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ABSTRACT

We correct the limit theory presented in an earlier paper by Hu and Phillips
(Journal of Econometrics, 2004) for nonstationary time series discrete choice
models with multiple choices and thresholds. The new limit theory shows that,
in contrast to the binary choice model with nonstationary regressors and a zero
threshold where there are dual rates of convergence (nl/ 4 and n3/ 4), all parame-
ters including the thresholds converge at the rate n®/4. The presence of non-zero
thresholds therefore materially affects rates of convergence. Dual rates of con-
vergence reappear when stationary variables are present in the system. Some
simulation evidence is provided, showing how the magnitude of the thresholds
affects finite sample performance. A new finding is that predicted probabilities
and marginal effect estimates have finite sample distributions that manifest a
pile-up, or increasing density, towards the limits of the domain of definition.
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Integrated processes, Pile-up problem, Threshold parameters.

JEL Classification: C23, C25



1 Introduction

This note corrects the limit theory given in Hu and Phillips (2004, hereafter
HP) for discrete choice models with integrated covariates and non-zero thresh-
olds that determine an ordered set of choices. The error occurs in lemma 1
and theorem 1 of HP. Those results sought to provide the asymptotic theory
for sample moment expressions that appear in the score function and hessian
(equations (7)-(9) in HP); and they gave dual rates of convergence (n'/* and
n3/*) and limit expressions involving the local time of Brownian motion at the
origin. Those results turn out to apply only when the threshold parameters
are unscaled or zero, and in these cases the results correspond to those in the
binary choice model considered in Park and Phillips (2000, hereafter PP). When
the threshold parameters are non-zero and are scaled to have the same order
of magnitude as the covariates (i.e., by \/n for integrated regressors), a single
convergence rate of n®/4 applies to both parameters and thresholds and the limit
theory involves expressions with local time evaluated at the thresholds rather
than the origin. The limit theory for the parameter estimates is still mixed
normal and usual procedures for statistical inference remain valid, as do the
expressions for the arc sine laws and extended arc sine laws given in PP and
HP.

As discussed in Hu and Phillips (2004, hereafter HP5), practical empirical
work on ordered discrete choice models frequently involves explanatory variables
that display random wandering characteristics. For instance, HP5 construct a
discrete choice model of the empirical behavior of the Federal Reserve in mak-
ing discrete adjustments to the federal funds target rate, where the explanatory
variables involve economic fundamentals monitored by the Fed such as the in-
flation rate and unemployment as well as leading indicators like consumer and
business confidence. In modeling such intervention decisions where some of the
explanatory variables behave like stochastic trends, it seems appropriate for
the thresholds in the decision choices to be scaled to have the same order as
the regressors so that there are nontrivial effects. This scaling is a theoreti-
cal device for developing a more meaningful asymptotic theory. Otherwise, the
limit distribution will be degenerate and trivial. When the latent variable y;
in the choice model is nonstationary and converges to a continuous stochas-
tic process like Brownian motion after scaling by /n, the choices ultimately
depend on the behavior of the limiting stochastic process. For example, the
observed dependent variable y; may take on a discrete value such as unity (cor-
responding to a certain choice) when y; falls in the interval between the scaled
thresholdsy/nud and /nug, and for such realizations the limit Brownian mo-
tion lies in the interval between uf and p3 and the associated probability will
generally be non zero. However, if the thresholds were unscaled, the limiting
probability of y; falling in the fixed interval between uj and pg would be zero
(since pd/n'/?, pu3/n'/? — 0), and therefore trivial. The thresholds could, in
fact, be determined by other variables, although this is not explored in HP or
the present paper.

In the development that follows, we use the same model and notation as



HP. To correct the error in the limit theory, we provide a revised version of
lemma 1 and theorem 1 of HP (given in Lemma R1 and Theorem R2 below)
and the results which depend on it. We also need some supplementary results
on convergence to functionals of Brownian local time at spatial points away
from the origin. These are provided, together with proofs of the main results,
in Appendices I and II.

The results of some simulation experiments are reported. These reveal that
the finite sample distributions of the regression coefficient and threshold esti-
mates are generally well approximated by the mixture normal limit theory. A
new finding is that predicted probabilities and marginal effect estimates have
finite sample distributions in which the density increases towards the limits of
the domain of definition. This pile-up problem is shown to occur also in the
stationary discrete choice model.

2 Model, Notation and Assumptions

The set up here follows HP and PP with some differences and extensions. In
particular, we consider the regression model given by

yi =28y — e, for t=1,...,n (1)

where z; is a (m x 1) vector of explanatory variables and &; is an error. The
dependent variable y; is unobserved. Instead, what is observed is the indicator
yt, which takes the following possible (J + 1) values

gy = 0 if y; e (—o0, vy (2)
1if yp € (Viug, Vnpg)

= J—1 if yieWnp vl
Jif yp € (Vg 00).

The threshold parameters in (2) are scaled by /n so that the thresholds
have the same order of magnitude as the dependent variable y; in (1) when the
covariates z; are integrated time series. This avoids trivial results and means, in
effect, that the threshold levels adjust according to the sample size of the data.
This seems realistic in a model where the covariates are allowed to be recurrent
time series like integrated processes.

We assume that x; is predetermined, i.e., x4y is adapted to some filtration
(F:) with respect to which &, is measurable. The theory of the discrete choice
model in (1) and (2) when z, is a stationary and ergodic process and when the
thresholds are fixed is obtained by standard methods. In this paper, z; is taken
to be an integrated time series with integration order unity. The error process &,
is assumed to be iid conditionally on F;_; with marginal distribution F', which



is assumed to be known and standardized, like a standard normal (leading to
the probit model) or the standard logistic (leading to the logit model). Thus,
the model given by (1) and (2) is taken as correctly specified. The parameters
are assembled in the vector 6, whose true value 6y = (80, o)’ is an interior
point of a subset of R™+/ which we assume to be compact and convex.

In the general discrete choice model with error distribution F, the conditional
probability distribution of y¢, P(y: = j|Fi—1) = P;(x+;6p) is given by

Py(x;00) = F(x80 — vVnup) _
Pj(z1;:00) = (xtﬁo —Vnph) — F(aiBy — Vaphth) for j=1,...,0 -1
Pj(x;00) = F(xf:ﬂo - \/EMOJ)

The corresponding conditional expectation of y; is

J
m(zi;00) = Y i+ Py 60)
=0

J
Z F(z}80 — \/ﬁﬂé)

j=1

If u; is defined as the residual in the equation

J
Yo =My + U = ZF(JUQ/BO — V) + uy (3)

j=1
then (u¢, F¢) is a martingale difference with conditional moments:

or(x;00) = E(uf|ft,1)

J
= Z(J —my)* - Pj(4;60) = o, say.
=0

Define zy: as zp(x4;600) = uf — Ok, its conditional second moments Mkt ¢
as Mgy (z;600) = B2kt - 21| Fi—1), and ag s as ary(z4;00) = zre21e — Mgy~ Then
(zkt; Ft), (agi e, Fr) are also martingale difference. Obviously, o1, = 0 and z1; =
ug.  Further, define Thipqt = E{akit - apge|Fi—1}, giving fourth conditional
moments for 2z,

These moment conditions and Assumption 1 below make available the use
of embedding arguments that allow for a stochastic process representation of
key partial sum processes. For example, from PP (Lemmal), there exists a
probability space (2, F, P) supporting sequences of random variables U,,; and
Ve for which

t t
(Unt, Vit) = ( Z Z ) , forallt<n, (4)

S\
%\

w



and for which: (i) U, = ( p ) , for a standard Brownian motion U and certain
time changes T,; in (£2, F, P); and (ii) the process

T):i%l{%@«%} (5)

is such that V;, —, 5. V, vector Brownian motion in (2, F, P) with variance ma-
trix 3. Embeddings of this type are used in subsequent arguments, in particular
in the proof of Lemma R1. We note here that —, 5. reverts to weak convergence
(=) in the original space.

Assumption 1 Let z; = x;_1 + v¢ with g = 0 and where

UVt = H(L)@t = ZHiet_i,
i=1

with TI(1) nonsingular and ;2 i||IL;|| < co. The innovations e; are iid with
mean zero and E||e]|” < oo for some v > 8, have a distribution that is absolutely
continuous with respect to Lebesque measure and have characteristic function
@(t) which satisfies lim |~ ||t]|"¢(t) = 0 for some x > 0.

As in PP, we rotate the regressor space to help isolate the effects of the
nonlinearities. In particular, we assume that 5, # 0 and rotate the regressor
space using an orthogonal matrix H = (hy, Ho) with hy = B,/(BpB0)"/?. Let
(af,ad) = ag = H'By. Then we can write (1) as:

yi = By —er
= x,HH'B,— &
= (H'z)H'By -
= Tuo)+ rhof — &

where
1 = hlzy and oy = Hizy,

atl) = h 180 = (5050)1/2 and 0‘0 Hzﬁo =0.

