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abstract

We develop the panel limited information maximum likelihood (PLIML)
approach for estimating dynamic panel structural equation models. When
there are dynamic effects and endogenous variables with individual effects
at the same time, the PLIML estimation method for the filtered data does
give not only a consistent estimator, but also it has the asymptotic normal-
ity and often attains the asymptotic bound when the number of orthogonal
conditions is large. Our formulation includes Alvarez and Arellano (2003),
Blundell and Bond (2000) and other linear dynamic panel models as spe-
cial cases. We also compare the PLIML and dynamic GMM (generalized
method of moments) estimation methods and suggest an asymptotically
optimal modification of LIML under heteroscedastic disturbances among
individuals.

Keywords : Dynamic Panel Structural Equations, PLIML, Dynamic GMM,
Long Panel, Many Orthogonal Conditions, Forward Filtering, Backward Fil-
tering, Asymptotic Optimality, Individual Heteroscedasticity.

1 Introduction

Recently there has been a growing interest on dynamic panel econometric mod-
els in micro-econometrics. The main reason may be due to the fact that there
have been a number of panel data available and their analyses have been growing
in many applied fields of economics. Then the econometric methods of panel data
have been indispensable tools in econometrics (See Hsiao (2003), Arellano (2003)
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and Baltagi (2005) for instance.). However, there are still non-trivial statistical
problems of estimating dynamic panel econometric models to be investigated. In
particular, when there are lagged endogenous variables with individual effects and
the simultaneity effects in the structural equation of interest exist at the same
time, it has been known that the standard statistical methods including the GMM
(generalized method of moments) in the econometric literature or the estimat-
ing equation (EE) method in the statistics literature do not necessarily work well
due to the presence of individual effects, which causes some kind of the incidental
parameters when we have observations over a long time-horizon. Earlier investi-
gations on some aspect of the dynamic panel models were Anderson and Hsiao
(1981, 1982).

In this paper we propose a new econometric method called the panel limited
information maximum likelihood (PLIML) approach to the estimation of dynamic
panel structural equation models. It is actually an extension of the traditional
limited information maximum likelihood (LIML) method, which was originally
developed by Anderson and Rubin (1949, 1950). We intend to apply and extend
the LIML method to the estimation of dynamic panel structural models when
there are dynamic effects and endogenous variables with individual effects at the
same time. However, we need to modify the LIML method to handle the dynamic
panel models with individual effects and possibly many orthogonal conditions. 1t
is because the individual effects in panel structural equations cause a source of en-
dogeneity between the explanatory (or instrumental) variables and the explained
variables and we need to apply the filtering procedure to remove individual effects
in data sets. The PLIML estimation method proposed in this paper gives a con-
sistent estimator and it often attains the asymptotic efficiency bound for general
dynamic panel structural equation models, which have the Panel VARs as the re-
duced form even when the relative ratio T'//N (where T is the time-horizon and
N is the number of individuals) can not be negligible. In macro-panel data or
long panel data T' (the number of observations over time) can be substantial and
it is often important to estimate the dynamic effects in the structural equation of
interest. By using panel dimensions (N, T') and the number of instruments K, the
approximations of the limiting distributions of estimators and test statistics based
on the standard asymptotics are often poor and we need another asymptotic the-
ory, which corresponds to the large-K asymptotics developed by Kunitomo (1980)
as an early study and it has been recently examined by Anderson, Kunitomo and
Matsushita (2005, 2008a,b).

In our framework of study we shall consider different ways of filtering proce-
dures before estimation systematically, namely, the forward-filtering explained by
Alvarez and Arellano (2003) and the backward-filtering explained by Hayakawa



(2006, 2008). We shall show that the LIML estimation has an advantageous as-
pect when we use the forward-filtering and utilize many orthogonal conditions in
particular. Also we shall show that the usage of the backward-filtering for in-
struments can decrease the effects of a large number of possible instruments and
the doubly-filtered LIML becomes asymptotically less biased. In this situation
the fized-N asymptotics to the approximation of the limiting distribution as the
first-order approximation is useful for practical applications.

In Section 2 we state the formulation of models and alternative estimation meth-
ods of unknown parameters in the dynamic panel structural equations with pos-
sibly many instruments and the filtering procedures. Then in Section 3 we give
the results on the asymptotic properties of the PLIML estimation method and its
asymptotic optimality. In Section 4 we shall discuss some finite sample properties
of the GMM and LIML estimators based on a set of Monte Carlo simulations.
Some concluding remarks will be given in Section 5. The proofs of our theorems
will be given in Section 6.

2 PLIML Approach to Dynamic Panel Struc-

tural Equations

2.1 Model

We consider the estimation problem of a dynamic panel structural equation with
individual effects in the form

14+G2 1+G2 Qj
yy) Z Boy? + 3D iyt o T Z%zxm + i+ e (2.1)
Jj=1 pj=1
where yz(tj : (j = 1,...,1 + G2) are the endogenous variables in the system at

period t, :17 (l =1,. L) are the included exogenous variables, Ba;, Vijp;, Yu (J =
1., 1+ GQ, p;=1,..,Q;; l=1,..., L) are the unknown coefficients of the right-
hand side variables, n; (i = 1,..., N) are individual effects and u; are mutually
independent (over individuals and periods) disturbance terms with £(u;) = 0 and
E(u?) = o In (2.1) we allow some coefficients can be zeros, and the original
sample size is NT (=n) fori=1,--- N;t=1,--- | T.

We rewrite the dynamic panel structural equation as

1 / 2 ’ 1
yz(t) 52:‘/57:) + ’)/121(»;1 + 0t U (2.2)

where yftl ) and y(Q) (Go x 1) are 1 4 (3 endogenous variables, zgtl )1 is the Ki(=

ZHGQ Q)+ L) vector of the included predetermined variables in (2.1), then «, and
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B, are K7 x 1 and Gy x 1 vectors of unknown parameters. We use the notation

such that the vector zﬁll consists of x,gtll) (I = 1,...,L) and possibly the lagged

endogenous variables yi(ﬁpj in this representation.

We assume that the reduced form is written as
yit = Hzyy + 7 + Vi, (2.3)

where £(vy) = 0 and E(vyv;,) = Q > 0 (a positive definite matrix). It can be
rewritten as the extended reduced form or the vectored AR(1) representation of
the reduced form

* _ * * * *
z; = Wz, +7m +v;,

_ / * 1 _ N VA
Yit = J11Go%it s Zipm1 — IgBit—1 5 Lig—1 = JkZi 1 (2.5)

where y;; = (y), y' )l)' is the (1 + G3) vector of endogenous variables, z;_; is the

K x1 (K = K+ K3) vector of predetermined variables at ¢ which includes the K;
exogenous variables and lagged endogenous variables, IT and 7; are a (1+G3) x K
coefficients matrix and a (1+ G2) x 1 individual effect vector, respectively. For the
equation (2.5), IT* is the K* x K* autoregressive coefficients (K* = K + K3), 7}
and v}, are also K* x 1 individual effects and disturbances vector, respectively, the
K3-variables are excluded from (14+G2) reduced form equations. In our formulation
J1iq, is an (14 Gy) X K* selection matrix whose each element is one or zero, thus
the selection matrix J%, and J% are defined in the same way. Also we prepare the
notation K, which means the number of the distinct autoregressive variables in
Zi;_1, therefore

K. <K<K*. (2.6)

We assume that the instrumental variables z;;_; are F;_;-adapted, and F;_ is
the o—field generated by {v},_,, 7 }7°,, then we shall use the notation &[ . | =
E[ . |Fi-1] for the conditional expectation operator. The relation between the
coefficients in (2.2) and (2.3) gives the condition (1, —8y)II = (v},0) and 7y, =
I15,03,, where IT} = (w1, I15) is a K; x (1 + Go) matrix, IT, = (g, ITyy) is
a Ky x (1 4+ G) matrix and the (K; + K3) X (1 + G2) matrix of coefficients is
partitioned as

w1 I / * ,
= [ mwo1 Iloo ] a [JHGQH JKl’KZ] ’ (2.7)

where J /K1, K, 18 a K X K selection matrix for reordering columns of the correspond-
ing matrix IT* which is slightly different from J /K



Although we may call (2.3) and (2.4) as the reduced form, the predetermined
variables in z;_; are correlated with unobserved variables (7; + v;;) since

E[Zit_lﬂ';] 7é O (28)

in the general case, and this aspect makes the panel model consisting of (2.2)
and (2.3) different from the standard simultaneous equation models. We give
two examples of dynamic panel structural equations known in the econometric

literatures.

Example 1 : Blundell and Bond (2000) have considered the simple model of a
dynamic panel structural equation with two endogenous variables given by

1 2 1
?/z(t) = 62yi(t) + 71(%(;1 + 1+ Uit (2.9)

y7,(152) = 72%'(521 +on; + it (2.10)
where the disturbance terms u;; and v;; are correlated. In this example K = K* =
K, =2K, =1and Gy = 1. We notice that the equation (2.10) can be regarded
as a reduced form equation and the estimation problem of v, was considered by
Alvarez and Arellano (2003). They applied the forward-filter to data and proposed
to use all past values y;s (s < t) at period ¢ as instruments, i.e., the number of
instruments is (7" — 1) /2 (= r,,). On the other hand, Hayakawa (2006, 2007) has
suggested to use the backward-filter to instruments, which will be defined shortly,
for estimation problem of (2.10) and its variant.

