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Abstract

A widely cited failing of real business cycle models is their inability to account for the
cyclical patterns of financial variables. Perhaps less well known is the fact that the return
to capital and equity are identical in the neoclassical growth model. This paper constructs
a measure of the return to business capital for the U.S. The S&P 500 return is roughly six
times more volatile than the return to business capital. Owing to the equivalence between the
returns to capital and equity in the neoclassical growth model, papers in the real business cycle
literature that successfully account for the time series variation in the S&P 500 return must fail
to account for the time series properties of the return to capital. A fairly basic real business
cycle model captures most of the observed variability in the return to capital. What is needed
is a theory of the stock market that breaks the equivalence between the returns to equity and
capital.
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1 Introduction

Real business cycle models have been quite successful in explaining the time series behavior of

National Income and Products Accounts (NIPA) and associated data. As emphasized by Rouwen-

horst (1995), these models have been far less successful in accounting for the properties of financial

variables such as the real risk-free rate and the return to equity.

There are two basic points to this paper. First, we establish the equivalence between the return

to capital and the return to equity in the neoclassical growth model. On the one hand, the net return

to capital can be computed from the marginal product of capital less depreciation and the relative

price of investment goods (where consumption plays the role of the numeraire good). On the

other hand, the return to equity can be calculated from the dividend and price of equity processes.

Section 2.3 makes this equivalence explicit.

Second, armed with this equivalence, one can measure the return to a unit of capital in the

model with two different series in the data: the return to equity using the S&P 500 data on prices

and dividends, and the return to business capital using NIPA. While the theory says that these two

returns should be identical, in the data they are not. The emphasis in this paper is on their volatility:

The percent standard deviation of the S&P 500 quarterly return is considerably more than that of

the return to business capital series constructed from NIPA; see Figure 1. Over the 1954Q1–

2008Q4 sample period, the volatility of the S&P 500 return is 325.36% while the volatility of the

return to capital is only 55.39%.1

One traditional strike against the real business cycle model is its inability to account for the

S&P 500 return; again, see Rouwenhorst (1995). Jermann (1998) partially accounts for the S&P

500 return by introducing habit persistence and capital adjustment costs to the real business cycle

model. Somewhat more recently, Boldrin, Christiano, and Fisher (2001) developed a two sector

model with habit persistence and restrictions on factor mobility. By their preferred parameteri-

1These figures are in the spirit of “deviations from trend” calculations of other business cycle variables. That is, if
R is the mean after-tax return in the sample and R̂t =

Rt−R
R is the deviation at time t from the mean, then the percent

standard deviation of the return we report is 100 times the standard deviation of R̂t . The corresponding figures for
“raw” standard deviations (i.e., std(Rt )) are 19.27 and 2.86.
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Figure 1: After-tax return to the S&P 500 and Capital
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zation, their model accounts for 95% of the standard deviation of the S&P 500 return. Recalling

the equivalence result described above, Boldrin et al. could have compared their model’s capital

return with the NIPA return to business capital rather than the S&P 500 return. By this measure,

the standard deviation of the return to capital in their model is roughly 6 times larger than that

in the data. By way of contrast, the real business cycle model constructed in Section 2 — with

stochastic taxes on labor and capital income, as well as stochastic labor-embodied technological

change and relative price of investment goods — delivers a percentage standard deviation for the

return to capital that is almost the same as in the data. Of course, our model in Section 2 is a dismal

failure in accounting for the volatility of the S&P 500 return. In other words, neither our model

nor the Boldrin et al. model can be considered unqualified successes.

It is important to remember that what Rouwenhorst (1995), Jermann (1998) and Boldrin et al.

(2001) did in lining up their models’ return to capital with the stock market return was entirely

justified from a theoretical point of view. Justified but incomplete since they did not evaluate

their models’ ability to account for the behavior of the return to business capital. The standard

real business cycle model without habit persistence or any frictions does a remarkably good job
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explaining the volatility of the return to business capital. What is needed is a theory of the stock

market that can be added to the real business cycle model in such a way as to break the equivalence

between the returns to equity and capital.