Accordingly, we now define
Vi=h\V and Vi = HLV,

which are Brownian motions of dimensions 1 and (m — 1), respectively. Our
subsequent theory involves the local time of the scalar process Vi, which we
denote by Ly, (t,s), where ¢t and s are the temporal and spatial parameters.
Ly, (t,s) is a stochastic process in time (¢) and space (s) and represents the
sojourn density of the process V1 around the spatial point s over the time interval
[0,t]. The reader is referred to Revuz and Yor (1994) for an introduction to the
properties of local time and to Phillips (1998, 2001), Phillips and Park (1998),
Park and Phillips (1999, 2001) for discussions and applications of this process



in econometrics. In our analysis, it is more convenient to use the scaled local
time of V7 given by
Ly(t,s) = (1/o11) Ly, (L, )

where 017 is the variance of V.
Now we come back to the estimation of the multiple choice model. Let

Hi:O,...,J & i;éj(yt )

[lico,...s & ins(G—1) (6)

A(t,j) =

It is easy to see that A(t,j) = 1{y: = j}. The log likelihood function can be
written as:

n J
logLy (0) = > > A(t, j)logP; (w13 ).
t=1j=0
Let the first derivative of F' be denoted f and the second derivative be de-
noted f. The elements of the score function S,(0) = (S,(B8),Sn(w)) =

/
dlogL, OlogL,

GlogL ZZ j pj (20: 0) 2, (7)

where

polei6) = —f( —vaw), |
pi(xi;0) = f(@i8— Vap!) = (26— Vo th) for j=1,...,J0 -1,
pi(z;0) = f(z8—vnp’).

Note that the ratio A(¢, )/ P; appears in both (7) and (8). Since E(A(t, j)|Fi—1) =

P;j(x+;6p), the expected value of the ratio A(¢,7)/P; is 1. The ratio can be writ-
ten as a sum of martingale differences, as is clear from the following calculation:

A(t, 5) 1 [Lico,. 7 & izi(ye — 1)
Pj(z+; 00) Pj(x+;60) Hi:o,.“,J & i;éj(j —1)
1 [lico, g & ipg(mue+ue—1)
Pj(w¢;00) Hi:O,“.J & z‘;éj(j — 1)
J

= 2 oulri 00 = oualaeifo) +1

k=
J
= Z [L‘t7]700 Zkt + 1 (9)



where gi(j) is defined to be the coefficient associated with zx; for a given j
and where z; = uf — E(uf|F;, — 1), which is a martingale difference. The
binary choice case is much simpler. Here, J = 1 and we have either y; = 0,
with probability Py(z¢;00) = 1 — F(z}8, — v/nud) or y, = 1, with probability
Py(z4;00) = F(z,8, — v/npd). The indicator functions are A(¢,0) = 1 — y; and
A(t,1) = y;. The ratio of A(t,7)/P; is then simply

A®,0) 1 —=(0- Po(zi;00) +1- Pr(xs;00) + ur)
Po(x;00) Po(z4;60)
1
- - 1
T F )8y — o)
A(t,1) 0 Py(wy;00) +1- Pr(wg;00) + uy
P (z+;60) P (z4;60)
1
= z1e + 1.

F(xi8y — v/npp)

Therefore, in a binary choice case, g1 (z+;0,00) = —1/(1—F) and ¢1 (z+; 1,6p) =
1/F. Using the above results, rewrite the score functions (7) and (8) as

dlog L L
8% L ZZAk(xt;H)zk(xt;Q)xt, (10)
t=1 k=1
1 Ln n J .
T = VIS Y Bulei 00, (1)
where
J
A(wi;0) = > gr(wi5,0)p; (w1 0)
i—0
]J |
= (@8 — V) g (e 5,0) — ge(ze; 5 — 1,0)],  (12)
i=1
and '
Bi(2455,0) = (21 — Vg ) gr (2455 — 1,0) — gi (245 5, 0)] (13)

Again, in the binary choice example, it is easy to see that A(x4;6) = f/(F(1—
F)) and B(zy;1,0) = —f/(F(1 — F)). Taking second derivatives of the log
likelihood function with respect to 8 and p gives the hessian matrix J,,(6). To
present the elements of this matrix, we let M(4,j) denote the (¢, 7)’th element
of the matrix M and let M(j) denote its j’th column. Then

A Ta1(0)  Jna2(0)
Mw(hm)m%) "



where

OlogL,
Jn11(0) = ——
711( ) 8ﬂaﬁ/
n J J n J
= - ZZAkAleZlSCtLE; + chﬁﬁykzk$tm;7
t=1k=11=1 t=1 k=1
OlogL,
n12(0)(j) = .
Jn12(0)(5) D50p
n J J n J
= —Vn Z Z Z ApBi(j)zezizy + \/ﬁz Z Capui k 2Ky,
t=1 k=1 1=1 t=1 k=1
. 0%logL,,
Jn722(0)(l,l> = QQ—M
n J J n J
= —Nn Z Z Z Bk(i)Bl(i)Zkzl —n Z Z Cuiui7k2k7
t=1 k=1 1=1 t=1 k=1
n 0 s U — 1 =
In,22(0) (3,1 — 1) D0
n J
= fnZZZBk(Z)Bl(Z— Dzgz for i=2,...,J
t=1 k=1 1=1
) OlogL,,
ngg(a)(l, 7+ 1) = Dot
n J J
= Y Y N Bu(i)Bili+ Dz for i=1,...,0 -1
t=1 k=1 1=1

Jn22(0)(@,j) =0 for j>i+1 and j<i—1

where we omit the arguments (x¢; 6) in the functions A, B, C and z for simplicity
and where

J

Copr(mi;0) = Y glwe; 5,0)p(x;0),
7=0

Cpui p(we;0) = gr(x4;5,0)pj (w45 0),

Cp,i;ﬂ,k(xt;a) = (gk(xt;i_ 179) _gk(xtalae))f(xgﬁ_ \/E,u‘l>

The following assumption about the distribution function F' and density f of
e; extends Assumption 2 of HP by placing some additional explicit component
functions in the classes and placing uniform tail conditions on F' and f. Both
probit and logit functions satisfy conditions (a) - (c) of Assumption R2 (as
discussed in PP and HP) and (15), as is easily verified. As in HP, we use
the following classifications for nonlinear functions: g : R — R is regular if it is
bounded, integrable, and differentiable with bounded derivative; Fr denotes the
class of regular functions; F7 is the class of bounded and integrable functions;



and Fj the class of functions that are bounded and vanish at infinity. The
notation ¢ and ¢ is used to denote the first and second derivatives of g.

Assumption R2 (updates Assumption 2 of HP) F is three times differ-
entiable with bounded derivatives and satisfies

su —F <x — Ml'H’,u) = o0 u 1-F (x + MH_"'U)) =0
B e R e
G FEEM)
e P @ (15)

as M — oo for any n, u > 0. Further, for k,1=1,...,J :
(a) Ak B g Ak Ar, 11y BrBi € Fr;

(D) Mot Aks M B (nklAkBl)’ (nklAkAl>v (UlekBl)amlg{ka € Fr;
(C) TklqukAlApAq, TklqukAprBq, TklqukBprBq, Ckakl c Fo

3 Correction to Lemma 1 of HP

Lemma RO gives some limit results for partial sum expressions that are needed
in analyzing the asymptotic behavior of the score and hessian functions. Lemma
R1 below corrects lemma 1 of HP. Proofs and complementary results are given
in the Appendix.

Lemma RO Let f and P be the density and probability distribution functions

defined above, let Assumptions 1 and R2 hold, and let M% # 0 and k1 > 0.
Then, as n — o0,

(@)

7

J2( xltao \/_,“o) 21 (MO M_é
Z i = "ol

n1/2(1+/$1 j (ao)nlJrl

(b)
f =’E1t06
e S ()

(©)
1 n_oop2 , 1_ J J 1 J oo £2
— ; f ($1f0433j \/ﬁuo)xmt N (M})) / Va(r)dLn (TZ_E> /700 J}((;))ds’

)[ 5
[

(d)
1 j il i\ o g2
Zf 20l V), 1 [ Vi, (T% / PO
J 0 0

1 (05(1))2

n3/2 1— F(s)



(e)

n3/2

(f)

F(s)

J 0 —0o0

Pj_1 a5 Jo

n 2 1 _ J 1 1 J e} 2
;/2 Z f (JfltO{O \/T_I’lu[))tha:,/Qt = — / VQ(T)VQ(T)/dLl r, % / f (S)
n t=1 0

(9)

n j j—1
n123 flaevag — Vo) f(@uos — Vo) 0
t=1 Pj-1 n

(R)

. 4 -
n-1/2 Z flaag — ﬁﬂ%){)@lt% — V) —, 0.
t=1 J

Remark In a similar fashion to part (a) when x; = 2 (as occurs in the hessian
expression considered below), we obtain the limit

1 n ) J\2 J %)
REYD) t;f(xuaé — V)T, = EZ(};;?)I& (1, 5—2) /700 f(s)ds, (16)

whereas, when 4! = 0, we have (e.g. from Lemma 2 part (a) of PP)
1 & 1 >
7 Y fanad)ed = sl 0) [ e )
t=1 0 -

Thus, a major effect of the non-zero threshold pf) # 0 is to change the rate of
convergence (or standardization) from 1/y/n in (17) to 1/n%/2. Another effect
is that the limit random variable involves Brownian local time at 1,/ instead
of the origin. Finally, the scale effect arising from the spatial integral changes
from [%_ f(s)s*ds in (17) to pd [ f(s)ds in (16). Each of these effects arises
from the fact that the principal contribution to the partial sum comes when ¢
is around \/ny} /af. These are the changes in the limit theory for the non-zero
threshold case that lead to the corrections needed for HP.

