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Abstract

We consider the estimation of coefficients of a structural equation with many instru-
mental variables in a simultaneous equation system. It is mathematically equivalent
to an estimating equation estimation or a reduced rank regression in the statisti-
cal linear models when the number of restrictions or the dimension increases with
the sample size. As a semi-parametric method, we propose a class of modifications
of the limited information maximum likelihood (LIML) estimator to improve its
asymptotic properties as well as the small sample properties for many instruments
and persistent heteroscedasticity. We show that an asymptotically optimal mod-
ification of the LIML estimator, which is called AOM-LIML, improves the LIML
estimator and other estimation methods. We give a set of sufficient conditions for
an asymptotic optimality when the number of instruments or the dimension is large
with persistent heteroscedasticity including a case of many weak instruments.
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1. Introduction

In recent analysis of micro-econometric data many explanatory or instrumental
variables are sometimes used in estimating an important structural equation. Then
there have been increasing interest and research on the estimation of a structural
equation in a system of simultaneous equations when the number of instruments (the
number of exogenous variables excluded from the structural equation), say Ks, is
large relative to the sample size, say n. Asymptotic distributions of estimators and
test criteria have been investigated on the basis when both Ky — oo and n — oc.
These asymptotic distributions are used as approximations to the distributions of
the estimators and criteria when K, and n are large. The early studies on the case of
many instruments, which we call the large-Ky asymptotic theory or the many instru-
ments asymptotics, are Kunitomo (1980, 1981, 1982, 1987), Morimune (1983) and
Bekker (1994). Several semi-parametric estimation methods have been developed
including the estimating equation method (or the generalized method of moments
(GMM) in econometrics) and the maximum empirical likelihood (MEL) method (see
Hayashi (2000), Qin and Lawless (1994) and Owen (2001)). However, it has been re-
cently recognized in econometrics that the classical Limited Information Maximum
Likelihood (LIML) estimation, originally developed by Anderson and Rubin (1949,
1950), has some advantage with many instruments in micro-econometric applica-
tions. (The LIML estimation can be regarded as a simplified version of the MEL
estimation.) There has been a growing literature in econometrics on the problem of
many instruments including Chao and Swanson (2005), Anderson, Kunitomo and
Matsushita (2005, 2007), Hansen, Hausman and Newey (2008) and their references.
This problem is mathematically equivalent to an estimating equation estimation or
a reduced rank regression with the statistical linear models when the number of
restrictions or the dimension increases with the sample size.

For sufficiently large sample sizes the LIML estimator and the Two-Stage Least
Squares (TSLS) estimator have approximately the same distribution in the stan-

dard large-sample asymptotic theory, but their exact distributions can be quite



different for the sample size occurring in practice with many instruments. Ander-
son et al. (2007) have shown that the LIML estimator has an asymptotic optimum
property when K5 and n are large under a set of conditions. On the other hand,
the JIVE (Jackknife Instrumental Variables Estimation) method has been proposed
and its properties has been investigated. (See Angrist, Imbens and Krueger (1999),
Chao and Swanson (2004), for instance.) Also Hausman, Newey, Wountersen, Chao
and Swanson (2007) proposed the jackknife version of the LIML estimator (called
JMIML or HLIM) and the Fuller modification. They suggested that the JLIML
estimator improves the bias property of the LIML estimator in case of the persistent
heteroscedasticity, which we shall define precisely.

The main purpose of this paper is to propose an asymptotically optimal modifi-
cation of the LIML estimator, which we shall call AOM-LIML as an abbreviation.
We show that the AOM-LIML estimator improves some properties of the LIML es-
timator and its possible modifications including the JIVE (Jackknife Instrumental
Variables Estimators), the JLIML estimator. The AOM-LIML estimator has good
asymptotic properties and it often attains the lower bound of the asymptotic vari-
ance in a class of estimators when the disturbances are heteroscedastic and there are
many instruments or many weak instruments. We relate the AOM-LIML estimator
to other estimations methods known and show that the JLIML estimator is asymp-
totically equivalent to the AOM-LIML estimator. The results of this paper lead to
a new light on the asymptotic efficiency when there are many incidental parame-
ters (i.e. the number of instruments is large) and the disturbances have persistent
heteroscedasticity.

In Section 2 we state the structural equation model and the alternative estimation
methods of unknown parameters in simultaneous equation models with possibly
many instruments. Then in Section 3 we develop a new way of improving the LIML
estimation and discuss a set of sufficient conditions for the asymptotic normality
and the asymptotic lower bound when the number of instruments is large with the
persistent heteroscedasticity. We shall give a small number of numerical evidence on

the finite sample properties of the LIML, the AOM-LIML and JLIML estimators.



when there are many incidental parameters. Finally, some brief concluding remarks
will be given in Section 4. The proof of our theorems will be given in Section 5. For

an illustration of our results in Section 3.3, we shall give some figures in Appendix.

