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Muni S. Srivastava*and Tatsuya Kubokawa!
University of Toronto and University of Tokyo

January 13, 2010

Abstract

The Akaike information criterion, AIC, and Mallows’ C), statistic have been
proposed for selecting a smaller number of regressor variables in the multivariate
regression models with fully unknown covariance matrix. All these criteria are,
however, based on the implicit assumption that the sample size is substantially
larger than the dimension of the covariance matrix. To obtain a stable estimator
of the covariance matrix, it is required that the dimension of the covariance matrix
be much smaller than the sample size. When the dimension is close to the sample
size, it is necessary to use ridge type of estimators for the covariance matrix. In
this paper, we use a ridge type of estimators for the covariance matrix and obtain
the modified AIC and modified C), statistic under the asymptotic theory that both
the sample size and the dimension go to infinity. It is numerically shown that these
modified procedures perform very well in the sense of selecting the true model in
large dimensional cases.

Key words and phrases: Akaike information criterion, Mallows’ C), large dimension,
multivariate linear regression model, selection of variables.

1 Introduction

Consider a multivariate linear regression model in which p response variables yi,... ,y,
are regressed on k explanatory variables x(1), ..., (x), when n observations are available
on yi,...,Yp and xq,...,xk). Let Y denotes the n x p observation matrix on the

response variable, and X denotes the n x K observation matrix on the K explanatory
variables. Then the multivariate regression model is given by

Full Model : Y = X8, + E, (1)
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where the n rows of E are independent and identically distributed (iid) as multivariate
normal with mean vector zero and the p X p covariance matrix X, that is, e; ~ N,(0,X),
where E = (ey,...,e,) and B is a K X p matrix of unknown parameters. The n X p
matrix Y is given by Y = (y,,...,y,) and the n x K matrix X is given by X =
(1,...,2n) = (x@),... ,Tk)) where y,;’s are random p-vector and @;’s and x(; are,
respectively, K and n-vectors considered known or fixed.

In this paper, we consider the model (1) as a full model and we want to address
the problem of selecting the explanatory variables z(1),... ,2(x) when n and p are large.
When k variables x(y,), . .. , () are selected from {z(,... ,zk)}, the candidate model
is written as

Candidate Model : Y =XB+E, (2)
where X = ((y,),...,%(,)), and B is a k X p matrix of unknown parameters. For
simplicity, we hereafter write X = (x(y),... ,xy)) without any loss of generality. The

above model is written as

Y ~ N, (X6, 1, 5). (3)

The Akaike Information Criterion (AIC) proposed by Akaike (1973, 1974) is recognized
as a useful tool for selecting variables in linear regression models. For obtaining an
expression for the AIC, we shall assume that the model given in (2) is an overspecified
model, and the true model is given by

True Model : Y ~ N, (X35, 1,,57). (4)
It will be assumed that the true model belongs to the overspecified model (2). Let
f(Y; X3*,3") denote the pdf of the true model, namely,
1
FYXB ) = (2m) 7|8 | " etr [—SB7H(Y - XBY)(Y — X)),

Let B(Y) and £(Y) be estimators of 8 and X based on the candidate model. When the
true model is predicted based on the candidate model, the prediction error relative to the
the Kullback-Leibler information is given by

Ric(B,%: B, %) = By [Exllog{f(Z|X 8", )/ f(Z|XB(Y), Z(Y)}]], (5)
where Y and Z are independently distributed but having the same distribution as f (Y| X 3", %)
and f(Z|XB*,%¥"). Let us define the Akaike Information (Al) by

AL = =28 [Byllog f(ZIXB(Y), £(Y))]] (6)

which is a model-related part of the prediction error Rk (3,3; B, f]) Then the AIC
is generally defined as an asymptotically unbiased estimator of AI, where 8 and X are
estimated by the maximum likelihood estimators (MLE), given by

B=(X'X)"'X"Y,
S0 =S/n=(Y - XB)(Y — XB)/n,



where § = (Y - X B)(Y -X ,@)’ . For more accounts on the AIC and the related selection
criteria, see Sugiura (1978) and Konishi and Kitagawa (2007).

The AIC and the modified criterion in the multivariate linear regression model were
derived by Fujikoshi and Satoh (1997) when n — oo and p is bounded. In the large
dimensional case, namely the case that p — oo, the MLE 3, and the inverse matrix

f]g ' must be instable or nonexistent, which means that the AIC based on the MLE PN
is not appropriate. Srivastava and Kubokawa (2008) considered the ridge type estimator
= (5 + AL,)/n for a function A = A(S) instead of the MLE, and derived the AIC
when p > n, p — oo and n is bounded based on the theory given in Srivastava (2007).
Recently, Yamamura, Yanagihara and Srivastava (2009) obtained the AIC when p > n,
n—k=0(p°) and (n,p) — oo for 0 < § < 1/3.

In this paper, we consider the case that
vp=n—k—p—3>0and (n,p) — oo such that p/n =c for 0 < ¢ < 1, (7)

where the condition of n —k —p — 3 > 0 is required for the existence of the moment
Eltr[§72]]. Since n — k > p + 1, there exists the inverse matrix of the MLE Xg. Thus,
the AIC based on the MLE are available, but not appropriate for large dimension p,
because the MLE is very unstable when p is large, see, e.g.,Johnston (2001). In this case,
the ridge-type estimator f]A should be used instead of the MLE, and we obtain the AIC
based on XI,.

When a squared error loss function is employed instead of the Kullback-Leibler infor-
mation, the prediction error is given by

Rpp(B,%:B8) = By [Exltr[(Z — XB(Y)SHZ — XB(Y))]]l. (8)

Corresponding to the derivation of the AIC, we can suggest an unbiased estimator of
Rpr(B,%; B) for the model selection. The unbiased estimator is related to the Mallows’
C, statistic proposed by Mallows (1973), and we here call it the C)-type statistic. In this
paper, we also obtain the C)-type statistic based on the ridge-type estimator > A-

The AIC and Cj-type statistics based on the ridge-type estimator f]A are given in
Section 2. We also propose the double ridge AIC and C)-type statistics based on > A and
the ridge regression estimator of 3, which can be expected to work well in the multico-
linearity case of X. The proofs of their derivation is given in Section 3. A simulation
experiment is carried out in Section 4 to compare the AIC and C), criteria for different
value of A including A = 0, and it is shown that the usual AIC and (), based on the MLE
do not work in the large dimensional case, but the AIC and C, statistics based on the
ridge-type estimator perform very well in all the cases. We conclude in Section 5.



