ay, 1,0, q)-
The vector £ is restricted to the set = defined by

== Ri(frl)s x RIS x RIAHD x RI x P x Q.

The dimension of = is denoted by V.
For fixed e, the function 1, is defined by?°

Pe(§) = (&, ).

22The dimension of the domain of the function ., is I(L + 1)S + I + (L + 1)S — 1, while the
dimension of the range is (L +1)S+I1+ (L+1)S—1+1-1.

23Mas-Colell (1985a), Proposition 8.3.1, p. 320.

24The dimension of the domain of the function v is I(L-+1)S+IS+I(A+1)+I+LS+A+I(L+1)S,
while the dimension of the range is I(L+1)S + 1S+ I1(A+1)+ LS+ A+ 1.

25The dimension of the domain of the function e is I(L +1)S + IS + I(A4+1) + T+ LS + A,
while the dimension of the range is I(L+1)S + 1S +1(A+1)+ LS+ A+ 1.
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A competitive equilibrium, ((p*,q*), (2*,Z*,y*,7"), (z*,y*)), is characterized by
the necessary and sufficient first order conditions

I/Je(g*) =0,

with 2, < x}*s - e}:vs <7, for (I,s) € L x S, and gi* <y < gfl*, for a € A.
The function A is defined by

ZiGI ai)\?s(x%,s - 6%75)7 (l7 S) € ‘Cv xS
h(z, A\, a,e) =

ZieI(ai)Q -1

where « is a vector of dimension [.

A competitive equilibrium can be improved by means of price regulation if the
matrix of partial derivatives of the indirect utility functions with respect to prices
has full rank. By Lemma 4, this matrix is guaranteed to have full rank if there is no
solution to the first order conditions in combination with the equation

h(z, A\, a,e) = 0.
The function 1}? is defined by
N ¥( e)
U ase) =
h(z, A, a, e)

For fixed e, the function Je is defined by?¢

Je(éaa) = &e(faaae)'

If the function iE is transverse to 0, then it follows from the transversal density
theorem that, for a subset of economies of full Lebesgue measure, the function 126
is transverse to (. Since the dimension of the range exceeds that of the domain,
transversality of the function 126 implies that there are no solutions to the associated
system of equations: it is possible to Pareto improve all competitive equilibria.

Proposition 21 If LS > I, then, generically, all competitive equilibria can be Pareto
improved by price requlation.

26The dimension of the domain of the function 9., is I(L+1)S+ IS+ I(A+1)+1+ LS+ A+1,
while the dimension of the range is (L +1)S+ IS+ I(A+ 1)+ LS+ A+ 1+ LS+ 1.
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Proof One fixes (1,5) € £ x S and Q*, an open set of endowments of full measure,
such that no competitive equilibria of the associated economy £ are Pareto optimal.
The function g is defined by

g(z, A e) ZZ —e—

seS\{5} ZGI
The function ;Z is defined by
P(&,e)

g(z, A e)

h(E,e) =

For fixed e, the function 125 is defined by

o~

be(€) = V(& e).

If (£,e) € Ex0Q* is such that 12(5 ,e) = 0, then the matrix, M , of partial derivatives
of ¢ evaluated at (&, e) has full row rank: if v M =0, then v = 0.

The components of v are denoted vy, 7 €Z, (I,5) € LX S, v255,1€L,5€S,
V3ia,1 €L, a€ A vays, (I,8) € L xS, Vs, @ € A, v6,i, © € I, and vy, according to
the labelling of the equations defining w

If v is such that /M = 0, then 0 = UlaeiL_HSQZ(E,e) = —v;5,1 €Z, s €S, and,
thus, ’

U2,i,s:O; ’iEI,SES.

It follows that, for ¢ € 7,

0= U,ae;é’s":b\(éa 6) = V4], (17 8) € (‘CV\ {Z}) X S?

0=20,

P(ge) = vy, —w3 =0, s€S\{3),

]

R

0= ’Ulae%'(g)lz;(éa 6) = _U4j7§'

Consequently, if v,;+ = 0 for some 5 € S\ {5}, then v9 = 0 and v,;, = 0, for all
s € S\ {s}. If, on the Contrary, v, 7 0, for all s € S\ {5}, then

/\25 v478 /\é’ /
S=——r =2 i el seS\{s}
Mo N T

Hence, for 4,i' € Z, for s!,s%> € S,

. .y .y .
K2 A’L ’;1 A’Lg _ 2

sl sl

N
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Since @Z({,e) = 0, the economy e has a Pareto optimal competitive equilibrium
induced by £, contradicting e € 2*. Consequently, v,;, =0, s € S\ {5}, and vg = 0.
Summarizing,

V41,5 = 0, (la S) € ‘C X 87

’UgZO.
Fori e Z, for (I,s) € L x S,

It is possible to represent a utility function satisfying Assumption 1 by one with

0%u’(2%) negative definite on a bounded subset of the consumption set.?” Therefore,

without loss of generality, ?u’(x?) is assumed to be negative definite, and, thus,
vi1s=0, i€Z, (I,s) € LxS.