Example 2 : Our formulation includes the Panel Vector Autoregressive (Panel
VARs) model as the reduced form, which was suggested by Holtz-Eakin, Newey
and Rosen (1988). An example can be written as

yz(tl) = ﬁQyz'(tQ) + 711%(,5131 + Y12Zi + 0+ U (2.11)

and the extended reduced form is defined by

Yit T Ty Ty Ty 0 Yit—1 s it
2 * * 2 *(2 *(2
yz(t) 0 73 7w O 0 yi(tzl 7Tz'( ) Uzt( )
y@ o l=1 0o 1 0 0o o [|42, 1+ o [+] 0o |@12
Tity1 0 0 0 735 73 Tt T €11
Tt 0 O 0 1 0 Tit—1 0 0

where the first two rows of (2.12) are the Panel VARs model (1 + G5 = 2), and
x; is the included independent variable. The number of instruments are assigned

such that K = 4, K* = 5, K, = 3,K; = 2, where z;_; is the Kj3-variable and

K, = 3 follows from {yi(.l), %@7 x; }.



There are important aspects of the problem of estimating equations with instru-
mental variables in the dynamic panel structural equations. First, the standard
statistical estimation methods do not necessarily have desirable properties because
of the presence of individual effects n; (i = 1,---, N). In order to deal with this
problem, there have been several statistical procedures developed for the esti-
mating equations with individual effects. (See Hsiao (2003), Arellano (2003) and
Baltagi (2005) for the details.) Second, some of the known estimation procedures
based on the standard asymptotics (N — 00,7 < co) have substantial bias when
the panel models become dynamic in the sense that we have lagged endogenous
variables as explanatory variables. This is because even if we used the appropriate
filtering method to remove the individual effects, their influence cause the second-
order bias through the past variables and it becomes serious for a large 7". Third,
although many previous studies has focused on specific reduced models, when we
have endogenous variables in the structural equations of interest, the standard
estimation methods have serious drawbacks as Akashi and Kunitomo (2010) have
discussed, for instance. Since we can sweep out the source of correlations among
the lagged endogenous variables and heterogeneity of individual by using the fil-
tering procedure, however, wet cannot remove the simultaneity at period ¢ by that
procedure.

Instead of refining the traditional estimation methods, we shall develop a new
estimation procedure which may overcome these problems at the same time by
applying the panel limited information maximum likelihood (PLIML) estimation
method. The asymptotic properties of the LIML estimation method for estimat-
ing structural equations including its asymptotic optimality have been recently
investigated by Anderson et al. (2008a,b) when there are many instruments. We
shall extend their analysis to the PLIML estimation method in the dynamic panel
structural equations when the number of instruments increases as 7', which may
be quite natural in the estimation problem of dynamic panel structural equations.
Before we apply the LIML estimation method, however, first we shall propose to
use the filtering procedure for our over-identified model, which is the data trans-
formation. There are two filtering procedures in both forward or/and backward
directions of time and remove their individual effects before estimation. We shall
focus on both the forward-filtering procedure and the double-filtering procedure

in our analysis.



2.2 Instrumental Variables and Filtering Procedures

Let i = (u), Y = (vi7") and 2, = (2}) be T'x 1, Tx Gy and T x K,
matrices. We define the forward deviation operator Ay, which is the (7" — 1) x T'
upper triangular matrix used by Alvarez and Arellano (2003) such that A fA/f =
Ip_1, ¢ = (1,...,1) and A/fAf = Qr = Iy — vy /T. We apply the forward

deviation operator to the random variables of y(l) Y¢2 , and Z(() 1),

the resulting variables as y!"/’ (yl(1 My, Y(2 D= (yi ), and ZZ- = (z Etl fl) ).

2

and denote

Then, for example, we have

y2) =aly® - v+ y )] (213)
where ¢ = (T —t)/(T —t+1) fort=1,..T —1, T > 2.
By using the forward-filtered variables, we re-write for t =1,--- T — 1 as
yzgt /62yzt Dy 71z£t 1) + UEZ) ) (2.14)
where u') = (u{7) is the transformed (T — 1) x 1 vector by u/ = Asu; from the

T'x 1 disturbance vector u; = (u;), but also we have the relation that £ [ (L1 )uft )] #
0, consequently.

On the other hand, we can also apply the backward operator A, which is the
(T'—1) x T lower triangular matrix as used for Hayakawa (2006). The procedure
removes the individual effects from the instrumental variables. Then we denote
the transformed instrumental variables as ZE?ZD = (zgflll) and we set

1b 1 a 1
Zz(t z—bt Et)l - 2( Et)2+ +Z()+Z£() )) (2.15)

where b7 =t/(t +1) for t = 1,...,T — 1, and we include zg(lzl) in order to simplify
the notation of the index range.

We notice that the forward-filtering enables us to make the orthogonal conditions
and keeps the homogeneity of second-moments of the disturbances. The backward-
filtering removes the individual effects exactly from instrumental variables.

In our analysis we use two types of transformations on the instrumental vari-
ables, and the instrumental matrices at period ¢ are defined by

(a) (a) !
Zy-1) 7 IN@p-y

a . . . b b b !
Zg ) _ : : : 7 Zl(f ) _ (z( ) 7Zg\[)(t_l)> , (2.16)

1(t—1)
2y oz

where z\") | is the K, x 1 vector such that z\”), = J.zy_1, where the selection
matrix Jg, chooses the nearest lagged variables to t — 1 as each autoregressive
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variable. The reduction K to K, is needed to be full rank of (Z\*Z{")). Hence
7\ is the N x (K.t) and Z\" is the N x K matrix, we consider that these
instrumental choices correspond to the following methods,

(a) At period t we use all available lagged variables after applying the forward-
filtering to the structural equation as suggested by Alvarez and Arellano (2003),
(b) At period t we use the only lagged variables included in the reduced form after
applying the backward-filtering to all instruments.

In this formulation the orthogonal conditions at period ¢ can be written as

£ =00 <s <), €[l ulf)] =0, 1)

18

We consider the asymptotic sequences with respect to two panel dimensions,
that is, N and T in different ways. We define the number of orthogonal conditions
as 7, and consider the ratio r,/n, that is, the ratio of the number of orthogonal
conditions 7, to the total sample NT' (= n) as two sequences of

K.T(T - 1) K. . T
@ =N w0 = () IR (218)
K(T —1) K
) -8 2.1
O = T T Ny (2.19)

where we use the notation Ny to be a fixed integer. Then we shall consider the
asymptotic behaviors of estimators when these sequences of ratios can be reason-
able approximations as the large- K asymptotics under panel structural equation
models provided K < oo, Ny < co. When the order of instruments is reduced to
O(T), the doubly-filtered LIML estimator does not need the double asymptotics
N, T — oo and the number of individuals can be regarded as fixed Ny < oco. The
double asymptotics could worsen some approximations on the limiting distribu-
tions of estimators, since it is constructed as a further approximation from the
fixed T or the fixed N asymptotics.

2.3 The LIML and GMM Estimation

Let ygf) = ( z(tl’f)a y§f’f)')’ be (1 + G3) vectors and
’ 1, , 1, 1,
Yt(f) = <ygf)7 e ayg\J]?) ’ ZE /) = (th f)a U 7Z§th)> )

be (1+G5) x N, and K; x N matrices of the forward-filtered variables, respectively.
By using these notations, we define two (14 G2+ K7) x (1 + G2 + K;) matrices as

<« (Y (H) (L)
GO=3"( hy | M (Yt ,zt_’l), (2.20)
t—1

t=1
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and

— [ YV () 7 (Lf)
HO =7 (g | =M (Y9, 20) (2:21)
t=1 t—1
where M, = Mﬁ“) or Mﬁb),
a a a) (a)\— a) b b b) 7 (b)y\ — b)’
M =z (z )z My = 22 7)) (2.22)

A

Then the LIML estimator H(L)I = (Byr A1) of (=8, —) = (1,-0') is
defined by

1 1 1
{_Gm _ An_Hm} ol =0, (2.23)
where n = N(T — 1), ¢, = n — r, and )\, is the smallest root of
1 1
—aq¥ l_H(f)‘ =0. (2.24)
n qn

In the above definition we have used the notation é(L)I = é(f} in the case of using
a ~(b) . .
ME ) and O(L; in the case of using Mgb).

The solution to (2.23) gives the minimum of the variance ratio

[1, —9’] G _1 o
VR, = = = . (2.25)
, 1
_ (f)
[L,—-6]HD | 0

Similarly, we define the panel GMM (or two-stage least squares TSLS) estimator,
ol () A~/ ~7 ’ / I\
Ocr = (BocarsYiam) of (1, =By, —v,) = (1,-0") by

T-1 (f) 1
[0, I, k] Z [ Z(lf ]Mt [Y(f) ZE {)} [ 0 ] =0. (2.26)

t=1

and define é& and égiw accordingly. It minimizes the numerator of the variance
ratio (2.25). The LIML and TSLS estimation methods were originally developed
by Anderson and Rubin (1949, 1950), and we modify them slightly to develop

the panel LIML and the panel GMM (or TSLS) methods for the dynamic panel
simultaneous equations models with individual effects.



3 Asymptotic Properties of the LIML and GMM

Estimators

3.1 Asymptotic Distributions

We shall derive the limiting distributions of the LIML and the GMM estimators
when we have two sequences on N,T, K and r,. In order to do that we make
a set of assumptions on the moments of disturbsnces and the dynamics of the
underlying process.

(A1) {vj}(i=1,..,N;t=1,..,T)areiid. across time and individuals and
independent of 7f and z},, with E[vy] = 0, E[vivi] = Q* and E[||v5]|®] exsits.
The random vectors =} are i.i.d. across individuals.

(A2) The initial observation satisfies
zio = (I — IT*) "o} + wyo (i=1,..,N),

where w; is independent of 7} and i.i.d. with the steady state distribution of the
homogenous process such that we can represent w;y = Z;io |1 gl V;‘(O_j). All roots
A of

[T — A~

=0 (3.27)

satisfy the stationarity condition |Ag| <1 (k =1,..., K*).