2 Ridge-type variable selection procedures

2.1 Ridge-type AIC

In this section, we derive ridge-type AIC and C,, statistic based on the ridge-type estimator
of 3. The ridge-type estimator we want to propose for X is

Sy =n"Y (S + AL), (9)

where

~

A =c,(tr S/np), for ¢, =0(n"°), §>0. (10)
Let us define the Akaike information based on the ridge-type estimator by
Al = 2By | Eyllog f(Z1XB(Y), SA(Y))]]

The Akaike information criterion is an asymptotically unbiased estimator of Al based
on —2log f(Y; X3, X)), where the bias is given by

Ay =A\(B", 2", B, %)) = AL — By[2log f(Y|X B, %)), (11)
When A is estimated by A}, the AIC is provided by
AICy = —2log f(Y|X 3,3 + A}, (12)

We shall assume that lim, . tr¥/p € (0,00). Under this assumption, it follows
from Srivastava (2005) that tr.S/np — tr¥/p in probability as (n,p) — oo. We shall
consider the case when ¢, = n/p, other choices of ¢, can also be considered. We obtain an
asymptotic expression for the bias in calculating the AIC under (7) and the assumption

lim tr [X]/p < oc. (13)

p—0o0

Theorem 2.1 Assume the conditions (7) and (13). Then, Ay given in (11) is approxi-
mated as
np(p + 1 + 2k)
Ay =
n—k—p-—1
cn(n —k) {(n+k’)(n—k’)
pin—k—p-1)L (n—p)?

_|_

- 1}tr S [Z )+ 0. (14)

The unknown quantity tr [X*]tr [£*7'] is estimated based on the equality
cn(n — k)
p(n—k—p—1)

Combining these approrimations yields AIC) given by

By (S, ] = tr [27]tr [2Y] + O(n ). (15)

AIC)y =nplog 27 + nlog \§A| + tr [f];lS]

PP g oo




From Theorem 2.1, the AIC based on the MLE 3, is derived by putting A\ = 0 in (16)
as

np(p + 1 + 2k)
n—k—p—1"

AICoznplog27r+nlog\f30\+np+ (17)

2.2 Ridge-type C,

As explained above, the AIC is an asymptotically unbiased estimator of a part of the
prediction error based on the Kullback-Leiber information. We here use the squared error
loss function instead of the Kullback-Leibler information, and consider to estimate the
prediction error given by

Rpp(B,%:8) = By [E;[tr (Z - XB)=(Z - XB))).
This is rewritten as Rpgr(8, X; ,@) =np + PE, where
PE = Ey[tr[7(B - B)X'X (B - B)]]. (18)

Since an unbiased estimator of PE is related to the C, statistic, we here call it the C)-
type statistic. According to the same arguments as in the derivation of the Mallows’
C, statistic, we estimate the covaraince matrix ¥ based on the full model (1). Let

S=n"(Y - XB)(Y - XB) for B= (X X)"'X Y. Then ¥ is estimated by
¥y =n""(5+ XIP),
where B B
A =cp(trS/np), for ¢, =0(n"?), §>0.
When PFE is estimated based on the statistic tr [i;l(Y — XB)(Y — X)), the bias is
App = PE — Egtr [f];l(Y — XB)’(Y — XB)]] Then, the C), statistic based on the

ridge-type estimator X, is given by
~_1 ~ ~
Cor =t [3, (Y = XB) (Y — XB)] + App,
where A%} is an estimator of Appg.

Theorem 2.2 Assume the conditions (7) and (13). Then, Apg is evaluated as

_npn—k—p-1) cn(n — K) D -
APE— n—K—p—l _p(n—K—p—l)tr[E ]tr[E ]+O(n 6). (19)

Let us define Cy by

np(n —k—p—1) ~  ~-1
. 2
n—K—p_1 + pk + Atr (2| (20)

Then, Cy is an asymptotically unbiased estimator of PE given in (18), namely, E[C)] =
PE +O(n™).

C)\ =tr [i)_\IS] —

When \ = 0, from Theorem 2.2, we get Mallows’ C), statistic based on the MLE, given
by

~—1 np(n—k—p—1)
= — ) 21
Co=ntr[S S] i — + pk (21)



2.3 An extension to double ridge criteria for selection

We are often faced with the multicolinearity cases, where the variables xi,... ,xx are
highly correlated for X = (x1,... ,xk). In this case, the inverse matrix of X'X is not
stable, and it is known that the least squares estimator B of B does not behave well. An
alternative procedure is the ridge regression estimator

B.=(X'X+7I)'X'Y,

where 7 is a nonnegative constant. It is certain that ,@T must be stable for an aprropriate
constant 7, which results in a good predictor based on 3_. However, it may be important
how to determine 7. A possible method in the framework of variable selection is that 7
and the variable in X can be chosen based on AIC or C),. We thus extend the results

given in the previous subsections to the criteria based on the ridge regression estimator
B, instead of B3, which we call here the double ridge criteria.

Let us define the Akaike information based on the double ridge-type estimators by
Ay, = =285 [Ejllog f(Z1XB,(Y), Sx(Y))]] .

The Akaike information criterion is an asymptotically unbiased estimator of Al . based
on —2log f(Y; X3.,%,), where the bias is given by

Asr =AM (85,248, 5)) = AL, — By [—2log f(Y|X3,,Z))]. (22)

Theorem 2.3 Assume the conditions (7) and (13). Then, Ay, given in (22) is approxi-
mated as

:np{p+1+k:+(1—72)pf}
n—k—p—1
cn(n — k) {{n+(1—72)ﬂr}(n—k’)
pn—k—p—1) (n—p)?