The remainder of the paper is organized as follows. The model is presented in Section 2. In

the model, there are stochastic processes for: (a) labor income taxes, (b) capital income taxes, (c)

labor-embodied technological change, and (d) the relative price of investment goods. As mentioned

earlier, Section 2.3 presents the equivalence result between the return to capital and the return to

equity. The key result from Section 2 is the expression for the return to capital in the model.

Section 3 describes how to measure the return to business capital, defined as the sum of private

nonresidential structures, private nonresidential equipment and software, and private inventories.

The calculations for the return to capital, described in Section 3, take into account all taxes paid

by the owners of all business capital over the period 1954Q1–2008Q4. A number of authors have

made conceptually similar calculations using NIPA for specific sectors and for specific types of

capital. Poterba (1998) computes an annual return for the non-financial corporate sector; Mulli-

gan (2002) calculates the annual return to capital including residential structures; McGrattan and

Prescott (2003) compute the annual after-tax return for the non-corporate sector. All of these pre-

vious studies computed annual returns for specific sectors; we compute a quarterly return (since

that is the frequency typically used in the real business cycle literature) for the entire business

sector.

The model is calibrated in Section 4.1. This section also presents SUR estimates of the stochas-

tic processes in the model. The paper’s key findings are presented in Section 4.2. The benchmark

model accounts for essentially all of the variability of the return to capital (a percentage standard

deviation of 59.11% in the model versus 55.39% in the data). Output variability in the benchmark

model is considerably higher than in the data, a result that is driven in large part by the stochastic

factor income tax rates. When return volatility is expressed relative to the standard deviation of

output, the benchmark model accounts for roughly 1/2 of the observed variability of the return

to business capital. A version of the model with labor-embodied technology and relative price of
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investment shocks only (that is, without stochastic factor income taxes) exhibits a variability of the

return to capital that is almost identical to that seen in the data; relative to output volatility, the

model delivers 87% of the volatility in the return to capital.

The return to business capital is mildly procyclical, leading the cycle by a quarter. The bench-

mark model does reasonably well on this score, with a procyclical return to capital, although it lags

the cycle by a quarter. The lead-lag pattern of S&P 500 returns is rather different: it is counter-

cyclical and lags the cycle by a quarter. Once more, the behavior of the benchmark model’s return

is more in accord with the observed return to business capital rather than S&P 500 returns.

Section 5 takes a close look at Boldrin et al. (2001). Their preferred model has two sectors and

habit-persistent preferences. The allocation of factors in the consumption and investment good

sectors is determined one period in advance. Concentrating on the volatility of the equity return,

they capture 95% of the standard deviation of the S&P 500 return. In computing the return to

equity, they implicitly invoke the equivalence between the equity return and the return to capital:

They compute the return to equity as the weighted average of the returns to each sector (with

the weights given by the relative shares of capital in the two sectors), where sectoral returns are

computed from the marginal product of capital with appropriate adjustments for the relative price

of investment goods. Almost all of the volatility in the return series in their model is due to

movements in the relative price of investment goods. This relative price in their model is almost a

factor of six more volatile than the corresponding price series computed from NIPA. In summary,

given the equivalence between the stock market return and the return to capital, the fact that they

come very close to matching the observed volatility of the stock market return necessarily comes

at the price of grossly overstating the volatility of the return to business capital.

Section 6 concludes.
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2 The Model

In addition to presenting the model, this section develops an equivalence result between the return

to capital on the one hand, and the return to equity on the other. Developing this equivalence

requires two different decentralizations – one is the standard decentralization in the neoclassical

model and the other is for asset pricing where firms make investment decisions.

2.1 The Neoclassical Decentralization

The representative household seeks to maximize

E0

∞

∑
t=0

β
tU(ct , `t) (1)

subject to

`t +nt = 1 (2)

ct +qt it = (1− τnt)wtnt +(1− τkt)rtkt + τktδqtkt +Tt (3)

kt+1 = (1−δ )kt + it (4)

where all of the notation is as in the macroeconomics literature of the past two decades with the

possible exception of qt which is the price of a unit of investment in period t, expressed in units of

the consumption good in the same period. Its inverse has the interpretation of investment-specific

technological change as in Greenwood, Hercowitz, and Krusell (1997). The term, τktδqtkt , is the

capital consumption allowance, reflecting the fact that the U.S. tax code allows firms to write off

depreciation of capital against their taxes.