Lemma R1 (corrects Lemma 1 of HP) :  Let Assumption 1 hold, and write
Ap(x14500) = Ak, Bi(zt;5,0) = Bg. Assume for k,l,=1,..,J, that ApAmy,,
AkBlnkl, BkBlnkl c FR, Aknkkﬁ Bknkk c F], and TkkkkAia TkkkkB]% c F() fO’l‘
Ay, B : R — R. Then

n=3/4 Z?:l Zi:l Apzpixie
NS Sy Arzeaa | = MUPW (L), (18)
n VA Zi:l Bl zit

1 n o2 1 _ J 1 1 J oo r2
> [ \/EMO)thxét = _1/ Va(r)Va(r)dLy | r, 20 L)y
p P; a5 Jo ;)

ds,



where M = ([Mj;]) is partitioned conformably with component submatrices
N (N A AN O N
M=) { (! (1’ aé) | 7o } ’ 1
M12 = 2{(560)2/0 V2(7'>dL1 <T75_3> \/700 F(S){l SG)F(S))CZS}, (20)

J 1 1 , ,u,j o f2(s)
= 3 / Va(r)Va(r)'dLy (;) / SFEA-Fe) ™[

j=1
(21)
TR AN A SO N
Mha = Tt (1’ aé) /_Oc FO)(1 - F)™ (22)
= i 1 T M—J r) - L s
My = ol ) dL, ( aa?)) Va(r) /_Oo F(s)(lfF(s))d ) (23)

A, (B e,
Mo = g (l’%)/_wF(s)(l—F(s))d’ 2

and W is m—dimensional Brownian motion with covariance matrix I, which is
independent of V.

Remarks

1. The main correction that Lemma R1 makes to Lemma 1 of HP is to include
the component n=3/4 37 S Ay zpa1,, which has the same rate of
convergence (n~3/4) as the element n=3/4 37 Zizl Agzptwo; involving
the factor xzy;. The other corrections, notably that the limit functional
involves Brownian local time at spatial points {y /o : j = 1,..., J} away
from the origin, are discussed in the Remark above.

2. Tt is pointed out in PP that if z5; were replaced by a stationary variate (as
it would in some directions were zo; to be cointegrated), then the norming
would be different. Thus, suppose x3; is a stationary (ms x 1) vector with
coeflicient v, satisfies the same conditions as v; in Assumption 1 and is
independent of u;. Then we have:

1 « : 1 W\ [
ni/? > Fabvotaras—vnph sl = a_(l)Ll (17 a_§> 1@ f(s)dsXss,

where Y33 = E(z3:2%,), and

| Shy S AWREAC)
7 & 2 Auswiro = M O’Z{a_é“ (1%>/ T =

t=1 k=1 =1 0 —o

10



4 Correction to the Main Results

~ ~/ ’ ’
Let 6, = (B,,,7i,) be the maximum likelihood estimator of 8y = (B, f10)’- As
in PP, the asymptotic distribution of ,, is obtained from the expansion

0= S, (0n) = Sn(00) + Jn(0) (B — b0), (25)

which in partitioned form is

0— ( Sn(B,) ) _ < Sn(Bo) > o er (@) Tua(0) ( B, — B >
Sn (1) Sn () In21(0)  Jn22(0) P — g )
where 6 is on the line segment between @n and 0y, which differs from row to row
of matrix J,(6). Corresponding to the rotation in the regressor space, define

H 0
(4 n)
and let 8 = (o, p')’. Then the score function and hessian matrix for the new
parameters are obtained from S, (0) = G'S,(0) and J,(0) = G'J,(0)G. Pre-
multiplying (25) by G, we have

0= Sn(én) = Sn(QO) + Jn(én)(én - QO) (26)

Using Lemma R1 above, we obtain the following limit theory for the score
function and the hessian, which corrects Theorem 1 of HP.

Theorem R2 Let Assumptions 1 and R2 hold. Then
n=348,(8,) = QY*W (1) and n =327, (6,) = —Q
jointly, where @Q is the symmetric matrix partitioned as

qi1 qi12  {¢13
Q=1 ¢ ¢2 g3 (27)
431 432 (33

_ (10)? w\ [ f2(s) .
™= 2\ (ar (1’a5>/ooF<s><1—F<s>>d}’

_ 1w a0 vy [P
o= 2w dLl(’a%J)VQ()/mF<s><1—F<s>>d}’
N m\ [~ f2(s)

W) = Tyt (La—a) | e ran

11

with

o,



oK : Y\ [ ()
tm = Z{a_a/o Vv (;) | 7w

) B i 1 , ,Uz_f) rY > ﬂ
aa(j) = aé/o A ( ’ag))VQ( ) /,oo F(s)(1 = F(5))

1 m\ [ f2(s)
as3(d,J) = a_éLl (1’04_3) /mmd57

g33(j,1) = Ofori#j.
and W is defined as in Lemma R1.

Remarks

ds,

ds},

1. Notice that with threshold parameters in the model, even if ¢; has a sym-

metric distribution, as in the probit and logit models, 12, ¢13,¢21 and g31
are not zero and @ does not reduce to a block diagonal matrix, which
differs from the result in PP.

. When stationary ms— dimensional variables x3; are present in the model,
we get multiple convergence rates. Suppose x3; is an mg— vector of zero
mean, stationary time series with coefficient ~, defined as above. Let

p=.0),p=(,0), and

In, 0 0
Go=| 0 H o |,
0 0 I

Dy, = Diag(n'/*Ip,,,n* * Iy ).

Following similar steps as those in the proof of Theorem R2, and using
Remark 2 after Lemma R1, we obtain the following limit theory:

DnSn(p,) = EY*W(1) and D, " J,(p,) D, " = —E,

where

with

and Q is defined as in Theorem R2, and X33 = E(x3:2%,).

12



The asymptotic results for S,,(8,) and J,,(6,) in Theorem R2 help deliver the

limit distribution of §,,. From the expansion (26), we expect that the normed
and centered estimator satisfies

140, — 0) = — (02 J,(0,)) 'Y 4S,(8,) + 0, (1), (28)

a result that is established in the proof of Theorem R3 below, which corrects
Theorem 2 of HP.

Theorem R3 Let Assumptions 1 and R2 hold. Then there exists a sequence
of ML estimators for which as En —p 0y, and n®/* (En fQO) = Q2w (1),
in the notation introduced in Theorem R2.

Remarks

1. From the above, we get

n3/AG! (En - 90) = Q 2w(1), (29)

and therefore n®/* (@n - 90) = GQ~V?W(1) = MN(0,GQ™'G"),

2. Following arguments similar to those in Theorem 3 and using Remark 2
above, when there are stationary variables in the model, we have

Du (3, ~ p,) = =2W(1),

and
DnGIQ (/ﬁn - pO) = E_l/QW(l)a
or
n G, - ) = ERCW(),
n3/4G! (En - 90) = Q 2w,
thus

n3/4 (En - 00) = GQY2W(1) = MN(0,GQ1@G"),
n't G, =) = ERWQ.

which we formalize in the Corollary that follows, which replaces Corollary
1 of HP.

13



Corollary R4 Under Assumptions 1 and R2, as n — oo

n3/4(3n - BO) ) -1
Rt = MN(0,GQ™"G"). (30)
(om0 ( :
When there are stationary variables in the system with coefficients v,, n'/* (3,, — 7,) =
MN(0,Z;7") and is independent of (30), so that

w14 (3, = 7o)

n¥4(B, — By) | = MN(0,G2E7'Gy),

n3/4 (ﬁn - MO)
in which case the convergence rates for the parameter estimates differ, with a
slower n'/* rate for the parameters of stationary variables, and a faster n3/4
convergence rate for the other parameter estimates.

The conditional covariance matrix of 9n can be estimated by the hessian

inverse —J,(6,,)~*, or the more commonly used alternative —.J,,(,)~*, where

oy — ((Lnn0n) Lus(6n)
zo0= (76 75 )

where J. nij excludes the term in J, ;; that involves martingale differences, i.e.

n J J
Lon(0) = =Y DN AAizzma,
t=1 k=1 I=1
n J J
L1200 = =V >N ABizgza,
t=1k=11=1
n J J
Lo (0)(@d) = —nY > > BiBiza,
t=1k=11=1

and other terms in J are the same as in J. This leads to the following result,
which replaces Theorem 3 of HP.

o~

Theorem R5  Under Assumptions 1 and R2, —[n=3/2J,(0,)] "' = GQ'G’as
n — oo, with the same limit holding for —[n=3/2J, (0,)]~".

Again, when we have stationary variables, —[n=/2.J,(¥,)]"* = Z;7', and

—[n3/20,(6,)] ' = GQ G’ as n — oo.

5 Simulation Experiments

5.1 Simulation Evidence of the Effects of Nonstationarity

This section provides some simulation evidence highlighting the effects of non
zero thresholds on the finite sample performance of ML estimation in a poly-

14
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Figure 1: Densities of estimators of 35 =1, 82 = 0, o = (—0.1,0.1)".

chotomous choice model under nonstationarity. We take a model with m = 2
explanatory variables and J = 2, giving a triple-choice dependent variable y;.
The DGP for the exogenous data is the system

()=(8 ) ()=
= + ,
Tot 0 py Tot—1 Vot
with vy = (vig,v2:) = iid N(0,12), and p; = py = p = 1. The coefficient
parameter vector was set at 3, = (1,0)" and py = (ug, p2)’ = (—0.1,0.1)" and
(—1.5,1.5)" respectively. Thus 2}, = Box1; = =1, and the direction orthogonal
to B, is (0,1), giving the coefficient ﬁg = 0 of 9, so that this set up is analogous
to that of the simulation study of PP. The number of replications is 50000.
Figs. 1 and 2 show that kernel estimates of the sampling distributions of the
probit estimates of the coefficients 6(1) and ﬂg in the unit root case for sample sizes
n = 100, 250, 500. It is obvious that when p, is close to zero, the estimate of 63 is
more concentrated than the estimate of B(l), which is similar to the binary choice
results found in PP. As the magnitude of the threshold parameters increase,
however, it is evident that the two estimates have the same convergence rate,
corroborating the limit theory of the previous section.

