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Abstract

It is conjectured that there exist at most 2k equidistant points in the k-
dimensional rectilinear space. This conjecture has been verified for k < 3; we
show here its validity in dimension & = 4. We also discuss a number of related
questions. For instance, what is the maximum number of equidistant points
lying in the hyperplane: Zle x; = 0 7 If this number would be equal to &,
then the above conjecture would follow. We show, however, that this number
is >k+1 for k > 4.

1 Introduction

1.1 The equilateral problem

Following Blumenthal [B53], a subset X of a metric space M is said to be equilateral
(or equidistant) if any two distinct points of X are at the same distance; then, the
equilateral dimension e(M) of M is defined as the maximum cardinality of an
equilateral set in M.

Equilateral sets have been extensively investigated in the literature for a num-
ber of metric spaces, including spherical, hyperbolic, elliptic spaces and real normed
spaces. Their structure is well understood in the Euclidean, spherical and hyper-
bolic spaces (cf. [B53]) and results about equiangular sets of lines are given by
van Lint and Seidel [vLS66] and Lemmens and Seidel [LS73]. As we will see below
some bounds are known for the equilateral dimension of a normed space but its
exact value is not known (except for the Euclidean and /,,-norms). In this paper
we focus on the rectilinear space ¢;(k); that is, the real space R* equipped with
the £,-norm. (For & € R¥, its ¢1-norm is ||z]|1 = XF_, |;].) Clearly,

(1 (k) > 2k

as the unit vectors and their opposites form an equilateral set. It is generally
believed (see, in particular, Kusner [GK83]) that 2k is the right value for the
equilateral dimension.

Conjecture 1. For each k > 1, e(41(k)) = 2k.

This conjecture has been shown to hold for & < 3 [BCL98]. Our main result in
this paper is to show its validity in the next case k = 4. (Cf. Theorem 9.)
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What plays an essential role in our proof is the fact that the equilateral problem
in the rectilinear space £; (k) can be reformulated as a discrete 0-1 problem, which
permits a direct search attack to the problem; namely, proving Conjecture 1 for
given k reduces to checking the nonexistence of a certain set system on 2k + 1 ele-
ments. Moreover, we formulate a stronger version of Conjecture 1 (cf. Conjecture
6) which allows a further simplification in the proof since it suffices to consider
certain set sytems on 2k — 1 elements (instead of 2k + 1). This reformulation is
presented in Section 2 and the proof of Conjecture 6 in the case k = 4 is given in
Section 4.

In Section 3, we discuss several further questions related to the equilateral
problem in the rectilinear space. In particular, what is the maximum cardinality
of an equilateral set lying in a hyperplane Zle z; = 0 of the rectilinear space R¥
? (Isit £ ?7) What is the maximum number of pairwise touching translates of a k-
dimensional simplex ? (Isit k41 7) (Call two convex bodies touching if they meet
but have disjoint interiors.) Does every design on n points contain an antichain
of size n 7 These questions are in some sense equivalent and a positive answer
to any of them would imply a proof of our basic Conjecture 1 (cf. Proposition
11). However, except for small & or n, the answers proposed above are not correct.
Indeed, for any n > 5, there exists a design on n points having no antichain of size
n; for any k > 3, there exist k 4 2 pairwise touching translates of a k-dimensional
simplex (cf. Proposition 13).

1.2 Related geometric questions

The problem of determining the equilateral dimension of a normed space V arises
in particular when studying singularities of minimal surfaces and networks (cf.
[M92, FLM91, LM94]). This problem has the following interesting geometric in-
terpretation. Let K denote the unit ball of the normed space V and let ¢(K)
denote the the maximum number of translates of K that pairwise touch, called
the touching number of K. Given z1,...,z, € V, theset {z1,...,x,} is equilateral
with common distance 2 if and only if the translated bodies K + z1,..., K + z,
are pairwise touching. Hence, the equilateral dimension e(V') of the normed space
V' is equal to the touching number ¢(K) of its unit ball K.

Upper bound. A simple volume argument shows that e(V) < 3% if V is k-
dimensional; indeed, A := |J;—; (K + x;) is contained in the ball of center z; and
radius 3. As noted in [FLM91], this upper bound can be refined to 2F by observing
that A has diameter 2 and using the isodiametric inequality which states that the
volume of a body with diameter < 2 is less than or equal to the volume of the unit
ball. The 2* upper bound had been obtained earlier by Petty [P71] who showed
the following structural characterization for equilateral sets: A set X C RF is
equilateral with respect to some norm if and only if X is an antipodal set (that is,
for any distinct points z,z' € X there exist two parallel supporting hyperplanes



H,H' for X such that z € H, 2/ € H'); the 2% bound now follows from the
fact established in [DG62] that an antipodal set in R¥ has at most 2¥ points.
Clearly, the 2¥ upper bound is attained for the £s-norm (as {0, 1}* is equilateral);
moreover, an equilateral set of size 2F exists only when the unit ball K is affinely
equivalent to the k-cube [P71].