The typical firm faces a sequence of static problems:

maxF(kt ,ztnt)− rtkt−wtnt

where technological change, zt , is expressed as labor-embodied to be consistent with balanced

growth.

Substituting the time constraint into preferences, consolidating the last two of the household’s

constraints, and using the equilibrium relationships for factor prices, the relevant Euler equations
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are:

U1(ct ,1−nt) = λt (5)

U2(ct ,1−nt) = (1− τnt)ztF2(kt ,ztnt)λt (6)

λt = βEt

{
λt+1

[
(1− τk,t+1)F1(kt+1,zt+1nt+1)+qt+1τk,t+1δ +qt+1(1−δ )

qt

]}
(7)

where λt is the Lagrange multiplier associated with the household’s consolidated constraint. For

future reference, note that the term in square brackets in Eq. (7) is the real, gross return to capital.

A unit of capital in period t costs qt units of consumption good and the payoff in period t + 1

is: (1− τk,t+1)F1(kt+1,zt+1nt+1), the after-tax marginal product of capital; qt+1τk,t+1δ , the capital

consumption allowance expressed in units of the consumption good; and left-over capital in period

t + 1, worth (1−δ )qt+1 units of consumption good. Thus, the real, gross after-tax rate of return

to capital is not (1− τk,t+1)F1(kt+1,zt+1nt+1)+1−δ as in the standard one-sector growth model;

the relative price of capital goods affects the real return to capital.

The only role of government is to collect and redistribute taxes to satisfy its budget constraint,

τntwtnt + τktrtkt− τktδqtkt = Tt .

The definition of a competitive equilibrium for this economy is entirely standard and is omitted

for the sake of brevity.

2.2 The Asset Pricing Decentralization

Here, firms directly acquire capital and so have the following dynamic problem:

maxE0

∞

∑
t=0

∆tdt

subject to

dt = (1− τkt) [F(kt ,ztnt)−wtnt ]−qt it + τktδqtkt (8)

and Eq. (4), where dt is dividends, and ∆t is a stochastic discount factor. In this case, the Euler

equation governing capital accumulation is

qt∆t = Et
{

∆t+1
[
(1− τk,t+1)(F1(kt+1,zt+1nt+1)−δqt+1)+qt+1

]}
. (9)
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Households have the same preferences as above, Eq. (1), but now face the constraint

ct + ptst+1 = (1− τnt)wtnt +(pt +dt)st

where st represents the household’s equity holdings as of the start of the period, and pt is the price

of equity measured in units of the consumption good in period t. The household’s Euler equation

governing its purchases of equity is

ptU1(ct ,1−nt) = βEt {U1(ct+1,1−nt+1)[pt+1 +dt+1]} (10)

or,

U1(ct ,1−nt) = βEt

{
U1(ct+1,1−nt+1)

[
pt+1 +dt+1

pt

]}
. (11)

Again for future reference, note that the term in square brackets in Eq. (11) is the real, gross

return to equity: each equity costs pt units of consumption good in period t, yields dt+1 units of

consumption good in period t + 1 and can be sold for pt+1 units of consumption good in period

t +1.

2.3 An Equivalence Result

Updating the expression for the dividend, Eq. (8), by one period and using the fact that, in equilib-

rium, wt = ztF2(kt ,ztnt),

dt+1 = (1− τk,t+1) [F(kt+1,zt+1nt+1)−F2(kt+1,zt+1nt+1)nt+1]

−qt+1 [kt+2− (1−δ )kt+1]+ τk,t+1δqt+1kt+1

= (1− τk,t+1)kt+1F1(kt+1,zt+1nt+1)−qt+1 [kt+2− (1−δ )kt+1]+ τk,t+1δqt+1kt+1

where the last line follows from Euler’s theorem. This expression can further be rearranged to read

dt+1 +qt+1kt+2

kt+1
= (1− τk,t+1) [F1(kt+1,zt+1nt+1)−δqt+1]+qt+1 (12)

Substituting this expression into Eq. (9),

qt∆tkt+1 = βEt {∆t+1[dt+1 +qt+1kt+2]} . (13)

If firms act in the best interests of their shareholders (that is, households), then the firm’s stochastic

discount factor, ∆t , is the shareholder’s (marginal) valuation of a unit of unit of dividends received
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at t. In other words, ∆t = β tU1(ct , `t) = λt . Comparing Eq. (10) with Eq. (13) gives pt = qtkt+1.