ForieZ, 0= v’ayhl@(é,e) = vg 4, and, thus
vg; =0, 1€X.

Also, for a € A, 0 =10, @b({, e) = U5 q, and, thus,
Vs =0, acA

Finally, 0 = v’@Aé@Z(é, e)=wvy, Ry,i€TZ,s€S. Since R has full column rank,

v30=0, i€Z,a€A

Therefore, v = 0, M has rank full row rank, N + 1, and 1/1 is transverse to 0.
Moreover, w is continuously differentiable. If the set of endowments such that we is
transverse to zero is ng, then, by the transversal density proposition, * \ Qig has

lebesgue measure zero. For e € Ql , Ye is a function from an N-dimensional C'*°

manifold into an (N + ) dimensional C* manifold, ¢, € C1(Z, RV 1), and ¢, is
transverse to 0, so (QZE) L({0}) = 0. The same arguments can be repeated for every
choice of (,s) € LxS.

The set Q = Na, s)eﬁxSQ’ 5 is of full measure and, for e € Q, (&, e) is a solution to
first order conditions for a competitive equilibrium only if

o~

|

> Z o) #0, (Ls)eLxs.

seS\{5} ZEI

By Assumption 1 and a standard argument, Q is open with no loss of generality.
One restricts attention to economies e € ().

2"Mas-Colell (1985 a), Proposition 2.6.5, p. 81.
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For (£, a,e), such that (&, o, e) = 0, M is the matrix of partial derivatives of 1
evaluated at (§,a,e).

If v is such that v'M = 0, and components of v are denoted by vy ;;.5, V2 s, V3.ia,
V41,5, Us,as V6,i, U715, and vg, then,

0=20, ¢ ae)=—vy,s, 1€ZL, s€S.

€Lt1,s

Hence,

0= U'@e§' J(é,a,e) = —Vg)s— ai)\iv77l7s, ie€Z, (I,s) € L xS.

Since Y ;c7(a?)? = 1, there is 7’ such that o/ # 0. If there is 5 € S such that, for
i € T\ {i'}, & \e — a’\i = 0, then, for any [ € £,

0 = ZSES\{E} ZiEI azA?S (x?,s - e?,s)
Q"N :
= D se8\{3} 2ieT T%L)‘S (27,5 — €1,s)

— o\ AL i
= ' A\; Dses\ (5} et 5 (T s — €5)-
S

Since o # 0,

2
Z Z %(x;,s - e;,s) =0,
seS\{s}icl "5
a contradiction since e € ). Consequently, for every s € S, there is i € 7\ {#'} such
that a¥ A\ — i\, # 0. For (I,s) € L x S, (&' X, — o'\ )vrp 5 =0, 50 v7; s = 0, and,
thus U4,l,5 =0.

Also, 0 = v’@ainZ(f, a,e) = 20" vg, so, since a 7% 0, vg = 0. It follows as in the
first part of the proof that vy ;;,=0,7 € Z, (I,5) € L x S, that vg; =0, i € Z, that
vsq =0,a € A, and that v3,;,=0,i €Z, a € A.

Therefore, M has rank N + LS + 1 and QZ intersects 0 transversally; QZ is contin-
uously differentiable.

If  is the set of economies such that QZ is transverse to 0, Q \ Q has lebesgue
measure zero. Without loss of generality, Q, is an open set.

The set Q*NQ is open and of full lebesgue measure. For every economy in 2* ﬂ@,
the matrix of partial derivatives of the indirect utility function, evaluated at any
competitive equilibrium is invertible; which implies that there is a price regulation
effecting a Pareto improvement. O

A competitive equilibrium can be Pareto improved by uniform price regulation

if the matrix of partial derivatives of the indirect utility functions with respect to
uniform price regulation has full rank.
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The function k is defined by

Yseshis(m, A\ a,e), 1€l
k(éaaae) - ' ,
ZieI(aZ)Q —1

where « is a vector of dimension I.
By Lemma 4, this matrix is guaranteed to have full rank if there is no solution to
the first order conditions for a competitive equilibrium augmented by the equations

k(& a,e) =0.