A)\,T

- 1}tr (St [2Y + O(n ™),
(23)
where p, = tr [ X'X(X'X + 7I)7'%. The double ridge Akaike information criterion is
given by
AIC, =nplog 21 + nlog |Sy] + tr[E, (Y — XB.)(Y — XB.)]

np{p+1+k+(1—712)p,} {n+ 1 —7)pHn—k)
+ n—k—p-—1 +{ (n —p)?

f Al

- 1})\tr =],
(24)

When 7 takes a value in the range of [0, 7] for a fixed 79, the optimal ridge parameter

7 and the optimal variables can be simultaneously and numerically selected so as to
minimize the double ridge criterion AIC) ;.



The C), statistic can be similarly extended to the case of the double ridge criterion.
Since the prediction error based on the ridge estimator 3. is written as

Rpp(B,%:B,) =By |Eyltr(Z — XB,)27(Z - XB,)]
:np + PE’T7

where PE, = E3[tr [E_I(ET - ﬁ)’X’X(,@T — B)]]. When PE, is estimated based on
~_1 ~ ~ ~—1

the statistic tr (X, (Y — X3,) (Y — X3,)], the bias is Apg, = PE, — Ey [tr[%, (Y —

XB.) (Y — Xg3,)]]. To evaluate Apg ,, we assume the condition

lim 3213 /p < . (25)
p—00
Theorem 2.4 Assume the conditions (7), (13) and (25). Then, Apg, is evaluated as

np(n —k—p—1+1%p;)
n—K-p—1
cn(n — K)

+ pin— K —p— 1)tr (Xt [+ 0(1). (26)

APE,T =ppr —

Let us define C ; by

Crr =tr S, (Y — XB,)(Y — XB,)

npn—k—p—1+7%p,) ~ =1
~ : s 2
T —1 +ppr + A [E ] (27)

Then, C. is an asymptotically unbiased estimator of PE., namely, E[C\,] = PE, +
O(1).

Similarly to AIC) ;, the optimal ridge parameter 7 and the optimal variables can be
simultaneously and numerically selected so as to minimize C ; for 0 < 7 < 7.

3 Proofs of the main results

3.1 Proofs of Theorems 2.1 and 2.3.

Since Theorem 2.1 is a spacial case of Theorem 2.3, we here prove Theorem 2.3. For
large p we consider the ridge-type estimator of the p X p covariance matrix ¥ given in
(9). In order to obtain AIC) defined in (17), we need to first evaluate A, under the true
model and, if it depends on some of the unknown parameters, we may need to provide
an estimated value of Ay. To prove Theorem 2.1, we note that —2log f(Y | X 3,, X)) is
given by

~ = ~ ~—1
~2log f(Y|XB,,£5) = nplog(2m) +nlog [ + tr[E, (Y — XB,)(Y — XB,)]
and Al . is written as

Al . = Ey [Eg[nplog(2m) + nlog |§A| + tr [f];l(Z - XB,)(Z - X8,

7



Taking the expectation with respect to Z yields that
Byl[S, (Z - XB,)(Z — XB,)]
—ntr [, 8+ [S, (B, - B)X'X(B, - B).
so that the bias is written as
Axr =AlL, — By[~2log f(Y|X,,5))]
=By [ntr S, 8] + 0[S, (B, — B X' X(B, — B)]
— o[, (Y - XB)(Y - XB,)]). (28)
It is here observed that
Eyltr £, (Y - XB,)(Y — XB,)]
~—1 ~—1 ~ ~
=Fy [tr [, S]] —2Eytr (2, (Y — X3,)X (B, —8)]
+ Byl (S, (B, — BYX'X (B, - B, (29)

where S = (Y — XB)(Y — X3). Note that 8, — 8 = —7(X'X +7I) (X' X)'X'Y =
—7(X'X+7I)" 1,8 and that Y — X ,6 is independent of 3. Since S is invariant under the
sign change of Y — Xﬁ, it can be seen that
~—1 ~ ~
Ey [tr [X, (Y - XB,)X (B, - )]
—tr [By (S, (Y - XB,)| Ey[X (B, - B)]] = (30)
Also, note that 8, — B8 ~ N(—7(X'X + 7I)7'8,(X'X + 7I)' X'X(X'X + 7)1, %)
and B8 — B ~ N(0,(X'X)"',3). Then,
Eylte[S, (B, — BYX'X (B, B)H
—EL [t S, Slps + 2By [S, B(X'X + 7D XX (X'X + 1) 8], (31)
~—1 ~ ~ ~ —~
E;’[tr [E)\ (IB’T - IB)/X/X<XIBT - IB)]]
2By [t [S) B(X'X + 7' X' X (X'X + 1) 8]
2Lt 8 ]y + BN 8, BX'X + 7D IX'X(X'X + ) 78]. (32)
Combining these observations, from (28) we can express the bias as
~-1 ~-1
Ay, =Ey[{n+ (1 —71)ptr[E, ] —tr[E, S]. (33)
From the equation given in problem 1.6 (i) of Srivastava and Khatri (1979, pp33), it

is noted that

(IT+ASH ' =T —-AST 4+ X287 2T+ A8, (34)



Hence, A) is rewritten as
Anr=ni{n+ (1 —7)p Y EL[tr {T — A8  + A28 (I + A8~ )11 815
—nEyltr [T —AST 4+ A28~ 2T + A8~ )Y
=nEBy [{n+ (1 —72)p, }tr [ST'E] — p| — nEy [{n+ (1 — 72)p, JAMtr [ST2E] — Atr [S7Y]]
By [{n+ (1 —72)p 0% [ST2(I + AS™H) SIS — Vtr [T+ AS™Y) Y]
=0 — I, + I3. (say)

We first evaluate [3. Since p/n — ¢, 0 < ¢ < 1, it follows from Bai and Yin (1993)
that S/n is almost surely bounded by a constant matrix. Also, we have assumed that
lim, . tr [X]/p < co. Hence, it can be seen that

n{n+ (1 —72)p r[ST2(I + AS™1)1871x]
otk p e [(S/n) 0]

<n{n+ (1 —7Hp, }tr (S8 = — ; = 0,(1),
and
ntr[ST2(I+AS™H) ™ < ntr[S72] = %W = 0,(1). (35)