The assumptions (A1) and (A2) are analogue to the conditions used by Alvarez
and Alrellano (2003). They imply that the underlying processes for {y;} are
stationary and we have sufficient moment conditions. To state our main theoretical

results in a concise way, we prepare some notations that E[vyv}] = Q,0% =

Elu?] = B'QB, where B = (1,—03,)" and

wo= (0,1 IHGQ—COU(VZ-t,uit)U—Zt}, (3.28)

& = D'JEWig-1yW_ )] JxD, (3.29)
IKI /

D = Jg .k | I, o T = [Tk, Okxral - (3.30)

By defining the underlying stationary process {w;, } which satisfies
wi = IT"wy g + Vv, (3.31)

then the conditions of (A1) and (A2) imply that it has a solution of stationary
vector process.
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First, we consider the case (a) when we take the forward-filtering procedure and
then apply the LIML and the GMM estimation under the sequence of (a). We
denote M, = Mga) and in this case we have the next result whose proof will be in
Section 6.

Theorem 3.1 : Suppose Assumptions (A1) and (A2) hold. Consider the
double asymptotics N,T" — oo and assume that 0 < K, limyr_...(T/N) < 1.
(i) For ¢, =0, 0 <limyr_.oo(T?/N) = d, < 0,

VNT (9(&)4 — 9) L N, 2@ (3.32)
where s /
b — <d“/2K* ! ( i ) T, = [01e]. (3.3
(17) For ¢, =0,
VNT (9(53)4 —0) L N(0, P ). (3.34)

(13i) For 0 < ¢, < 1/2,
9\ (a) ()
VNT <0LM ) 4, N (b, T@) (3.35)

and

I R
P 0?D* + ( g) (Cra[Q02 — QBB + E4)(Ig,, 0) + B + B 191,

where | - ]2 is the (2,2)-th element (G x G matrix) of the partitioned (1+ Gg) x
(14 Go) matrix, ¢, = /(1 — ¢4),

=@ _ ( Llca [ui ] iy 70 37 ZtT:_; g[dga)/ o ) (3.36)

I—I3 O bl *

=) _ ( 1 V2E[(uf, — )uLul hm TE — ¢2)(3.37)
4 1— Ca it it lt T—o0 N —

dia) = diag(Mﬁa))LN, W1 = (Wi—1)s -, Wy—1)) is the N x K* matrix consisting
of {w;} and

1/2
Koo
2 (1—rca)

bl@) = —( O DI (Ige — IT) L E [V ua] (3.38)

provided that B and 2" are well-defined.

11



When ¢, = 0, both the LIML and the GMM estimators are consistent and they
have the asymptotic normality. But the GMM estimator has an extra asymptotic
bias due to the presence of the endonenous variables. This result agree with
the one by Anderson et al. (2008b) for a linear structural equation model with
many instruments. The asymptotic bias due to the presence of forward-filtering is
similar to the one by Alvarez and Arellano (2003) for a simple dynamic regression
model. When ¢, > 0, however, the LIML estimator is still consistent and it has
the asymptotic normality while the GMM estimator is inconsistent.

Next, we apply the backward-filtering procedure to the set of instrumental vari-
ables including the lagged endogenous variables and reduce the number of orthog-

)

onal conditions as the sequence of (b). We take M, = Mgb . In the case (b) we

have the next result whose proof will be in Section 6.

Theorem 3.2 : Suppose Assumptions (A1) and (A2) hold. Let T — oo and
K/N = Cp.
(i) For ¢, =00r N — 00, 0 <limyr_o(T/N)=dy < o0,

VNT (@g’@ - 0) L NBY, o), (3.39)
where
bl = (¢,*K)®*! ( J G’ZOQB ) . (3.40)

(17) For ¢, =0 or N — o0,
VNT (é% —0) L N(0, 0P ). (3.41)
(173) For 0 < ¢, <1 or N = Nj is fixed,
~ (b) d *(b)
VNo (GLM - 9) L, N(0, B0 (3.42)

and

I ‘
oo + ( o ) (ca[Q0” — QBB + E4)(Ig,, 0) + B + 2],

where ¢, = /(1 — ),

. — b)’
=(b)’ ( 1,1%8[”1215111#] hmT—>OO N(I)T Z;F:ll g[dg ) Wt—l]JKD> (3 43)
H3 — 9 .
@)
1 1 T-1
(b ! 1 b)’ b
= = (g el — et i, e el al) ) (.40



and dgb) = diag(Mgb))LN, W1 = (Wig-1), ..., Wy@—1))' is the N x K* matrix

—(b

consisting of {w;;}, provided that Eéb) and ;" are well-defined.

When ¢, = 0, both the LIML and the GMM estimators are consistent and they
have the asymptotic normality. But the GMM estimator has an extra asymptotic
bias. When ¢, > 0, however, the LIML estimator is also consistent and it has the
asymptotic normality while the GMM estimator is inconsistent.

We notice that ®* are same in both our theorems, so that the backward-filtered
instruments can be considered as the optimal instruments in the double asymp-
totics. But when ¢, > 0 and the fized-N or the large- K asymptotics holds, then
the second term of the asymptotic covariance becomes large, so that the large-K
improves the approximation of limiting distributions by capturing the number K
and possibly large fixed Ny. On the other hand, the GMM estimator has the
asymptotic bias even when N — oo. If N — oo, the doubly filtered LIML has no
bias and attains the asymptotic efficiency bound o2®*~!, which is the standard
bound when wf =0 (i =1,--- ,N) and T is a fixed integer.

In the general case, the asymptotic covariance of the LIML estimator depends
on the third and fourth order moments of disturbance terms v;;. When the random
vectors are followed by the class of elliptically contoured distribution EC(2) (see
Section 2.7 of Anderson (2003)), for instance, we could simplify the explicit formula
considerably because the third order moments are zeros and there is a simple
expression on the fourth order moments. When the disturbances are normally
distributed in particular, ZE3 = O and &4 = O. In the more general cases we could
expect that the contributions from these terms are often negligible numerically.

If the third and fourth order components are negligible, we may compare the
asymptotic covariance by the magnitude of ¢,, and c,,. Although the relation of
co > ¢ holds in the general cases, the relative efficiency of ég to é(LaI) depends

on the correct knowledge of the reduced form lag structure. In this sense 9(;1)
may be regarded as the most conservative estimation method as to the choice of
instrumental variables.

3.2 An Asymptotic Bound and Optimality

For the estimation problem of the vector of structural parameters 6, it may be
natural to consider a set of statistics of two (14 G2+ K1) X (1+ G+ K;) random
matrices GY) and HY), and the bias corrected estimator caused by the forward
filtering such as the one proposed by Hahn and Kuersteiner (2002). We shall
consider a class of estimators which are some functions of these two matrices and
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then we have some results on the asymptotic optimality under a set of assumptions.

Theorem 3.3 : In the panel structural equations model of (2.2) and (2.3),
define the class of consistent estimators for 8 = (1, —,3;, —~,) by

/?2 = ¢(G(f) ) H(f)) s (345)
Y1

where ¢ is continuously differentiable and its derivatives are bounded at the prob-
ability limits of random matrices (1/n)GY) /n and (1/¢,)HY).

(i) Then either under the conditions of Theorem 3.1 or Theorem 3.2, as T — oo
with ¢, =0 or ¢, =0,

VNT

< By = By )] L N(0,T) (3.46)

Y1 =71
where
v > P (3.47)

and " is given in Theorem 3.1 and Theorem 3.2. The LIML estimator and the
bias-adjusted GMM estimator attain the asymptotic bound.
(i) When 0 < ¢, < 1 or 0 < ¢, < 1in Theorem 3.1 or Theorem 3.2, assume
Eg) =0 and Efl') = O in addition to their conditions. Then

BB L

Y1 — 71 VNT
where the asympptotic bias b caused by the forward-filter depends on ¢(G(f ), HV )).
The LIML estimator attains the asymptotic bound.

VNT 4, N(0, ) , (3.48)

This is a result on the asymptotic efficiency bound for dynamic panel structural
equations. It can be regarded as an extension of Theorem j of Anderson et al.
(2008b) for the linear structural equations of the simultaneous equation systems.
The simple sufficient condition for Eg) = O and Ei') = O is the Gaussianity
of disturbances. These conditions in Theorem 3.3 can be further relaxed to the
Elliptically Contours (EC) distributions with an additional notation. Because of
individual effects in the panel structural equations and the filtering problem, there
are some complications on the asymptotic optimality of estimators beyond the
results of Anderson et al. (2008b).
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3.3 An Extension of PLIML with Heterocedasticity

One of important problems in panel econometric studies has been the hetero-
geneity among a large number of individuals in data sets. Then it is important to
investigate the effects of persistently heteroscedastic disturbances over individuals
1. Kunitomo (2008) has extended the LIML estimation to the case of heteroscadas-
tic disturbances in structural equation econometric models under the condition

N
1
~ o, -La, (3.49)
i=1
where €; is the covariance matrix of vy (i = 1,--- [ N;t =1,--- ,T) and Q is a

positive definite (constant) matrix. Hence we have
1 2 P 2 !
=Y o7 5ot =p08>0. (3.50)

In the present situation an asymptotically optimal modification of LIML (AOM-
LIML) estimation can be constructed as follows. For N x N matrices M; =
(mui) = Zo(ZyZy) ' 2y, we construct My, = (m} ;) and Quim = (7;;) = Inv—Myn,

such that my,;; = mj,; (i # j) and m;,; —c=0,(1) (i,j =1,--- ,N) for c = ¢, or
¢ = ¢y. Then we define two (K; + 1+ G3) x (K; + 1 + G5) matrices ° by
« [ Y () (L)
GUm =3 hy | M <Yt A ) , (3.51)
t=1 t—1
and
—~ (Y () (1)
() _ Sy | M = M) (Yt Lz ) , (3.52)
t=1 t—1

where M, = M\* or M\"),
By using GU™ and HY"™) we define a class of asymptotically optimal modifi-
cations of the PLIML estimator (we call it as AOM-PLIML) such that Orrrs (=

(BQ.MLI)Ia ’3’,1.ML1>/) of @ = (5;7 ’7/1)/ is the solution of

1 1 1
—qgm _ _)\nH(f-m)} . =0, (3.53)
n qn —Onrr

4The definitions of Weak Heteroscedasticity and Persistent Heteroscedasticity are given in
Kunitomo (2008).