15
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Figure 2: Densities of estimators of 6(1) =1, Bg =0, p=(-1.5,1.5)".

5.2 Simulation Experiments for the Main Results

First, we consider the distribution of the regression coefficients and thresholds

(Bn, ﬁn> and their convergence rates. We take the triple-choice case, based on

the DGP
T\ _( m 0 Ti-1 ), [ v
Tot 0 P2 Tot—1 V2t ’

with vy = (v1g,v9t) = did N(0,1I2), and p; = py = p = 1. The coeflicient
parameter vector was set at 8, = (1,0)" and p, = (g, p3)’ = (—0.2,0.2)". The
number of replications is 50, 000.

Figs. 3-6 show kernel estimates of the sampling distributions of the centred
and scaled probit estimates of the coefficients ﬂé, ﬂg, us, and pg for sample
sizes n = 100, 250, 500, 1000. The distributions of the parameters and threshold
estimates both appear to approach the asymptotic mixed normal distributions
derived above. Similar results were obtained for different values of Bpand p,
provided the elements of i, are small. When the magnitude of the x increase,
the distributions of the estimates are biased (to save the space, the graphs are
not shown here). The reason for the bias appears related to the behavior of the
choice probabilities, which quickly go to zero or unity when the arguments are
large. This behavior also leads to a pile-up problem in the predicted choice
probability distributions which we discuss below. Further, the bias is found to
occur in the stationary case as well when the thresholds are large (Graphs are
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Figure 3: Density of Scaled Estimator of 8§ when p, = (—0.2,0.2)’

not reported here to save the space).

6 Predicted Probability and Marginal Effects

6.1 Predicted Probability
Next consider PN = Pj (z¢; 9n), the predicted probability of the choice y; = 7,

and Uj , = pj(x+;0,)0,, the estimated marginal effect of x; on Pj(xt; én) both
evaluated for some x; = x. To achieve comparability between 2’8, and the
thresholds, and thereby assist in simulating the finite sample and asymptotic
distributions of the predicted probabilities, we write the scaled thresholds in the
comparable form z, ) (in place of v/ny)) and suppose z, > 0 is a realization of
some (independent) unit root time series so that z, = O, (v/n), and the ordering
on the thresholds is positively scaled and therefore not reversed. This scaling is
analogous to the y/nu scaling of the thresholds used in previous sections and
serves as a device for developing the asymptotic theory in a convenient way.
The probabilities P; are then evaluated at x; = = and z,, = z for some specific

17
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values x and z. These probabilities now satisfy

Po(ae;00) = 1—F('By — zpg),
Pi(z;00) = F(2'By —2ud) — F(a' By — zuy™") for j=1,...,J -1,
Py(zi;00) = F(2'By— zu).

To analyze these quantities, we define a matrix R(0) = Diag(I,,, ¢}) where ¢;
is a vector of length J with the jth element 1 and other elements zero. Similarly,
R(J) = Diag(Im,¢;) and for 1 < j < J —1, R(j) = Diag(Im, (¢j,¢j4+1)")-
Accordingly, we may write

B =80 ) _ m—%) <&—%>: (&—%)
<ﬂi—ué> Rm)(/ln—uo g )T )

and for 1 <j < J -1,

ﬁn_ﬁo e
I Y UIE )
it = 8

Corollary R6 Let Assumptions 1 and R2 hold. Given x; = x, z, = z, for
j=0,...,J, the predicted probabilities of y: =j (j =0, ..., J) satisfy

w1 (B = P = MN (0.T(G)GQGT())
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The above expressions use the following notation:

Pj’m = Pj(w;eo), fO’I“jZO, ,...,J

O = ) )/Rm),

—Z
z

) 7).
7By = 2ad) = F(@'By = 24y @
T(G) = — (' By — 21l R(j), for j=1,...,J —1.
F@' By — 2™z

When we have stationary variables, given x; = x, 2, = 2z, 3+ = z3 the limit
theory becomes

T) = f@By— ) (

—Z

nt/4 (ﬁjm - Pj@) = MN (O,f(xg’yo +a'By — zué)ngEfllxg) , for j=0,J,

~ . . 2
W (B Pr) = 0N (0[50~ o)~ 160 - 2™ wiiien ).
fory = 1,...,.J—1

Therefore, the limit theory when stationary variables are present is dominated
by the stationary coefficients and the convergence rate is n'/4, just as in PP.

6.1.1 Simulation Experiments for R6

We use the same DGP as in the previous section, and set p, = (13, u3)’ =
(—0.2,0.2)', z = 1. The number of replications is 50000. For j = 0, we set
xzy = x = (—0.2,0)". Fig. 7 shows kernel estimates of the sampling distributions
of the (scaled and centred) choice probability when j = 0 for sample sizes
n = 100, 250, 500, 1000. Different choices of 1, 8, 2, and x do not change the
results in a material way provided the parameter settings are small, but when
they are large the choice probabilities can quickly go to zero or unity and this
appears to bias the distributions, as discussed earlier.

The distributions of the scaled choice probabilities approach the asymptotic
distributions given in the paper as n increases. However, the finite sample dis-
tribution has finite support and the figures reveal an interesting pile-up problem
where the density increases towards the limits of the domain of definition. This
pile-up problem, which to our knowledge has not before been noticed in the
discrete choice literature, also occurs in the stationary case — see Fig. 8, where
p1 = pg = p = 0.95, and Fig. 9 where p; = p, = p = 0.99, with sample
sizes n = 100, 500, 1000, 5000. The figures show that as n passes to infinity the
pile-up problem steadily dissipates. For n = 5000 the upper and lower bounds
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are close to the extremes of the support where the limit distribution is non
negligible. Thus, the problem of pile-up is not in any way special to the non-
stationary discrete choice problem but is a more generic problem. In effect, the
asymptotic approximations (such as those given in Corollary R6) are valid in
an immediate interval around the true values. Outside that interval, behavior
is rather different because of the fact that P, goes to zero or unity depending
on the sign of its argument, resulting in a pile-up of the distribution in finite
samples. It might therefore be argued that the true finite sample distribution
would be better approximated by a mixture of three distributions, one of which
is the local asymptotic result given above and the other two are based on pile-
ups around Py, ~ 0, and Fy , ~ 1. Developing such a mixture approximation
clearly involves further complications and is left for the future research.

The simulation results for the choice probabilities with j = 1, and j = 2 are
similar (see Figs. 10 and 11).

6.2 Marginal Effects

For the marginal effects, we have the following limit theory.

Corollary R7 Let Assumptions 1 and R2 hold. Given z; = z, 2z, = z, for
Jj =0,...,J, the estimated marginal effects U;, have the following asymptotic
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distributions as n — oo

0?4 (U0 —vj.) = MN (0,11(j)GQ™'G'TI(j)) .

These expressions use the notation:

Vjz = UJ(:E7 00) = p](.T, 00)B07 for .7 = 07 la )

J
(@ By — 2By — F(@' By — b)) I
o) = ( F((@Bo ~ =) 2B, ) R(0)
) ) 7).

T L A

(@' Bo — zud)) =B B

[F((@'B0 = 21d)) = F(@'Bo = 24,™))] @8 + b (w3 00)

Q) = —f((a'By — z,u%))z,@o R(j),
f((fclﬂo - Zﬂf)+l))z/30

forj = 1,...,J—-1.

When stationary variables are present, given x; = x, z, = 2,3 = T3, the
estimated marginal effects U; , have the following asymptotic distributions as
n — 00

nt @0 —vje) = MN (0,A()ERAG)),

where

AO) = —F((@hy+a'Bo — 2id))pah — F(@hy + 2By — 2418) T

AG) = [fl(aty+ 28— 2d) — (e + '8 — 2uh )] o+ s (. 2557 00) Ly,
M) = F(=hy+2'By — 21d))pah + F((2hy + 2By — 2445)) Toms -

Therefore, the limit theory when stationary variables are present is dominated
by the stationary coefficients and the convergence rate is n'/4, just as in PP.

6.2.1 Simulation Experiments for R7

We use the same DGP as in the previous section, and set p, = (13, u3)’ =
(=0.2,0.2); z = 1. The number of replications is again 50, 000. For j = 0, we set
zy =2 = (—0.6,0)". Figs. 12-17 show kernel estimates of the sampling distribu-
~ o~ ~ ~1 ~2\/
tions of the marginal effects U; , = p;(24;05)8, = Vj» = Dj(Tt;6x) (Bn, ﬂn) when
j = 10,1, and 2 for sample sizes n = 100, 250, 500, 1000. In the graphs, we use
a1 a2
MEL1 to denote pj(x¢; 0,,)0,,, and ME2 to denote p;(z¢;6,)3,,. The graphs show
that in large samples the distributions of scaled marginal effects appear to ap-
proach the asymptotic distributions derived in the paper. Again, there appears
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Figure 12: Density of Marginal Effects when j =0

to be a pile-up problem towards the limits of the domain of definition. Inves-
tigation shows that this problem also occurs in the stationary case for large
values of the autoregressive coefficient. As for the predicted probabilities, this

phenomenon deserves further study.
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7 Appendix I: Useful Lemmas and Proofs

The following lemmas update and extend as needed here some preliminary re-
sults used in HP and proved in PP. The updating takes into account the explicit
form of the dependence of functions on the threshold.

