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Abstract

We develop the likelihood ratio criterion (LRC) for testing the coefficients of a
structural equation in a system of simultaneous equations in econometrics. We
relate the likelihood ratio criterion to the AR statistic proposed by Anderson and
Rubin (1949, 1950), which has been widely known and used in econometrics over
the past several decades. The method originally developed by Anderson and Rubin
(1949, 1950) can be modified to the situation when there are many (or weak in
some sense) instruments which may have some relevance in recent econometrics.
The method of LRC can be extended to the linear functional relationships (or the
errors-in-variables) model, the reduced rank regression and the cointegration models.
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1. Introduction

In ”Estimation of the parameters of a single equation in a complete system of
stochastic equations” Anderson and Rubin (1949) gave a confidence region for the
coefficients of the endogenous variables in that single equation. Such a confidence
region leads to a test of the null hypothesis, say Hy, that the vector of coefficients
is a specified vector, say B3,; the test consists of rejecting the null hypothesis if 3,
is not included in the confidence region, that is, if

ByP, A P28y Ky
7 >
,BoHnﬁo r'—-K

(1.1) Fr,7-k(€) ,
where Py is the regression of the "included” endogenous variables on the Ky "ex-
cluded” exogenous variables, Ags 1 is the sample covariance matrix of the ”excluded”
exogenous variables, Hy; is the sample error covariance matrix of T'— K degrees of
freedom, and Fk, 7—x(€) is the 1 — € significance point of the F-distribution with K
and T — K degrees of freedom. This test is a likelihood ratio test of Hy when the
disturbances are normally distributed and the exogenous variables are nonstochastic.
The hypothesis Hy that the vector of coefficients of the endogenous variables is 3,
is relevant only if the equation is identified. This fact suggests that the hypothesis Hy
should be tested against the set of alternatives in which the equation is identified, say
H,. The equation in question is identified if the relevant submatrix of the coefficients
in the reduced form is of rank Gy — 1 where (G; is the number of coefficients in 3.
The likelihood ratio test of identification is to reject the hypothesis, say Hy, if

BP;.1A22.1P2.1B: . b'Py, Ay Pyib

111111

BH,A3 b bHub

(1.2)

is greater than a constant. Here B is the Limited Information Maximum Likelihood
(LIML) estimator of coefficients of the endogenous variables in the selected structural
equation. [Anderson-Rubin (1949)].

The likelihood ratio test that the coefficients vector is 3, given that the equation
is identified is to reject Hy if

|4 B A Pof
(13) . //B Hll/B
B0P2,1A22.1P2.1/30
BoH118,

1+
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is less than a constant. The ratio ,BE)P/Q_1A22_1P2_1,60/,36H1160 measures the effect
of the excluded exogenous. variables relative/ to the error variance of that linear
combination. The ratio B P;.1A22_1P2,IB/B HHB is the relative variance of the
linear combination on which the excluded exogenous variables have least effect.

The criterion for testing Hy vs. H, has an asymptotic distribution of y? with
K5 degrees of freedom, while the criterion for testing H; vs. Hy has an asymptotic
distribution of x? with Ky —(G1—1) degrees of freedom under the standard regularity
conditions. The ratio (1.3) has an asymptotic x*— distribution with K, — [Ky —
(G1 — 1)] = G1 — 1 degrees of freedom.

For a recent review of the study of testing of Hy against Hy, see Andrews and Stock
(2005). The shortcoming of the original method of Anderson and Rubin shows up
particularly when the number of excluded exogenous variables (instruments) is large.
Moreira (2003) developed a conditional likelihood test when the error covariance
matrix is known. It was derived by a different approach and has a form slightly
different from (1.3), to which we will mention at the end of Section 3.

In Section 2 we define the statistical model and a new (and simple) derivation of
the likelihood ratio criterion (LRC) is given in Section 3. Then we give some results
of the asymptotic distribution of LRC in Section 4 under a set of general conditions
including some cases of the weak instruments and many instruments situations. The
extensions of our approach to several problems (i.e. the errors-in-variables model,
the reduced rank regression and the cointegration models) are discussed in Section 5
and concluding remarks are given in Section 6. The mathematical proofs of theorems
are in Section 7.

2. The statistical models

The observed data consist of a T x G matrix of endogenous or dependent variables
Y and a T x K matrix of exogenous or independent variables Z.
A linear model is
(2.1) Y=ZII1+V,

where IT is a K x G matrix of parameters and V is a T' x G matrix of unobservable
disturbances. The rows of V are assumed independent; each row has a normal
distribution N(0,€2). The coefficients IT are estimated by the sample regression
matrix

(2.2) P=(Z27)"'2Y.



Q is estimated by (1/7)H, where
(2.3) H=(Y-ZP)(Y-ZP)=YY - P'AP,

and A = Z'Z. The matrices P and H constitute a sufficient set of statistics for the
model.

A structural or behavioral equation may involve a subset of the endogenous vari-
ables, say Y1, T' X G1, a subset of exogenous variables, say Z, T' x K7, and a subset
of disturbances, say V1, T' x G;. The equation of interest is written as

(2.4) Y3 =27, +u,

where u = Vi3 and V = (V1,V,); a component of u has the normal distribution
N(0,0?), where 02 = 8'Q,,8 and Qi is the G; x G, upper-left corner of € such

that
Qi Qo ]
Q= )
[ Qo1 Ny

Let Y, Z, V and II be partitioned accordingly so that (2.1) is

I1,; II

(2.5) (Y1, Ys) = (Z1,Z) l o ] + (V1. Va) |
Iy Il

where Zj is a T' x K, matrix. The relation between (2.4) and (2.5) is

(2.6) [')’1]:ln11 HlQ][IB]:[Hnﬂ]

' 0 Iy Il 0 IESVCR
The second part of (2.6),
(2.7) I1,8=0,

defines B except for a multiplicative constant if and only if the rank of Iy is G; — 1.
In that case the structural equation is said to be identified. Since Il is Ko X G,
a necessary condition for identification is Ky > G7 — 1.