Lower bound. Petty [P71] shows that one can find four equidistant points in
any normed space of dimension > 3. It is still an open question to decide whether
one can find an equilateral set of cardinality £+ 1 in a normed space of dimension
k>4 (cf. [M92, LM94, S97] or [T96] (problem 4.1.1 page 308)). Note, however,
that the answer is obviously positive for the £,-norm (as ey, ..., e, (a,...,a) form
an equilateral set, where ey, ..., e are the unit vectors and « satisfies |a — 1|P +
(k —1)]alP = 2). In the Euclidean case (p = 2), k + 1 is the right value for the
equilateral dimension [B53].

Hadwiger’s problem. The equilateral problem has interesting connections to
several other problems in combinatorial geometry. In particular, it is related to
a classic problem posed by Hadwiger [H57] which asks for the maximum number
m(K) of translates of a convex body K that all meet K and have pairwise disjoint
interiors. (See p. 149 in [DGKG63] for history, results and precise references on
Hadwiger’s problem.) It can be shown that m(K) = H(K)+1, where H(K) is the
maximum number of translates of K that all touch K and have pairwise disjoint
interiors; H(K) is known as the Hadwiger number (or translative kissing number)
of K. In other words, when K is centrally symmetric with associated norm ||.||,
H(K) is the maximum number n of vectors 1, ..., z, satisfying: ||z;|| = 2 and
|z; — x;]| > 2 for all 4 # j = 1,...,n. The touching and Hadwiger numbers are
related by the inequality: ¢(K) < H(K) + 1.

Let K be a k-dimensional convex body; the following is known: H(K) < 3% —1
(Hadwiger [H57]; simple volume computation); H(K) = 3% — 1 if and only if K is
a parallelotope (Grimbaum [G61b] for £ = 2 and Groemer [G61a] for general k);
H(K) =6 when K is a 2-dimensional convex body different from a parallelogram
[G6la); H(K) > k? + k (Swinnerton-Dyer [SD53]). The previous lower bound was
recently improved by Talata [T98] who showed the existence of a constant ¢ > 0
such that H(K) > 2% for any k-dimensional convex body K. Determining the
Hadwiger number of the k-dimensional Euclidean ball By, is a longstanding famous
open problem which has surged intensive research; in particular, it is known that
H(By) = k? + k for k < 3. The Hadwiger number of the tetrahedron was recently
shown to be equal to 18 (Talata [T99]).

Other related combinatorial problems are investigated in [FLM91, S96, S97].
For instance, if z1,...,2, € RF are unit vectors (with respect to some norm)
satisfying ||z; +z;| < 1 for all i # j, then n < 281 moreover, n < 2k if 0 belongs
to the relative interior of the convex hull of the z;’s, or if || 3,7 @]] <1 for all I C
[1,n]. Further geometric questions (like the problem of finding large antichains in



designs or the problem of determining the maximum number of pairwise touching
translates of a simplex) will be discussed in Section 3.

2 Reformulating the equilateral problem in the recti-
linear space

We present here some reformulations of the equilateral problem in the rectilinear
space £1(k) in terms of set systems.

We introduce some definitions. Given X = {z1,...,2,} C Ry, let a1 < ... <
a, denote the distinct values taken by z1,...,z, and set

Sg={itel,n]|z;>a}forg=1,...,p.

Then, B(X) denotes the weighted set system on V' := [1, n] consisting of the sets S,
with weight ag, := ag—a, 1 forg=1,...,p (setting ag := 0). Then, S, C ... C 51
and the following holds for 7 # j € V-

(1) (1) Tj = Z ag, (ii) |$z — $j| = Z ag.

SEB(X)|ies SEB(X):|Sn{i,j}=1
Generally, given X = {z1,...,2,} C R’i, we let B(X) denote the weighted set
system defined as the union of the k weighted set systems B({zi(h),...,z,(h)})
for h =1,...,k. Then, B(X) can be covered by k chains and the following holds
fori #£je€V:

@  Defn= Y as (@) m-zh= Y as
SeB(X)lies SEB(X):|Sn{i,i}|=1

When all vectors in X are nonnegative integral, B(X) can be viewed as a multiset

if we replace a weighted set S with weight a (a positive integer) by a occurences

of S. Note that the correspondence X — B(X) is many-to-one (as there may be

several ways of partitioning a set system into chains). For instance, consider

0 2 0 01 1 00 1 1 0
Mi=(2 00|, My=[200],4=[1 1 0 0 0
1 1 2 1 0 3 1 0 0 1 1

and let X, Xy denote the sets in R*> whose points are the rows of M; and Ms,
respectively. Then, B(X;) = B(X3) is the multiset given by the columns of A;
X1 and X5 correspond to two distinct partitions of the columns of A into chains,
namely with parts {1,2}, {3,4}, {5,6}, and with parts {1,2}, {3},{4,5,6}.