Lemma A (updates Lemma A.3 in HP) Let Assumption 1 hold, and
7 fk R — R. Denote x7j} the ki-times tensor product of x1; with itself, and
x57 the Ko-times tensor product of xop with itself. Define:

n
WMy =N f(w o) a bt o M = szk w113 00) T} 057 2
t=1 t=1 k=1
n J J
s My ZZkafl 115 00) T} Tof Akl
t=1k=11=1

(a) for f € Fy, then | M52 = o, (nl+"1/2452/2) Moreover, if f € Fy, then
lMgl,m _ Op(n(1+”1+”2)/2).

(b) If myfufi € Fo, then oMf1<2 = o, (n(iritna)/2),
(¢) If Tripgfrfifofy € Fosthen s M52 = o, (nHrats2)/2),

In applying this lemma, we note the following: for part (a) where f € FT,
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J could be 1y, Ak, 11, Br, (0 AxBr), (0 Ak A, (i BiB1), or ) Cs; for part
(b), fx could be Cy; and for part (c), fi could be Ay or By.

Lemma B (updates Lemma A3 of PP) Let Assumption 1 hold. Assume
M fufi € Fr, and Tripg frfifpfq € Fo for some fi : R — R. Define

AL A
2
1P = EYE E E Fefi(@ae; 00)2t, 200 21e, o P2y = R E g Tefi(@1e; 00)xorxh, 2ie 21
k=1 1—1 k=1 1=1

and Q3 = E (+P2,|Fi—1) Then for s = 1,2 we have, sup;,,, | Zézl(spgj)_
351 (sQ25) =5 0,05 1 — oo,

In applying this lemma, f; could be Ay or By.

Lemma C (updates Lemma A4 of PP and Lemma A.4 of HP) Let
Assumption 1 hold. Assume nyfr € Fr, and Trger fE € Fo for some fi : R —
R. Define

1 1
1N’r27,t = /4 fk($1t;90)$1tzkta 2N = 5/ fk(fﬂlt;Qo)&"mZ;%t
Then, for i = 1,2 we have, as n — 00, SUP; <4<y, || Zizl(iwa) |—p 0.
Again, in applying this lemma, fj could be Ay or By.
Lemma D (updates Lemma Al of PP) Let f € Fr, € > 0 and define

faup(2,y) = sup sup [f(z+a;y + ).
la|<e |b|<e

Then f£,

sup

Proofs of Lemmas A-D The proofs follow arguments similar to those given
in the proofs of Lemmas A1-A4 of PP.

Lemma E (Extends Lemma 2 of PP to local time away from the
origin) Let Assumption 1 hold, f : R — R be regular, and p # 0. Then we
have:

(a) ﬁ Z?:l f (371t - \/ﬁﬂ) =1 (1,,[1,) ffooo f (S) ds
(b) DD 1f($1t—\/—ll$2t$f0V2 r)dLy ruf f(s

(c) S f (21— ) e, = [y Va (r) Va () dLy (r, p) ffooof(s)dS
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Proof of Lemma E The proof follows the same line of argument as that
used in the proof of lemma 2 of PP. The difference arises from the fact that
the main contribution to the sums in each case come from the neighborhood of
the threshold p rather than the origin. More specifically, it follows by setting
a = y/nu in theorem 4 of Akonom (1993) that

VAl
T 2o Yvrusewsymuts,] ~ L1 (L) (31)

t=1

where §,, = n~? for some § € (0,1/8). Then, just as in the proof of theorem 5.1
of Park and Phillips (1999) we get part (a). An independent proof of a version
of part (a) has also been given recently by Jeganathan (2004). In particular,
theorem 2 of Jegananthan (2004) establishes that for the partial sum process
St = 22:1 vs of a linear process v, (that satisfies Assumption 1 of HP)

O B S w) = Lot [ f(9)ds, (32)

where, in the present case of domain of attraction to a normal law, 5, =, =
V/n. Jeganathan’s result is more general than part (a) because it covers cases
where the component innovations in the process determining v; may belong
to the domain of attraction of a stable law and the standardized partial sums
Y ' Sjnr) converge to fractional stable motion and Ly in (32) is the local time of
the limit stable process. Convergence in probability occurs in (31) because the
convergence is taken to apply in a suitably augmented probability space that
includes the limit processes and has random elements distributionally equivalent
to the original random elements.

Parts (b) and (c) follow in the same way as parts (b) and (c) of the proof
of lemma 2 in PP. We demonstrate part (b). In particular, define f,(z) =

Zl_ﬁn F(k6n) ks, <a<(k+1)5,), Where r, and ¢, are sequences of numbers
satisfying conditions in the proof of Theorem 5.1 in Park and Phillips (1999).
In particular, k,, — 00, d, — 0 and x,5, = n? — oo with d € (1/p,1/4) and
p > 4. Including the nonzero threshold p # 0 in the development, equation (28)
of PP (which represents the sum ﬁ Sory f(z1e — /np) T2 in integral form)
and the lines that follow now become

NG / F(/AVin(r) — Vi) Van (r) dr

1
/i / FulVAVin(r) — V) Van (r) dr + 0p(1)

= VYD 06 [ Luslrs i Vaulr) e+ (1)
k=—FkKn 0
e’} n 1
= ([ n0n) [ v o m, G
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where Vi, (1) = h{V,(r) and Vi, (r) = HYV,, (1), Vi, (1) is defined in (5), and

Lok (730) = ks, < mivin () -} <(k41)5.]0
Ly (rip) = Lo< Vi {Vin(r) -} <6’
1" (r;p) = 1[0§ﬁ{V1(r)—u}<6n]'

Thus, the argument in PP changes by the replacement of V1, (r) with Vi, (r)—p.
We have

/ Z futsids — [ O; 7(s) ds. (34)

Moreover, with 6,, =n%,0 < § < 1/8, and 7,, = §,,//n, we have n®/®71,, — oo
and then as in the proof of lemma 2 of PP
Lot I
— | 1, (r;p) Vap(r)dr=— [ 1" (r;p) Va(r) dr + op(1). (35)
Tn 0 Tn 0
Using the extended occupation times formula [e.g., Revuz and Yor (1994, Exer-
cise 1.15, p222)], we have

1 1 N 1 o) 1
— 1" (ryp) Va(r)dr = W_n/—oo/o 1[0§ﬁ{s_u}<5n]‘/2(r)dL1(r,s)ds
1 H+5n/\/ﬁ 1
= — /Vg(r)dLl(r,s)ds
e

nJpu 0

1 Tn 1

_ —:/ /‘%wnwmnu+m@
n JO 0

1
— /0 Va(r)dLy (r, 1), (36)

the last line following from the uniform continuity of the local time process.
Result (b) now follows from (33) - (36). Part (c) follows in the same way.

7.1 Appendix II: Proofs of the Main Results

Proof of Lemma R0O: We use the same approach as in the proof of Lemma
E. We give the arguments here for part (a) and parts (b) - (f) follow in a similar
way. Define

-1

2 2 Flx () —
o (@) = /() _rwl, (++ vt — ™))

F(e) = F (z+ va(ed —uf™)  F@ F(z)

(37)
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Kn

and set g, (v) = > ;" g(kén)l[k5n§m<(k+1)5n]. Using the embedding (4)-(5)
and the same argument as in the proof of PP (theorem 5.1), we write

Zf xlto‘o' \/_,“o 2"

1/2(1+,~;1 P;

_ (J(i;;; ) VT_J/ ; () dr + 0p(1). (38)

Next, as in the proof of Lemma E and lemma 2 of PP, we have for 7,, = 8,,/+/n,

1 [t J
— 1, (T; M—?) Vin(r)® dr
T 0 OéO

1 /1t J
= okt ( Z‘) Vi(r)<dr + op(1)

Tn 0

= _/ / O<\/_{(xos u0}<5 ] 1dL1(’I" S)d
1 n c\ J c
= T / M—(l) =+ — Ly |1, M—? + - de
QpTn Jo Qp Qg Qp Qg
1 i\ ™ j
% 1z
. J(ﬁ) L1< a_> (39)
0 0 0

by the uniform continuity of the local time function.
Since 1) < p) ™, and k.6, = n? — oo with d € (1/p,1/4), we have in view
of (15)

F (k8o + v/ — ™)) .
T (k5,) < Jup, F () =o(),

sup
k

and then

KnOn B KnOn fQS)
/ gn(s)ds = /Knén F(S)ds{l—i—o(l)}

= - f2s> S [0}
_,KMF@W'+<”’ (40)
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as n — oo by the integrability of f2(s)/F (s). Combining (38) - (40) we get

g mao \/ﬁuo) o )" w\ [ f(s)
n1/2(1+f€1 Z L1t :>( )filJrl Ly l’a_(l) oo F(S)d

as required for part (a). Parts (b) - (f) of the lemma are proved in the same
manner.