Consider the null hypothesis

Hy: I1y18,=0,

where 3, is a (non-zero) specified vector. The alternative hypothesis, say Hs, con-
sists of arbitrary IT and 2.
It will be convenient to transform the model so that the two sets of exogenous

variables are orthogonal. Let
—AA
Zoy=Zy— 7 A} A =7 l 1L ] :
Ik

2
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where / /
A _ [ A11 A12 ‘| _ [ Z1Z1 Z1Z2 ‘|
Ay Aoy 7,7, 7,7,

Define (17, 113,) = (I, Aj'Agp) TT . Then

* *
Hll H12

ZI1 = (Zy,7Z5,) [ L, IL,

] = (Zy,Z9,) 11" .

The matrix Zs; has the properties Z;Z2_1 =0 and Z;.lzg.l = Ay — A21A1_11A12 =
Aoy . Define also

Z/
A* — [ /1 ] [Z17Z2.1] -

[ Au O ]
Z2.1 ‘

o A22.1

In terms of (Z1, Zs,), the sample regression matrix is

Zy, A7y, Y P;

and
H=YY - P A*P*.

3. A new derivation of the likelihood ratio criterion

The likelihood function is
(3.1) L(IL, Q)
_ (zw)%TGmy%Texp{—;tr(Y _ 710 (Y — ZIDQ )
= (27r>—%TG|Q|—%Texp{—;tr (P —TI)A(P—TI) + H| Q'}
_ (QW)%TG\Qy%Texp{—;tr (P~ ) A*(P* - 1) + H] Q')
= (20) 11910 ¥ exp{— st (P~ TI}) Ay (P - IT})
+(Pj — ) Agy 1 (P} — TI) + H} Q 'y,

where II] = (IIj;,II},) and II, = (IIy;,II5). The maximum of L(IL, Q) with
respect to IT} occurrs at I} = P and is

1 1 1 /
L(HQ, Q) = (27T)7§TG’Q|7§T exp{—itr [(P; — Hg) A22.1(P; — Hg) -+ H} Q_l} .
(3.2)



The maximum of L(Ily, ) with respect to €2 is

1

—=T 1
2 6_5TG )

(33)  L(I) = (2m) 27¢ (P} — Ty) App (P} — TI) + H

By Lemma 1 in Section 7, the maximum of L(ITy) with respect to ITy, is

(3.4) L(IIy)

/ -ir _1p 1
= (QW)_%TG ’(P2.1 - H21) A22.1(P2.1 - H21) +Hy : |H22.1| 2T€ éTG

)

where P2.1 = A2721.1Z/2.1Y1, H22.1 = H22 - H21H;11H12, Hll is a G1 X G1 submatrix,

and
H,, H
H— l 11 12 ] ‘
Hy, Hy,

Then the maximum of L(IIy;) with respect to Iy is
(3.5) Ly, = (2r) 27¢ |H| 3T ¢27¢ |

This is the likelihood maximized with respect to IT and €2 without any rank restric-
tions on coefficient.
Let the G; x GG1 matrix be

(3.6) Gy =P, Ay Py .
Define v, as the smallest root of
(3.7) |G11 — AHpu| =0

that is )
(3.8) vy = min b,GHb = ?,GH? :
b bHb 5w, p

where B is the LIML estimator of 8. Then the likelihood function maximized under
H1 18 1

—17G 1331-3T ~ir _lpg
(3.9) Ly, =@2m) 2" H|72 (1+v) 27e 2",
Hence the likelihood ratio criterion for testing H; against the alternative hypothesis
that II is unrestricted is

’ —1ir
L b'Gyb] ®
(3.10) . G ] .

Ly, b'Hyb

1 The result can be directly obtained by (3.15) below by substituting the parameter vector 3
for B, and then maximizing the likelihood function with respect to 3.

= (14T = [1 +min
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(See Anderson and Rubin (1949), Theorem 2.)

Now consider maximizing the likelihood function under Hy : rank(Ily;) = G; — 1
and B8 = B,. The matrix Ily; can be parameterized as

(3.11) I, = pl |

where p is Ky X (G; — 1) of rank G; — 1 and I' is Gy x (G1 — 1) of rank Gy — 1 such
that
(3.12) 'B,=0.

Then by a direct minimization 2
(313) Inui,n ’(Pg'l — [,LF/)/AQQ_l(PQ,l — uI‘/) + Hll‘
= ‘(P2.1 - I:LF/)/A22.1(P2.1 - IAJ»I‘,) + Hn’ )

where )
(3.14) fr =Py, H/'T (T'H,/T)

The determinant is then

/ _1 147 / _1 !
‘[Pg.l — Py H'T (T'H/T) T APy — Py H'T (T'H'T)  T'] 4 Hy,

I _1 ! / _1 /
- ‘[IGI ~T(I'H,'T) T'H|Gulls, - H'T (T'HT) T+ Hy,

— [Hy|||Ie, - HL/T (r’Hnlr)lr’HHl/ﬂ (H,*GH,?)
X [Icl —H /T (r’Hl—fr)’1 I'H;}" 2} +1g,
= [Hyl|[le, - QQ'Q'Q|H;*GuH, " [Is, - QQ'Q'Q] + 1,

9

where Q = Hfll/QI". The matrix Q(Q Q)~'Q’ is idempotent of rank G| —1 and I, —

Q(Q'Q)'Q’ is idempotent of rank Gy — (G; — 1) = 1. Then I, — Q(Q'Q)"'Q =
x(x'x)"!'x and Q'x = 0 for x = H)/> o- Then (3.13) is

(3.15) [Hy | [x(x'%) "% H G HY Px(x %) % + 1,
G
_ |H11| [1 + /69 11180‘|
BoH118,
2 We can use the relation that |[(Pa; — NI‘,)/Agg,l(Pg,l — /,l,].-‘l) + Hyy| = |H11||(HI‘/ —

P241)H1_11(I‘p, — P/2.1)A22,1 + I, —1] and minimize the quadratic form of p.