_= O O

Given a subset S C V, the cut 0(S) is the vector of {0, 1}(3) defined by 6(5); =
1 if and only if |[SN{i,j}| = 1for 1 < i < j < n. Let 1, denote the all-

ones vector in R(2). A cut family S is said to be nested if its members can be
ordered as §(S1),d(S2),...,0(Sm) in such a way that S| C S5 C ... C S/ where



S% € {85,V \ Sj} for each j = 1,...,m; S is said to be k-nested" if it can be
decomposed as a union of k nested subfamilies. A cut family S is said to be
equilateral if there exist positive scalars ag (6(S) € S) for which the following
relation holds:

(3) L, = Y asé(S).

5(S)es
Clearly, (3) holds if and only if the rows of the matrix whose columns are the
vectors asx® (6(S) € S) form an equilateral set. (Given aset S C V, x° € {0,1}V
denotes its characteristic vector defined by x = 1 if and only if i € S, for i € V.)

For instance,
n

> 6(i) = 21,

i=1
which shows that the cut family {§(i) | i = 1,...,n} is equilateral; this cut family
is called the trivial cut family. Finally, note that in (3) we can assume that the
scalars ag are rational numbers; similarly, when looking for equilateral sets we can
restrict our attention to nonnegative integral ones. To summarize, we have shown:

Proposition 2. The following assertions are equivalent.
(i) There exists an equilateral set in £1(k) of cardinality n.

(ii) There exists a multiset B on [1,n] which is covered by k chains and satisfies
HSeB:|Sn{ij}| =1} =r foralli#j €V, for somer > 0.

(iii) There exists a k-nested equilateral cut family on n elements.

For small n one can make an exhaustive search of all the equilateral cut families
on n points. For instance, the trivial cut family is the only equilateral cut family
on 3 points and for n = 4 the following result can be easily verified.

Lemma 3. For n =4, any decomposition (3) has the form:
4 1 4
14 = aZé(z’) + (= — a)Z(S(lz') where 0 < a <

1
i=1 i=2 2

! As is well known, the minimum number of chains needed for covering a set system (more gen-
erally, a partially ordered set) is equal to the maximum cardinality of an antichain (by Dilworth’s
theorem) and can be determined in polynomial time (using a maximum flow algorithm). Fleiner
[F97] has given a minimax formula for the minimum number k of nested subfamilies needed to
cover a cut family (more generally, for a symmetric poset) and shown that it can be determined
in polynomial time (by a reduction to the matching problem).



We now state some results that will enable us to formulate some strengthenings
of Conjecture 1.

Lemma 4. Consider the assertions:

(i) Any k-nested equilateral cut family on 2k — 1 elements is trivial.
(ii) Any k-nested equilateral cut family on 2k elements is trivial.

(iii) There does not exist a k-nested equilateral cut family on 2k + 1 elements,

i.e., e(l1(k)) < 2k.
Then, (i) = (i) = (iii).

PRrROOF. (i) = (ii) Let S be a k-nested equilateral cut family on V', |V| = 2k.
Assume that S is not trivial and let §(S) € S with 2 < |S| < 2k—2. Foreachi € V,
the induced cut family on V' \ {7} is trivial which implies that SN (V \ {i})| =1
or 2k — 2. Choosing i € V' \ S, we obtain that |S| = 2k — 2 and choosing i € S
that |S| = 2. Therefore, & = 2. In view of Lemma 3, S contains the three cuts
0(12),6(13),0(14), contradicting the assumption that S is 2-nested. The proof for
implication (ii) = (iii) is similar and thus omitted. |

Given zo € R¥ and A > 0, the set X := {xg + Ae; | i = 1,...,k} is obviously
equilateral; any set of this form is called a trivial equilateral set in R¥. Given
z,y,z € R¥, their median is the point m € R¥ whose hth coordinate is the median
value of xp, yp, zp for h =1,...,k. As is well known, the median m is the unique
point lying on the three geodesics beween any two of the points z, y, z; the geodesics
being taken with respect to the ¢;-distance, and the geodesic between x and y
consisting of all points u € R¥ satisfying ||z — y|l1 = ||z — u||1 + ||u — y||1. We now
reformulate Lemma 4 (ii) in more geometric terms.

Lemma 5. Consider the assertions:

(i) Any k-nested equilateral cut family on 2k elements is trivial.
(ii) Any equilateral set in R* of cardinality 2k is trivial.