2. Alternative Estimation Methods of A Structural Equation

with Many Instruments

Let a single linear structural equation be

(2.1) Yii = BolYos + Vrizu tuwi (i=1,---,n),

where yy; and y,, are a scalar and a vector of G5 endogenous variables, respectively
(K, and G, are fixed integers); zy; is a vector of K (included) exogenous variables,
v, and B, are K; x 1 and Gy x 1 vectors of unknown parameters, and w; are

mutually independent disturbance terms with &(u;|z{™) = 0 and €(u2|z™) = o2

with the K, x 1 instrumental variables ZE”) (t=1,---,n). We assume that (2.1) is
the structural equation in a system of 1 4+ (G5 endogenous variables y; = (14, y;i)/
and Y = (y\,Y{) is an n x (1 + G3) vector of their observations. As a typical
situation we consider

(2.2) Y& =10 + v

where TI§) = (w;i(z(”))) is an n x G2 matrix, each row w;i(zg”)) depends on K, x 1

vector zgn), Vén) is an n x (G5 matrix, V%") =u+ Vén)ﬁz and V = (v§”),V§")).

V = (v}) is an n x (1+G5) matrix of disturbances (the i-th row v; is a 1 x (14+G5) x 1
vector) with £(v;|z{") = 0 and

' (n Wil wli
(2.3) EvvZ)y = =] " 2

wa; $og;

The formulation of (2.1) and (2.2) includes the statistical linear models as special

cases. We write

(2.4) Y =7ZI,+V,

IT, is a (1 4+ G3) x K, matrix of coefficients and the n x K,, matrix Z = (Z1,Zs,) =
(™) (the i-th row 2™ = (z),, 28"} is the vector of K,, (= K1+ K,) instruments).
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When «, = 0, the rank of II,, in (2.3) is G, and it is a reduced rank regression
model. See Anderson (1984) for the classical arguments on the relations among
statistical models with different names including the linear functional relationships,
the simultaneous equations models, the errors-in-variables models and factor models.

(n

Since we assume that the vector of K,, (K,, = K; + Ks,) instruments z, ) satisfy

the orthogonal condition

(2.5) Ewz" =0 (i=1,---,n),

the model of (2.1) and (2.2) is the same as an estimation equation problem well-
known in statistics, but we shall mainly investigate the situation when the number of
orthogonal conditions (K,,) increases with the sample size n. This situation has been

called the case of many instruments in recent econometrics. The relation between

(2.1) and (2.2) gives u; = (1, —/3,)v; and
2 / 1 /
(2.6) o; = (1, —By)8% =B QB,
)

where 3 = (1,—8,). Since we are interested in the analysis of a large number of
cross-section micro-data as typical applications, we impose the condition

1 n
(2.7) -39, -5 Q

Nz

and €2 is a positive definite (constant) matrix. Then
1 & '

(2.8) N ol 50" =8Q8>0.
izt

Define the (1 + G2) x (1 + G2) matrices by

(2.9) G =Y'Zy1A5),Z,,Y ,
and
(2.10) H=Y (I,-2(22)'2)Y,

where Zy 1 = Zy,, — Z1Af11A12, Ay = Z;.1zz.1 and

Z Ay A
(2.11) A=| TV (2, Zo)=| T TP
Z,, Ag A



is a nonsingular matrix (a.s.). Then the LIML estimator BLI (= (1, _Bz.u)/) of
B = (1,—8,) is the solution of

1 1 P
n

n

where ¢, =n — K,, (g, > G2 + 1) and )\, is the smallest root of

1 1
(2.13) "G -1 H|=0.
n dn

The solution to (2.11) gives the minimum of the variance ratio

n ) 2"z 1 s )

Ly, = [ i=12; (yu - ’)’,1211 — ,32Y2i)][ 1% i=1%2i (Z/lz‘ - ’)’/1Z1i - ,32}’%)]

S (Y — Y121 — 5/2}’21')2
(2.14)

The TSLS estimator B, (= (1, _BIZ.TS),) of B=(1,—8,) is given by

1

(2.15) Yén),z2.1A2_21.1Z/2.1Y =0.

~

—Bars

It minimizes the numerator of the variance ratio (2.14). The LIML and the TSLS
estimators of 7, are 4, = (ZiZl)*lzllYB, where 3 is BL[ or BTS, respectively.

The GMM estimation (or the estimating equation method in statistical litera-
tures) can be regarded as a semi-parametric extension of the TSLS estimator. It
has been known that the GMM estimator has a significant bias when K, is large.
The MEL estimation can be regarded as a semi-parametric extension of the LIML
estimator because the latter can be defined as the minimum variance ratio estima-
tion. Since the calculation of MEL becomes extremely difficult, however, its use has
not been implemented when K, is large. See Anderson et al. (2005, 2007, 2008),
Kunitomo and Matsushita (2008) on the finite sample properties of the GMM, MEL,
TSLS, and LIML estimators in the detail.



3 An Asymptotically Optimal Modification of
LIML

3.1 Alternative Modifications of the LIML estimator

Anderson, Kunitomo and Matsushita (2007) have considered a set of sufficient con-
ditions in details for an asymptotic optimality of the LIML estimator in a linear
structural equation estimation with Hé‘i} = 71115 + ZQHSQ) (Hgg) is a Ko, X Gy

coefficient matrix) when there are many instruments and the disturbances are ho-

moscedastic. The basic conditions are

K,
(A-T) e (0<e<1)
n
and
/ 1 2) ! _ z
(A-T0) ST 2, A Zo, T 5 @)

as d,, %> 0o (n — o0), where ®,, 1 is a nonsingular constant matrix and the noncen-
trality parameter d2 = tr(Hg’fl)lZ;.lAzgl'lZg,ngi)). In the following analysis we shall
mainly discuss the standard case when d? = O,(n). However, it is straightforward
to extend the results to other cases including the case of many weak instruments,
which we shall mention briefly.