7



by Corollary A.3.1 of Anderson (2003). The likelihood maximized over Hj is

’ 17
50G11501 ’
BoHu1 B,

Hence the likelihood ratio criterion for the null hypothesis Hy : II5; has rank G — 1
and ITy 8, = 0 vs. Hy : Iy has rank G; — 1 is

(3.16) Ly, = (27)"27¢ |H| [1 +

L r A/G o %T
ir
1+ 5 , “{3
(3.17) b _ | b — |— B8
LH1 1+ IBOGH/BO 1 IBOGH/BO
7 — + —_—
BoH118, BoH118,

The null hypothesis that 3 = 3, is rejected if the LRC is less than a suitable
constant; that is, if

/\/G A
1+16 1113

— BHWO g, T-K).
1+ BoGuBo

BoH1 B,
The likelihood ratio test (3.18) can be written

BoGuBy . 1+m
/3£)H1160 C(KQaT - K)

In Anderson and Rubin (1949) the test is

BGuB, Ko
7 > FKQ,T_K(E) )
IBOH].]J@O r'—-K

where F, r_k(€) denotes the 1 — e significance point of the F-distribution with K,

(3.18)

(3.19) —1

(3.20)

and T — K degrees of freedom.

Comments :

1. The LRC does not depend on a normalization of the vector of coefficients. The
ratio BBPIQ.lAQQ.lPQ.IﬁO/BanﬁO is unchanged by replacing B, by B, times an arbi-

trary constant. Similarly, B P’2'1A22,1P2,1B / B HHB is unchanged by replacing the
LIML estimator multiplied by a constant. The normalization of 8, does not have
to be the same as of 3.

2. The LRC (3.10) compares the hypothesized 3, with the LIML estimator 8.

8



3. The LRC is a function of the sufficient statistics P and H.

4. The LRC is invariant with respect to linear transformations Y; — Y;C, 3, —
C '8, and Zy — Z,D for C and D nonsingular.

The only invariants of /BE)GH/@O/IB;)HHBO and B GHB/B HllB are BBGllﬁO/IB;)Hllﬁ(]
and the roots of (3.7).

5. The logarithm of the likelihood ratio criterion is

log (1 N ,?/Gll/g) ~log <1 n ,30G1130>] 7

: BoH11 8,

L 1
(3.21) log =20 — 5T
BH.,A

Ly,

which is approximately

(3.22) =\

BGuB ﬂ’oeuﬁol
. |

BIHHB BoHuBy

Moreira (2003) has arrived at (3.22) by another route. He considered criteria
which are functions of the sufficient statistics that are invariant with respect to

certain linear transformations when €247 is known and expressed the statistic as

I

LRy =SS —x™",

(S,T) = 25,751 [S(By2118,) />, T(T' Q) /2]
and
S=7,.Y.8,.T=2, YQiT.

(We have used our notations here.) He has proposed to use the simulated distribu-
tion of LRy when €24, is known for testing Hy.

4. Asymptotic Distributions

We shall investigate the limiting distributions of the likelihood ratio (LR) statistic
under conditions much more general than the conditions under which the test was de-
veloped. Let the o—field F;_; be generated by zy, vy, -+, 21, V1,2 (t=1,---,T)
and Fy is the initial o—field generated by z;. We partition 1 x (G + G3) vec-
tors v, = (v, Vy) (t = 1,---,T), and we assume that £(v,|F_1) = 0 a.s.,

9



E(vivy|Fiz1) = Q; a.s., and Q, can be a function of zy, vy, -+, 21, Vi_1, 2. Since
u, = vi,B3, we have &(u|F_1) = 0 a.s. and E(u2|F_1) = o2 = BB a.s., where
Qt is a (Gl + Gg) X (Gl + Gg) matrix

Qi) Qf

0, =
el ol

We first investigate the limiting distribution of LR statistic under the standard
situation when 7' is large. Suppose

1 &
(I) > zz, M (asT — o0) ,
T
1
an = s [lza]* 25 0 (as T — o0)
1 & /
(I1I) =3 Q) @ 27, 25 Q) @M (as T — 00)
t=1
1 T
(IV) T > Q) 2, (as T — o0) ,
t=1
(V) sup E[v, Vil (v, vy > ¢)|Fi] 2= 0 (as ¢ — 00) ,

>1
where [(-) is the indicator function, and M and €2;; are nonsingular (constant)
matrices. Conditions (IV) and (V) imply

!/

(4.1) T > vivy, = Qy (as T — o)
t=1

and 02 = 8'Q18 (> 0).

Comments :

1. We allow some heteroscedasticity of disturbances and only require second-order
moments. Thus the conditions on disturbances are minimal.

2. The conditions (I) and (II) on instruments include the situations that the lagged
endogenous variables are subsets of instruments when they follow the stationary AR
processes, for instance.

In order to investigate the limiting null-distribution and the local power of LRC,
we consider a sequence of local alternatives as

) 0l (8,1 [m L&
(4.2) {ng Hg) [0]_[0]+ﬁl€2]’

10



where £, (i = 1,2) are K; x 1 (i = 1,2) vectors, each element of the (K;+ K5) X (G1+
G9) matrix IT are functions of T' (say Ily) and it is partitioned as Il; = (HEJT))
Hence limy_.oo TIY) = Iy, and Iy 3, = 0 as the limit (7" — o0) in (4.2). (See (2.6)
and (2.7) in Section 2.) Then Theorem 1 is an extension of Theorem 4 of Anderson

and Kunitomo (1994). The proof is given in Section 7.

Theorem 1 : Assume Conditions (I)-(V). Under the local alternative sequences
(4.2), as T — oo the limiting distribution of

Ly B, G11,30> ( . b'Gyb
43) LR, = —2log—" =T |log [ 1+ 22—} —log (1 + min —
(4.3) LR, ST [ g ( BIH,.G, g i HLb

is the non-central x? with G| —1 degrees of freedom and the non-centrality parameter
k1 = 01072, where 02 = 3'Q13, Mas1 = My, — Mo M} My,

(4.4) 0, = fle22.1H§(H§/M22.1H;)_1HSIM22.1€2 ;

and a (K; + Ky) x (K7 + Ks) matrix

M;; M ’
M:[ 11 12]’1_[;:1_[21[ 0 ]7
M21 M22 IGl—l

in which we assume that IT; has rank G; — 1.

Under Hy (€ = 0), the limiting distribution of LR; is x? with G; — 1 degrees
of freedom under the general conditions on disturbances. Then by using the x?
distribution in Theorem 1 when 7T is large in (3.19), we can take the rejection region
as

(45) ByGuBy

BoHu B,
by using x%(e) with G; — 1 degrees of freedom. It is also possible to investigate the

> [1+4 1] eTXe 19 _
power functions under the local alternative hypotheses of (4.2).