(iii) If X is an equilateral set in RE of cardinality 2k, and with common distance
2, then there exists xo € R such that ||zg — z||y = 1 for all x € X.

Then, (i) < (i) <= (iii).

PROOF. (i) = (ii) Let X C R* be equilateral of cardinality 2k and with common
distance 2; up to translation we can suppose that min(z;(h) | i =1,...,2k) =0
forh =1,...,k. Let B(X) denote the associated weighted set system as explained
earlier in this section. By (i), we know that every set in B(X) is a singleton or the
complement of a singleton. Therefore, we find (up to permutation on 1,...,2k)



that B(X) consists of the sets {2i — 1} and V' \ {2i} for ¢ = 1,...,k, each with
multiplicity 1. Using relation (1)(i), this implies that X consists of the points ete;
(1t =1,...,k), where e is the all-ones vector; that is, X is trivial.

(ii) = (iii) holds trivially.

(ili) = (i) Let S be a k-nested equilateral cut family on 2k points. Then, a
suitable choice of S or V'\ S for each cut §(S5) € S yields a weighted set system B
on V' = [1,2k] which is covered by k chains and such that 1, = Y gcp5gd(S). Let
X = {x1,...,19,} C R denote an equilateral set corresponding to B (defined using
(1)(i) and a given partition of B into k chains). By (iii), we obtain that any three
distinct points of X have the same median. Therefore, for every h =1,...,k, the
vector (z1(h),...,zox(h)) is of the form ax’ + bx"V where i # j € V and a,b > 0.
From this we see that S is the trivial cut family. |

To summarize, we can formulate the following conjectures:

Conjecture 6. Any k-nested equilateral cut family on 2k — 1 elements is trivial.

Conjecture 7. Any k-nested equilateral cut family on 2k elements is trivial.
Equivalently, any equilateral set in R* of cardinality 2k is trivial.

Proposition 8. Conjecture 6 = Conjecture 7T = Conjecture 1. |

Conjecture 6 holds for k = 2 (trivial) and for k¥ = 3 ([BCL98]). We show that
it also holds for k = 4; the proof is delayed till Section 4.

Theorem 9. Conjecture 6 holds for k = 4.

3 Connections to other geometric problems

3.1 Touching cross-polytopes

Let B, = {z € R¥ : ||lz||; < 1} denote the unit ball of the k-dimensional rectilinear
space; (i is also known as the k-dimensional cross-polytope. As mentioned in the
introduction, the equilateral dimension of ¢;(k) is equal to the touching number
of Bx. A more restrictive question is to determine the maximum number of pair-
wise touching translates of G that share a common point. This question can be
answered easily.



Lemma 10. The mazimum number of pairwise touching translates of the cross-
polytope By sharing a common point is equal to 2k.

PRrROOF. Clearly, 2k is a lower bound (since the 5, £e;’s (i =1,...,k) all meet at
the origin). The fact that 2k is an upper bound follows from results in [HH78, F94]
on the ¢;-embedding dimension of trees. (It can also be checked directly using the
same reasoning as for the implication (iii) = (i) of Lemma 5.) |

Hence, we find again that Conjecture 1 holds if one can show that there are at
most n < 2k pairwise touching translates of 5 having no common point (that is,
if Conjecture 7 holds) (this is, in fact, the proof technique used in [BCL98] in the
case k = 3).

Let us observe that touching translates of the cross-polytope enjoy a strong
Helly type property. Namely, if B; := (B +x; (1 = 1,...,n) are n pairwise
touching translates of (3, then B; N Bj N By, is reduced to a single point (the
median of z;, z;,z)) for any distinct ¢,7,h € [1,n]; therefore, ;L B; # 0 if and
only if BN B, NBsNB; #D foralli =4,...,n.

3.2 Antichains in designs and touching simplices

We present here some variations on the equilateral problem in the rectilinear space,
dealing with equilateral sets on a hyperplane, antichains in designs and touching
simplices.

A first variation asks for the maximum cardinality h(k) of an equilateral set
X C R* lying in a hyperplane H, := {x € R* | e’z = r} (for some r € R).
(Recall that e denotes the all-ones vector.) Clearly, h(k) > k (considering the &
unit vectors).