The proofs of parts (g) and (h) are also similar. To show part (g), for
instance, we set

F@)f (2 + Vi — i) F@)f (2 + Vb — i)
g(@) = —— = _
F(%hﬁ(uﬁ—ué 1)) — F(x) l—F(x) - {1—F(x+\/ﬁ(%—ug 1))}
(2)? £ (w4 vt — i) /1 (@)

l—F(ﬂc)l_{1—F(:c+\/ﬁ(M%—ué_ ))}/{1—1’(3?)}’

Kn

and define g, (z) = N 9(k6n) ks, <o< (k+1)5,] s before. Using the em-
bedding (4)-(5) again and the same argument as in PP (theorem 5.1), we have

1 Zfl’lt% Vi) f (g — Vi)

7?,1/2 P] 1

_ Z xlto‘o \/_Mo) ffltao \/_:“o
1/2 %ao Mo 1)) _F(\/ﬁ(%ao Mo)
= u/m / 7 (bVin(r) = ) dr {1+ 0, (1)}

Kn

- VY / Los(r3 2B)dr +0,(1)
O

Kndn
- (/ (e )*{ 10t B + 0,1, (42)

Next, since ué > ué_l, Kn0y = n? — oo, and d € (1/p,1/4), it follows from
Assumption R2 and (15) that

S GO ) | D L GG Tl )
T 1 — F(kén) = ‘;jlgd 1- F(z) =o(1),
and
(ot AGR —i) (e )
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so that

6 < F(k6,)? (S+\/_Mo ))/f

sup

— 1—F(kd,) Islénnénl—{l— (54_\/_(”0 ))}/{1_ F(s)}
f(kd,)? SUPla|<knbn { (fﬂ + /i — ) /f (x)}

= T F(k,) T,
< f(kén)? e,
= T-Fké)T-n,
for some sequences ,,,7,, — 0 as n — oo. Then, setting h (z) = f(z)?/ (1 — F(z)),
and hy(z) =70, h(kdn)Liks, <e<(k+1)5,], We have
i‘ G(k6,)5n < i‘ h(kd,) G —— = /w" o () s —22
k=—kn T [— T S, L=,

Since f(z)?/ (1 — F(z)) is integrable it follows that

Kndn Kn
/ (s = S g(kda)on = o0(1). (43)

—Knbn k=—kn

Finally, as in (31), we have

\/_/ dr—> L1<,u—§>. (44)
Qp

Hence, from (42), (43) and (44) we deduce that

—1/22 faag — \/_,Uo) (z1e0g — \/_No ) 0
P4 b
giving part (g). Part (h) follows in the same way.

Proof of Lemma R1: The proof uses the same approach as that given in
lemma 3 of PP, but adjusts for the scaling rate and uses the limit results from
Lemma RO. It is also necessary to use the Skorohod embedding on a linear
combination of the components, rather than individual components as in HP
because the embedding is valid only for scalar processes. In particular, setting
m = 2 without loss of generality and for any ¢ = (c1, ¢z, c3) € R3, we let

Chn(x1,72) = exn 34 Agzy + con™3/* Ay + can™ 4By, := ¢ Fiy, (21, 22)

and define w¢, = Zi:l Cin (14, T2t) 2k, which is a martingale difference se-
quence by construction. As in the proof of lemma 1 of PP, there exists a prob-
ability space supporting sequences of random variables U,; and V,,; for which
we have the distributional equivalence
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t ¢
1 1
(Ussy Viat) =a (— E wh,, — E vi> , Jjointly for all t <n
Vi v

and for which the following hold. First, there is a representation U5, = U® (%)
in terms of a standard Brownian motion U¢ with time changes T;,; in (Q, F, P).
Moreover, letting T},; = Zle Tni and defining Fp,y = o ((UC (T))r<Tpi/m> (Vm)z";ll),
the time changes satisfy

J g
(w2 Fi_1) chkn T1t, T2t ) Cin (T14, Tot) E (2ke21t| Frp—1)
k=1 1=1

J
= chkn Z1t, T2t ) Cin (T14, Toe) Mgy (X11) 5

k=11=1

E(Tnt‘fn,tfl)

and E(17,|Fn 1) < ¢, E(|wS,|*"|Fi—1) for all r > 1, where ¢, is some constant
depending only upon r (c.f. Hall and Heyde, 1980, theorem Al). Finally,

defining
n
t—1 t
Va(r) = ZVntl{— <r< —},
— n n

then V;, —4.s. V where V' is Brownian motion in (2, F, P) with variance matrix
3.

Define M¢ (r) = U€ (r) for "n <r< "7 Then, M¢ (r) is a continu-
ous martingale satisfying

[nr] g T
_ c n[nr]
E E Crn(z1¢, T2t) 21t =q My, — )

t=1 k=1

Set

Dyt (1, 22) = 03y (21)Chin (21, 22) i (21, 2) = ¢ Fipy (21, 22) iy (1) Fi, (1, 22) ¢,

and then the quadratic variation of Mg (T, /n) is

>

k=11

nr)

Dkln \/_Vnt +Op(]->

Mk

[M],

1t=1

[nr]

Z Fin \/_Vnt Fiy, (\/_Vnt) nkl(\/_vlnt) =

110=1t=1

I
M“

k

uniformly in r € [0, 1]. Next, as we show below,

[M3)r —p ¢ M(r)c, (45)

n
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uniformly in r € [0, 1], where M (r) = ([M;; (r)]) with submatrices M;; (in
block 4, j of a 3 x 3 partition) given for r = 1 by (19) - (21) in the statement of
the Lemma. Limit expressions for the M;; are obtained as in Lemma R0. We
illustrate the argument for the (1, 1) submatrix My; of M (1), which corresponds
to the coefficient of ¢? in [M¢](1). This element has the form

J J n
n=23 NS A (Vi 80) Ar (VaVine ) ng (ViVine 80)a3,, (46)

k=11=1 t=1

where the product ApA;n,,; satisfies Assumption R2(a), which is now demon-
strated. We have

J J n
nTIEN NN A (w1 0) As (w145 80) m (143 8 )2,
k=11=1 t=1
n J J
_ n—3/2ZZZ{f(x1tozo \/_No) flziag — V)
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_
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ol
Il
-
Il
-

n J
+n YN (P wnag — Vi)

t=1 j=1

[9(DNg () — 96 ()G — 1) — gr(G — Dg(§) + gx(G — DG — Vmpasx?s}

Fxﬂ&
M&

=~
Il
-
Il
-

(47)

From (9), we have

A, j)
E , -1 48
gk $t7ja Zkt P](l’t,ﬁo) ( )
and
J J . .
A(t, 5) A(t, i)
> i, 0 — () ().
Pt gk xta]; gl Ty, O)Zktth (Pj(iﬂt,go) ) <R($t7QO)
(49)
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Then

J J
Zng(xﬁjaﬁo)gl(wt?iaﬁo)nkzﬂg
k=11=1
_ Alt,j) Alt,i)
B E{(ij;%) ) (recy 1))
_ At ) At ARG AR9) }
a E{Pj(xt;Qo)Pi(%;Qo) Pj(z+;0,) Pi(l’ﬁﬂo)—i_l'ﬂfl
= —1lfori#j (50)
1 . .
= —Pj(xt;go)—lforz:j (51)

since B (A(t,§)\Fi1) = P;(01:0,).
Next, from (50), the first term of (47) is

n J J
WIS S {Fnad — Vi) el — Vig)et (<1 - (-1) - (<) = )} =0

t=1 j=1i=1,i#£j

(52)
From (50) and (51), the second term of (47) is
n J _ 1 1
n—3/2 Z Z {fQ(SCltOZ(l) — \/T_L,uf)) [F + P_:| :E%t} (53)
J J-1

t=1 j=1

for j =1,...,J — 1. Using a Mills ratio argument, as in Park and Phillips (2000),
it is apparent that (53) has elements that belong to Fr. Hence, A A;ny,; in (56)
belongs to Fg, thereby satisfying Assumption R2; and the other conditions
follow upon some further routine calculations.

The required limit result now follows directly from Lemma RO parts (a) and
(b). Thus, the (1,1) submatrix of M (1) converges weakly to

N AN O
2 { (abF (1’ aé) | For—ra } |

j=1

The proofs for the other elements of M (1) are similar, and they are obtained in
the proof of the hessian asymptotics given below in the proof of Theorem R2.
Next, let o¢, be the covariance of U® and V' and define

J
En(xla 1'2) = Z Ckn(zlaxQ)nkk(‘Tl)'

k=1

The quadratic covariation process [MS, V] of M and V is:

[nr] J ' 4
MEVIE) = Va3 Cunvirh) (T2t - Tt o,

- n n
1=1 k=1
n T
n,t
= Ouw Y En(vVnVa)l {r > T} +0,(1) = 0,
t=1
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uniformly in r € [0,1], by Lemma C. It follows, in particular, that
(M, VI(pn(r) —p 0, (54)

where p,,(r) = inf{s € [0,1] : [MS]s; > r} is a sequence of time changes.
The asymptotic distribution of the martingale MY is completely determined
by (45) and (54), as shown in Revuz and Yor (1994, Theorem 2.3). Define

Wi (r) = My (p, (1))

The process W), is the DDS (or Dambis, Dubins-Schwarz) Brownian motion (see
Revuz and Yor, 1994) of the martingale Mg. It follows that (V, M,,) converges
jointly in distribution to two independent standard linear Brownian motions
(V,Y), say. Therefore,

T
i (T ) g vienso)

which completes the argument because c is arbitrary.
When J = 1 we are back to the binary choice model. If we set the threshold
parameters to zero in this case, then (53) reduces to

5 [+ o] ) - e

t=1

a formula that occurs in the calculations in Park and Phillips (2000). Here, since
¢ belongs to Fr and the major contribution to the sum Y ;" | ¢ (x1;) comes from
the vicinity of the origin, we have n=Y/2 3" | £ (z1;) = L1 (1,0) [~°_£(s)ds, so
that a different rate of convergence and a different limit result hold compared
with (19).