Proposition 22 If L > I, then, generically, all competitive equilibria can be Pareto
improved by uniform price regqulation.

Proof The argument follows that in the proof of Proposition 6. The equations that
characterize Pareto optimality are replaced by the equations that characterize Pareto
improving regulation to define a function w, the matrix M gives the partial derivatives
of 1 evaluated at some (&, a,e) with (&, a,e) = 0. If oYM = 0, by considering the
partial derivatives with respect to el7 5, it follows that

vo;s =0, 1€Z,5€S,
Vais + Oéi)\ivzl =0, 1€, (l,S) el xS.

If 7/ is such that o/ # 0, and if 5 € S such that, for i € T\ {i'}, o’ A\Y — a’AL = 0,
then, for any [ € L,

OZZaiZ)\i(x}',s ) =i\ ZZ )
i€l s€S i€l ses

Thus

o—zz” =YY B, -y

i€l SES i€l sES\{s}
which contradicts e € ). Tt follows that s =0, (I,s) € L xS, and v =0,1¢€ L.

The remainder of the proof follows the argument in the proof of Proposition 6. O

Uniform price regulation is effective when L > I; it complements the constrained
suboptimality result of Geanakoplos and Polemarchakis (1986), which applies when
I1>2L.
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6 An Example

There are two individuals: Z = {1,2}, three states of the world : & = {1,2,3}, two
commodities: £ = {1,2}, with commodity 2 the numeraire at every state of the world,
and two assets: A = {1,2}, with asset 2 the numeraire in the market for assets. The
utility function of individual ¢ over strictly positive consumption of commodity 1 and
positive consumption of commodity 2 across states of the world has an additively
separable representation: u' = Y, ¢ msu’, with state dependent cardinal utility

ug(ms) = ai Inxzy s+ ﬁéwgﬁ, ozi, > O,Bé >0,

and a strictly positive probability measure, (..., s, ...), over the states of the world;
the endowment of the individual, e’ is strictly positive.

The payoffs of assets, denominated in the numeraire commodity, are R, =
(0,1,1)', and R.o = (1,0,0)’, respectively.

The payoffs of assets allow for the following interpretation: consumption at state
of the world 1 is concurrent with the trade in assets, while the only asset available,
traded against consumption, is an indexed bond, with state-independent payoffs.

The price of the commodity other than the numeraire at each state of the world
is ps; across states of the world, p = (..., ps,...). The price of the asset other than
the numeraire is q.

Rationing on the supply or demand of commodity 1 at state of the world s is
Zg, OF Zs, Tespectively, and rationing on the supply or demand of asset 1 is y or 7,
respectively.

The parameters in the utility functions of individuals and their endowments are

such that . )
= 7T151 _ 7T151
B35 + m3Bs w5 + w33’

and, for 7 = a} /3.
1,2 2,1
1 Vs el,s _ 756178 2
max —T 5 :18=2,3,—7mey; +7

2.1 1,2
Y1€1,1 — 71611
_6275 + 1 + 2
el,s e1,5

T 2
e11 e

2.1 1,2 1,2 2.1

. 1 7161,1 -N e1,1 2 7561,5 — Vs e1,5

Sminqmey; +T—7—5 ", +t— 1 —5——:5=2,3,,
€11 T ein €1,s T €14

which eliminates equilibria at the boundaries of their consumption sets.?®

28 A possible choice of parameters is, for instance,

of =l = Lo} =8 =40l =5 =,
of=ft=1l03=p=3a}=F =14
et =(1,1) e3=(1,1);e5 = (2,1),
e? =(1,1),e3 = (2,1),¢3 = (1,1).



Competitive equilibrium prices and allocation are
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z < xlﬁ‘s—eis<2:, 1=1,2, s=1,2,3,

y* < y* <7, i=12,

where 7/ # i. After the choice of z!*, 22* y and y?*, any choice of a non-binding ra-
tioning scheme yields an equilibrium. Owing to the linearity of utility in the amount
consumed of the numeraire commodity in each state, the demand for the numeraire
commodities is not uniquely determined in equilibrium. There is a trade-off between
more consumption of the numeraire commodity in state 1 and an amount of con-
sumption of the numeraire commodity in both states 2 and 3. The utility level of
individuals is the same for all competitive equilibria.