The weighted set systems B(X) corresponding to integral equilateral sets X
lying in a hyperplane H, lead naturally to the notion of designs. Recall that, given
positive integers 7 > A, a multiset B on V' = [1,n] is called an (r, A)-design if every
point ¢ € V belongs to » members (blocks) of B and any two distinct points i,j € V/
belong to A common members of B. An antichain in B is a subset of B whose
members are pairwise incomparable. Let a(n) denote the maximum integer such
that every design on n points has an antichain of cardinality a(n) (equivalently, by
Dilworth’s theorem, a(n) is the minimum taken over all designs B on n points of
the minimum number of chains needed to cover B). Clearly, a(n) < n (considering
the design consisting of all singletons). Equality a(n) = n would mean that every
design on n points has an antichain of size n. It is well-known that every design
on n points contains at least n distinct blocks (cf. [dBE48]; this fact is also known
as Fisher’s inequality). Therefore, any pairwise balanced incomplete design (that
is, a design B whose blocks all have the same cardinality) contains obviously an
antichain of size n.



Call a design B on a set V' self-complementary if, for every B C V, the set
B and its complement V' \ B appear with the same multiplicity in 5. Denote by
a'(n) the maximum cardinality of an antichain in a self-complementary design on
n points. Hence, a(n) < a/(n) <n.

Finally, we consider the touching number ¢(ay) of the k-dimensional regular
simplex «y, (that is, the maximum number of pairwise touching translates of «y).
We have: t(ag) > k + 1. Indeed, induction on k shows easily the existence of
k + 1 translates of « that are pairwise touching and share a common point. (Cf.
Remark 14.)

Proposition 11. The following holds for integers k,n > 1.
(i) h(k) > n <= a(n) <k.

(ii

) h(k) = t(ak1).
(iii) a(n) > 2k = e(l1(k)) < n.
)

(iv) d(n+1) > 2k+1 = e(l1(k)) <n.

PROOF. (i) Let X = {z1,...,2,} C Z% and let B(X) be its associated multiset on
V =[1,n]. Using relation (2), we deduce that B(X) is a (r, A)-design if and only if
X is contained in the hyperplane H, and X is equilateral with common distance
p = 2(r — X). Moreover, B(X) is covered by k chains by construction. This shows
(1).

(ii) We need the following notation. Given z,y € R¥, let 2 V y denote the vector

of R¥ whose h-th component is equal to max(zy,,y,) = %(xh + yp + |zp — yn|) for
h=1,...,k. We have:

(o vy) = 5T+ ey + o~ ylh).

Let Si,...,S, be pairwise touching translates of the regular (k — 1)-dimensional
simplex. We can suppose that the S;’s are all translates of the simplex Sy :=
{z € R¥ | 2 > 0, ez = 1} and that they lie in the hyperplane H;. Then,
S; =8y +x; ={x €RF | 2> x;, ez =1} where the z;’s lie in Hy. As S; N Sj =
{z |z >z;Vzjelz =1} and S;, S; are touching, we deduce that el (z; vV z;) =1,
which implies that ||z; — 2;||1 = 2. Therefore, the set {z1,...,2,} is equilateral
in Hy. Conversely, if X = {z1,...,2,} C RF is an equilateral set with common
distance 2 and lying in Hy, then the n simplices S; := {z € R¥ |z > z;, Tz = 1}
(1t =1,...,n) are pairwise touching. This shows that h(k) = t(ay_1).

We prove (iii) and (iv) together. For this, let B be a multiset on [1, N] which is
covered by k chains and satisfies:

{SeB:|Sn{ij} =1} =r



for all i # j € [1, N]. We show that, if a(n) > 2k or a’'(n+1) > 2k+1, then N <n
(recall Proposition 2(ii)). Say, B = Uf_, B), where each By, is a chain. Without loss
of generality we can suppose that the element N belongs to all sets § € B;. We
define two new multisets B’ on [1, N —1] and B” on [1, N] in the following manner:

B :={SeB|N¢gS U{1,N]\S|N eSs},

B":=BU{[1,N]\ B| B € B}.

Obviously, B’ is covered by 1+ 2(k — 1) = 2k — 1 chains and B” by 2k chains.
Moreover, on can verify that B’ is a (r, §)-design on N — 1 points and that B" is
a (|B],|B| — r)-design on N points. Therefore, we find N —1<n—1,ie, N <n
when a(n) > 2k, and N <n when o'(n +1) > 2k + 1. |

Therefore, Conjecture 1 would hold if one could show that every design on n
points has an antichain of size n. One can show that the latter holds for n < 4;
however, for each n > 5, one can construct a design B, on n points having no
antichain of size n (cf. Proposition 13 below). For n = 5, one can show that Bs is
the only design having no antichain of size 5 (unique up to addition of the full set
[1,5]). This permits to show that any design on 6 points has an antichain of size
5. To summarize, we have:

h(k) = t(ag—1) =k for k < 3; a(n) =n for n < 4;
h(k) =t(ag—1) > k+ 1 for k > 4; a(n) <n—1 forn > 5;
a(n) =k for h(k — 1) < n < h(k).

In particular,

a(5) =4, a(6) =5, h(4) = t(as) = 5.