Also, note that A = ¢,tr[S]/(np) = cptr[S/n]/p = Op(n~?) since ¢, = O(n=?), § > 0.
These evaluations mean that I3 = O(n~%). Since B3 [tr[ST'2*]] =p/(n —k —p— 1), it
is easy to see that

np(p + 1+ 2k)

[ =
YT k—p—1"

which is of order O(n?). To estimate I, we can express I as
I = %E{, [{n+ (1 —72)p, Jtr[S]tr [S72%7] — tr [S]tr [SY]].
Thus, from Lemmas A.1 and A.2, it follows that
n [+ (L= )pHn— k=D —k+1) S
I, = —(n—Fk)|tr [X*]tr [
2 p(n—kz—p—l){[ mn—k—p+1)(n—k—p—3) (n )}r[ Jer ]
B {n+(1—72)pT}p[ (n—k?-1 (n—k‘)2—5(n—k’)+2p+2]}
n—k—p—-3 ln—k—-p+1 n—k—p '
Since {n + (1 —7)p.tn—k—-1)n—-k+1)/{in—k—p+1(n—k—p-—23)} =
{n+ 1 —=7HpHn—k)(n—k)/(n—p)*+ O(1), I, can be approximated as
cn(n — k) {{n + (1= 7%)p.}(n — k)
p(n—k—-p-1) (n—p)?
Combining the above evaluations, we get
np{p+1+k+(1—-1%)p.}
B n—k—-—p-—1
oK) _fn (=)
p(n—k—-p—1) (n —p)?

+ 2p

Iy =

- 1}tr [S%)tr [2°1] 4+ O(n ).

A)\,T

- 1}tr (St [257 + O(n ™).
(36)



Since Ay , involves unknown quantity, we need to estimate tr [X*]tr [£*7']. Using (34)
and (35), we can observe that

Eltr[E) S]] =np — %”E{, [t [S]tr [S™1] + O(n~)

cn(n —k)

* x—1 -0
oy —— 1)tr[§] Jtr [ ]+ O0(n™°),

where Lemma A.1 is used to show the second equality. Since np — tr [2;15] = Atr [f];l],

it follows that

cn(n — k)
p(n—k—p—1)

By [ (S]] = tr [S¥tr [25Y + O(n ™), (37)

which is substituted into (36) to get the expression

np{p+1+k+(1—72)p,}

A)\ T =
’ n—k—-p-—1
{n+(A-7)p}(n—k)
+{ 1By [t +O(n~%). 38
—— BarS] + 000 (39)
Hence, the approximated value of AIC stated in Theorem 2.1 is obtained. [ ]

3.2 Proofs of Theorems 2.2 and 2.4

Since Theorem 2.2 is a special case of Theorem 2.4, we here prove Theorem 2.4. Letting
PE, = E3[tr[Z7Y(B, — B)' X' X (B, — B)], we can see that

PE; = pp, + T [S7'8/(X'X +7) ' X' X (X'X +71)7'8.

~

We shall obtain an asymptotic unbised estimator of PE, based on tr [i;l (Y-Xp
X3.)]. The expectation can be evaluated as

L)Y —
Ey[r[E, (Y - XB,)(Y — XB,)]]
_EL[tr [i‘lsn — 2By [r[S, (Y ~ XB)X(B, - B)]
+ Byl S, (B, - BYX'X (B, - D))

It is noted that Y-X ,8, X ,6 X ,6 and ,6 are mutually independent for ,6 (X /})_lf)\le.
Since Y — X8 = (Y — Xﬁ) (X8 — X,B) the product term can be evaluated as

Eyltr (S5 (Y — XB)YX (B, - B)]
—E3[tr[3, {(Y - XB) + (XB— XB)YX (B, - B)]
—tr[Ey[2, (Y — XB)|Ey[X (B, - B))]
=0,

10



where the same arguments as in (30) have been used to show the last equality. Similar to
(32), it can be observed that

~—1 ~ ~ ~ ~
Ey[tr (2, (8, - B)X'X (8, - B)]]
2Bt [8, Spr + 2By [E, B(X'X + 71X’ X(X'X + 1) 8],
Hence, the bias can be evaluated as
~_1 ~ ~
Apps =PE, — Byl [ (Y — XB,)/(Y - XB,)]
=pp, + Ttr [T B(X'X +7I) ' X' X(X'X +71)7'
— B[t (58] - 7, By [or 55 3]
~ P B[S, 18X X + r )T XX (XX + 1)), (39)
Since BX'3'/p is bounded for large p from the condition (25), it is seen that
tr [ 273 (X'X + 7)1 X' X (X' X +71)7' 3
<tr[BE7'B(X'X +7I)7Y = O(1).
Similarly,
tr B2, 18(X'X + 1) X' X(X'X + 1)\ g
* oY / -1
<tr[BEy[nS |8(X'X +7I)""] =0(1).
Thus,

~ 1 ~—1
App, = ppr — By [tr [ZA S] - TQPTE;/ [tr [Z,\ ZH + O(1). (40)

We first evaluate E3 [tr [2;15] Noting that § = Y'(I — X(X'X)"'X')Y and § =
Y'(I - X(X/X)_IX/)Y, there exists a p x (K — k) random matrix U such that S =
S +UU' and U is distributed as U' ~ Nk _x(0, Iy, ¥"), independent of S. Since X, is
a function of S, it is seen that

By [t [S, S]] =Fy [tr [S) (5+ uu)]]
~—1
=By [ [, 8] + (K — k)i [S, %)
—E [ntr [(S 4+ M) 7'S] + n(K — k)tr[(S + X))
By [ntr[(I+ A8 )Y + n(K — k)t [(I+A8 )18 5.
From (34) and the fact that (I +AS™1)~' =T — AS™{ (I + AS™1)~, it follows that

Ey[tr[E 8] =Ep[ntr [T — A8 + A28 (I +A8 )Y
f(K -kt [{I -8 (IT+A8 )18 =]

11



Using the arguments as in (35), we can see that

ES[te[S) S]] =np — Ei[nitr[S ]+ n(K — k)tr[S 2]+ O(n~)

=np — %E} [tr [S']tr [S*_IH +n(K — kz)n — Kp— p— +O(n~%)

_npn—k—p-1)  c(n—K)
- n—K-p—-1 pn—K—p—1)

tr[S*]tr [25Y + O(n™%). (41)

where Lemma A.1 is used at the third equality.