Proof of Theorem R2 The results for the score function follow from Lemma
R1 and those for the hessian involve similar calculations. Specifically, we parti-
tion the hessian J,(0,,) = G'J,(8,,)G as

Jn11(8y)  Ini20)  JIn13(8y)
In21(8y)  In220)  JIn23(8p)
In31(8y)  Jnz2(80) JIn33(8p)

In view of symmetry, we consider only the upper-right triangular block:
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Jn,33 (Qo) = Jn,22 (Q())v

where the arguments (z14;6,) in the functions of A, B, C are omitted for sim-
plicity. Observe that all terms involving zj, alone as a factor are o0, (1) by Lemma
A (b), that is,

NE
MK

!
C3B,k 26T 1Ty

n J
n2N N Copazaty, nY?

t=1 k=1 t=1 k=1
n J n J
—3/2 / -1
n=3/ E Cpp k2kT2tToy, N E Caui k2KT1t,
t=1 k=1 t=1 k=1
n J n J
—1 / —1/2
n E E Cgﬁi7k2k$2t, n / E Cﬂjﬂj’kzk
t=1 k=1 t=1 k=1

are all op,(1).
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To get the stated results for J,(8,), we will proceed element by element.
First, for J,, 11(8,), we have

n73/2Jn,11(Q0)
n J

J

t=1k=11=1

which, by Lemma B can be asymptotically validly approximated by its condi-
tional expectation

J

n J
—n3/2 Z Z Z AR Ay s, (56)

t=1k=11=1

The proof given in Lemma R1 above showed that (56) coverges weakly to

AN O
{(aé)3L1 ( 7a5> | Fo—ra }

P

J
Jj=1

and thus

J 72 J ) 2(g
W20, 1 (6,) = _Z{EZE;LI ( Z—E) /m W(_)F(S))ds} (57)

The limits for J,, 12(6,) and J,, 22(6,) follow similarly from Lemma B and Lemma
RO parts (c)-(f), viz.,

n73/2<]n,12 (Qo)

n J J
= _p7/2 Z Z Z A Az zim1:xh, + 0p(1)

t=1 k=1 1=1

J i 1 . -
1 AR F2(s)
= Z{(a}))z/o dLy (T, a_5> Va(r) /m mds},(&;)

Jj=1

n73/2<]n,22 @)

n J J
= —n3/2 Z Z Z ApAjzp 21w xh, + 0p(1)

t=1 k=1 1=1

S NG , AV L0
= _;{a_(l]/o V2(T)V2(7’) dlLy (T;a_%)) /_mmds (59)
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Next, for Jy, 13(8), we have

n 32 J,15(00) (5)

n J J
= —pn! Z Z Z AL Bz zix + Op(l)
t=1 k=1 I1=1
n J J J
= —n_lzZZZ{f $1t040 \/_No) (xlt% \/_Mo)

t=1i=1,i#j]
J J
<> Y Mgk () = gk (i = VoG = 1) — 9u()) 2k zeas
k=11=1
n J
- Z{ 2(wreog = V) YD (@) — k(G = Dl = 1) — il >]zktz“xu}
t=1 k=11=1

(60)
which can be asymptotically validly approximated by its conditional expectation

n J J
n=3/2 Z Z Z A Binyz1t,
t=1 k=1

—11=1

using Lemma B. Again, the conditional expectation of the first term of (60) is
0 by (50), and the conditional expectation of the second term behaves as

n

S ; {fQ(xltoz(l) — \/T_W{)) [%ﬂ * Pj11] xlt}

) w\ [ ) )
7 Tl <1’ aé) | ma—ron

by Lemma RO parts (a) and (b). Thus,

77,73/2577“13(@0)(]')

ST 3 Y A G N
= (a%,)le (1, aé) [m o0 —F(s))d . (61)

Similarly,

n= 32 ], 23(6,) (4)
. /1dL3 rﬁ V(r)//oo (O (62)
ab o T\ ag ) o F(s)(1 = F(s))
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Finally, for .J,, 23(6,) (4, 7)

n= %2 55(00) (5, 7)

n J J
= —p1/2 Z Z Z By (3)Bi(4)zk21 + 0p(1)

1 k=11=1

A AN O
N o“( ) L o (63

using Lemma RO parts (a) and (b); and for J,, 23(8,)(4,5 — 1) we have

n=32 0 33(00) (4,5 — 1)
J

n J
- _pl2 ZZ;Bk(j)Bl(j — D)zpz + op(1),

t=1 k=1 l=

the conditional expectation of which is

n p . 1
23 flanod — Vi) flaod — Vi) ( )
=1 Pj
n

j—1
n-1/2 flzirog — \/_,Uo) (xlta(l) Vi)
F(ayad — vnp) ") = Flzual — Vo)

t=1
= 0,

as is shown in Lemma RO part (g). Thus,

n2 0 53(00) (5,5 — 1) = 0. (64)
By a similar argument and Lemma RO part (h), we get

n=2 ], 33(00) (4,5 + 1) = 0. (65)

Combining (57), (58), (59), (61), (62), (63), (64) and (65), we get the stated
asymptotic results.

Proof of Theorem R3 As in Park and Phillips (2000), we can apply Theorem
10.1 of Wooldridge (1994) to show that (28) holds and thus there is a consistent
local solution to the likelihood equation. The likelihood equation for the ML
estimator Qn is

Sn(@,,) =0, (66)

=n

which has the expansion

0=25,(0,)=S.(8,) + Jn(0,)@, —0,),

or

Sn(0y) + Jn(00) (0, — o) + [Tn(8,,) — Tn(00)](8,, — 8) = 0, (67)
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where S,,(0,,) and S,,(6,) are the scores respectively at @, and 6, and J,(6,,)
is the hessian matrix with rows evaluated at mean values #,, that lie on the line
segment connecting @, and @,. Then (67) can be written as

0 = w748, (8) + 072 (8)In (B, — )
+ (210 = Ta(@0)]) 0@, ~ 0),
0 = n S, (8) + (8l (B, — ) +

02 (02 (8,) — TG B - ). (69)

Equation (28) now follows from (68) if the final term of (68) is 0,(1). This
will be so, if condition (iii) (b) of Wooldridge’s theorem holds. To show this
condition holds, we need to establish that

S ey IO — @ I= o). ()
9:|[n/4=2(8—0,)I<1

Our proof involves looking at the components of the hessian. We therefore
partition the hessian conformably with 0 as

Jn11(0) Jn 12(0)  Jna3(0)
Jn(@) = [ Jn21(0) Jn22(8) Jn 23(0)
In31(0) Jns20) Jns33(0)
Since the matrix is symmetric, we consider the upper-right triangular block:

>

n

NE
Mu.
M&

Jni(@) = — Are(0) A (@210 2 (Q)aty + YD Copre(@)zke(@)7t,, (70)
t=1 k=1 I1=1 t=1 k=1
n J J n J
Tni2®) = =D 3> Akr(0) Aw(0) 2k (0) 21t () iy + Y Y | Clap it (0) 2kt (0) 11wy,
t=1k=11=1 t=1 k=1
n J J n J
Tno2®) = =D 3> Akr(0)Aw(0) 2k (0) 21t (0) s wh, + Y Y Clap it (0) 2kt (B) ey,
t=1k=11=1 t=1 k=1
n J J n J
Jn,ls (Q) (J) = *\/ﬁ Z Z Akt(ﬁ)Blt (Qyj)zktzltiﬂlt + \/_ Z Z Cﬁm,kt (Q)Zkt (Q)xlta
t=1 k=1 1=1 t=1 k=1
n J J n J
Tnos@)(F) = =V DD Ak(0) BB, 5z zuth + VY Y Chpur e (0)2ke(0)
t=1k=11=1 t=1 k=1
Jn33(l) = Jn2a(0)),

where we define f;(0) = fi(z1at + 2210 \/Tu) for any function f : R — R
and further define fi(8,)to be the value of the function f at g,,.
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For (69) to hold, it is sufficient that

n T3 T, 00(0) - Jn 11(8o) [[—=p 0, (71)
T3 g 19(8) = Jni2(8) | 0,
nT3H T 00(0) — Jn22(8,) || O,
n3/2H20 g s(0) — 13(@0) [
nT30 T 05(0) = Jn23(8) | = O,
n3H2 T, 53(0) = Jns3(8) | = 0,

uniformly for all oy, aso, and p satisfying
ol —od] < 0T, a7 - ad < nmY, (72)
I 1= po < n=34F2,
for some ¢ > 0. We show (71) one by one. From (70) we have
Jn11(80) — Jn11(8y) =Tn11(07) + 4.11(67), (73)

where

n J J
Tonn@) = =) Y > ( (At Az (0)) %, (z1e(at — ag) + 25,(0” — af) — v/nlp — o)) .

t=1 k=1 1=1

n J

©,11(0) = YD ( Copzne(0))23; (x1e(a — aB) + 2y (a® — ) — Vialu — ).
t=1 k=1

and #" is on the line segment connecting @ and 6,. For any f : R — R, define

foup as

fsup(z;9) = fep(z;9) = sup  sup |f(z+a;y+D)|,
la—ao|<e [b—bo|<e

for ¢ > 0 given. As shown in Lemma D, foup(z1:0d;v/npg) € Fr if f € Fr.
Since SUP1<t<n iElt/\/_ O |05 - 051| < n*3/4+5, SUPj<i<n | 22 || /\/_ =
O0,(1), || a? |< n =3/ || p— g ||< n=3/4+% and the fact that we have for
any € >0