Dividing both sides of Eq. (12) by pt and then substituting pt = qtkt+1 gives

pt+1 +dt+1

pt
=

(1− τk,t+1) [F1(kt+1,zt+1nt+1)−δqt+1]+qt+1

qt
,

where the right-hand side is a rewriting of the term in square brackets in Eq. (7). In other words,

the return to capital is identically equal to the return to equity.

2.4 Discussion

(1) There is no reason to take a stand on the source of the variations in the relative price of invest-

ment goods, qt . Whether such fluctuations are endogenous or exogenous are largely irrelevant

for the equivalence result.

(2) Fluctuations in the return to capital are not driven exclusively by variation in the marginal

product of capital. As Eq. (7) makes clear, the fluctuations in the return to capital are also

driven by perturbances in the relative price of investment goods, qt . In other words, “getting

the quantities right” in the neoclassical model might not be sufficient to deliver the observed

return to capital.

(3) While the return to capital and the return to equity are equivalent in theory, they may not be

in the data due to mismeasurement. For instance, (i) the S&P 500 return does not include

all of the firms in the economy and (ii) part of the price in S&P 500 could be for the firms’

intangible capital. It is hard to imagine how complete coverage of firms or fluctuations in

intangible capital could account for the six-fold gap between return to capital and return to

equity in Figure 1.
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3 Measurement of the Return to Capital

To reiterate, the gross, after-tax return to capital, as measured in the model, is the term in square

brackets in Eq. (7). The real, net after-tax return to capital, then, is measured by

Rt =
(1− τkt)[F1(kt ,ztnt)−δqt ]

qt−1
+

(
qt

qt−1
−1
)
. (14)

The last term (in round brackets) is the net rate of appreciation from holding investment goods

from t to t+1, expressed in units of consumption goods. For measurement and computations later,

we will assume that the model period is one quarter, so the return in Eq. (14) will be annualized as

[(1+Rt)
4−1]×100%.

The task at this stage is to describe empirical counterparts to the theory as laid out above. A

key component of this exercise is the construction of a time series for the rate of return to private

business capital – the data counterpart to the expression in Eq. (14). An important aspect of the

measurement is that housing income components should be removed from a number of income

flows factoring into the calculation of the return to private business capital since the model speaks

to the market (business) return, not returns to housing or durables. The reader uninterested in these

details can skip to Section 3.4 with no loss in continuity.

Much of the data construction follows standard procedures in the literature such as those in

Cooley and Prescott (1995) and Gomme and Rupert (2007). The U.S. NIPA are the source for

much of the calculations. Nominal variables are converted to real by dividing by a price index for

personal consumption of non-durables and services, computed from the corresponding real and

nominal series.

Measurement of the return to capital is guided by Eq. (14). The first term on the right-hand side

can be computed by dividing total after-tax capital income, net of depreciation, by the previous

period’s value of capital. The second term is the net change in the relative price of investment

goods. To make the analysis conformable with usual practice in the business cycle literature, we

have to generate a quarterly time series for returns. Unfortunately, not all of the data is available

quarterly and so quarterly series must be imputed; this procedure is described in Section 3.2.
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While most of the taxes levied against capital income can be obtained fairly directly from

the data, those paid by households must be imputed. To obtain the tax rate on general household

income, the basic methodology of Mendoza, Razin, and Tesar (1994) and Carey and Tchilinguirian

(2000) is followed. This tax rate, τh, is computed as:

τh =
PERSONAL CURRENT TAXES

NET

INTEREST
+

PROPRIETORS’
INCOME

+
RENTAL

INCOME
+

WAGES AND

SALARIES

.