5We impose the condition that G™) is a positive definite matrix. If it were not positive
definite, we need to modify G/) further although it would rarely occur. See Kunitomo (2008)
for the detail.
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where ¢, =n —r, (> 0) and )\, is the (non-negative) smallest root of

11G<f~m> — liHO‘m)\ =0. (3.54)
n dn

When N and T are large, the AOM-PLIML estimator is consistent and it has
the asymptotic normality under a set of assumptions. There are two important
consequences of this modification. First, the AOM-PLIML estimator may have
less bias than the LIML estimator. Second, the covariance matrix of the limiting
distribution of the LIML estimator has the form

@**—1 @**—17 (355)

W+ (Igf) ¥3(0) (I, O)

where ®**, W] and W;(c) are defined as in Theorem 1 of Kunitomo (2008).

It is important to notice that the quantities used for its limiting distribution need
more complex notations than the homoscedastic situation due to the possible (per-
sistent) heteroscedasticity while the resulting expressions are free from the third
and fourth moments of disturbance terms. Thus it may be useful to use the
AOM-PLIML estimation in some applications. Also Theorem 3.3 implies that it
attains an asymptotic bound in a class of estimators and it is not possible to im-
prove the AOM-LIML estimation. Since it may be straightforward to investigate
the asymptotic properties of the AOM-PLIML estimation as Kunitomo (2008), we
have omitted the detail. The finite sample properties of the AOM-LIML estimator
are currently under investigation.

4 On Finite Sample Properties

It is important to investigate the finite sample properties of estimators partly
because they are not necessarily similar to their asymptotic properties. One simple
example would be the fact that the exact moments of some estimators do not
necessarily exist. (In that case it may be meaningless to compare the exact MSEs
of alternative estimators and their Monte Carlo analogues.) Hence we need to
investigate the distribution functions of several estimators in a systematic way.

In our experiments we took Ezample 2 (K =4, K, =3, K* =5,K; =2,Gy =1)
in Section 2 as a typical example . In Ezample 2 we first set the unknown parame-
ters such as (2, 711) = (.5,.5), 712 = .3, and (w11, w12, wze) = (1.0,.3,1.0), (1.5,1.0,1.0).
Also we control the variance of each components of 7; as 1. Our experiments are
similar to the ones reported in Akashi (2008), and Akashi and Kunitomo (2010).

®We have used Ezample 1 in Akashi and Kunitomo (2010) to investigate the case of (a) in
more details. Ezample 1 can be regarded as a simple case of Example 2.
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Then we generate large number of normal random variables by simulations and
calculate the empirical distribution functions of the GMM and LIML estimators in
the normalized form. We repeat 5,000 replications for each case and the smoothing
technique to estimate the empirical distribution functions. The details of simu-
lations are similar to those explained by Anderson, Kunitomo and Matsushita
(2005, 2008a). We shall report only the results for (N,T) = (100, 25), (100, 50)
and (200,50) as the typical cases among a large number of our simulations.

We have examined the distribution functions of the LIML and GMM estimators
in two normalizations. The first one is in terms of

VNT | 1/y/¢'0 0 Br = B (456)
o 0 1/\/@ H—m | .

where ¢'' and ¢?? are the (1,1)-th element and (2.2)-th element of ®*~!, respec-
tively. The second normalization is

en? 0 BB _ 1
0 '’ —m ) VNT

where b is the asymptotic bias term, 1;; and vy are the (1,1)-th element and

VNT , (4.57)

the (2,2)-th element of W*, respectively. We have chosen these standardizations
because of the forms for the limiting distribution of the LIML estimator in Theorem
3.1 and Theorem 3.2. We may call the classical case when ¢ = 0 (¢ = ¢, or ¢;) and
¢ # 0 as the general case.

Since Akashi and Kunitomo (2010) have given many figures on case of (a) with
the forward-filtering procedure, we only give some cases as Figures 9-12. We have
shown the estimated distribution functions of the GMM and the LIML estimators
of (B2,71) and we have confirmed the findings of Akashi and Kunitomo (2010) in
a more simple case. That is, the GMM estimator is badly biased when N and
T are large while the LIML estimator is almost median-unbiased. However, the
normalization by the limiting covariance matrix of the LIML estimator when ¢ = 0
is not appropriate. This aspect can be easily observed because the circles in figures
are the standard normal distribution function N(0,1).

For the case of (b) with the backward-filtering procedure, we have shown the
estimated distribution functions of the GMM and LIML estimators of 35 and 7, as
Figures 1-8 among many results. Form these figures first we can observe that the
GMM estimator is often biased when N and T are large while the LIML estimator
is almost median-unbiased. Then it may be important to notice that the bias
correction of the GMM estimator sometimes works well, but it is not always the
case. Secondly, the normalization by the limiting covariance matrix of the LIML
estimator when ¢ = 0 is often not appropriate and we can see it because of the
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circles in figures as the standard normal distribution function N(0,1). Since the
normal approximations based on the general case ¢ # 0, it is important to use the
variance formulas in Section 3.

From these figures we have shown, we have confirmed that the limiting normal
distributions approximate the finite sample distribution functions of the LIML
estimator quite well as Theorem 3.1 and Theorem 3.2 we have derived.

5 Conclusions

In this paper we have developed the panel limited information maximum like-
lihood (PLIML) approach for estimating dynamic panel simultaneous equation
models. When there are dynamic effects and lagged endogenous variables with
individual effects at the same time, the PLIML estimation method for the filtered
data does give not only the consistency, but also it has the asymptotic normality
and often attains the asymptotic efficiency bound when the order of orthogonal
conditions is large or many instruments in some sense.

The consistency of LIML method does not depend on specified panel asymptotics
and the total number of instruments as long as it is less than the total number
of observations. Since the approximation of its limiting distribution embodies the
influence of the number of instrumental variables automatically, our method gives
an unified approach for solving practical problems with panel data consisting of
various combination of N, T and K.

Furthermore, we have suggested a class of asymptotically optimal modification
of the PLIML estimator. Since it may improve the asymptotic properties of the
LIML estimator, we are currently investigating its finite sample properties.

In this paper we have examined the effects of possible filtering procedures. When
we use the forward-filtering, the GMM estimator is badly biased while the LIML
estimator is almost median-unbiased. If we use the backward-filtering to instru-
ments, the GMM estimator is often biased, but its magnitude can be significantly
reduced. This finding may lead to an interpretation that we should not use many
instruments and just use the GMM estimator with the backward-filtered instru-
ments in practical situations. However, it is the case only when we had known
the true lag-structure in advance. Since we often do not know the precise form of
lag structures in the simultaneous equations, it may be fair to conclude that the
LIML estimation has the asymptotic robustness in both cases of (a) and (b) while
the GMM estimation does not have such robustness.

Finally, as we have mentioned, in a companion paper to the present one Akashi
and Kunitomo (2010) have investigated the finite sample properties of alterna-
tive estimation methods, the WG (Within Groups), the GMM and the PLIML

18



estimators in a simpler setting, based on a large set of Monte Carlo experiments.
Although they have used a particular case of dynamic panel simultaneous equa-
tions model and the formulation of forward filtering procedure, we have confirmed
that their results are quite relevant for more general panel structural equations as
we have referred in Section 4. Thus we conclude that the traditional LIML estima-
tion method is quite useful and relevant in dynamic panel econometric modeling.

6 Mathematical Detalils

In this section we give the proofs of Theoremsin Section 3. The method of proofs
are similar to those used in Alvarez and Arellano (2003), Anderson, Kunitomo and
Matsushita (2008) and Akashi and Kunitomo (2010). When we use the generic
notations of (M, Ny, ¢, c,), the relevant derivation is valid for the each case of
M, = ME“’ and Mgb) under the corresponding asymptotics of Theorem 3.1 and
3.2, respectively. We shall use J' for J /K below for the sake of convenience.

Some derivations of the asymptotic properties of estimators have been given by
Akashi and Kunitomo (2010) when Gy = 1. Since it is straight-forward to extend
their analysis to the general cases, we shall freely refer to their results. The deriva-

tion of the asymptotic distribution of the GMM estimator is an example.

Derivations of Theorem 3.1 and 3.2:
Since the derivations of our results are rather lengthy, we shall divide them into
several steps.