Next, we consider the case of so-called weak instruments in econometrics. Let
I = C/T° for a constant matrix C and § > 0. The (K; + K5) x (G + G3)
matrices Iy = (HZ(]T)) and C = (C,;;) are partitioned as II, accordingly. Then
Condition (I) implies
1 T

(1) 1% ZH/thz;HT 2, C'MC (as T — 0) .
t=1

11



We rewrite
(4.6) (Y, vy = z11, + vV,

G = PY) Ay P

and
Hy = Y'Y - Py Ag  PYY
Define VfT) as the smallest root of ’Gg — AT H ’ 0 ; that is
/ (1) (T)
b'G{'b
(4.7) T = min nb_p '6

/ T PN )
b ngl)b ﬁ( )Hg)ﬁ( )

where B(T) = (1, —B;T)/)/ is the LIML estimator of 3.

The weak instruments case is different from the standard situation for (2.1) and (2.4).
The limiting distribution of LR; depends on the weakness of instruments, which
could be measured by the parameter . Theorem 2 states the limiting distribution
of the LR statistic when 0 < § < 1/2, of which the proof is similar to Theorem 1
and it is omitted.

Theorem 2 : Assume IT; = C/T? for a (constant) K x G; matrix C with 0 < § <
1/2 and Conditions (I) — (V). Under the local alternative sequences with n = 1/2

4.8 Hg) Hg) Bo | | M 4 &
(4.8) (T) (1) = T
IL;," 1L, 0 0 &
as T — oo the limiting distribution of LR; is the non-central y? with G| — 1 degrees
of freedom and the non-centrality parameter ko = 0502, where 02 = [36911 Bo,
! ! _]- */
(4.9) Oz = §3M221C; [CS M22.1C§} C; M€,

and a Ky x (G — 1) matrix

C;=Cqn

0 ]
IG171
has rank G; — 1.
If n > 1/2, then the statistic LR; has the limiting distribution of the central y?
with G — 1 degrees of freedom.

12



When § > 1/2 and the instruments are extremely weak, however, the limiting
distribution of LR; under Hy is not a y? distribution. First we consider the case
when § = 1/2. Define

1
(4.10) Xp=——

VT
Then for any constant vector a, Xra converges to Xa weakly as T — oo under
Conditions (I)-(V) and Xa follows N [O, (a/QHa)IK] Since Hg)/T Ly, we
find that for any Cj,

A 'Zy, V1

BuGi1 By w Bo(CouMay’s +X) (M3’ Car + X)By
BoH11 By B8,

and

*
vy,

- bvePp
HIIHW —
b bH b

where v is the smallest root of

that is )
B (CyMY: + X)) (MY, Co + X)B

~ k!

B 2B
and @ is the characteristic vector of (4.11) with vf. Then as T — oo under the
condition Cy 8, =0,

*_
vy =

el 1/2 / 1/2
(4.12) LR, % :30(021M24.1 + }/( )(M345 Cor + X) 3, o
Bo$2118,

— v (= LB, say),

BuX'XB,
Bof211 By
where the first term of the limiting random variable follows x?(K>) and the second

term (i.e. ) follows the minimum of a non-central Wishart matrix. Hence we have
a representation of the G; x (G; random matrix

and it is actually a central Wishart if and only if Cy; = O.
When ¢ > 1/2, we have

w IB;)XIXIBO o V**

4.13 LR — —
(4.13) BB,

— LR},

13



where v is the smallest root of
(4.14) XX = A" Q| = 0.

In our formulation it is possible to analyze the asymptotic behavior of LR; under
the local alternatives when 7 > 1/2 with some complications. There is no technical
difficulty, but we need some further notations.

Then we can investigate the asymptotic behavior of LR} when K or K, is large.
An interesting observation is the fact that the LIML estimator is still consistent when
K, is large and § = 1/2. On the other hand, when 6 > 1/2 the structural relation is
asymptotically under-identification. This leads to the asymptotic behavior of LR}
when K5 is large, which is different from the standard situation. We summarize
the results on the asymptotic distributions of LR} under Hy when K5 is large. The
proof is given in Section 7.

Theorem 3 : Suppose each row of X follows Ng,(0,€2;). [i] Let My, =
C;1M22‘1C21 and assume

1 * *
(VI) o Mi, — M
as Ky — oo and the lower-right corner ((G; — 1) x (G7 — 1)) submatrix M3, of M*

is a non-singular matrix (i.e. M3, is of rank G;). When § = 1/2, as Ky — o0
(4.15) LR % x'x,

where x follows the (G; — 1)-dimensional normal distribution with the covariance
matrix )
Qn/ﬁoﬁoﬂn M

BBy s
which is a positive definite matrix and [ - | stands for the (G; — 1) x (G — 1)
lower-right corner of the matrix. [i]] When § > 1/2, as Ky — oo

Q =1Ig_1+ M;;Uz Q-

1

VE,

where 7, is the largest characteristic root of the symmetric matrix

(4.16) LR = 1q, ,

. 1 B, X' X3,
(4.17) VK> K Bo$2118,

)

) Io, — Q2X'X00 % = (),

14



and each elements wy; follows the Gaussian distributions with zero means and
E(w?) = 4(1 — af), E(wi?) =1 (i # j), E(wiwyy) = —2aia; (i # j), E(wjw];) =
2[1 — a7 —aZ] (i # j) and

211°6,

218l

When G, = 2, the larger root of the determinant equation is

a = (CLI> =

wiy + w3y + /(Wi +w)? — 4(whws, — wi)
2

(418) Ty =

The above situations when 7" — oo and Ky — 0o can be regarded as some cases
of many weak instruments recently discussed in econometrics. The alternative (and
it may be more natural) formulation of many weak instruments is to relate K to T,
and take each elements and the size of IT as functions of T'. Let the size K x G of I1
be dependent on T, and we denote a sequence of K7 x G (Kyr = K1+ Kop, T > 3, G
is a fixed integer) matrices ITr, which is partitioned into the (K + Kor) X (G1+ G2)

submatrices
o o
T = T T .
11}, n;;
Suppose
(VII) [;T 0.