~ 1 ~~—1
Using a similar argument, we next evaluate E3 [tr [X, X]]. Since (I + S )7! =
I- Xg'_l(I + Xg'_l)_l, it can be seen that

tr [E;IE] =ntr [g'_lE] — nAtr [§—12§—1(I + Xg_l)_l]

np s
= O :
n—K—p—l+ (n™)
Hence from (40) and (41), we can see that
npn —k—p—1 cn(n — K . .
APE,T =pp, — p( p ) ( ) tr [E ]tl" [E 1]
n—K-p—1 pn—K—-p-—1)
2 np
— T, O(1
TR o1 (1)
np(n —k —p—1+7%p;) tn(n — K) S
=pp,; — tr [XFtr [ O(1).
(42)
From (15), it follows that
~ =1 cn(n — K) -1 -5
ES [ tr[X = tr [ X ]tr [ 4+ O(n™°),
e 5] = e (B (2 4 0 )
where K is the rank of X. Hence, we get the C), ; type criterion given in (27). ]

4 Simulation and empirical studies

4.1 Simulation experiments

We now investigate the numerical performances of the ridge-type and double ridge-type
AICs and C), statistics derived in Section 2 through simulation and compare them in terms
of the frequencies of selecting the true model. . -

As the true model, we consider the model that Y ~ N, (X 3%, I,,X), where X =
(@), .-, x(K)) is a matrix of regressor variables in a full model given in (1),

B =((B),... . (Br),0,...,0), B =2(=1)(uy+14), i=1,... .k j=1,....,p,
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for random variable u;; from a uniform distribution on the interval [0, 1], and

1 1 1
1-1|7 1-2|7 1-p|7
o1 pl \ pl \ e pl Pl o1
1 1 1
Z* 02 p|2_1‘7 p|2_2‘7 . e p|2_p|7 02
1 1 1
Op plp—ll’7 plp—2|’7 ... plp—pl’7 Op

for a constant p on the interval (—1,1) and o; =2+ (p—i+1)/p.

The simulation experiments have been carried out for n = 76, K = 7, p = 0.7,
p = 10,20, 30,40,50,60. For the n x K matrix X of the regressor variables in the full

model (1), the row vectors @1,... ,x, for X' = (xy,... ,x,) are generated as mutually
independent random variables distributed as N (0,X,) where X, = (1 — p,) Ik + poJ i
for p, = 0.7, where Jx = JJ% for 3 = (1,...,1), a K-vector of ones. The above true
model is expressed as

M. Y = X3 +e,

where 1 < k* <7, 8" = ((B,),...,(B),0,...,0), and € is a random variable having
€ ~ /\/’n,p(f)\(/ﬁ*,I n, 2 ). Let us write the model using the first m regressor variables
Bi,...,8,, by M,,. Then, the full model is M7 and the true model is My«. As candidate
models, we consider the nested subsets M, ..., M7, namely,

M, Yy = /—X/ﬁ(m) + €,
where 8™ = (B1,...,Bm,0,...,0).

In the simulation experiments, 20 observations of the regressor variables X are gen-
erated, and for each observation of X, 50 observations of the response variable y are
generated from the true model My« for k* = 4. Thus, we have 20 x 50(= 1,000) total
data sets. For each data set, we calculate the values of AICy, AIC), Cy and C) with
¢, = n/p given in (17), (16), (21) and (20), respectively, for the seven candidate models
M, ..., My, and we select the models minimizing the values of the selection procedures.
For each criterion and each candidate model M,,, the number of selecting the model M,,
is counted for 1,000 data set. We thus obtain the frequencies of the model M, selected
by the criteria by dividing the number by 1,000.

Table 1 reports the frequencies in the cases of p = 10, 20, 30, 40, 50, 60 under the true model
My, namely k* = 4. From this table, it is seen that all the criteria perform well for small
p in the sense of selecting the true model. For larger p, AICy and Cjy based on the MLE of
3} perform much worse, while AIC) and C)\ based on the ridge-type estimator of ¥ perform
quite well. Table 2 handles the extreme cases of p = 65, namely vy =n— K —p—3 =1 for
k* =2,3,4,5,6,7. For the extreme cases reported in this table, AIC) and C) work still well.

It is interesting to investigate how the double ridge criteria AIC) ; and C) , work in mul-
ticolinearity cases, where AIC) ; and C) ; are given in (24) and (27). To clarify the difference
between the ridge-type and the double ridge-type criteria, we consider the extreme case of n = 22,
K=7p=10 and vg =n— K —p—3 = 2. For the n x K matrix X = (z(y),..., %)) of the
regressor variables in the full model (1), it is supposed that x(3), (5) and x(7) are generated as

13



Table 1: Frequencies selected by the four criteria AICy, AIC), Cy and C in 1,000 repli-
cations for n = 76, K =7, p = 10,20, 30,40,50,60 and vx = n — K — p — 3 under the
true model My, namely k* =4