[ Step 1 ]: We drive the probability limit in Step 1 and then the limiting distri-
bution of the LIML estimator at the next step. Substitution of (2.14) into (2.20)
yields

GY) =GV 4 GU2 4+ g2 4 g3 | (6.58)
where
G = D Zz ‘M,z D"
-1
QU = D' 7MY, 0)
=2
r-1 (fy
A%
GO = 3 (5 M(V0),
=2
v = (vt({ ) VEN) ), Vg ) (j =1,---,N) are the corresponding forward-filtered
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disturbances of vy, and a K x (1 + G; + K;) matrix
D' =D | 6T, | . (6.59)

First, we shall show that for M, = M\* or M\?,

1 0 Q 0
G Gy = o+ I 6.60
n 0 | I [ O Terera ] e O O (6.60)
and
1 Q 0
—HY 2, H, = 6.61
In 0 OO0 ) ( )

where ®* = D'J'E[w;_1w),_,|JD = D’J'T,JD. By using the representation of

Y o' T
(Lf) D'Z, + :
Zt—71 IG2+K1 O

L (YW
- D z§{’1+< (t), ) (, say). (6.62)
Then we can show that
1 T—1
EG(M) N —_D¥ Zzt "M,V 0) 2 Og.k,. (6.63)

It is because (1/v/ NT) T ) Z(f) M, V 2 0,(1)+0(1) by the same arguments

as used for (1/v/NT) t 1Mtut 2 0,(1) + O(1) in Kunitomo and Akashi
(2010).
We write
=
Z = ollg — T—_t(ZH"‘J)]Wt L= Vi
j=1
= W,W, | — ¢V, (,say), (6.64)

and we further decompose (1/n)GED = (1/n)D* 32/} Z(f) M,Z{" D" as

T-1 T—1
1 , | , -
- Z zV Mz, = - Z TW, MW, 8 — > ¥ W, MV
t=1
T-1 T 1

1 S
——thVtTMtWt W, 4 = Z AV MV, (6.65)

n
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Moreover, by using Lemma 3 and Lemma 4 in Step 4 and Step 5, and ¢ =
1 —1/(T —t+ 1) after some calculations, it is possible to show

T-1
]. / !
- > TW, MW, ¥, (6.66)
1
1= ey
= — Cy Wt_lMtWt—l
n t=1
1 T-1 C2 T—t 1 T—-1 C2 T—t
t 4 * t *7 4
- > Wi MW, 1(2 ) — - > — t(ZH W, \M,W,_,
t=1 Jj=1 t=1 j=1
1 T-1 T—t —t
+= 20y W, MW )
n t:1<T . (jzl ) t—1 t t—1 ]Zl

- g[wi(t—l)wi(t—l)] .

The second and third terms of (6.65) have zero means and their variances to tend

to zeros. It is because

=
=1
| T ) )
- N272 | Z Z cicsEl(e; W W, | M;Vrey) (e, VMW, 1 W ;)|
t=1 s=1
T—1T-1 i
= N2T2 ZZ \/Ct [(e; T W, M Virey)? ]\/CES[(e;VsTMsWS_qu'Sejy]’
t=1 s=1

where e; (j,k = 1,..., K) are j-th unit vector. Also we have

GE[(e; U, W, M;V rey;)’] (6.68)
= Gl l[VirvirlerEle; ¥, W, MW, 1 ¥,e)]
1 T—t
< C?[mek Z ©,.E[viovio|®rer][e; W E[W,_ W] ¥ €]
h=1
2 T—t
= N(T i t)2<ek P, EVipviol P rex)
h=1
1 T—t 1 T—t
x (e;[Ly — T——t<z ") E[wiowio) I — T——t(z IT"))e;)
h=1 h=1
N

because 3. p_1 e, @LE[Vi VP, er = O(T — t).
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Hence

T-1

1 I /7 ind
Var[n—o Z ce; W W, M,V re;]

t=1

= N, I No
NZT? — (T—t); (T—s)
O(<]\\f/01;>2 ) (6.69)

T-1

1 ~ ]
Z G E[tr(MLE,; [Virexe;Vir])]
t=1

NT
T-1

1 ey
NT Z cftr(Mt)g[ejVitTVitTek]
t=1

1
NT 2

t

tr(M,)

o T—t+1

) (6.70)

and it converges to zero in probability. Also its variance tends to zero in the same

way as for Tgi)n and Tg;)n in Step 3 below.

Next, we consider (1/n)G3),

T-1

1 / !
£l > e, VI MV ey

t=1

as n — oQ.

Moreover, by using ng ) = (Vi —

T-1

By using the fact that & [v§{>v§f)'] = 2, we have

1 / /
ﬁg[tr(MtVﬁf Jepe. V)

/ T-1

e Qe
NT 2

tr(My)

(6.71)

Vir)/c:, we have

T-1 T—1
1 ' 1 1 _
(f) " _ —on Coxy
~T ;Vt MV = = ;ct VIMV, — ; 2V, M, V, (6.72)
1 T-1 3 T-1 - ~
TNT 2 ¢ 2V MV, + 7 ; ¢, VM, V,.

Because of Lemma 1 of Step 3 below Var[vt(g),Mtvgh)] = O(t) and
Cov[vgg) Mtvgh),vgg) Mtvgh)] = 0 for t # s. Hence the variance of the first term

satisfies

-1

1 ’ !
Var[—T Z egV,gf) Mthf)eh] =

N

t=1

T-1

2.0

t=1

1 2
+ ) <0,

o7 (6.73)
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which converges to zero.

The second and third terms of the right-hand side of (6.72) can be evaluated
analogously as Tgi)n and Tg’;)n, and their variances tend to zeros by using the similar
arguments.

We turn to show that 1/¢,HY) % Hy by evaluating

-1 )
1 Y .
2 (Z&,f)') (vi".z7) (6.74)
t=1 t—1
’1 E (F) y* o1 Z (f)
= n Zt IZt lD +D Zt 1 ,O)

t=1 =
T-1

1 V(f)/ . 1T 1 V(f)'
+ ( o >z§f>1D 3|y J(viTo)

t=1

The expected values of the second and third terms of 1/(NoyT) >, & [ V(f )]
1/T (X —1I1")"2E[v; VL] +O(1/NyT) converge to zeros as T — oco. We can establish

the mean squared convergence similarly. Moreover,

No
1 L, Gy wy
Zez AT NOTZZwm ) N 2 Ty Wit
=1 t=1 =1
2@ w®

i(t—1) Wi—1))>

since we have (1/T) 3 lwfgt) 1)wz((kt) N 2 5[wz((3t) 1)“’1(@) p] and the second term
converges to 1/Ny Zizl(O + 0,(1))? = 0,(1) by using that (1/T)LTW(Z) ) 20

Again by using the similar argument, we have that 1/n thll ng )/V,g )2 0.

Hence
T-1 )
1 1 1 Y
ERT O plim=>"{ 4y | (Y Z8)) — Go| =Ho.  (6.75)

Therefore we have established that (1/n)GY) % G and (1/¢,)HY) 2 Hj,.

[Step 2] : By using the convergence results in Step 1, we have

Q
Py + [c — (plim,,_ )] 0 8 ‘ =0, (6.76)
where
0/
by = 1 (0,10, K,]- (6.77)
Ga+Ky
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By the positive-definiteness of ®*, A\, = ¢, and we have that 0.1 2 0 because
(2.23) gives
D (0 —0)=0+0,(1) . (6.78)

Define G = /a[(1/n) G —Gol, Hi” = \/ga[(1/:)HY —Ho], Aj1) = VA —d
and b; = \/n[@ — 0] . By substituting these variables into (2.23), it is asymptoti-
cally equivalent to

(G — cHy [_10 + %[Ggf) — A7 H| [—19 + %[Go — cHo|b;
_\/%[CH@] _19] _ op(in) . (6.79)
Then by using the relation of ®,(1, —6") = 0, we have
®ob; =[G — \PH, — /e, BV [_10 +0,(1). (6.80)
Multiplication of (6.79) from the left by (1, —8) yields
A = (L=0)(G; G — veeHy ]El’ oy +0,(1) . (6.81)

In (1, —0’)H0(1 -6

Also the multiplication of (6.80) from the left by (0, Ig,+x,) and substitution for
AY) for (6.80) yields

BQLI - /62 (682)
YiLr — M

&'/n

+ 0p(1)

1
— 10,16, 5] [Ggﬁ AH, — e HS ][ o

= [07IG2+K1] [Il+G2+K1 - ﬁ <510/8> (17 _01>
+o,(1) .

1
[Ggf) . /_CC*Hgf)} [_0]
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Using the relations of (6.58), we have

1
Gy~ vee ) [_9

T-1 T-1 £
1 / / 1 Q

n — NLD — (@) 0
T-1
VCCx
~Y—D" > "z [Ty — MyJu;”
n —
1

T— )
- 7/ CCx Vt [IN B Mt}ugf) — g Q,@
@& <=\ O 0

Also we use the relations \/cc./\/qn—cs/v/n = o(1) and [I; ¢, —(1/5*)Q2B6' Q8 =
0, then,

“ T-1 T-1 (L.f)
Barr — By L, g ) L U; )
&/ | " = —D'Y Z/ Nu" +— N:u
\/_< \/ﬁ tz; t—1+YtYe \/ﬁ = o tYe

Yir — 71 —
+0,(1) . (6.84)
where
1
Nt = Mt — C*<IN - Mt) = 11— C[Mt - CIN] s (685)
: 038 :
Ut = [0,1g,) [11+G2 - 508 Vi =@y ? ) (6.86)

[ Step 3 |: We evaluate the effects of the forward-filtering at this step and first
consider the case of M, = M,Ea). Set the k-th unit vector e; = (0, ...,0,1,0,...,0)’,
then using the relations of (2.5), (A2), and ulf) = (u; — wr) /ey, we decompose
the first and second terms of (6.84) as follows, for £ = 1,..., K(= K; + K3) and
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o, Go,

T—
Z V2N

HS\

k,a k,a k,a
1 — Ca [ \/_ Z kJ Wt 1Mtut Tgln) - Tg2n)> - (Tgln) - Té?n))

T-1

1 /
—C*a(% Ze;J/Wt_lut — Tf(i]:z)) ,

t=1

T-1
1 LYt
%ZegUi I N@ D)
-1

1 1

Ej TULS M+ = (e UMy
n

t=1

S

1—ca[

c;? ’UL M( Uy — ¢; €, G#M(a)ut + ¢ %€, U#Mga)ﬁtT

T—
1 11l (@) (g,a)
—= U; N, — 107, 6.87
\/ﬁ;eg ¢ Ny uy in (6.87)
1 T—1
T = =3 e I'Wi_ MV, (6.88)
n t=1
1 =,
k,a t X7 a
T = =) e W My, (6.89)
t=1
1 T-1 ~
T - LY VMO, (6.90)
t=1
1 T-1
T = ==Y eIV, M, (6.91)
Vi
T N
15 = Nze;c*]/wi(—l)aia (6.92)
=1
T = =Y e U NP — =3 e UFNPu,,  (6.93)
n t=1 \/ﬁ t=1
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and

wr = (w+---+up)/(T—t+1), (6.94)
_ T—t _ 1 T—t
Wi = QUMW Vip=s—) ®Vi,, (6.95)
j=1 j=1
V;l = (Vip o Van) = (V;(l), ...,VZ(K))/, 6.96)
&, = (Ig-—II") "I —IIM), 6.97)
1 T-1 1 T-1
Wi—1) = T Zwi(tfl) y U = T Zuit ; (6.98)
t=1 t=1
, Q88 | .
Ug_ = [07IG2] [IH-Gz - w Vt = (uiﬂ "‘?uJJ\_ft) ’ (699)
1 T-1
U = (Ub+---+Ux) /(T —t+1), ﬁjzf ui,  (6.100)

We shall show that the variances of (6.88) to (6.91) go to zeros. (The variances
of the terms Tfffl’a) and Tg{b) can be shown by the same argument of Akashi and
Kunitomo (2010).) For this purpose, prepare two lemmas. The proof of the first
one has been given in Akashi and Kunitomo (2010).