Also instead of Conditions (I)-(III), we suppose the conditions

" 1 Z )
() 72z Ty 5 @ (as T — o0)
t=1
1" ]_
(1) T ax T2 > =50 (as T — o0)
" ]. T / /
(111") >3 QY @ 22"y 25 Q@@ (as T — o),
t=1

where €247 is a positive definite constant matrix, ® is a non-negative definite constant
matrix (the upper-left G; x G; sub-matrix of ® is of rank G; — 1), and Z,ET) are the
K7 x 1 vectors of instruments.

In the many-weak instruments cases, there can be alternative assumptions among
the relative magnitudes of T, Ky and IIp. The condition (VII) is a very mild

15



condition and it is not possible to obtain the x*— distribution * without (VII). The
many-weak instruments cases are different from the standard situation for (2.1) and
(2.4) with a fixed K (and K3). We have the next result and we have omitted the

proof because it is similar to those of Theorem 1 and Theorem 3.

Theorem 4 : Let z,gT) be a sequence of Kr x 1 vectors of instruments. For a
sequence of K7 x G coefficient matrices ITz, assume Conditions (I)"-(II1)", (IV)-(V)

and (VII). Under the local alternative sequences

(4.19) HT[%O]:[’Q]+\/1?[§2;]’

as T — oo the statistic LR, has the limiting distribution of the non-central y? with
G1 — 1 degrees of freedom and the non-centrality parameter x4 = 6,072, provided
that the probability limits of

-1

1
l:phmTHZTA22.1£2T )

. ]- / . 1 /
(420) 94 = |:phmT£2TA22.1H2T phmTHQTA22~1H2T

exist and 6, is positive for a sequence of the Kyr X 1 vectors &y, the Kop X 1

)

T T .
sub-vectors zgt) of z§ , a sequence of the Kor X Ko matrices

LoD e D) e AN
/ !
Ay, = E Zo, Zoy  — E :Z2t Zy [E thzlt] E Z142y "
t=1 t=1 t=1

t=1

and a sequence of Kop X (G — 1) matrices

0/
Il = IT5;) [ ] .
I,

Thus we also find that the rejection region and confidence region based on x?
distribution with G; — 1 degrees of freedom are asymptotically valid for some cases
of weak instruments including some many weak instruments situation. The assump-
tions of Theorem 2 on weak instruments (with £, = C2,8, = 0) or Theorem 4 (with
04 = 0) on many instruments are sufficient for x* with G; — 1 degrees of freedom as
the asymptotic null-distribution.

3 Recently, Matsushita (2007) has investigated the finite sample distribution of LR; without
Condition (IV). The related problem on estimation with many instruments has been explored by
Anderson, Kunitomo and Matsushita (2005), for instance.
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5. Some Extensions

The likelihood ratio criterion we have developed can be extended to several sta-
tistical models, which have been often treated separately in the literatures. We shall
discuss three important problems which have many applications in statistical and
econometric analyses.

5.1 Linear Functional Relationships

We shall pay an attention to the fundamental relationship between the simultane-
ous equation system and the linear functional (or the errors-in-variables) models in
the statistical literature, which are mathematically equivalent. A linear functional
relationships model can be defined as follows.

Let the observed Gi-component vector X,; (@ = 1,---,Ky;5 = 1,---,m) be

modeled as
(51) Xaj - £oz —|— Vaj 5
where £, - - -, £, are incidental parameters, V ,; are unobserved random vectors dis-

tributed as N (0, ), and m is the number of repeated measurements. The assumed
linear relationship among &, is

(5.2) £8=0,a=1,--,K,.

Then (5.1) can be written as X = ZII + V, where mK,; = T and

[ X, ] 100 --- 0] [V, ]
X' 1 . V,
(5.3) X = Imo| 2= 00 0 , V= tm
| Xiem 0 0 0 1 | Vim
3
n = §2
3

The linear relationship (5.3) implies that the rank of IT is G; — 1 . The estimator
of &, is Xo = (1/m) X7, Xoy; the estimator of I = (&, -+, €g,) of unrestricted
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rank is (X1, -+, X, ); further for statistical inference it may be natural to use two

matrices
Ko m ,
(5.4) Gi=m Z XXy, ' Hy = Z Z Xaj — Xa)(Xaj — Xa) -
a=1j=1

The relation between the estimation problem of structural equations in economet-
rics and the linear functional relationships model has been investigated by Anderson
(1984). (See Sections 12 and 13 of Anderson (2003) for the details.) However, the
likelihood ratio criteria for testing coefficients have not been fully developed al-
though there were some test statistics proposed. In this respect, the test statistic
and confidence region in the form of (3.18), (3.19) and (4.5) are directly applicable.

5.2 Reduced Rank Regression
In (2.1) and (2.5) we consider the null hypothesis

HE)I H21B0 = 0,

where By is a specified G; x r (1 < r < G4) matrix of rank r. The alternative
hypothesis consists of arbitrary IT and €2. Consider also

H, : rank(Ily) =Gy —r.

Note that Hy includes H;. By using the same argument as in Section 3, the likeli-
hood ratio test of the null hypothesis H/2 : ITy; has rank Gy — r and IIy; By = 0 vs.
H, : II,; has rank G —r can be developed. In the derivations of (3.13)-(3.15), we no-
tice that the matrix Q(Q Q)~'Q’ is idempotent of rank G —r and I;, —Q(Q Q) 'Q’
is idempotent of rank G| — (G1 —r) = r. Then I, — Q(Q'Q)'Q = X(X'X)~'X'
and Q'X = 0 for X = H}/’B,. Since (3.13) becomes

! ! 71
(5.5) [Hyy| I, + ByG 1By | BoHy By

then (3.16) can be replaced by a monotone function of

sy G B B,

- = min - - ,
‘BQ(GH + Hn)Bo’ B |B'Hy; B ‘BO(GH + H11)B‘

B,Hy; By

where B is a G X r matrix and v; is the i-th smallest root (i = 1,---,Gy) of (3.7).
The likelihood ratio test in (3.17) becomes the form of

[BY(Gy + Hiy)By| L (+w)

2.7 )
( ) ’BE)HHB[)’ C*(K27T_K)
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where ¢*(Ky, T — K) is a suitable constant.