Since the estimation of structural coefficients depends on G in (2.9), the pro-

(2.1)

jection matrix Py = (pij ) = Z2,1A2_21'1Z/2‘1 has an important role for the small

sample properties of estimators. In Anderson et al. (2007) the condition

(A — VI) plim > [PV - c]2 =0

n—oo T i—1

(2.1)

plays a crucial role, where p;;"’ are the diagonal elements of P5;. The typical
example of (A-VI) is the case when we have orthogonal dummy variables which have
1 or —1 in their all components so that (1/n)Ag; = Ik, and pl(-f'l) = Ko /n (1 =
1,---,n). When both (2.7) and (A-VI) hold,
1 n
(WH) plim |~ 3" pVQ, — 2| = 0
ni=

n—oo
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by applying the Cauchy-Schwartz inequality. We say the Weak Heteroscedasticity
condition holds if we have (WH). If it is not satisfied, we say the Persistent Het-
eroscedasticity condition holds and denote (PH). Under (WH), the LIML estimator
has some desirable asymptotic properties in the sense that it has the consistency,
the asymptotic normality and it attains the lower bound of the asymptotic variance
in a class of estimators as d,, 2 0o (n — oc0) as stated in Section 4 of Anderson et
al. (2007).

In the more general cases with (PH), however, the distribution of the LIML esti-
mator could be significantly affected by the presence of (conditional) heteroscedastic-
ity of disturbance terms with many instruments. It is mainly because the condition
(WH) is not necessarily satisfied. In this respect, there can be several ways to im-
prove the LIML estimation method. Since the projection matrix of instruments has

a key role, it is useful to summarize its property.

Lemma 1: Let Py = (p\)) = Z(Z'Z)"'Z and Q; = (¢) = L, - Z(Z'Z)"'Z .
We assume that the rank of matrix Z is K, (> Gs). Then0 < pl” <1 (i=1,---, n)
and 0 < ¢" <1(i=1,---,n). (A-I) implies

13

1 K
3.1 5 — — (n) _ Z2n
( ) p n ;pll n C7
1 K
3.2 G — 2N
(32) q o ;Zlﬁqn . ¢,

where ¢, = K,/n — ¢ as n — oo.

The main reason why the LIML estimator does not necessarily have good prop-
erties when the disturbances are heteroscedastic with many instruments is the
presence of the possible correlation between the conditional covariance €2; and
pl(f ) (¢ = 1,---,n), which prevents from satisfying (WH). Then we could use this
characterization of the diagonal elements of the projection matrix to improve the
LIML estimation.

For P, = (p) = Z(Z'Z)'Z , Qs = (¢\)) = L,—P, and Py, = Z,(Z,Z,)"'Z},
we utilize the relations Py = (I, — P2, )Pz (L, — Py) and Qz = (I, — P, ) (I, —
P,)(I, — Pz). We construct Py, = (pg”)) and Qy = (¢™) =1, — Py such that

ij
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i =p (i # ), P — Kop/n — 0 (i,j =1,---,n) and

(3.3) plimli{gn)—cr:(k

Then we define two (K7 + 1+ G3) x (K7 + 1 + G2) matrices by

VA VA
(3.4) Gy = Y} Py (Z,Y) , Hy = Y} Qu (Z,,Y) .

’ !/

By using G,; and H,;, we define a class of modifications of the LIML estimator

(we may call AOM-LIML) such that 6,,.; (= (—’S/;.MLI,B/MLI)') and By, (=
(1, =By as1s)) of @ = (=~ 1,—73,) is the solution of

1 1 -
(35) [GM — )\nHM‘| eML] =0 ,
n dn
where ¢, =n — K, (> 0) and A, is the smallest root of
1 1
(3.6) |-Gy —1—Hy|=0.
n dn
As the simplest case, the AOM- LIML estimator is defined by using the deter-
ministic sequences pg") = Cp, pz(-j ™ = pw ( #jii,j=1,---.,n).
When pgb (t=1,---,n) are close to ¢, or ¢, is small, the AOM-LIML estimator

is very close to the LIML estimator for practical purpose. Hausman et al. (2007)
have defined the JLIML (or HLIM) estimator by setting Py = (pj;), pj; = 0 (i =
1,--+,n) and replacing Py, and Qu by Py and Qy = I, — Py in (3.4), (3.5)
and (3.6) but without (3.3). Then we find that it is not in the class of the AOM-
LIML estimation with (3.6). Numerically, however, the AOM-LIML estimator can
be close to the JLIML (or HLIM) estimator in some situation when ¢, is close to
zero. When ¢, is not 0, however, there can be some differences in finite samples. It
is also possible to define the corresponding modifications of the T'SLS estimator and
the GMM estimator. An estimation method called JIVE (Jackknife Instrumental
Variables Estimators) has been proposed and its properties have been investigated
by Chao and Swanson (2005), for instance.

We note that G, with Py, should be positive definite (a.s.) in order to define
the AOM-LIML estimation. This condition is weaker than the corresponding one

9



with Py. Hence we expect that the AOM-LIML estimator may be stable than the

JLIML estimator in some cases.