My AICy AIC, Cy C),
p =10, vg = 56

AlICy AIC, Cy Cy
p =20, vg = 46

M; 0.0 00 00 0.0 0.0 00 0.0 0.0
M, 0.0 00 00 0.0 0.0 00 0.0 0.0
Ms 0.0 00 00 0.0 0.0 00 0.0 0.0
My 99.7 99.6 90.3 99.0 100.0 100.0 91.6 99.2
Ms 03 04 72 09 0.0 00 6.7 0.7
Mg 00 0.0 20 0.1 0.0 00 14 0.0
M, 0.0 00 05 0.0 0.0 00 03 0.1
p=30, vk = 36 p =40, vg = 26
M, 1.8 0.0 00 0.0 1000 0.0 0.0 0.0
M, 0.6 00 00 0.0 0.0 00 0.0 0.0
Ms 0.0 00 00 0.0 0.0 00 0.0 0.0
My 97.6 100.0 89.4 99.3 0.0 100.0 83.3 99.2
Ms 0.0 00 69 0.7 0.0 0.0 10.8 0.8
Mg 0.0 00 25 0.0 0.0 00 34 0.0
M; 0.0 0.0 1.2 0.0 0.0 00 25 0.0
p=2>50, vk =16 p=2060, vk =6
M; 100.0 0.0 0.0 0.0 1000 0.0 0.0 0.0
M, 0.0 00 00 0.0 0.0 00 0.0 0.0
Ms 0.0 00 00 0.0 0.0 00 0.0 0.0
My 0.0 100.0 69.3 99.0 0.0 100.0 53.1 100.0
Ms 0.0 0.0 144 1.0 0.0 00 179 0.0
Mg 0.0 00 83 0.0 0.0 0.0 131 0.0
M, 0.0 00 80 0.0 0.0 0.0 159 0.0
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Table 2: Frequencies selected by the four criteria AIC,, AIC), Cy and C' in 1,000 repli-
cations for the extreme case of n =76, K =7, p =65, namely vy =n— K —p—-3=1

My AICy AIC, Cop C)y AICy AIC, Cy Cy

k* =2 k*=3
M; 100.0 0.0 0.0 0.7 1000 0.0 0.0 0.2
My 0.0 100.0 50.7 99.3 0.0 00 00 0.7
Ms 0.0 0.0 97 00 0.0 100.0 52.0 99.1
My, 00 0.0 83 00 0.0 00 147 0.0
Ms 03 01 81 0.0 0.0 00 79 00
Mg 0.0 0.0 88 0.0 0.0 00 93 0.0
M, 00 0.0 144 0.0 0.0 00 16.1 0.0

k*=4 k*=5
M; 100.0 0.0 0.0 0.0 1000 0.0 0.0 0.0
My 0.0 0.0 00 0.1 0.0 00 0.0 0.0
Ms 0.0 0.0 00 0.1 0.0 00 0.0 0.0
M, 0.0 100.0 54.8 99.8 0.0 00 0.0 0.0
Ms 00 0.0 152 0.0 0.0 100.0 63.3 100.0
Mg 00 0.0 143 0.0 0.0 00 173 0.0
M; 0.0 0.0 15.7 0.0 0.0 00 194 0.0

k*=6 kE*=17
M; 100.0 0.0 0.0 0.0 1000 0.0 0.0 0.0
My 0.0 0.0 00 0.0 0.0 00 0.0 0.0
Ms 0.0 0.0 00 0.0 0.0 00 0.0 0.0
My, 0.0 0.0 00 0.0 0.0 00 0.0 0.0
Ms 0.0 0.0 00 0.0 0.0 00 0.0 0.0
Mg 0.0 100.0 71.6 100.0 0.0 00 0.0 0.0
M, 00 0.0 284 0.0 0.0 100.0 100.0 100.0
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follows:

I(3) :0.3$(1) + 0.7$(2) + ey,
I(5) :0.5$(3) + 0.5$(4) + e,
T(7) :0.7$(5) + 0.3$(6) + &3,

where € is a positive constant and Z;, Zs and Z3 are mutually independently distributed as
a standard normal distribution. For smaller €, X is closer to the multicolinierity case. In
this experiment, we treat the two cases: ¢ = 1 and € = 0.0001, which correspond to the
non-multicolinearity and the multicolinearity cases, respectively. In the multicolinerity case, the
ridge parameter 7 in the ridge regression estimator 3, should be large since (X’ X)~! is instable.
Define L(X) by

L(X) = {|X X /r[X X /K]| - log(|X X /tr [X X/K]|) - 1}/K.

which measures the discrepancy between the two matrices X'X and tr [f/f)\(// K|Ig. L(i)
takes a large value when X is close to the multicolinearity. For the double ridge AIC, we select
the regressor variables and the ridge parameter 7 so as to minimize AIC) , for 0 < 7 < L(X)/5.
For the double ridge C),, the regressor variables and the ridge parameter 7 are selected to
minimize C) . for 0 < 7 < L(i)/lo. The frequencies selected by AICy, AIC) -, Cy and C) ,
in this experiment are reported in Table 3. For € = 1, the non-multicolinearity case, there are
little difference between (AIC) -, Cy ;) and (AIC),Cy). For e = 0.0001, which is close to the
multicolinearity case, the double ridge criteria AIC) ; and C) ; are slightly better than AIC)
and C). When the true model is Mg, we can observe that AIC) ; performs well while AIC)
does not work.

4.2 An application to posted land price data

We here treat the posted land price data along the Keikyu train line which connects the
suburbs in Kanagawa prefecture to the Tokyo metropolitan area. Those who live in the
suburbs take this line to work or study in Tokyo every weekday. Thus, it is expected
that the land price depends on the distance from Tokyo. We use the selection procedures
AICy, AIC), Cy and C), to search for the covariates which affect the land price.

The posted land price data for fifteen years from 1987 to 2001 are available for 47 sites
along the Keikyu train line. Each site is indexed by ¢, namely, : = 1,... ,n for n = 47.
The values which are transformed by logarithm from the posted land price (Yen) per m?
of the i-th site for the fifteen years are described by y, = (yi1, ... ,yir) for T'= 15. For
each y;;, we consider the following five explanatory variables: Tj; is the time to take from
the nearby station to the Tokyo station around 8:30 in the morning, 75; is the time to take
on foot from the site i to the nearby station and FFAR; and AC R; denote, respectively, the
floor-area ratio and the acreage of the site i. Also, T KY; is the dummy variable indicating
whether the site ¢ is in Tokyo or in Kanagawa prefecture, namely T KY; = 0 if the site ¢
is in Tokyo, otherwise TKY; = 1. As the full model, we consider the mixed linear model

Yir = Bor + Twibe + (TE) Bar + Toifst + FARBys + TKY; 5 + ACR; 61 + €t
For simplicity, the regressor variables 1, T1;, T2, Ty, FAR;, TKY; and ACR; are denoted