The resulting test procedure and confidence region are invariant to the linear
transformations of Ej and they are direct extensions of Section 3 to the reduced
rank regression problem. (See Anderson (1951), Anderson and Amemiya (1991) for
the details, for instance.) The degrees of freedom of y?—distribution for the statistic
LR, i i

‘Bij(Gll + Hn)Bo‘

B,H,;B,

(5.8) LRy = Tlog

T

]_:[1(1 + ;)

is 7(G1 — r) in the reduced rank regression.
It is straightforward to extend our analysis of the limiting distribution of LRC in
Section 4 to the present case.

5.3 Cointegration

It has been known that the conintegration problem in econometrics can be es-
sentially reduced to the reduced rank regression in the previous subsection. The

main interest in the former is to make statistical inference on cointegrating vectors
I' =T, for

(5.9) I',B,=0

under the hypothesis Hy when Ty is a G x (G} —7) matrix consisting of cointegrating

vectors. (See Johansen (1995) and Anderson (2000), for instance.)
Let a G x 1 time series vector x; follows

Ax; g

1(1)7""1—[/1(}9)] +H/2Xt—l+vt
AXt,p

= Hllzlt + HIQZZt + v,

(5.10) Ax, = [II

where IT; = (IL,(1), - - -, IT;(p)) and IT, are G x Gp and G'x G matrices of coefficients.
Then we take a T x G matrix Y = (Ax,) and a T x (Gp + G) matrix Z = (Zy, Z,),
where Ax,_; = x4 — Xp—41) (i = 1,--+,p), 2y, = (Ax,_y, -+, A%,_,) and z,, =
X, ,. In the cointegration case (G = G) instead of Conditions (I)-(IIT), we assume
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the condition * that all characteristic roots of

(VII) (A= 1)NIg — NI, — (A — 1) }pj NPT (1) = 0

=1

are in the range (—1, 1] or their absolute values are in the range [0, 1).

By using the same arguments of Section 3 and Section 5.2, the determinant of
the maximized likelihood function in (3.4) (and thus (3.13) or (5.5)) under Hj, :
rank(Ily) = Gy —r and I' =Ty (G = G1) is proportional to

[Hy |

/ _1 !
[H;f ~HT(I'H,T) T H;f] Gy + 1,

— _ _ /A -1 _,__
= [Hul|Guy] (Gnl + Hnl) - Hnlr (F H111P) r H111

T [Hl_ll -H (G + Hl—ll)ilHl_ll} F’
r’H;fr]

= [Hu||Gu| |Gy + H| x

G+ Hul T'(Gyy + Hyy) '
|H11| ’I\/Hl_llr‘ .

Hence the likelihood ratio test in (3.17) can be replaced by

‘FIO(GH + Hn)_lro‘ (T4

5.11 : ,
( ) FoHl_llI‘O‘ C**(K27 T — K)

where ¢**(K,,T — K) is a suitable constant.

In the cointegrating case, the LRC can be written in terms of

r "I‘E)(Gn + H11)71F0‘

(5.12) LRy =Tlog [[[ & ; ;

i=1 ToHy/' T
where g, -1+ = 1/(1 +v;) (i =1,---,r) are the larger characteristic roots of
(5.13) (G +Hy) ™' = CH| = 0.

Then we have the next result on the limiting distribution of L R3, which is analogous
to the reduced rank regression case. The outline of derivation is given in Section 7.

Theorem 5 : Assume that v, are an i.i.d. sequence of random variables with

4 Tt is sufficient that Ax; is stationary and x; is an I(1)—process.
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E(v,) = 0 and £(v,v;) = Q, and Condition (VII). Then under the rank condition
H;) crank(ITy) = Gy —rand I' =Ty, as T — oo LR3 has the limiting distribution
of x? with r(G; — r) degrees of freedom.

The resulting test procedure and confidence region are invariant to the orthogonal
transformations of T’y (i.e. cointegrating vectors) and they are direct extensions of
Section 3 to the cointegration problem.

6. Concluding remarks

This paper has shed a new light on the classical problem of the likelihood ratio
tests of structural coefficients in a structural equation in the simultaneous equation
system. The method developed by Anderson and Rubin (1949, 1950) can be modified
to the situation when there are many (or weak in some sense) instruments which
may have some relevance in recent econometrics. We have found that the asymptotic
null-distribution of LRC is (not always, but) often the xy?—distribution with Gy — 1
degrees of freedom under a set of fairly general conditions.

Then we have shown that the testing problems in the structural equation (si-
multaneous equations) model, the linear functional relationship (errors-in-variables)
models, the reduced rank regression and the cointegration models are essentially
the same. Since these statistical models have been used in many applications, it is
worthwhile and useful to show that the problems can be indeed formulated as direct
extensions of the classical method by Anderson and Rubin for a single structural
equation model.

7. Mathematical Details

In this section we give some technical details which were omitted in the previous
sections. At the last part of this section, we shall refer to Anderson and Kunitomo
(1994) as AK (1994) and use their method for Theorem 5. Also we shall use the
notation of projection operators Py = Z(Z'Z)'Z" and P, = Z,(Z,Z,)"'Z,.

Lemma 1 : Let a px p nonsingular matrix D be decomposed into (p;+p2) X (p1+p2)
submatrices D = (D;;) and D™ = (D%). For any ¢ x p; matrix B, ¢ X p; matrix
C and any positive definite matrix A,

(7.1) min

( (Bj: ) A (B, C) + D’ = ‘DQQ — D21D1*11D12‘ ‘Dll + B/AB’

21



and the minimum occurs at C = —BD7;'Dy,.

Proof of Lemma 1: For [D|# 0 and A > 0,
B/
B’ D _ ) A1/2
wa o (% )ame) - (&)
A% (B,C) I,

= D]

Iq+A1/2 (B,C) D! ( 2’ )Al/z

Also we have
A'?(B,C)D™! B ) e
’ C

Al/2 [C + BDH(DQQ)_l} D22 {C + BD12(D22>—1}I Al/2 > A1/2BD22B/A1/2 .

Then
B’ ,
(7.3) ‘D + ( C )A(B,C)‘ > |D| ’Iq + AY?BD?*’B A1/2‘
D| /
= D B AB

which is the right-hand side of (7.1).
Q.E.D

In order to prove Theorem 1, we first prove two lemmas. (Similar arguments can be
used for the proof of Theorem 2 and Theorem 4.)
Lemma 2 : Under the assumptions of Theorem 1, for any 0 < e < 1

(7.4) Tv 20 .