Lemma 1 : Let d; and ds be N x 1 vectors containing the diagonal elements
of M; and My, respectively, such that tr(M;) = djey, tr(Mg) = diey, dids <
max{tr(M,;), tr(M;)} and tr(M;M;) < max{tr(M,),tr(M;)}. Then, for [ > r >
tp>q>st>s

Covlel My, e;,l\/[se;*] (6.101)
(m® +m@)tr(MM,) + mO€&[did,] ifl=r=p=gq,
B Eleter1E[diM €] ifl=r=p#qg<t,
| mOtr(MM) ifl=p#r=g
0 otherwise,
where [E[d;M,e;*]| < (tr(M,)tr(M,)E[e;?]) 2,
m =mW(e;, ) = Eleiler”?), (6.102)
m® =m® (e, ") = (€))%,
m® =m® (e, ) = Ele;1E €],
m® = mO (e, %) = m®) _ 2@ _ .
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Lemma 2 : For any k, j,T, we have

T
> eI e;| < O(max le,Cey|le{C~"e;]) x max Jyymrr < +00,  (6.103)

t=1

where C satisfies II" = CAC™!, J,,»7 is a bounded positive constant and A
denotes a Jordan matrix.

We have the second lemma because for any multiplicity m(= m’) a corresponding
diagonal block’s element of A’ has the form (Wf,,) )\Z,m" in each position m” above
the main diagonal, m” = 0,1,...,m — 1, and for any m’,m”, Jymr = ZtT:mu

o ..
(nfw) | Ams|77™" converges to a positive value as T — 0.

Now we go back to the original derivation. First, it it straightforward to show
that Var[Tgn)] — 0 as T' — oo by the similar argument as used for Alvarez and

Arellano (2003).
Second, we have

T—1T-—
1
Var[T) _N—ZZ EleLIW!_ MY a,a ,MPW,_1Je,].  (6.104)
For t > s,
WY g (@ 1 (@) e (F) Elu] B A (@) @) o (B)
Elw, My wra MY w7 | = mg[wt—lMt M,“w )] (6.105)
o’ B 17 (@) )
= mﬂg s[w, 2 IM Y w2
o et o () g ()
= mg[Z(ewH ‘e )w, MM w ],
j=1

k)’ o :
where vvt()1 =e, ,W,_4, ng )1 = e;W,_, and e} ; = e;.J’, which is also an unit k-th

vector. The second equality of (6.105) is due to the fact that Mia)l\/[ga) = M.
By using the relations that for any s, j, k, |E[w? M@ w® 1| < (€[(w{ wi) (wP
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wi )2 and (E[(w§ Wi ) (wi? w2 = O(N),

o max; {(E[(w§ w§) (wi” wi)]) 2}

Var[T"o
C”"[ 11n] N
== 1 K*
- E:E:—E: /H*\tfs|'
XT i T_S+1 - |el€J e]l
=1 s= 7j=1
o1),,1 1 i
(k.5)
= ...z 9
g e ) 2> S
O(logT)
= X o7/ 6.106
T ) ( )
where
. 1
k7 * *x [ —
S = e ITe| + -+ el I Pey))

1 * *T— 1 *
+ﬁ(|e;un el + -+ e, T o)) + - + §|92JH ej|
1
-+ (el TTes] + -+ e, T ey]) = O(log T)

since (6.103). Next,

T—
Var[The) = ~<’“ M@ul] (6.107)
o T-1 2
g C ~ (k) a) ~ (k
t=1
2 T-1 2
ag C ’
S NT - (T — 1) (W, Wy~ 1]
2 T—1 2 T—t T—t
g CtN [ ! g/ *h / *h\/
- L I(S I Efww!y| (S 1T )Jek}
N oA mas{EWioWll} ko L S e (X ey
< N T Z(T_t)QekJ(ZH )(ZH ) Jex
t=1 h=1 h=1
_ 0@
— T

where v~v,§]i)1l = e} J'W,_,, and Apqp stands for the largest eigenvalue of &[wiow/].

The last inequality follows from that ¢? < 1 and the boundness of (3°,_1 IT*") for
any t,7T'.

Turning to evluate the variance of Tgi’s), in view of Lemma I the only non zero
(k.j,a) (k]a) (]:1 K/)

terms to be considered are given by the quantities ay,”" and a;
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which are defined by

T-1 T—t K*
1 1 P
Var[Y§y)] = WVGT[Z T4 > (el ®re;)e; Vi, M u(6.108)
t=1 h=1 j=1
LS T-1
= [ Vel it M
j=1 t=1
K* T—1 T—1 )
+3 Cool 3V M, 3 6 M,
i, t=1 t=1
K* 1 K*
J— (k:7-77a) (k:7-77a)
- Z<a0n +ay, )+WZOOU[7] )
Jj=1 %,J
where
| T
~x(k,j) *
Vi = e Y (e ®ne)e Vi, (6.109)
h=1
1 — 1
k,j,a a)  *
al ) = NT 2 (T 1)? [(e;JtI)T_tej)QVar[uQM( vio) 4+
o+ (e, ®re;) Var[a MV | |
T-2 a a) _ *(j
qlkia) - 2 [(e;JtI)Ttlej)QCov[u;M( )VtJ(rjl)qulMEJr)thJ(rjl)] n
n NT & (T —t)(T —t—1)

(ekJ<I>1ej) C’ov[utM(a)VT( )puT 1M§?)1 *T(J)l]]
(T'=1) '

By using Lemma 1 and the boundness of (e}, ®e;)?, we have

T—1 a
(k.ja) - 1 tT(ME ))

o= NT 2Tty

+ |m<°><ut, v*<”>|] | (@ Proim1e;)? + -+ (e Brey)? | m P, v )|

T
Z g [ Vi) 4 m i)
T N+ =t = Dm® (g, v )]

1 t log T
= O<ﬁ§t:—T_t>—O< )

[(e;:Jq)T—tej)Q [m(?’)(ut, vt( )) +m®(u,, v:(j))

IN

where m® (uy, vl ) (I =0,2,3) are defined in the same way to (6.102).
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Moreover, from the fact that |E[d tﬂMg“)ut]\ < O(tr(M M )), we find

t+7
i) = \Z e’“‘l’“1eﬂ>20<5[d2+1M§“>ut]>
NT T—0)(T—t—1)
4ot (ekJ(I)leJ')QO<S[dT 1M )ut])
(T —1t)
T 2
t+1 T -1
< —_—
= (gt )
t=1
O(l) L 1 1 1 (logT)?
< o —_— —
< NT(Q T—l)[T(2+ +—T_1)+1] O( e )

since (1ogT)2/N ~ c(logT)?/T. Finally, we consider the variance of T5®

1 -1 Tt K
ka */ a) —
Var(T)] = zVarld ] o D0 D (el ®ue))el Vi, M, ]
t=1 h=1 j=1
| K 71
= W[ZV(LT[ T M@ ) —l—ZCov }
j=1 t=1

By the same arguments as used for the derivations of Lemma 1, we have
Varv MY a,r) = [m(?’) Vi gr) +m@ (v, atT)]tr(Mgm)
+m O @ ) £[di” d)”)

< o (M) [m D@ ) + mO @ )|

where d\* Yoy = tr(MEa)) The inequality follows from that £ [d(a d\ ] < tr(M(a))

and m" )(VET]) tiyr) — m@ @) w,) > 0.
Then,
m® (@ ) = Var[Tl_ (el ®rsejvy,” + -+ el rejui))
x var[T_;m@m bt )]
1
= 07—

since (v, *0) , u;t) is independent from (v *G) w;s), if s # ¢. Similarly,

ZS ?

*(k — 1 (i (i
), = (T — )T —t+ 1)25[(6;“"%"5%”“(]) oot ey aejuir )

1

X i+ i)’ = Ol —5)
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Therefore, for any 7,

t

Var[viE) M,y = O(m) .

(6.110)
From this result and againg by using the arguments as Alvarez and Arellano (2003),
we conclude that

(log T)*

VC”"[TQQn)] = O( N

). (6.111)

[ Step 4 |: Now we turn to evaluate the limiting distribution of the LIML
estimator in the case of using the backward-filtered instruments. We replace Mgb)
for Mt , then define Tllis), Tg’;‘j ,Tg’j;’;) and Tg;;f), accordingly. We first notice
that the order of Var [TlQn] can be free with M, and those of Tgi’::) and Tg’;’ﬁ) are

reduced by the fact that tr(M{”) = O(1). For instance, Var[T{5?] = O(3),

(log 7)? (log T)?
NOT NoT

Var[X)] = Of ), Var[X35) = Of ). (6.112)
In order to evaluate Var[Tﬁ;f)], we prepare the next lemma, which is a general-

ization of the corresponding one by Hayakawa (2006).