3.2 Asymptotic Optimality of AOM-MLIML

We shall investigate the asymptotic properties of the AOM-LIML estimator when
there are many instruments. One of attractive features of the AOM-LIML estimator
is that it satisfies (3.3) while we can utilize nearly full information of data.

We have the consistency and the asymptotic normality of the MLIML estimator
when the disturbances are heteroscedastic with many instruments under a set of

conditions. The proof will be given in Section 6.

Theorem 1 : Let zgn) (1=1,2,---,n) be aset of K, x 1 vectors (K, = K; + Ka,).
Let v; (i =1,2,---,n) be a set of (1 4+ G2) x 1 independent random vectors such
that £(v;|z\™) = 0 and E(v;v}|z\™) = Q; (a.s.) is a function of 2™, say, Q;[n,z!")].
For (2.1) and (2.2), suppose (A-I), (2.7), (3.3),

1 (n)\ (12
(3.7 L o )2 22 0
and
1

is a positive definite matrix as n — oo, K,, — oo and ¢, — o0, where HS{Z) =

(21.105)) = (m.i(2\"")). We denote (1/n)IL) Py IIE) 5 @5, (1/¢,) 115 QuILE) 2

®; and ¢, = ¢/(1 — ¢). Also suppose 5[||V7;||2+E] < oo for some ¢ > 0 (and
|| (2" )||2+5] < oo for some § > 0 when ﬂ'*i(zgn)/) are stochastic).

Then

(3.9) i || T T4 N0, w)
/62.MLI 182

where

(3.10) U =& [Wh 4+ W3]

n

* . 1 m m m n)\’
U = plim- Y 7wz - a0l — cdiP 1wz
1,5,k=1

10



* . 1 - ! n n / n m m 2
P = plim— Z {U?S(W*jw*ﬂzg )) —|—5(W*iui]z§ ))E(W*juj\z§- ))} [pgj ) _ c*qgj )} ,
ij=1
provided that ¥ and W3 converge in probability asn — 0o, .4 (2\") = (2}, 7 (™)),

W, = (0,,Wl2i)/, and wo; = vo; — u;(0,1,)28/0* (i =1,---,n).

The first term of (3.10) is due to the noncentrality parameter and the second
term is due to the covariance estimation. We could interpret many weak instruments

as the case when the first term is negligible as we shall discuss.

When (2.2) is linear, we have (2.4) and we partition the (K; + Kj,) X (1 + Gs)

coeflicient matrix as

o I
(3.11) I, =
ﬂ.gll) H(n)

Suppose the disturbances have the homoscedasticity or weakly heteroscedastic in

the sense

(WH)' max [|2; — Q| 20

1<i<n
and assume the condition (A-VI). Then by setting pj; = pz(;”) (i,7 = 1,---,n),
& = O and

. 1 n)’ n
(3'12> ‘I’T = szhmgﬂgz) A22.1H§2) = 02‘1922.1 .

In this case we have

E(Waiwy,;) =

)

g Qﬂ 2
where Agy; = Agy — Ay A'App and [ - ] is the Gy x Gy lower left-corner of the
matrix. We also use the relations >77',_ 1p§J = Z?:lpgf = K, X 1%")2 =
iy q” =n— K, and >/, pz;m Yoy p” = K. Hence the right-lower corner
of W3 is reduced to
(3.13) Wil = plime Y ) ] Ewanw))

,5=1

- [i5] 7 [o-eaese]

22

11



Then ¥* in (3.10) corresponds to
(314) W =0""" 4.8 [0,1g,] |20’ —0QB8'Q| (0,1, &

where 02 = Q8 and ¢, = ¢/(1 — ¢). We find that (3.13) reduces to (3.8) of
Theorem 2 in Anderson et al. (2007).

For the estimation of the vector of structural parameters @, it may be natural to
investigate the procedures based on two (K1 + 1+ G2) x (K7 + 1+ G3) matrices G,
and H), (by modifying G and H for the persistent heteroecedasticity) and hence we
consider a class of estimators which are functions of these matrices. Typical examples
of this class are the modified versions of the OLS estimator, the TSLS estimator, and
the LIML estimator including the one proposed by Fuller (1977). (It also includes
other estimators which are asymptotically equivalent to these estimators.) Then we
have a new result on the asymptotic optimality of the AOM-LIML estimator in a

class of estimators. We give the proof in Section 6.

Theorem 2 : Assume that (2.1) and (2.2) hold and define the class of consistent
estimators for @ by

(3.15) 9:¢%GM;£HM%

n

where ¢ is continuously differentiable and its derivatives are bounded at the proba-
bility limits of random matrices in (3.4) as Ky, — oo and n — oo and 0 < ¢ < 1.

Then under the assumptions of Theorem 1,

~

(3.16) Vill = T ] S N, e
9 By

where

(3.17) > v

and ¥* is given in Theorem 1.

When the conditions (WH') and (A-VI) are satisfied, the result of Theorem 2

corresponds to an extension of Theorem 4 of Anderson et al. (2007). When the

12



equations of (2.2) are linear and the disturbances are normally distributed with the
homoscedastic disturbances,

(3.18) 1(B) = TP,

corresponds to the Fisher information. Hence (WH ) and ¢ = 0 in (A-I) in the linear
models are the sufficient condition that we do not loose the information amount
by modifying the LIML estimation asymptotically. If they were not satisfied, the
AOM-LIML estimator has some information loss asymptotically although it is still
consistent and it has the asymptotic normality.