Moreover, we have checked that

a'(n) =nforn <7.

Example 12. We describe here two designs B, on n = 5,6 points which are
covered by n — 1 chains, as well as the associated equilateral sets in R"~! (vectors
are the rows of the arrays) of cardinality n.

1 2 34 35

Bs : 145 245 1234 1235

_— =0 O N
_= =0 N O
SN DN ==
O N ==

10



4 01 1 2
1(x2) 2(x2) 3(x2) 5(x2) 4(x2) 8 g P
Bo: 16 26 346 36 1235(x2) | | o o 4
1456 2456 12346 12356 14
2 2 2 20
Another design on 6 points covered by 5 chains:
4 0 1 1 0
1(x2) 2(x2) 4(x2) 5(x2) 36(x2) o 4L 10O
00 2 2 2
16 26 34 35 A
1456 2456 1234 1235 1040
2 2 0 0 2

Proposition 13. For each n > 5, there exists a design on n points which is
covered by n — 1 chains.

ProOOF. Using induction on n > 6 we construct a design B, on n points which is
covered by n — 1 chains and with parameters r,, A, satisfying:

(4) |Bp| > 2rp, — Ay and {i} € B, foralli=1,...,n—1.

Design Bg is as described in Example 12; it satisfies (4). Given B, satisfying (4),
we let B4 consist of the following sets: B U {n + 1} for B € B,, {1,...,n}
repeated r,, — A, times and, for i = 1,...,n, {i} repeated |B,| — 2r, + A\, times.
Then, B,,1 is a design with parameters r,1 = |By|, Apy1 = . Moreover,

|Bryi| = |Bul + (rn — An) +n(|Bn| — 2rn + M)
which implies that
|Bn+1| —2rpp1 + >‘n+1 = (n - 1)(|Bn| —2rp + >\n) > 0.

Hence, (4) holds for B, ;. Finally, B,,4+1 can be covered by n chains since one can
assign the singletons {i} (i = 1,...,n—1) to the n—1 chains covering { BU{n+1} |
B € B,} and put {1,...,n} and {n} together in a new chain. |

Remark 14. The maximum number of pairwise touching translates of the (k—1)-
dimensional simplex that share a common point is equal to k. (Indeed, similarly
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to the proof of Proposition 11, one can show that there exist n touching trans-
lates of aj_1 sharing a common point if and only if there exist an equilateral set
X ={z1,...,2,} in a hyperplane H, of R* such that z; v xj is a constant vector
for all ¢ # j; this in turn means that the associated multiset B(X) consists of
copies of V' = [1,n] and of V' \ i for i € V, which implies that n < k since B(X) is
covered by k chains.)

4 Proof of Theorem 9

Let S be a cut family on V. Call two cuts §(S), 6(T") crossing if the four sets
S, T,V \ S,V \T are pairwise incomparable and cross-free otherwise; in other
words, two cuts are cross-free if and only if they form a nested pair. Given ¢ < %,
acut §(5) is called a t-split if S has cardinality ¢ or |V'|—t. Given a subset X C V,
let Sx denote the induced cut family on X, consisting of the cuts (SN X, X \ 5).

In what follows, V' = {1,...,7} and § is assumed to be a nontrivial equilateral
cut family on V which is 4-nested; moreover, we choose such & minimal with
respect to inclusion.

If X CV with |X| = 4 then, by Lemma 3, Sx either contains all 1-splits or
contains no 1-split. The first step of the proof consists of showing that the former
always holds.

Proposition 15. For every X CV with |X| =4, Sx contains all 1-splits.

PROOF. Assume that the result from Proposition 15 does not hold for some subset
X CV;say, X :={1,2,3,4}. By Lemma 3, Sy contains no 1-split and, thus, Sx
contains all the three 2-splits on X. Hence, S can be partitioned into

S=85USUS3US,

where all cuts in Sy (resp. S;, @ = 2,3,4) are of the form §(S) (resp. 6(1iS)) for
some S CW :=V\X =1{5,6,7} and S; # 0 for i = 2,3,4. Note that any two
cuts belonging to distinct families S;, S; (i # j = 2,3,4) are crossing. Therefore,
as § is 4-nested, we deduce that

(5) at least two of the families Sy, S3, S, are nested.

As S is equilateral we have:

I = Y a%d(S) + > o6(1iS)
SCW 1=2,3,4 SCW

for some nonnegative scalars %, ak; S consisting of those cuts having a positive
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coefficient. For z #y € W and i = 0,2, 3,4, set

ai(z) == Z ok, o;(Z) := Z ok, a;(zy) == Z o,

SCW|z€eS SCW|zgS SCW|z,yeS

By evaluating coordinatewise the right hand side of the above decomposition of
17 we find the relations:

1
(6) ag(x):ai(x):ai(f)zzfori:2,3,4 and x € W,
1
M )+ Y ailey) =L forzEyew
i=2,3,4

We claim that if S; is nested for some ¢ = 2,3, 4, then
Si ={6(17),6(LiW)}.