Lemma 3 : Define the N x 1 vectors of erros of the population linear projection
of W,_1J on Z;"J,

b ,b *(b *(1,b *(K,b
EE ) - [G,gl ) )] = Wtfl'] - Zt( )J[’Yt(l )7 "'7715( )]7 (6113)
)

(K

t

*(b *(b
t N

where Z; " = [z ) ne Z:03 = 7" and 7" is defined by

-1 (t—

[’7:(171))7"'77:(Kb] (b2 hmJg[ 'Lt 1 zt 1]J> 1']/8[ Zit 1W1t 1]']
Then, for k=1,..., K,

Elel; ™) = 0(%) : (6.114)

Therefore, for any M; such that My Mgb) = Mgb),

T-1
]' *
NT S IW MW, T D 3wy W) Jd = ITod . (6.115)
t=1

Proof : By using (2.14) and (3.29), we observe
* / 1 %! A o
Elzi Wiy ] = blTo— ;FOH (Ig- — IT) 1 (Ige — I

— b[To + 0(%)], (6.116)
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and then we can show that
Elz 2] = bz[ro+o< )] (6.117)

Thus we find that lim; .. € [z*((tb) 1)z*((b) )] 'y and then

b) (b
5[6515)67&&)]

= Jg[wit 1W;t 1}J 2J€[Wzt 1Zzt 1]J(b2JF J) Ly 5[ Z;_ 1Wzt 1]']
Y E[Wir12, JJ(b?J Tod) 1€z 203 (02T ) Y Elz " wh, 1|3
= JT\J—JTJ+ O(;) ,

where € = (¢, efP) By using the fact that (Iy — M;)Z/”J = O and
W, M: W, =W,_ W, ; — E?” Iy - M)E!", we have
-1 71
1 kb)Y o (kb 1 ko2, O(logT)
N7 2 Ele (v, = M) < 7Y e = =2 (6.118)

Then the convergence in probability of (6.118) is valid by the Markov inequal-
ity. For j # k, we apply the Cauchy-Schwarz inequality and we have that
(1/NoT) S, Wi_ W, BT as T — oo. Q.E.D.

Turning to evaluate the order of Var[T(%?],

T-1T-1
1
Var[rg’i;f)]:mzzg[ekJW MP a0, MOW, ,Je;].  (6.119)
t=1 s=1

Fort>sand k=1,.. K,

Ew M aral, MPw, ] (6.120)
A k) \ x(b k
= T maM MWD

0.2

k) k,b kY  (k
= s [ T - MO el

k,b)’ b b)\ o (k
~Ele" (v, = M) (L, = MD)eY] + €l (T, — M) wiD])]
where we have used the decomposition W,S ) 11\/1( = ng)’l - egk Y Iy, — M;Lb)] for
h=t,s.

k)’

For the second term of the last equality, we have 5[Wt 1vv *) 1] =¢£ *)

€ [Wt 1] W)
Thus the corresponding order is equal to O(Var[Tnn ]) = O(logT/T). Hence for
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the first term we have the same result. As for the third term

wm@a%—mﬁmm—M%@%wwkW%WMWE@WN

t—1 t—1 “s—1 “s

1/2
= <28 D] S kbR k2 )

i,5,i#]
Ny No(No—1) 4
@] O(——"——2)]1/2
< 070 +0(=1=2—)
1 1
O(No—=—=),
ViVs
where the first equality is due to independence of random variables ! ( . Then at

the second inequality we have applied Lemma 3 and the Cauchy—Schwarz 1nequahty
as

S22 < (EAD AN = 0

(t 1) i( z(t—l) (t—1) )1/20( )1/2'

t2
Thus

1 o? kb’ b kb
2y €[V (I, — M) (I, — MMl

S

A
=
2

g

[\

< -
T s:lT_S+1t:1 t
logT\/T
= O(( T) ).

For the fourth term of last equality of (6.120), we have the same order by the
similar arguments. Hence, we find that

log T
VT

Var[THD] = 0(==2 ) | (6.121)

[ Step 5 |: We shall drive the relevant asymptotic covariance and bias at this
step. First, we prepare the next lemma, which is useful for deriving an explicit
asymptotic covariance formula for the case (a).

Lemma 4 : Let (ugl),...,,ugk), ,,uEK )) = p; = [Ig- — II'| '@} and M, =
[y, ., ppy]’- Define the N x 1 vectors of errors of the population linear projection
of M,J on Z\*,

a ,a K,a a *(K,a
B = (1)) = M 7))

RS ey It

, (6.122)
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where for k =1,..., K, h=1,....t we take each K,t x 1 coeficient vector 'yr(k’a) =

x(k,a)’ x(k,a)’ *(k,a)’ x(k,a . x(k,a .
(7151( ) a“]‘; 7tl§ ) 7']'6'7'71%( ) );as %sz )k: % (lf l = k ) )and %}Ez ) = 0 ) (lf l 7é k 7)a
where '7:}5 ) = (fy:,gl’a), ...,’yt*}gl ’a), ...,7;&[5))’. Then, for k=1,..., K,
a 1
E[eF?] = O) - (6.123)
Therefore,
| !
7 STIW MW, T D T E Wiy W, )T = IToJ . (6.124)
t=1

Proof : For k= 1,..., K, by using the fact Zih—1) = With-1) T MK ,

t

k.a k a) x(k,a
e = = A A (6.125)
h=1

t t
w1 k) 1 [k]
= (1 _ZZM )‘;Zwi(h,l)a
h=1 h=1

since by the construction of the K,-variables, there is one variable in each ZE?})L_D (h =

1,...,t) such that | = k. (For convenience we use the notation that wl[.lgb_l) is

the k—th element of w;,_1).) Therefore, 5[E§f7a)2] = Var[(1/t) 3 _, wz[fll_l)] =
O(1/t).

Moreover,

IW,_ MW, J=IW,_ W, J-E Iy -MDHE®,  (6.126)

the equality follows from the facts that W,_1J = Z¥_|J — Z\V [y 7o)

E\", and (Iy — M{)(Z;_, 3 = Z\” [, ., 47 5Y)) = O since MV Z;_ | J =
Z: ,J and we define an N x K* matrix Z* , = (z} ;). The rest of the proof is
established by the same arguments used for Lemma 3. Q.E.D.

Then we can re-write (6.84) as

T-1 T-1 (L, 1)
1 / 1 U
D Z ZEJ:)thuEf) 4 ( t ) Ntugf)
\/ﬁ t=1 n t=1 O
T-1 T-1 ’
1 A 1 Ut
= —=D') JW, Nu, +— ! ) N, + O(1) + 0,(1)
v nis\ O
1 T-1 1 T-1 /

= Ay, + Ay +0(1) +0,(1) , (say,) (6.127)
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where the first equality is due to the result of Step 2. The second equality follows
from that N; = Iy — (1 4+ ¢.)(In — M;) and

T-1 E£fi2)] T-1
Var—= Wi (Iy = Mu] = S8 37 €| Iy — M|
C”"[\/— ; Wi (Iy o)uy] NT £ (Ly t)€
o(1) T-1 ,
< D gl
T =
~ O(logT)
= =
where eff )= egf ) or egf ) and the last equality is due to Lemma 3 and Lemma
4.

Then we can evaluate the asymptotic variance-covariance terms of the LIML
estimator. We immedeately have

_ Gy e [Z J'W;_lwt_lJ} D o2®" (6.128)
t=2

By using the i-th unit vector e; (i = 1, ..., N),

E[ALAL] = <N1TD Tis[J W._E, [ututNtU H o)
t=2

- ng[JwglzzeleautheJ 3
t=

i=1 j=1

0)
T-1

— (Jim D' S [IWd] eldul (). 0)

since for any i, j, & [ujuy] = 0 and € [W,_,c.Iy] = 0. We use the decomposition

T-1
/ 1 / !
S[AZVZAQTL] = ﬁ E E |:UtL Nt[O'2IN + (utut — O'QIN)]Nth} .

Then the first term converges

Ztr (N?)o?E [uztuzt} — c,0°E [uftu#} , (6.129)

because we have N? = My + ¢(Iy — M) and

lel 1Tfl r q
=Y (M 22N eIy — M) = 2 4+ 222 .. 6.130
n;r( t)+c*n;r(1\7 t) n+nc*—)c ( )
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For any vector t, the second term becomes
T-1

1 , ,
€ D& [UFNuuay — oLy N U7 ¢ (6.131)
t=1
1 T—1 N
= T 2 2 € (N8 (u — o%)(u o) | — '
t=2 j=1

by using the similar calculations as E[A1,A,,].