Also Anderson et al. (2007) have investigated an asymptotic optimality of al-
ternative estimators in three possible cases on the sequences of d,, and n when both
d, and n go to infinity under homoscedasticity assumption. From our construc-
tion of the AOM-LIML method, it is straightforward to obtain the corresponding
asymptotic results for alternative parameter sequences when the disturbances are

heteroscedastic and there are many instruments at the same time.

Let Oyrr (= (=%, i 1, —By ) be the JLIML (or HLIM) estimator defined
by Hausman et al. (2007). Then as a Corollary to Theorem 1, it is possible to show
that the JLIML (or HLIM) estimator cannot be improved asymptotically further.

Theorem 3 : We take Py = (pj;) such that pj; = 0, pj; = pg?) (i # jii,j =
1,---,n), Qg =1, — Py in (3.4), (3.5) and (3.6) instead of Pj; and Q. Suppose
(A-I), (2.7), and

(3.19) %HW(P” —D,)I1® 2, &%

*M *N

is a positive definite matrix as n — oo and K,, — oo, where D,, = diag(P ). Also

suppose E[||v;]|*+] < oo for some € > 0 (and &[||m:(z{™")||*+] < 0o for some § > 0
(n)’

when 7r,;(z;’ ) are stochastic). Then

(3.20) NG ’?’1.HL1 N L>N(O,lIl*)
BonmwLr By

where ¥* is given by (3.10).

13



Theorem 3 together with Theorem 2 implies that the JLIML (or HLIM) estima-
tion cannot be improved asymptotically in a class of estimators which depend on
functions of G, and Qj; with some Py and Qp. The condition (3.19) is equivalent

0 (3.8) because of (5.29).

Next, we consider the linear model (2.1) and (2.4) when the noncentrality pa-
rameter d, = o0,(n'/?) and \/n/d2 % 0, which may correspond to the case of many
weak instruments. We have the asymptotic optimality result in this situation. Since
the proof is similar to that of Theorem 5 in Anderson et al. (2007), we omit the
detail. It is possible to extend the result further with an additional assumption and
complication. The variance of the limiting distribution of the AOM-LIML estimator
((3.24) below) is simpler than (3.10) because the effects of n dominate the first term
of (3.10) in Theorem 1.

Theorem 4 : Consider the linear model of (2.1) and (2.4). Suppose (A-I) and (2.7)
hold, and let d,, = 0,(n'/?) and /n/d?> % 0 as n — oo and K,, — co. Assume

1 ()2
and
1
(3.22) I (P — ¢, Q)T 2 @+

2o
is a positive definite matrix as n — oo, K,, — oo and ¢, — oo, where ) =
(Zl,H(ziL)) = (ﬁ*i(zgn)/)). Also suppose E[||v;||*"¢] < oo for some € > 0 (and

|| (2" )H2+5] < oo for some 6 > 0 when W*i(zl(-”)/) are stochastic). We de-
note (1/d2)IIE) PLIIE) 2 @, (1/a2)1IE) QiII) 2 &% and ¢, = ¢/(1 — ¢).
For the AOM-LIML estimator,

, .
(3.23) [d"] Tiar) 4 N, o)
\/ﬁ /82.MLI 162

and for any estimator 8 in the class of (3.15),

(3.24) l\‘f%] (A I eI | OGP

Bs B

14



where

(3.25) v >,
and
(3.26) U = ot

n

*k . 1 ! n n 4 n m m 2
¥ = plim— Z [J?S(W*jw*j]z§. )) +5(w*iui\z§ ))S<W*jUj’Z§ ))} [pgj ) _ c*qZ(j )} ,
ij—=1

provided that W3* converge in probability as n — oo.

3.3 On Finite Sample Distributions of LIML and AOM-
LIML

The finite sample properties of the LIML estimator and semi-parametric estima-
tors including the GMM and MEL estimators have been investigated by Anderson,
Kunitomo and Matsushita (2005, 2008) in a systematic way. As an example we
present only three figures (Figures 1A-3A) in Appendix when we have the linear
model with (2.4) and G5 = 1 for the simplicity. (We took a typical case when
K, is relatively large.) We have used the numerical evaluation of the cumulative
distribution function (cdf) of the LIML estimator based on the simulation and we
have enough numerical accuracy in most cases. See Anderson et al. (2005, 2008)
for the detail of the numerical computation method. The key parameters in figures
are Ky (or Kap), n— K (or n— K,,), a = [wy/|QY?](Bs — wiz/was) (2 = (wy;)) and
5 = HS;)'AmH;Z) Jwas when G5 = 1 and the disturbances are homoscedastic.

As a simple example of the LIML modification, we consider the case when K; =
1,2; ~ N(0,Ig) (i=1---,n) and we take
(3.27) pE?q)Zl—qZ(f”):Iz%lmf%—H
and pg@) = pgl) (i # j;i,5 = 1,---,n). Figures 1A and 2A correspond to the
homoscedastic disturbance case while Figure 3A corresponds to the case of persistent

heteroscedasticity which is similar to the one reported by Hausman et al. (2007).
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Three figures in Appendix show the estimated cdf of estimators in the standard

form, that is,
(3.28) Vi (B = )

where W3, is the right-lower corner of ¥*, which is given by Theorem 1. The limiting
distribution of the AOM-LIML estimator is N (0, 1) in the large- K3 asymptotics and
it is denoted by "0”.