, .
by Xoi, T1iy T2y T3iy Lds, Th;i and T6i- Let X = (:B0,$1, R ,mﬁ) = (.’B(l), R ,w(N)) , which
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Table 3: Frequencies selected by the four criteria AIC), AIC) ;, Cy and C), in 1,000
replications for n = 22, K =7, p =10 and vgx = n — K —p — 3 = 2 in the case of
multicolinearity under the true models My, My, Mg

€ = 1, non-multicolinearity e = 0.0001, multicolinearity
My, AICy AIC), C) Chr AICy AIC,, C) Chr
Ms : the true model

My 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
My 100.0 100.0 95.9 95.9 100.0  100.0 95.9 99.8
Ms 0.0 0.0 3.7 3.7 0.0 0.0 3.7 0.0
My 0.0 0.0 0.3 0.3 0.0 0.0 0.3 0.2
Ms 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Mg 0.0 0.0 0.1 0.1 0.0 0.0 0.1 0.0
M7z 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
M, : the true model
My 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0
My 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Ms 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
My 100.0 100.0 97.0 96.9 99.9 100.0 97.0 99.3
Ms 0.0 0.0 24 2.5 0.0 0.0 24 0.0
Mg 0.0 0.0 0.3 0.3 0.0 0.0 0.3 0.7
M7z 0.0 0.0 0.3 0.3 0.0 0.0 0.3 0.0
Mg : the true model
M, 4.8 4.2 0.0 0.0 83.5 0.0 0.0 0.0
My 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Ms 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
My 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Ms 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Mg 95.2 95.8 97.0 97.0 16.5 100.0 97.0  100.0
M7z 0.0 0.0 3.0 3.0 0.0 0.0 3.0 0.0
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isann x 7 matrix, for T = ($j1, c. ,ijN)/ and :B/(z) = ($QZ’, T1iy L2259 L35y L4y T4, 3362'). Also
let Y = (y},...,y,) fory, = (i, ... ,vir), and E is similarly defined. Then, the model
is expressed as Y = X3 + E, where 8 = (8(y),... ,8(p)), which is a 7 x T" matrix, for
/B(t) = (Bot, - - - » Bet)'"-

Table 4 reports values of AIC,, AIC), Cy and C) for several candidate models, where
the regressor variable which minimizes AIC', is added to the model based on the forward
selection rule. Among these candidate models, the minimum value of AIC' is -670 and
attained by the model with the regressor variables {xg, ®1, 4, x5}, while AICy and C)
select {xg, 1, x5} or {xo, @1, 4, x5}, It is also observed that Cj selects the full model,
which shows that Cy does not work well for this example. According to these observations
based on AIC,, AIC) and C), we can recommend the model given by

Yit = Bor + 1101t + FAR; By + TKY; 35 + €ir.

Although values of AIC) ; and C) ; are not reported in Table 4, it is noted that their
values are very close to those of AIC) and C', respectively.

We here investigate whether the selected model is endorsed by a testing procedure.
The general linear hypothesis is expressed as a testing of hypothesis

H:CB=0 vs A:CB#0

where C' is a known m x 7 matrix of rank m < 7. The error sum of squares and products
is given by the matrix
V=YI-XXX)'XY,

and the sum of squares and products due to regression under the hypotheses H is
w =pcc(xX' X)) CB.
To test the hypothesis H we need to compare these matrices. The likelihood ratio test
rejects the hypothesis H if
vl
|V +W|

where f =n — 7 and U, . is the upper 100a% point of the distribution of U, ;. The
asymptotic approximation for Uy, ¢ is given by

Pl—{f=(p—=m+1)/2}log Upm,s > 7]
= PlGm = 2]+ [ {PlXgm 14 2 2] = PG, 2 21} (43)
where 7o = pm(p? + p — 5)/48. See Srivastava (2002, p.282).

Let 3 be decomposed into 8 = (8, 3], --- ,3%)- When the null hypothesis H : 3, =
B, = B, = B5 = 0 is tested, the P-value given in (43) is 0.000, and the hypothesis is
rejected strongly. When each hypothesis H; : 3, = 0 is tested for ¢« = 0,1,... ,6, the P-
values are given by Pp = P, = P, = Py = P; = 0.000, P; = 0.022 and Fs = 0.008, where
P; is the P-value given in (43) for testing H;. When the P-values can be also obtained
numerically based on simulation experiments, those values for testing the hypotheses Hj
and Hg are 0.027 and 0.007. Thus, it may be plausible that the variables x3 and xg,
namely Ty; and AC'R; are deleted from the regressor variables.

pmf < Upm,fa
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Table 4: Selection of regressor variables in the posted land price data

k ZT; AICO AIC)\ C() C)\
1 To -3040 105 2051 286
2 To, T1 -3106  -490 1279 68
3 To, T1, T2 -3108 489 906 54
3 Xo, T1, T3 -3070  -438 1271 109
3 To, T1, T4 -3104  -619 1158 74
3 To, T1, Ts 3174 521 353 -14
3 To, T1, Tg 3081 -445 1215 95
4 Lo, L1, T4, T2 -3101 -594 T 58
4 To, T1, Ta, T3 3064 -578 1150 113
4 Lo, L1, T4, T -3167 -670 232 -9
4 To, T1, Ta, Tg 3067 -560 1136 108
) o, L1, T4, T5, T2 -3145 -601 160 29
5) o, L1, T4, T5, T3 -3129 -634 211 30
) o, L1, T4, T5, T -3128 -605 215 26
6 o, L1, L4, T5, T3, T2 -3106 -566 127 68
6 o, L1, L4, T5, T3, T -3085 -565 190 67
7 Lo, L1, T4, T5, T3, T2, Tg -3056 -490 105 105

5 Concluding remarks

The variable selection problem in the multivariate linear regression model is addressed
under the asymptotic condition that both n and p tend to infinity subject to n — k —
p—3 > 0 and limy, py~ep/n = ¢ for 0 < ¢ < 1. In this paper, we have proposed
the modified AIC and C), statistic, denoted by AIC) and Cy, based on the ridge-type
estimator of X instead of the MLE, and proved their analytical justifications, namely,
they are asymptotic unbiased estimators of the quantities related to the prediction errors.
We also have extended the modified AIC and C), statistic to the double ridge-type criteria
which use the ridge regression estimator of 3 instead of the least squares estimator.