Fix-price equilibrium exist for all prices of commodities, p, and prices of assets
q= % We assume ¢ to be the individual such that

. ,
T Y2
%ok
et T el
1,s 1,s
. . . 7
7 7 ¥ 7
and consider four different cases: (i) 0 < p, < 2= (i) d= < p, < —Letde
€1 1 elstel
VS VS SS QS

i il il
(111) ?S—F%vl <ps < Zf

2
e, ter, €1

i
(iv) % < ps.

,8 1,s

In fact, ai, 8¢, and 7, are chosen to coincide with 7. There is, then a full dimensional set of
parameters ej , ans e3 , that satisfy the parameter restrictions: it suffices that ej , be sufficiently
large for every individual, at every state of the world.
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(i) If 0 < ps < vi/el s, both individuals have an excess demand for commodity
1. Equilibria obtain for z}; = 0, xﬁ*s = e’i o le”; = eﬁ’s, and yi'* = —y*. At s =1,
xé,l = 65,1 — (1/7)y™, wQ 1= 62 1 —|— (1/m)y™, y** < 71'62 15 and Yy 71'6571. At s=2
or s = 3, ngs = 6%78 +y"*, xQ’S = 62,5 Y,y > —6275, and y™* < 6278. The remaining
parameters of the rationing scheme are set so as not to be binding.

(ii) If i/el, < ps < (0% + fygl)/(eis + eﬁl’s), there is aggregate excess demand
for commodity 1, but individual ¢ supplies the commodity, and trade takes place,
with individual 7’ rationed on his demand of the commodity. Equilibria obtain for
gis = e’i,s - ’yg/ps, le#:s = 72/1787 x’{; = eli/,s + eli,s - 72/]937 and yil* = _yi*- At
s =1, xZQ*l = plezi,l + e%,l - = (1/m)y™, xgj = 65,1 - pleli,l + 1 + (1/m)y™,
y* < W(pleli,l + 65,1 — 1), and y™* > —W(eg,l —plezi,l +7)- At s =2ors =3,
Tt = Psel s T ehy — Ve T Y, ahh = eh — Pl 7=y, YT > —psel —eh s
and y™* < eg s — pseﬁ, s + 7. The remaining parameters of the rationing scheme are
set so as not to be binding.

(i) If (7% + %)/ (el s+ eis) < ps <A /eis, there is aggregate excess supply
of commodity 1, and individual ¢ supplies the commodity, rationed by the demand
of individual . Equilibria obtain for 2] ; = elf, .= /ps, ai, =el + ezi: .= /ps,
25 =% /ps, and y* =~y At s =1, afy = eby —pref  +0f — (1/m)y"™, 28] =
plezi/,l +e§/,1—7{+(1/”)yi*, y™ < W(ezé,l—plelil,l +44), and y** > —W(pleli/,l "’eg,l—%l)-
At s =2o0rs =3, 2k, = e, —poel , +70 +y", ah] = peel , +eb, — 7 —y”,
Yy > —eli s+ pse’is — 72,’, and y** < psei s+ eg s — 72,’. The remaining parameters of
the rationing scheme are set so as not to be binding.

(iv) If 4%/ e’i’s < ps, both individuals supply commodity 1, are fully rationed on
their supply of the commodlty and no trade takes place. Fix- prlce equlhbrla obtain
for 23, = 0, a{’, =€l aly _6137 and y'* = CAts=1, a8 =ehy - (1/m)y™,
$2,1 = 62’14—(1/7'() *,y* < mehyy,and Y > —7'('6271. Ats=2ors=3,z5, = 6275—1—3/’*,
mg’g = eg T T —ea s, and y* < eg s- The remaining parameters of the rationing
scheme are set so as not to be binding.

The utility attained by each individual at a fix-price competitive equilibrium is
unambiguously determined by the prices of commodities; if they coincide with the
competitive equilibrium prices, the equilibrium allocations of commodities and the
utility attained by each individual coincide as well. At competitive equilibrium prices
of commodities, the utility of individual i is

; ; Véleli s ’y‘ée?{s
s | a4 In 1 e? .| €5 — 5 .
)= o (o (st et ot (. ) )

At prices of commodities p, the utility of individual ¢ at the fix-price competitive

equilibrium is '
= Z WSU; (pS) ’
seS

where
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ceey o YL+ ve
(iii) if PR <ps < 5,
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i) = odn (e, et = 35 ) + 2% (ehy — et =97
o (p) = o In (3 ) + B (pact, + ¢, — 1)

. . 7:’
(iv) if B~ < p,,
115 - . - . .
U;(ps) = O‘é In 621,5 + 6;612,5;