Next, we shall evaluate the asymptotic bias of LIML estimator, and first notice
that S[Tf&’a)] = S[Tfﬁl’b)] = 0 in (6.93) by using the fact that for any ¢, 7, s,t,
Eilugujs) = 0. So that in the case of M, = M, we can evaluate the asymptotic
bias as follow

1 o1 .
b@ — & D' lim ——— g[zﬁﬂ(:)(Mg)—caIN)ugfq. (6.132)

For the term '€ [Z,@{ug)] = —(N/T)J'E [W;(_l)LTL/Tlll}, we have
£ [W;(,I)LTL/Tui] (6.133)

= & |:(Wz‘0, H*WiO + szfl yeeny H*Tilwi[) + -4 V;k(T_l)>LTL/Tui:|

T-1T-1-h

= Z Z T € [V

h=1 j=0
= T(IK* — H*)_IE[V:tUit]
—(Tge — IT) MIge + I (Ige — IT) 7 (Ige — ITT D) E V] -

For the term ZtT:]l & [Zif){Mﬁ‘”uﬁf)} = tT;ll ~JE Ctv;TMga)uﬁf)} ;

K.t . 1 .
T T—t+1 [q)T‘tg[V“““] g (Prom o+ RYE [Vz’tuit]}
K.t o .
= g e =T 7 (e = 7~ L
1
()L + I (Liee = I0) ™ (L = T v
K.t o\ —1 | T —t 1 w1 “T—t i
= g e T 7 I () (e — T (e — 7)€l
K.t o . ] o *
= gy e =) = IO () e — T v
1 1
I*—H*T_t——I*_H*T—t—H] -
8 T—t<K ) T—t—|—1<K ) |EVizua],
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thus

S

-1
£ [zﬁf M@y ’] (6.135)

1

— K (T —TI7) 2 [(T — 1) (Ig- — 1) + O(log T)| E[viui].

t

Therefore, we obtain

b@ = — g (e L e N
 NT5eo l—co/NT 1—co/NT

 KN/Im(T/N) ., i
B _2—K*lim(T/N)(I) D (Lee = IU) € vy (6.136)

)& DT (1 — ) " LE [V ui)

Similarly, we consider the case of M; = Mgb),

T-1
S £z MOl (6.151)

t=1

— _KJ (I — )2 [(IK* I — (1T) (I — I | E[vhu].

Hence, regardless of whether Ny — oo or fixed, we have non bias

. K 1 Cp N() _ / 7
by = — lim - & 'D'Y (Ig. — IT) ' EVviu;
0 T—>oo(]_ _ Cb\/w 1—¢ \/W) ( K ) [ it t]
= 0. (6.138)
[ Step 6 | : We now turn to consider the asymptotic covariance matrix and the

bias of the GMM estimator in some case. If ¢ = 0, the normalized GMM estimator
are asymptotically equivalent to

Govn(Bcu — 0)

1 T-1 1 T-1 ’ V,
= —D/ ZJ/W;_lut —+ _n ( G2 t> Mtut + Op(]_) s

T-1 T—1
1 1
Var [ﬁ ; t/GVQMtut} - == ; Var[t,V/M,uy]
= O(c). (6.139)
Thus in both cases M; = Mga) and Mgb), the asymptotic variance-covariance

matrix becomes Gy ' (02®*)G,' = 02®*~'. Also under the condition Y, tr(M,)
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/(VNT) < 00, the asymptotic bias is given by

T-1

b = lim [—1 tr(Mt)]Q*_1<JG25£;%u“]> . (6.140)
t=1

[ Step 7] : Finally, we consider the asymptotic normality of the LIML estimator.
(The asymptotic normality of the GMM estimator in some case can be proven in
the same way.) Define the (G2 + K7) x 1 martingale difference sequence by

N ’
1 : U/
AtN = AltN + A2tN = \/_N [D’J E Wi(t—1)U¢ + ( 6 ) Ntut] , (6141)
=1

then Ay, + Ay, = (1/VT)Y,(Aun + Agiy). Then (1/n) Y, W,_ (W, _1,tx)
2 (Lo, 0), the independence of u; from F;_, and the same arguments as used for
the asymptotic covariance evaluation, for any vector t and any NV,

1 T-1 T-1
=3¢ [t Ay At Fo 1} LA Z £ [t AtNAtNt} (6.142)
t=1 t=1

as T — oo. Moreover, for some constant A’ and any ¢, N,

£ [[t’(AMN + AM)]‘*} <A (6.143)

This is so because & [[t’AltN]‘l} < oo and £ [[(C*/\/N>t/(UJ‘I(IN - Mt)ut)ﬂ < 00
by the similar arguments as used for the following Lemma 5. Thus the Lyapounov
conditions hold for both cases M; = Mfﬂ) and Mib).

Lemma 5 : For any G x 1 vector t and any ¢, N, there is a positive constant
A such that

£ [[( )t’Uf’Mtut]‘*] <A, (6.144)

J-

Proof : Define tgt) = t’Utﬂei, mg) = e;M;e; and re-write ugt) = uj;, then

5t [[t/UL/Mtut]Zl]
N
= Z Z m Im] ,m ,)j,,mim ALK E/)tE,,)tg,),u(-t)u;f)u;f,)u;f,)/]

11! 1Al S

lZZ’L_]_]_]]

= g[t ititint; i1 U U o U U oo Z m, m(,),mf ,)j,,m(,,, 7 O(Nz) (6.145)
[h
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where the second equality follows from that the homogeneity of v;; over i, ¢, and
the fact that E[t;u;] = 0, |m;;| < 1 for any 4, j,t. Hence we shall check that the
summation over the following index set I;, becomes also O(N?). In order to define
I}, put the terms which has more than three products of the moments

a; = g t; tz/u]u] ] [tl”ti”’] [u]//’U,JNI , Qg = (C: tl//tz///} [UjUj/]g[UjIIUj///] s
€Ttk Elusuy 1 E ]
a5 = 5 t: ’LLJ’LLJ ] [t t it ///] [’U,J//’U,j///

, Qg = g

[ ] [titi
as = Etity]Eftitin|Elujuyuzmugn]  ay = Eltit

| | it ltorton) Ly

[ ] [tit

067 = (C/' tt/uj] [ //t /”u]] [’U,J//’L[/j/// s O[S 5 ] [ //’LLJUJ ]g[ti///Uj//Uj///] .

Thus define the set ]h = {{Z 7/ Z 7] j j j”}| g[t tz’tz”tz”’u]u]’uj”uj”’] = @h}

From the fact that M? = M, we have mg ) = mgl), and

N
> mlml) =m) Zm <N, (6.146)
J

where the inequality can be shown by using the similar arguments as used for
Lemma 3 in Anderson et al. (2008b). In effect, using these properties we can
obtain three types order O([tr(M;)]*), O(tr(M;)N), and O(N?) for 37, . Then
the total number of the patterns which belong to some order type is finite, hence
we may conclude ), = O(N?).

This is so because for h = 1,...,4, we have the conditions i = ¢' and " = "
regardless i = " or i # 4", and also j = j', j” = j”. Then Zlh is reduced to the
double summation

N
Z m( )m(/)/mgl //m /// = Z m mll i — [tr< t)]2 (6147)
Z 'L 1”71”,] j Jllfjlll Z 'L ,L//7Z///
For h = 5,...,8, we can have the type of conditions that i = ¢/, " = ¢/ or

j=17, 7" =7" and at least j = j’ or i = ¢, thus the summation is reduced to
the triple summation. By using (6.146),

N N
t t t
Z m( )m( ) mg /)]//m(//)/ = Z mg-j)/m‘g//)j/// - NtT(Mt)<6]-48)
i=i! i =il =5 3" " G=4 5" G

For any N,t, it holds that ¢r(M;)/N < 1 and then the existence of 8-th order
moment ensures (6.144). Q.E.D.

Proof of Theorem 3.3 :

The method of proof of Theorem 3.3 is essentially the same as the one used by
Anderson et al. (2008b). Hence it should be short and we treat the case when
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K; =0 and ~; = 0 for the simplicity. We set the vector of true parameters ,8/ =
(1, —6/2) = (1,P,- -, B1+G,). Then an estimator of the vector 3, is composed of

R 1 1
G = ¢i(_(}(f)’ —H(f)) (i=2,---,14+Gy). (6.149)
n Gn

For the estimator to be consistent, we need the conditions

I,

B = ¢, [( P, )@*(ﬁ2,1G2)+cQ, Q| (i=2-,14+G,) (6.150)

as identities with respect to parameters 35, ®*, and €2 . Then the proof of Theorem
4 of Anderson et al. (2008b) implies the next result.

Lemma 6 : Let 3, be a consistent estimator in the class of (3.42). For ¢ = (¢y,),

let also

2
7'1(1)

T = : ; (6.151)
Ao

where 7\8) = 9% (k=2 ... 14 G,). Then

e = \/5(32 - 52)
- [TH,B’ + (0, @**1)] S + 0,(1) (6.152)

where S() = Ggf) - ,/cc*Hgf) .
When ¢, = 0 or ¢, = 0, for instance, the asymptotic variance-covariance matrix

of S¥)3 has been obtained by Theorem 3.1 and Theorem 3.2 as the corresponding
cases. Then

£ [é é’}

/ Q33
= |(ra s (0.2 098)8 + (0.8 (T, — 220
| L s |
x &[SV BER'SW)] x (T11+;(0,<I> HQB)B + (0,81 (Ig, _W>

- \1:*+5[(5’s<f>5)2] (021, + (0, 8100 +o(l) |

, , 0
‘727'11 +8Q ( H! )
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where W™ has been given by Theorem 3.1 and Theorem 3.2.

This covariance matrix is the sum of a positive semi-definite matrix of rank 1 and

a positive definite matrix. It has a minimum if

1
T = _E(O’ &g . (6.153)

Hence we have completed the proof of Theorem 3.3 for the case of ¢, = 0 or ¢, = 0.

Other cases in Theorem 3.1 and Theorem 3.2 can be treated in the same way.
Q.E.D.
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APPENDIX : Some Figures

In Figures the distribution functions of the GMM and the LIML estimators are shown with
the large sample normalization (i.e. the case of ¢ = 0) and the large-K normalization (i.e. the
case of ¢ > 0). The limiting distributions for the LIML estimator in the large-K asymptotics are
N5(0,1I) and its marginal distributions are N(0,1) as n — oo, which are denoted as ”0”. For
the sake of comparisons, the distribution functions of the GMM estimator are normalized in the
same way and presented in figures. The parameters of our settings and the details of numerical
computation method are similar to those explained in Anderson et al. (2005, 2008a), Akashi

(2008), Akashi and Kunitomo (2010).
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