From these figures we have found that the distribution function of the AOM-
LIML estimator is very similar to that of the LIML estimator in the homoscedastic
disturbance cases. At the same time we also have found that the distribution func-
tion of the AOM-LIML estimator is very similar to that of the JLIML (or HLIM)
estimator in the particular heteroscedastic disturbance case treated by Hausman et
al. (2007). In that case the finite sample distribution of the LIML estimator is dif-
ferent from the MLIM and JLIML estimators considerably as well as the standard
normal distribution because the effects of correlation between ||z§")|| /n and Q; do
not decrease as K, and n increase. In this case the AOM-LIML estimator with
(3.4) improves both the LIML and JLIML estimators in the finite samples. These

observations agree with our theoretical results of Section 3.2.

4. Concluding Remarks

In this paper, we have introduced a class of modifications of the LIML estimation
method. When there are many instruments and the disturbances have heteroscedas-
ticity, it might be argued that the LIML estimator does loose good asymptotic
properties in the extremely heteroscedastic cases. However, as we have shown that
a simple modification of the LIML estimation, called the AOM-LIML estimator,
gives the consistency, the asymptotic normality and an asymptotic optimality under
a set of assumptions. The AOM-LIML estimator is close to the LIML estimator
when the disturbances are homoscedastic or weakly heteroscedastic while it can be

different when the disturbances have persistent heteroscedasticity. We also have

shown that the AOM-LIML estimator improves the LIML estimator and the JLIML
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(or HLIM) estimator is asymptotically equivalent to a simple case of the AOM-LIML
estimator when there are many instruments and the persistent heteroscedasiticity
exists at the same time. There are some differences in the finite samples.

There are several important issues still remained for further investigations. For
the more general non-linear estimating equation model (2.5), the nonlinear LIML
and TSLS estimators can be defined by substituting w;(0) = y1; — fi(z1:, yo:, @) for
ui(0) = yu; — Y121 — ﬁ;y% (¢ = 1,--+,n) and minimizing the variance ratio in
(2.13), where f;( - ) is a known function and @ is the vector of unknown (structural)
parameters. Then our method can be extended to such cases with some notational
complications. When the number of restrictions or the dimension becomes large
with the sample size, however, the semi-parametric methods such as the GMM and
the maximum empirical likelihood (MEL) estimations may have some difficulty in
theory as well as in practical computation.

Finally, a more practical question is the relevance Persistent Heteroscedasticity
in real applications. A more systematic investigation of the finite sample properties

of alternative semi-parametric estimation methods would be needed.

5 Proof of Theorems

In this section we give the proofs of Theorems. The methods of proofs are basically
some modifications of Section 6 of Anderson et al. (2007), which are often straight-

forward.

Proof of Lemma 1 : Let Zy; = (z') (2} are Ky, x 1 vectors) and A, =
i1 zjzjl. Then
’ ’ -1
(5.1) ni) = 7 [5e + A
* A =1 _x
z; A%

and 0 < pgl ) < 1. For Q,, we apply the same argument to I,, — Q,, and we find that
0<¢™<1. Q.E.D.

3

17



Proof of Theorem 1 : From (2.1) and (2.2) we write Y = II\¥) + V, TI®) =
(Hg';), ngf) and Hgi) = Hgi)ﬁz +Z17,. By substituting this relation into G, yields

( y ) (O )

Gy = L+

e \Y
Z o

= . )PM (21, 10) + ( , ) P, (0,V)
13150 \Y

Z, O ®)
+ | PuOV)+| | Py (Z, 1Y)
) \%

where P, is given in Section 3 and we define an nx (K;+14G2) matrix V, = (0, V).
Then

Py |(2,, 1) + (0, V)]

[z / O _
Gy — | P (20, TY)) + K, Q(0,1g,41)
1 | PR

Z 0]
- L ) Py (O, V) + ( , ) Py (2,115
) A%

@) (0] _
( v ) Py (0,V)-K, ( T, ) Q (O,IG2+1)] ,

where Q = (1/n) X7, ;. By using (A —II') and (3.8), we find that as n — oo

_|_

1y
(5.2) “n@p,v-2-0,
n

0 o \._ ,
, P]\/[ (O,V)—Kn Q(OaIG2+1) — O .
A\ Ic, 1

Then as n — oo,

1 '
n

(5.3) %

where a (K; + Go) x [K; + (1 + G3)] matrix

G
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B =(B1.B,) =




and a (K + 14 Gy) x (K + 1+ G) matrix

(OO
o Q

Q=

By using (2.7) and (3.8),

[ )+(%)

H, =B ®B + Q" .

1 1
(5.5) —Hy = —

- - Qur (2, 11) + (0, V)| 2 H,

and

Then (3.6) implies

(5.6) [B'[®] — (plim A,)®3] B — [(plim \,) — ] Q| =0

and we find that plim\,, = c is a solution. Because A, is the minimum of

_01Gyo , 0G0

(57) ln i /1 — /
0'1H,0 6'H.0

and the minimum of the right-hand side is ¢ under the condition (3.8), Then
(5.8) plim)\, = ¢

is the unique solution and 6., —— 8 as n — oo because of (3.5) and (3.6).