1F@)] = [f(z1ea’ + w200 V)| < fup (21003 Vo) + 0p(1),

for large n, uniformly in 1 <t <mn.
By (72), we have
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t=1 \k=11=1

n J J
+n 0N (ZZ (2 A A1) ) (w1e0g; Vingo) [zl || war |
sup

t=1 \k=11=1

n J J
| Ton@) |<n3/4+ﬁz(zznmAkAz) (v i) [l
sup

n

J J
—nH/AH0 > (g A Ar) ) (@100 vpso) el
sup

t=1 \k=11=1
It therefore follows from Lemma A (a) that
I T 11(8) [|= Op(n®/4+7), (74)

uniformly in 0 satisfying (72). Using exactly the same argument we can deduce
that

| Thi200) ||= Op(n5/4+6), | Th22(0) |= O (n5/4+5)7 (75)
| Tus(®) = Op(n®*) | T (8) [|= Op(n/*+7),

| Thss(8) |= Op(n®/4F9), || @,.11(8) ||= O, (n®/*+°),

| ®12(0) = Op(n7/4F0), || ®pa(8) |= Op(n?/4+9),

I ®13(0) = Oy (n%/4F9), || ®pas(8) |= O (n?/4+9),

| ®ns3(0) [|= Op(n®*),

uniformly in @ satisfying (72). If we let 0 < § < 1/12, we may easily deduce
(71) from (74), (75) and (73). Hence, (69) holds and therefore (28).

It now follows as in the proof of Theorem 10.1 of Wooldridge (1994) that
there exists a solution to the likelihood equation (66) with probability approach-
ing one such that

n*/4(0,, — 85) = Op(1).

From Theorem 1, we have the joint weak convergence

(n_3/45n(Q0)7n_3/2Jn(Q())> = (Q1/2W(1), —Q) , (76)

where @) is positive definite with probability one. Thus, condition (iv) of
Wooldridge’s theorem holds. The given limit distribution of n*/4(8,, — 6,) now
follows from (68), (69) and (76).

Proof of Corollary R6 First consider 7 = 0 denote PO « = Po(z;6p), and

use the following mean value expansions for PO e = Po (z; 0 n)s given x; = x, and
Zn =2
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~

Po. = Po(z'By — zp1d) + ( P&’ By =2, 8P°(wlaﬂ"1_z”:’) ) ( b = o ) ;

7 ~1
op B My — N’(l)

where 3, and pl are on line segements joining Bn and B, and ﬁi and pug,
respectively, and where the derivatives have the form

OR(@fn —2ttn)  _ _p(('8, — 2l ~ —f(a' By — zpid)e,

9P
8Po<w’gzl— W) (B - apd)e e F( B — 2,
and
(o) =mo (5 ) "
Then
w4 (oo — Po((a'By — 20b)))
= @) () RO e 0 )
= (@B, —zMé)( = >/R(0)MN(076‘Q‘1G')
= MN(0,T(0)GQ G’ (0)).
Thus,
0¥/t (Pow = Pow) = MN (0,T(0)(GQG) ' (0)) ,
where

1) = 1y —and) () RO
Similarly, for j = J, denote Py, = P;(x;6p), we have
03/t Py — Pyla' By — 21)))
=fW%—w@(i)ém(*W&—%»)

WG, — o)
= iy =) () ROMN0.GQE)
= MN(,Y(J)GQ'G'Y(J)),

where

TU%#Wm—wa(m)éuy

46



Now for 1 < j < .J —1, denote Pj, = P;(x;600) = F(2'By — zp1)) — F(a' By —
j+1 .
zpy" ), notice that

Bn - ﬂo
A_ — . BP]‘(:E;Q”) BPJ'(:E?G,L) apj({r;en) ~7 _ 7
Mn IU‘O
and
OP;(x; 0, , ,
ORS00 s (as ) = (B — ) — 16/ = )] 0
~ [F@ By = 2 - F@ By — 2]
OP;(x;0, .
j( j ) = _f(xlﬂ[) - Zy’g))zv
Ot
OP;(x;0,) ;
W = f(@'By— 2"z,

By =8 5
W ) =ro ().

~j+1 J+1 Hr — Ho
M, — Mo

Thus, we have

n3/4 (ﬁj,x — ]Dj7 )
(10— 1) — £@B0 — 2] 2\
~ —f (@' By — zu)z R (
F@' By — 2™z
(7680 — 24d) — £(a/ By — )] 2
= _f(xlﬁo — ZM%)Z R(])MN(O’GQil(;I)
F@' By — zufy )z
= MN(,Y(GQ'G'T'(j)),

n*/4(B,, = By)) >
n3/4(ﬁn - N’O)

where ,

F@'Bo = 2ii) = f(@'By — 21t |
1() = o e ().
F(@'By —ziug ™)z
When stationary variates are present, the proof is similar. First consider
j =0, denote Py, = Py(z,x3; py), and use the following mean value expansions
for ﬁ(),x = ﬁo(m,xg;ﬁn), given x3; = 23,2 = x, and z,, = 2,
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]30,1 = Py(zhyo +2'By — 2110)

?n — 7%

+( 2Ro(ahyyta'By—zpy)  OPo(@hy, a8y —zpy)  OPo(why,tal By —ziy) B e
o’ op’ out n 0

~1 1

My — Ko

where 7,,, 3, and pl are on line segements joining 7,, and v,, En and (3, and
;’Z; and p, respectively, and where the derivatives have the form

8P0("Eg’}/n + xlﬁn — Z/’[/’}l)

n = —f(&hy, + '8, — zuy)x3 ~ f(xy70 + 2By — 2p0) 3,
OPy (2, + 2'B,, — zuk
s B § L - — (2570 + 2" B, — 213))x ~ — (2570 + 2" By — 2zpp),
OPy (7, + 2'B,, — zuk
(3 0 ) _ (570 + "B, — )z ~ f(xhyo + 2" By — 21102,

and we define a matrix R3(0) = Diag(Lpms, ) where ¢; is a vector of length
J with the j’th element 1 and other elements zero. Accordingly, we may write

jn — Qo jn — Qo
G=h | =mO || B-s | (79)
Fin, = g fin = Ho

Then

nt/4 (Pos = Pol(alyro + B0 — 2ub))

Y n1/4(jn %)
= flazyo +2'By — Zﬂ(l)) - R3(0) “1/4@” - Bo)
? nM (T, — o)
Y 43, — 7o)
~ flayye+a'By—z2pp) | —x R3(0) op(1)
z op(1)

~ =S+ 2By — ) {n 4G, — 7o) |+ 0,1
= MN (07 f(xhyo +2'8y — zu(l))ngEfllxg) .

~—

The proof when j =1,2,...,J — 1, and j = J is similar and is omitted.

Proof of Corollary R7 For j = 0, denote vg, = vo(x;00) = po(z;60)B0,
and we use the following mean value expansions for Uy, = po(z¢;0,)05,, given
s =z, and z, = z

~

+( Ouo((a'f,~opl))  Ouol(a'f,—oud) ) ( By = Bo )
Z Z i

Vo,x = Vo,x
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where 3, and pl are on line segements joining Bn and B, and ﬁ}l and g},
respectively, and where the derivatives have the form

BT (@B — )8~ (B, — )T
~ = f(@' By — zuy)Box’ — F(&' By — 218)) I
v (z; 0, .
R (CLEETh e
Then
n** (To,p — vo,e) ~a MN (0,TI(0)GQ~'G'TI(0)"),
where
:<4mm—wmw&¢mm—WMm)’
o) ( F((@Bo ~ 2828, RO,
and

F((@' By = 21d)) = —f (' Bo — 210)) (&' Bo — 211g)-
Similarly, for j = J,

0¥ (e — v1z) ~a MN (0,I()GQ'G'TI(J)')

where
!

_( F(@'By — 2 3By + (2 By — 2p)) Im )
M) = ( “H(@ By — 1)) 2Bs R
Now for 1 < j < J —1, define

v; = v; (@3 00) = p; (@008 = [ /(' B0 — 21)) = F(@/ By — 2™))] Bo,
so that

~

By =By

~ Ov;(x;0,) v (x;605) v (x;60,) ) ~j j
U'—*’U‘+( 7 7 7 Ly — I,
J J a8, J J+1 n 0 ’
8ﬂn 8“71 1 G+1

Hn  — Mo

and we have

a“jgg,e") = 5(250,) 8,2 + py(;00) I,
= |F(@B, = 21d)) = F(@'B, = 2] Bt +ps(a:00)
~ A B = b)) = F(@ By = 2 ™))] Boa’ + 05 (@300 o,
W) @B - )8,
~ = f(@Bo — 21b)) 2B,
W) (@8- o)

~ f(@'By = 2uh™)) 2By,
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Bn _BO )
w-n | = (2.
it Méﬂ Hp = Ho

Thus,
03/ (00 — vj2) ~a MN (0,T1()GQG'TI(j))
where
[£(@"80 — =13)) — F(('Bo — 2§ ™) w8 + ps(ai 00) T\
1(5) = —F((' B — 21)) 2B, R(j)-
f((xlﬁo - ZM(])H))Zﬁo

The proof when we have stationary variates is similar and is omitted.
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