Indeed, assume that S; consists of the cuts 0(1¢A;),...,(1éA,) where A; C ... C
A, C W. Using relation (6), we find A1 =0 (as o;(z) =0 for z € A1), A, =W
(as aj(z) =0 for x € W\ Ay) and p = 2 (if p > 3 we would have «o;(z) < o;(y) fo
z € Ap\ Ar and y € Ay).

By relation (5), we can suppose that S and S3 are both nested. Therefore,
S; consists of the cuts §(17) and 0(14W) for ¢ = 2,3. It follows that as(zy) =
asz(zy) = 1 for  # y € W. Using relation (7), we obtain: as(zy) = 0 for
z #y € W. Therefore, all cuts 6(14u) belong to S for u € W. Together with
d(12) and §(13) they form a set of five pairwise crossing cuts, which contradicts
the assumption that S is 4-nested. |

=

As S is not trivial, the minimality assumption on § implies that one of the 1-
splits is not present in S; say, 6(1) € S. Let Ay,..., A, denote the (inclusionwise)
minimal subsets of V'\ {1} for which §(A4; U{1}),...,0(A, U{l}) belong to S and
set

Sunin = {0(1A1), ..., 6(14,)}.

A set T'C V '\ {1} is said to be transversal if T meets each of the sets Ay,..., Ay.
Proposition 16. p = 4 and the sets A1,..., A, are pairwise disjoint.

PROOF. We first claim that

(8) every transversal T has cardinality |T'| > 4

Indeed, if |T'| < 3 then, in view of Proposition 15, there exists §(S) € S for which
SN (TU{l}) = {1}. Then, T is disjoint from the set A; for which 14; C S,
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contradicting the assumption that 7' is transversal.
If 6(14;),6(1A;) € Smin are two cross-free cuts, then the following holds:

9) A;NA; =0 and |4;] = |4;] = 3.

Indeed, A;UA; = V\{1} = [2,7], since §(14;) and §(1A4;) are cross-free. Moreover,
|A; \ Aj| > 3 (else, the set (A; \ A;) U{x} where x € A;\ A; would be a transversal
of cardinality < 3, contradicting (8)) and, similarly, |4; \ A;] > 3. Relation
(9) now follows from the above observations and the identity: 6 = |A; U Aj| =
|Az \ AJ| + |AJ \ Al| + |Al N AJ| We now show that

(10) every two cuts among 0(1A4),...,0(1Ap) are crossing.

For, suppose not. Then, by (9), the cuts are of the form: §(14;),d(LA}) for i =
1,...,qand §(14;) for j = g+1,...,m, where A} := V' \ (4;U{1}) and p = m+q.
Clearly, m < 4 since the cuts 6(1A4;),...,0(1A4,,) are pairwise crossing. We claim
that we can find a transversal of cardinality 3, thus contradicting (8) and proving
(10). For this, we use the fact that A; N Aj, A; N A}, A5 N A} # 0 for 1 <i <m,
1 < j,h < gq. Indeed let us suppose that ¢ = 4 (the case when ¢ < 3 is analogue).
Then, by the above observation, one of the two sets A;NA2NAg and A\ NAyNA;3is
not empty; similarly, one of the two sets A5NA5N A4 and A5NA5NA) is not empty.
We can assume without loss of generality that A; N Ay N Az, A, N A5 N Ay # 0.
Then, choosing z € A; N Ay N Az, y € Ab,Nn Ay N A, and z € A N Ay, the set
{z,y, 2z} is transversal.

We can conclude the proof of Proposition 16. Indeed, p > 4 by (8) and p < 4
by (10); hence, p = 4. Moreover, the sets Aq,..., Ay are pairwise disjoint for,
otherwise, we would find a transversal of cardinality less than 4. |

We now conclude the proof of Theorem 9 by analysing the various possibilities
for the family Spin. The following notation will be useful: Given two disjoint sets
S and A, S4 denotes a set of the form S U B where B C A.