Define Gy, Hy, Ay, and by by
Z, o)
(2)
( e ) Py (0,V) + ( v ) Py (2:,11))

n
o) O ¢
+ ( B ) Py (0,V) - K, ( Lo ) Q(O,IGQH)} )

H, = \/q_n(qinH —Hy), Aip = V(A — ¢) and by = /n(0y; — 0). From (3.5), we

have

1
G1:

1 1 1
[Go — C Ho]g + 7[G1 — AlnHo]H + %[Go — C Ho]bl + \/q_n[_CHl]e

3
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Since (Go — ¢ Hp)@ = 0, (3.5) gives

(ﬁ’l.L[)(’h)
B2.L1 /82

Multiplication of (5.9) from the left by 8 = (v}, 1, —3,) yields
M = 8 (G, — \/cc.H,)0

/ +op(1) .
Also the multiplication of (5.9) on the left by a (K + G2) x (K; + 1 + G3) choice

(5.9) B'®*v/n = (G1 — AMnHp — /ee.Hy) 0 + 0,(1) .

matrix

Ix,,0, O
O 707 IG2
and substitution for Ay, from (5.9) yield

Yi.Lr I s
/62.LI ﬁZ
= &I (G, — M\,,Hy — e, H ) 0 + 0,(1)

H,00 1 (G — Ve H,) 0 + 0,(1) .

B

By using the relation V3 = u, we obtain
(5.11) J (G, — \/cc:H,) 0
! © \p o 976,
' Mu — iy
VI, \Y I,

@) (O N

, | Quu —qn QB8

\% Iq,

where K,, + g, = n. Then by defining a (1 + K; + G3) x n matrix

1
. Q007 [ O

W = J [IK1+G2+1 - /7‘| , )
B3|\ VvV

’

J =

(5.10) NG

= ‘I)*flJl [IK1+GQ+1 —

J/

1
cCy———J

(5.10) is rewritten as

(5.12) Vn ’?’1.L1 N
/82.LI /62
_ ol L p,, - o1 LW (P, - 1) .
\/ﬁ *1 ( M C*QM)u+ \/ﬁ [W ( M C*QM)“} +0p( )
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Then the rest of the proof (i.e. for the asymptotic normality of the AOM-LIML
estimator) is essentially the same as the proof of Theorem 1, Theorem 2 and Lemma
31in Anderson et al. (2007). (We omit the detail because we need to use a martingale
CLT for quadratic forms and it is straightforward, but quite lengthy.) Some care
should be taken because we have to use Py, and Qyy instead of P,, and Q,,, and (3.5)
and (3.6) to derive the asymptotic properties of the AOM-LIML estimator. Because
the construction of the diagonal parts of P, and Qj;, we have the results. Q.E.D.

The next proof of Theorem 2 is a simple modification of the proof of Theorem
4 of Anderson et al. (2007) and we shall use their arguments. For the sake of

completeness we give the proof for the simple case.

Proof of Theorem 2 : Without loss of generality, we assume K; = 0 and
K, = K,. (The notation becomes simple slightly and the essential arguments are

clearer than otherwise. See the proof of Theorem 4 of Anderson et al. (2007).) We

set the vector of true parameters 8 = 3 = (1, —B;) =(1,—f2,- -, —fi+q,). An
estimator of the vector 3, is composed of

A 1 1
(5.13) Bk:gzﬁk(ﬁGM,—HM) (k=2,---,14+G>) .
For the estimator to be consistent we need

By | & Br | g
(514) B = O @1 (ﬁZa IGz) + ¢ 2, I (I)2 (/627 IGz) +Q

G2 G2

for k =2,---,14 G5 as the identities with respect to 3,, ®; = (wfjk)) (k=1,2) and
Q = (w;j). Weset a (1+ G2) x (1+ G3) matrix

o)

(5.15)  T® = (%’“) = (1)) (k=214 Gy j =11+ Gy)
9ij

evaluated at the probability limits and then write a (1 + G2) x (1 + G2) matrix

0, (= (6™)) as

7]
/ lé* /@*
(5.16) 0, = Be & (8y,1,) = B, * 1By By *1
I, P13, o
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and O, is defined similarly.
Next we consider the role of the second matrix in (5.13). By differentiating (5.14)

with respect to w;; (1,7 =1,---,1+ G3), we have the condition

908 _ 0%
39@' 8hij
evaluated at the probability limit.

(k:2771+G2727j:1771+G2>

By differentiating each components of ¢ (kK = 1,---,Gy) with respect to 5; (i =
1,--+,G3), we have

(5.17) O _ X [8@ 9 00 ahgh]

aﬁz N g,h=1 8ggh aﬁz ahgh aﬁz

_ 2L dgy, [aggh B ahgh]
g,h=1 aggh

o3;  “oB;

and we have

w (001 06; ® 'S0 o) T W@y

tr |'T 95, _036- =271 (V5" — by ) Bi+2 Z (V5 —csi )T =0y,
j j i—2 i=2

(5.18)

where we define 0§ = 1 and 6§ = 0 (k # j).