Ué(ps) = Oéé’ In e?Ll,s + Bgeg,s‘
Substitution of the competitive equilibrium prices in either case (ii) or case (iii)
yields the utility levels at the competitive equilibrium. Moreover, the indirect utility

function is differentiable at competitive prices which confirms Lemma 4; if p, is as in
case (ii), then

Op,v'(p) = moB (52 + el

apsvil (p) = 7"855 <(ps)2(e 23 - ezi s> )

i @ i
1,s+el,s)_psﬁys ’

and, if ps is as in case (iii), then

8psvi(p) = 77562 ((ps)2(€ 20 - 6%’S> )

i il i/
1}s+5175)_ps'7_2 ’

O’ (0) =] (55 el ).
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Indeed, substitution of the competitive price system in either (ii) or (iii) yields the
same derivative for both households,

9 vi(p*) = e el i(odk i
ps U (p ) - 7]-5/68 72+7§I - = _Wsﬁs(xs - es)a
0 gviel el g
8pS’U (p ) = 7]-5/88 7’2'+7§' == _7]-5/68 (ms - es)'
It 2.1 1,2
Ve =T 736175 — Vs e1,5
s — S
V5 + 75
then
v (p*) Bivi  Biva  Bius
V p— p—
ov*(p*) —Bivy —fB3vy —B3us

If the matrix V has full row rank, price regulation can Pareto improve the com-
petitive equilibrium allocation.
If the ratios of the marginal utility of income are not the same across all states of
the world,
B, B Bs , B
BT® T BTE
for the matrix V' to have full row rank it is sufficient that vy # 0, for every state of the
world. Since v, = 0 if and only if eis / eis = vL/~2, generically in the endowments of
individuals it is possible to Pareto improve on the competitive allocation.?? This is
also the essence of Proposition 6; only here, because of linear utility in the numeraire
commodity, variations in endowments do not affect the marginal utilities of income
at equilibrium and an ad hoc argument is required.
Since L < I, it is not always possible to Pareto improve on the competitive
equilibrium by a uniform price regulation. A Pareto improvement by a uniform price
regulation may fail if Bivy + Bivs + B3vg and —B%v; — B3vy — (B3vs have opposite

29For the specification of parameters given in footnote 12,

o -1 1 )
V= 36 .
(5% 4

Individual 1 demands commodity 1 in state 2 and therefore benefits from a decrease in the price of
commodity 1 in state 2, and supplies commodity 1 in state 3 and therefore benefits from an increase
in the price of commodity 1 in state 3. For individual 2 the utility effects are reversed. For individual
1 the marginal utility of income is higher in state 2, the state in which he has low endowment, than
in state 3, where he has high endowments, and vice versa for individual 2. A decrease of the price
of commodity 1 in state 2 leads to an increase of utility for individual 1 which exceeds the loss in
utility of individual 2, and a decrease of the price of commodity 1 in state 3 leads to an increase of
utility for individual 2 which exceeds the loss in utility of individual 1. Both individuals benefit if
the price of commodity 1 in states 2 and 3 is fixed below its competitive equilibrium value. A Pareto
improvement can even be achieved by a uniform price regulation, although this is not necessarily the
case if L < I.
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signs. This is by no means excluded. That uniform price regulation may fail in this
example to achieve Pareto improvements is not surprising, since in general, it is not
possible to attain I goals by only L < I instruments.

7 Conclusion

Given any prices for commodities and assets, a competitive allocation of resources
exists under weak assumptions, but does in general involve endogenously determined
amounts of rationing. Under such circumstances it is possible for individuals to hold
arbitrage portfolios in equilibrium, which is rather counterintuitive since markets are
transparent and constraints on trade are endogenously determined.

Local comparative statics are complicated at competitive equilibrium prices. Ar-
bitrarily small deviations from competitive prices may lead to discontinuous jumps in
allocations and utilities. Necessary and sufficient conditions for local existence of fix-
price equilibria in the neighborhood of competitive equilibria are derived. Provided
those conditions hold, price regulation offers opportunities for efficiency gains when
asset markets are incomplete and risk sharing is restricted. This conclusion does not
change when uniform price regulation is considered only.

A serious concern are the informational requirements needed to determine, even
compute, improving interventions. In the case of price regulation they involve knowl-
edge of marginal utilities of income and excess demands for commodities across states.
The characterization in Geanakoplos and Polemarchakis (1990) and in Kiibler and
Polemarchakis (1999) are only first steps towards an analysis of the informational
requirements of active policy.
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