We first assume that the family Spmin contains a cut 6(14;) with |A;] > 2. Then,
we can assume that the cuts in Sy, are of the form

5(12B,), 6(13B3), §(14By), 5(1568s)
where Bs, ..., B; are pairwise disjoint subsets of {7}. Let
S=CUC3UC4UCs

be a decomposition of S into four nested families where §(174;) € C; for i = 2, 3,4
and 5(156A5) € Cs.
Consider the set X := 1256. All induced 2-splits on X must be present in Sx;
therefore,
5(15347), 5(16347) €Ss.
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The above two cuts are crossing; moreover, they are crossing with §(12A45) (obvi-
ous) and with §(156A45) (use here the minimality assumption on 56A5) and, thus,
they must be assigned to C3 U C4. By considering the sets X := 1356 and 1456,
we obtain in the same manner that §(15247),(16247) belong to Co U C4 and that
d(15237),0(16237) belong to CoUCs. Without loss of generality, let us assign §(15347)
to C3 and 6(16347) to C4; then, necessarily, d(15947) € Ca, 0(16247) € C4 and we
reach a contradiction when trying to assign 0(16237) to Co U Cs.

We can now assume that |A;| =1 for every cut §(1A;) € Smin. Therefore, Spin
consists of the cuts
§(12),4(13),4(14),0(15)

and, thus, §(16),0(17) ¢ S. Let
S§=C,UC3UCsUCs

be a decomposition of § into four nested families where 6(1i) € C; for i = 2,...,5.

For every element k € V for which §(k) € S, we find similarly that S contains
four cuts of the form d(ki) (¢ € V' \ {k}). It follows that at least one of §(6),d(7)
belongs to S. Say, 6(7) € S and we can suppose that

(5(7) € Cs.

The following observation will be repeatedly used: Any cut belonging to C, and
distinct from §(2) is of the form 0(S) where 12 C S and 7 ¢ S.

For each of the sets X := 1347,1357, and 1457, all 2-splits are present in Sx;
therefore, 0(17256),0(17246),(17236) € S. It is easy to verify that these cuts must
be assigned in the following manner to the classes C; composing S:

6(17256) € Cs, 6(17246) € Cy, 5(17236) € Cs.

Considering the set X := 1267, we see that §(16345) € S. We can assume that
d(16345) € C5. Then, 0(15),(17256),0(16345) are nested which implies that

5(156) € Cs.

This yields 6(6) € S. (Indeed, if 6(6) ¢ S, then S contains four cuts of the form
d(6); we reach a contradiction since any cut 6(i6) is crossing with §(156) and thus
cannot be assigned to Cs.) Without loss of generality,

) (6) € Cs.
Considering the set X := 1256, we derive analogously that

5(16347) € Cy.
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We will use the following fact:

(11) For X := 2367, the induced cut family Sx contains no 2-split.

For, if not, then §(27145) € S, yielding a contradiction as this cut cannot be
assigned to any class C;.

In particular, we obtain that the cut d(17236) (which belongs to C3) is equal
to §(1237). Considering the set X := 1267, we obtain that §(17345) belongs to S.
Moreover,

5(17345) € Cy.

(Indeed, §(17345) & C2 UCs5 since it crosses 0(12) and §(156). If 6(17345) € C3, then
it is nested with 6(17236) which implies that 6(137) € S contradicting (11).)

Considering the set X := 1247, we obtain that §(17355) € S. We now reach a
contradiction since we cannot assign this cut to any class C;. Indeed, §(17356) &
C2UCy (obviously) and §(17356) & C3UCs (for, otherwise, §(17356) is nested, either
with 0(1237), or with §(156) and 6(1725¢), which implies that one of the cuts 6(137),
d(1567) belongs to S, contradicting (11)). This concludes the proof of Theorem 9.

5 Conclusions

We have presented some relations between Conjecture 1 (dealing with the maxi-
mum cardinality of an equilateral set in the k-dimensional rectilinear space) and
some other geometric questions, like the maximum size a(n) of an antichain in a
design on n points, or the touching numbers of the cross-polytope and the simplex.
We mention here some further related problems.

Consider the sequence (n — a(n)),>1. Is it monotone nondecreasing 7 Does it
converge to oo 7 (If the sequence would be bounded by a constant C, it would
imply the upper bound 2k + C for e(¢1(k)).)

It would be interesting to evaluate the touching number ¢(P) of a k-dimensional
polytope. Conjecture 1 asserts that, for P = f (the k-dimensional cross-polytope),
this number is equal to 2k (the number of vertices of §;). If P is the k-dimensional
cube, then #(P) = 2% (the number of vertices). On the other hand, for P = oy
(the k-dimensional simplex), this number is > k + 2 if £ > 3 (thus, greater than
the number of vertices). One may wonder for which polytopes P, the number of
vertices of P is an upper bound for ¢(P). Is it true when P is centrally symmetric
? The answer is obviously positive when the number of vertices of P exceeds 2F
which is the case, for instance, if P is a k-dimensional zonotope. Given a polytope
P and its symmetrization P* := P — P, observe that ¢(P) is equal to t(P*). Hence,
if the answer to the above question is positive, we find that #(ay) < k(k + 1).
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