Through simulation studies reported in Tables 1 and 2, it is seen that AICy and Cjy
statistic, based on MLE of X, perform well for small p and large n, as it should be.
The performances of AIC) and C) are, however, equally good and somewhat better. In
contrast for large p, the performance of AIC, and Cy are rather poor in comparison to
the performance of AIC', and C. In the case close to the multicolinearity, the double
ridge-type criteria AIC'y ; and C) ; have been shown to work well. Thus we recommend
the use of AIC and Cy, or AIC) ; and C) ; for all p so longasn —k —p > 3.
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A Appendix

Lemma A.1 Let S ~ W,(X,m). Then,

_ _ 2p
E " _gspyxto P
[(tr S)(tr S™7)] pr— 1tr tr pra—

Proof. Since tr S and tr S™! are invariant under an orthogonal transformation, we
may assume that 3 is a diagonal matrix with diagonal elements o;, 1 = 1,... ,p, 3 =
diag (01, ... ,0,). Thus, with W ~ W,(I,m), W = (w;;), W' = (w"”), we get

trS=trXW = Zolw“

Hence,

(tr S)(tr S = Z oiWw;;) Z o tw™) Z wyw™ + Z 0i0; Lww??

7]

Noting that Flw;w"] = E[w,,w??] for any i, and E[w;w’’| = E[wy;w??] for any i # j, we
get
E|(tr 8)(tr 7)) = pElwpw™] + Y 0105 Blwnw?].
7]

Consider now the triangular factorization of W = T'T", where

T:(]:1 0 )
t12 tpp

Then,
W — ( T,\T; Tto ) _ ( Wi wi )
t,T z5;2;;04’75/12t12 Wiy Wy
and
W’ = (wpp — “7/12"‘/1_11“’12)_1 = (t}%p)_l'
Hence,

2, 4 tt .t

E[wppwpp] :E{ 212 12} _ 1+E{ 12 12}
tPP

p—1  m-=2

=1+ E[t,tix]Elt;2] =1 =
+ Byt Elt,,] e e ——.

pp

since t13 ~ MN,_1(0,I) is independently distributed of 2, and 2 is distributed as
chisquare with m — p 4+ 1 degrees of freedom, see Srivastava and Khatri (1979, Lemma
3.2.1, pp 74). Similarly,

m
Elwjw] = E[t%/t;?:p] = E[tfl]E[l/tz%p] ~m —p—1
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Hence,

“1y_ (m=2)p m 1
El(tr S)(tr S7)] 1 + pr—— ;010]
- —2)p
- ) (tr X! (m
S g 2
L ) PR
m—p— m—p—1
[
Lemma A.2 Let S ~ W,(X,m). Then,
_ —1)(m+1) _
E[(tr S)tr (2872)] = (m tr ) (tr 21
(68t (28] =T
B p ( m? —1 _m2—5m+2p+2)
(m=—p—=1)(m—-p=3) \m-p+1 m—p '
Proof. As explained above, we assume that ¥ = diag(oy,...,0,), and W ~
W,(I,m),
E[tr S)(tr £87%)] =E[(tr TW) (tr ='W ?)]
) 7 7
=B wi W)+ Y050 wa(W2),]
i=1 i
:pE[wpp<W_2)pp + wll(W_Q)pp Z Uiaj_l]-
1#]

Note that

1
(W2)p = tT[l + 1, (T T 1) a),
pp

and wy, = t2, + t),t15. Thus,

Elwp,(W ™2),p] =E[(t5, + tiot12) (1 4 £5(T1T1) 12/t
=E|[(t,,} + thytiot, ) (1 + t), (T T1) 1)
L, £t
m—p—1 (m—p-—1)(m—p—3)
thotiot]y (T T1) 'ty + thhtio

:E(

(1 + (T Th) t12)

B[l + ¢, (T T1) "] + E| ]

m—p—1 (m—p—1)(m—p-3)

1 ottt (T T )ty + tot
=——{1+ Eltr (T\T) ']} + B[22 w(TTh) e + )y 12
m—p-—1 (m—p—1)(m—p-3)
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Note that t/12t12t/12<T/1T1)_1t12 =tr (tlgt/12)2(T/1T1)_1, where t12 ~ Np_1<0, Ip_l) and T1
are independently distributed. Hence, t1ot}, ~ Wp_1(I,1). From Srivastava and Khatri
(1979, Problem 3.2, pp 97),

El(tit,)’]) = 2@, + (p— DI,y = (p+ 1)I,_.

Hence,
Ethyt1ot)y (T T1) t1a] =(p + 1) Eltr (T T1) ']
oy +Dpe-1)
since T1T ~ W,_1(I,-1,m), and E[(T1T})"'] = (m —p)~'I,_1. Hence,
_ 1 p—1 p—1 p+1D(p-1)
Elugp (W) = ——— 1+ 2L ¥ ( ]

m—p—1 m—-p m-p—3 (m—p)(im—p-23)

We shall need to calculate
2

t
EWHGV4%A:EE§Q+¢QH1TQAQQ]
pp
1 —
“(m—p-D)(m—p- B)E[m + 111t (ThT) o).

It may be noted that ¢, is the (1, 1)st element of T, so we need to write T’y as
tn O 1 t 0
T = 5 T = _ _ — .
Thus,

Bt} tr (T T1) "tioth,] =E[t3,tr (TT1) ")

tr T3 s th, (T3
:E[tfl {t1—12_|_ rds 3;31( 3 ) +trT3—1<T3—1)/}]
11

:E[l + tr t31t51<T3Té)_1 + t%ltr (TgTé)_l]

(m+1)(p—2)
m-—p+1

=1+ (m+1DE[tr (TsT5) '] =1+

Combining all the above calculation, we get

(m—1)(m+1)
m—p+1)(m—p—1)(m-p-3)
Hence, after some simplification, we get

E[wll(W_Q)pp] = (

EKUSNUESJ”:On—p+iﬁ%fiﬁ?gxn—p—B%HExwz_g
B p m? —1 _m2—5m+2p+2)
(m—-p-1)(m-p=3) m-p-1 m—p '
|
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