Proof of Lemma 2 : It is immediate to see that (1/7)Hy; 2, Q4 and
2
VT

of which each component of the right-hand side converges to a limiting random
variable as T — oo. Then for 0 <e <1,

/ ! ! / ! 1 / I
BoGllﬁo = ﬁoV1Z2.1A2721,1ZQ.1V160 + 60V122.1£2 + f£2Z2,1Z2.1€2 )

OgTemianHb< L BoGubo 2.

b b'Hyb ~ T g LH, 3,
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Q.E.D.

Define

(7.5) Ly — 1 [PaCuBy D Gub

; min —
50H1150 b b'Hyb

Lemma 3 : Under the assumptions of Theorem 1, as T" — oo

(7.6) LR, —LR; % 0.

Proof of Lemma 3 : Taylor’s expansion yields
11, /2. 12
|T'log(141y) — Ty < B {T 1/1} :

which converges to zero by Lemma 2 as T" — oo.
Q.E.D.

Proof of Theorem 1 : By using Lemma 2, we find that as T — oo 8 > By Define
GO — H;1M22_1H21 = plim(1/7)Gy;. By using the fact thz}t %Gnﬁo = 0,(1)
and substituting G(© into the set of equations [G1; — v1Hy1] B = 0, we have

L ) — 0,(1)
VT VT (B,-8,) | "

By multiplying (0,Ig,-1) from the left, we find

(7.7) GupB,+ GO

0

Ic, 1

, -1
1

(TRVT (B, - B,) = [(0,1(;1_1)(;@)( )1 (0,Ig,_1) \/TGHBO—I—op(l).

Because (1/T)Hy; = Qn—i—Op(l/ﬁ), we rewrite the set of equations [G1; — v Hy| B =
0 as

0

—@—m)]:“

GuBy—Twn [911 + Op(&)‘| Bo— lGH — T <QH + Op(\/lf)ﬂ

By multiplying BB from the left, we find that

8. ’ = 0,(1)
TG | (5, ) | o)
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Then by using (7.8) and (7.9) we find that

(7-10)/@6(;1150 - TVL@é)Qnﬁo
’ , —1
\}ng(;u [ IGO_l 1 [(O,Igl_l)(}(o)( IGO_1 )1 0,1, 1] \}TGHBO +o,(1).

The limiting distribution of (7.10) is the limiting distribution of [8y$118,] X LRy
as T'— oo. The local alternatives of Theorem 1 imply

1 1
Ylﬁo =17 ('71 + \/T€1> + VIBO + ﬁz2€2

and then
(7.11) iG1160 = LH;1Z,2_1Z2.1H21ﬁ0 + LHIQ1Z/2,1V1B0 + 0,(1)
- \}Tnélzé-lvlﬁo + HI21M22.1£2 +0,(1) .

By applying the CLT (Lindeberg-type Central Limit Theorem, see Anderson and
Kunitomo (1992) for instance) to the first term of (7.11) and using (7.10), we have
the result.

Q.E.D.

Proof of Theorem 3 :

[i] As Ky — o0,

, 1
(712) 0 = ‘phm (CQIM§§21+X)(M;§?1021+X)—[pth

*
2

N
— ‘M* + Q- {pthul] Q4

2

and then (1/K,)vi 2 1 = 1. Hence B L B,. Define GM, v and b by GO =
M*+Qy1, G = VE (£ GY - GO), ) = /Ky (vf —1) and bl = V(B 50).
Then

{G(l) - V(l)Qu} By + [G(O) - V(O)Qn} l ’ ] =0p(1)

where e; = VK (BZ — 35). By multiplying ,8;) from the left and using the fact that

8, [G<0> - y<0>911} — 0, we find

B,G B,

(7.13) D =
Bo2118,

+0,(1) .
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Let also define G| v and b, b}i *Gr@) = Ky(7#G® - G — \/%G(l))’ s =
Ky(vy —1— \/%V(I)) and by = Ky (B8 — 3, — \/%bl). Then

[G(Q) — V(Q)Qu] By + {G(l) — 1/(1)911] [ ) ] + [G(O) - V(O)Q“} l . 1 = (1),

where e is defined accordingly.
By multiplying Bl) from the left and using the above expression for v, we find that

B,GO B, — By 18y = 0, B,GI 3By — vV B0 8, = 0,(1),
, , , BoB, 11 0
B,G?B —y<2>,69ﬂ—5c;<1>[1 e L er = oy(1),
0 0 0% &11M0 0 G1 5091150 IGrl 1 p()
and

mﬁwﬂGm .
,3/0911,30 /60 + Op( )

mmwﬂ
By0118,

1 ) 1
X [\/ECmM;é.QlX:BO + K2(EX X - Qll)ﬂo] +0,(1) .

We need to evaluate the covariance of the asymptotic distribution and use the rela-

(714)M;261 = [O,Iglfl] [IGl -

= [07101—1] [IGI -

tion that the limiting distribution of

_%%mﬂ 118,8,
Bou13, Bou13,

is the same as the limiting distribution of [3,€18,] X LR} as K, — oco. Then by
applying CLT to

/

0

B,GY [IGl 1
Gi1—1

1 M;2_1 [O7IG1—1] [IGl - 1 G(l)ﬁﬂ

(7.15) [IGI _ LuBoBy 0] G,
Bo 21180
Q ol [~ 1
=[b_7ﬁ££ﬂkaMﬁx+ Kol XX = 0] By + 0,(1)
0 0
and using the relation
mﬁwq : : BoBeS11
(710 [Q B2, ) P QBB [l = g g
= ﬁ;ﬂnﬁo (Qn — QH/IBOBOQH> ,
Bo 21180
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we have the result.

[it] We apply the CLT to each elements of
1 / -
(7.17) w = /K, [KQQJ/ZX X T,

and W, = a W*a as K, — oo. Since the asymptotic distributions of W** and
Wy are the Gaussian distributions when K, — oo, we only need to calculate their
asymptotic covariance. By using direct evaluations £(w};) = 2, E(w};) = 1 (i # j),
E(wiwi;) =0 (1 # j), E(wi) =2 and E(w;jwg) = 2aa; (i # j). Then by evaluating
the second moments of each elements of

(7.18) W* =a W*alg, — W™ = (w)))
in (4.17) and noting the fact that LR} is the maximum of W*, we have the result.
Q.E.D.