By defining a (1 4+ G2) x (1 4+ G») partitioned matrix

"

k k
A0

(5.19) T =

’

(6.18) is represented as
(5.20) 2y (@ — c®3) B+ 2(B] — @) T8 = ey,

where (—:;€ =(0,---,0,1,0,---,0) with 1 in the k-th place and zeros in other elements.

Since we assumed ®* (= ] — c¢P3) is positive definite, we solve (5.20) as

1L
(5.21) ) =58 e — B, .

Further by differentiating ®, (¢ = 1,2) with respect to Q/ijh ), we have the represen-
tation

By’ + 2717 B+ 7 (i = J)
00, )

2o

(5.22) tr (T(k
251’5;’7‘1(];) + 27’1(;?)51' + QTl(f)ﬁj + 27‘i(f) (1 # 7)

22



and in the matrix form

k / k) o k) k
(5.23) 71(1):82:82 + T; )52 + :827'; ) + TgQ) =0 .
Then we have the representation

k k / k) o k)
Tg2) = _71(1)5252 - Tg )ﬁz - ﬂQTé )
k ’ 1 — ’ / o
= 8.8 — B [<I> ‘€8s + Br, @ 1}

Let
(5.24) S=G,—eeH, = | " P ||
Sz Sz
where G and H; are defined as in the proof of Theorem 1.
Since ¢( - ) is differentiable and its first derivatives are bounded at the true param-
eters by assumption, the linearized estimator of 3, in the class of our concern can

be represented as

1§2 T;i]:)sgh = Vs + 27-5’“)/52 +tr {ng)szz}
g.h=1
= T'BSB+ 2 (52,82)8 .
Let
.
(5.25) T = :
7_(1+Gz)

11

and we consider the asymptotic behavior of the normalized estimator \/E(BQ - Bs,)

as
(5.26) é=ruf +(0,27")|s3.

Since the asymptotic variance-covariance matrix of S@ has been obtained by the

proof of Theorem 1, we have
£lee]
, QB8
= [+ 0. 0.8 T~ T
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Xg[sﬁﬁ/s] X [(Tll + (07 q)*il)Qﬁ)ﬁ/ + (0, (I’*il)(IGQ—H - 2//?2/66)]

= W+ £[(BSB)?] [+ (0,2 H)QB] [ + B0, &) ] +0(1)

where W™ has been given in Theorem 1 with K; = 0. This covariance matrix is the
sum of a positive semi-definite matrix of rank 1 and a positive definite matrix. It

has a minimum if

(5.27) 711 =—(0,21HQ3 .
Q.E.D.

Proof of Theorem 3 : We take pgn) =1- q§;") = ¢y, pgj ™) —p” ( # 41,5 =

1,---,n) and Qp = I, — Py, in the AOM-LIML estimation. We use the fact that
Py=P,-D,+¢]I,, Py =P, —D, and D, = diag(P,,). Then

(5.28) Py —cQy = [P,—D,+¢1,)—cl[l,— (P,—D,+c¢]1,)]
= (14c)(Py—Dy,) +[cn —c(l—cy)] 1, .

The assumptions in Theorem 1 implies
L ey 01 1) L ey (2) P,
(5.29) —IL?) [Py — Q)| ILZ) — (1 + ¢, )11 [P, — D, I1}%) O.
n n

By using the same arguments for ¥; (: = 1,2) in (3.10), and we find that the
corresponding terms of ¥ (i = 1,2) become

n

k% : 1 n n
T o= (Lte)plim 7 ma(e ) (1= )of o (1 )ma(z”)
t,5,k=1
U = (1+c) pllmn > {alg(w*jwdz] )+ E(Waiui|z; ) E (W, jus]z; )}

ij=1

<pa-a)

where ¢/ = 0 (i = j),0 (i # j). Hence the factors (1 + ¢,)? in & and ¥* are
cancelled out.

Let Ay be the smallest root of (3.6) in the JLIML estimation by using Py and Qg
instead of Py, and Qps. Then we have plim A}, = 0 because p;; =0 (i = 1,---,n).
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Then the asymptotic normality of the JLIML estimator can be established under

the assumption of (3.19) that

1y
(5.30) —1%' (P, - D,)IIE L (14¢,) 1"
n

*M

is a positive definite matrix as n — oo. Hence the covariance matrix of the asymp-

totic distribution has the same form in Theorem 1. Q.E.D.
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Figure 1A: CDF of Standardized estimators: n — K = 20, Ky = 30, = 0.5,6% =

APPENDIX : FIGURES

In Figures 1A-3A the distribution functions of the LIML, the HLIM (or JLIML) and the MLIML
estimators are shown with the large- K5 normalization. The limiting distributions for the efficient
estimators in the large-Ko asymptotics are N(0,1) as n — oo and Ka, — oo which are denoted
as 70”. The parameter a stands for the normalized coefficient of an endogenous variable and 62 is
the noncentrality parameter. The details of numerical computation method of this paper are given

in Anderson et al. (2005, 2008).
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Figure 2A: CDF of Standardized estimators: n — K = 20, K, = 30,a = 1,02 =
30,u; = N(0,1)
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Figure 3A: CDF of Standardized estimators: Heteroscedastic disturbances in Haus-

man et.al (2007), n = 100, K = 10,4 = 30
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