Proof of Theorem 5: We shall consider the limiting distribution of LRy of (5.8),
which is the same of LRs of (5.11), and we shall use the similar arguments as
AR(1994). We utilize the fact that K = G = G; in the cointegration case, and
set Y =Y; and V = Vy. Let a Gy x [(G1 —r) + r] matrix & = (I'y,Bg) and a
(K1 + Gh) x [Ky + (G1 — r) + r] matrix

vl ) (8 ) ()

a Gy x r matrix By = (I, —-B,) and a K x [K; + (G — r) + r] matrix

=-|(5) (%))

. . / .
For normalizations, we set II, Ty = (Ig,_,, O) for convenience and
A7 )
VT Ki+Gi—r

D —
’ 0 1T,

We use the fact that for Z = (Zy, Zs), each row of Z; and Z,T' is a vector stationary
process and each row of ZyB follows an I(1) (the 1st order integrated) process
under H/O. We prepare the following lemmas. (Their proofs are based on the similar
arguments given in Appendix B of Johansen (1995) and so we have omitted the
details.)
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Lemma 4 : Under Hy, we have the weak convergence

1+ 7/ * 1 " !
N

r“Mr* r“M,B,

7.19 , :
(7.19) B M,T* B{MyB,

zm*:[

where T MIT™* is a (K1 4+ Gy —r) x (Ky + Gy — r) constant matrix, B/OMQ,I‘* and
BE)MQQBO are random matrices.

Lemma 5 : Under Hy, we have

1 ’ w ’ ’
(720) ﬁl—‘* ZUc — NK1+G1—7’(07 c XcI™ MF*)

for any constant (non-zero) vector ¢, where U = VBj and ¥ = B;QBy.

We use the relations

I1'ZZI1 = TT'¥ "' Dy |D;'¥'Z 2¥D;' | Dy 1T,

17 7,(2,7Z,) 2,211

! i i ! 1 1 ’ 1 !
= IV Dy DIV Z (—)Z1(=2Z,Z,)  (—=)Z,Z¥D;!| D, ¥ 'II
o|prez(zgziz) zzeny| o,
and
IUZ (Py — Py,) 21 = 0, 2,7, — 7,2,(Z,Z,) ' 2, Zo| 1, .
We consider the smaller characteristic roots 0 < 11 < --- < v, , which satisfy

(3.7) and the corresponding characteristic vectors 3;. We can use the relation that
(7.21) BYP,YB, —vBYP,YB, =0 (i=1,---,r)
is equivalent to

Lgvp,vs, - 7] L18vP,vE =0

el Z i i pHi Z i
for any 1 > € > 0. Then we have

plimy. . [77v;] B8, =0,

which implies the next result.

Lemma 6 : Under HE) and €27 is nonsingular, for any 0 < § < 1
(7.22) Tv; B0 (i=1,---,r).
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We set the corresponding characteristic vectors as a G; X r matrix Bz and apply

the similar arguments for 3;; in AK (1994). By setting a Gy X 7 matrix B such that
(7.23) Y [P,-P,]YB=0,

then the limiting distribution of B is the same as the limiting distribution of B ML-
Now we decompose

YP,Y
~ V'zZeD;' [D;'¥'Zz¥D;'|  D;'9ZV + [V'ZUD;' D, ¥ ]|

+ {V’Z\IlD;lDT\IJ‘ll'I}/ +11'¥'Dy D' ¥'Z'Z¥D;'| Do '1T

and
YP,Y
= VZ (i)(lz’z )—1(i)z/v
- VN A
1 1, 1.
+ lv (ﬁ)zl(Tzlzl)-l(ﬁ)zlz\DDngT\IJ—lH]
1 1, 1, /
+ lV (\/T)Zl(Tzlzl)‘l(\/T)le\I!D;lDT\II11‘[]
. o1 1, 1
+IT¥ 'Dy [D;lxp Z (\/T)zl(Tzlzl)—l(ﬁ)zlzqu;l} D;¥ I .
We utilize
(7.24) Y [P, —P,|YPU 'B=0.

By dividing (7.22) by 1/T and using the relation ¥'By = (0,1,)" and M, of the
G1 x (G1 left-lower corner sub-matrix of M* in Lemma 4, we find that

IGl—r O * IG1—7’ O —1.7: » _
lO O]M[ 5 O]\p phmT%O[B—BO]_o

and

plim;_ B =By .
By dividing (7.24) by 1/v/T, we have

IGl—T‘ O * IGl—T O —1 >
7.95 M VT B-B
(7.25) [ O O 1 [ O O ] \/_[ 0}
Io,.r O . .
+ o o |Dr'®z [Py, — Py V®D 'By = 0,(1) .

28



By using the fact that the limiting distribution of
B,G.;B, — B'G,,B
— B,)Y (P, —-P3;)Y(B,-B)+ (B, —-B)Y (P, -P,)YB,
—(Bo—B)Y' (P, —P,)Y (B, - By,
is the same as the limiting distribution of
(Bo—B)Y' (P, —P,)Y(B,—B).

Also by (7.23), we find that

/

[B-Bo| Y [Pz -P,]Y [B-B
is asymptotically equivalent to

1 ! 1 / ! / ’ / _1 1 !/ /
—U"Z,T {I‘ 7,2y — 7,7,(Z,7,) ' Z,Z I‘] —I'Z,U"| |
[ﬁ 2 ] T ( 2442 2 1( 1 1) 1 2) [\/T 2 ]
where we use the notations U = VB and U* = {IT — Zl(Z'IZI)*lzll} U.
Then ,

tr ([B ~By| Y [Pz -P]Y [B- B 21>

converges to the y?—distribution as 7" — oo under Hz).
Finally, we notice that as 7' — oo

1

(7.26) fB’HHB ERS
and .
(7.27) TBBHMBO Ly,

where X = BE)QHBO. Then we use the fact that LRy and LR3 are equivalent, and
Ty log(l4+v;) =T Y, vi = 0y(1) by using Lemma 6. Since

LR3 —tr [(BE)GHBO - BIGHB)Eil} = 0p<1) s

we have the result.
Q.ED
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