The tax rate τh – distinct from τn and τk – is an intermediate input into subsequent calculations of

the rate of return to capital.
The after-tax return to capital is obtained by dividing total after-tax capital income by the

appropriate capital stock. To this end, after-tax capital income can be written as:2

Y AT = NET OPERATING SURPLUS−HOUSING NET OPERATING SURPLUS

− (1−α)(PROPRIETOR’S INCOME−HOUSING PROPRIETOR’S INCOME)

− τh(NET INTEREST−HOUSING NET INTEREST)

−ατh(PROPRIETOR’S INCOME−HOUSING PROPRIETOR’S INCOME)

− τh(RENTAL INCOME−HOUSING RENTAL INCOME)

−TAXES ON CORPORATE INCOME

−BUSINESS PROPERTY TAXES

−STATE AND LOCAL OTHER TAXES.

Net operating surplus is defined as value added minus depreciation and payments to labor. The

income flows and tax rates have been modified to subtract out the income generated from the

housing sector since the model speaks to the return to business capital. Also, as is conventional

in the literature, a fraction α of proprietors’ income is attributed to capital income, the remaining

fraction 1−α to labor income. When the aggregate production function is Cobb-Douglas – as

assumed below – α corresponds to the exponent on the capital input.

The relative price of investment goods, denoted qUS, is computed by dividing price deflator for

private nonresidential investment (constructed by dividing nominal private nonresidential invest-

2All terms are converted to real by dividing by the aforementioned price deflator for personal consumption of
non-durables and services.
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ment by its real counterpart) by the price deflator for consumption (that is, of non-durables and

services).

Finally, the real, net after-tax return to business capital is given by

RUS
t =

(Y AT
t /4
KM

t
+

qUS
t

qUS
t−1

)4

−1

×100% (15)

where KM
t denotes the stock of market capital, given by the sum of: inventories; the stock of

structures; and the stock of equipment and software. In Eq. (15), both the income flow and capital

stock measures are expressed in real terms (that is, each has been divided by the consumption price

deflator discussed above). The division by 4 accounts for the fact that quarterly income flows are

expressed at an annual rate. The term in brackets, then, is the gross quarterly return. Raising this

term to the power 4 annualizes the return. The remaining terms in Eq. (15) converts the gross

return to a net return, and expresses the return in percentage points.

There are several important differences between Eq. (14) and Eq. (15).

(1) The model’s return, Eq. (14), is computed for a single homogeneous unit of capital while the

return for the U.S. is computed as an average for the entire private market capital stock.

(2) The model’s return contains terms explicitly accounting for the relative price of new capital

goods (qt and qt−1) while, apart from the capital gain term, Eq. (15) does not. The reason

for excluding these relative price terms elsewhere in Eq. (15) is that the Bureau of Economic

Analysis’s revised methodology for computing capital stocks for the U.S. already accounts

for the changes in the quality of capital goods by changes in the relative price of investment

goods. In other words, the division by KM
t in Eq. (15) already embodies the relative price term

in Eq. (14).

(3) Since after-tax capital income is measured net of depreciation in Eq. (15), there is no need to

explicitly include a term corresponding to δqt as in Eq. (14).
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3.1 Other Tax Rates

Although the tax rates on labor income, τn, and capital income, τk, do not directly factor into the

calculation of the return to capital, these tax rates are used later in simulating the model.

Labor income taxes are given by

LABOR INCOME TAXES =τh [WAGES AND SALARIES+(1−α)PROPRIETORS’ INCOME]

+CONTRIBUTIONS FOR GOVERNMENT SOCIAL INSURANCE

while total labor income is computed via

LABOR INCOME =WAGES AND SALARIES+(1−α)PROPRIETORS’ INCOME

+
EMPLOYER CONTRIBUTIONS FOR

GOVERNMENT SOCIAL INSURANCE
.

The tax rate on labor income can now be computed as

τn =
LABOR INCOME TAXES

LABOR INCOME
.

Next, capital income taxes are calculated as

CAPITAL INCOME TAXES =τh

[
NET INTEREST+αPROPRIETORS’ INCOME+RENTAL INCOME

−
(
HOUSING NET INTEREST+αHOUSING PROPRIETORS’ INCOME

+HOUSING RENTAL INCOME
)]

+CORPORATE INCOME TAXES

+REAL ESTATE PROPERTY TAXES+OTHER TAXES.

Capital Income is given by

CAPITAL INCOME =NET OPERATING SURPLUS

+CONSUMPTION OF PRIVATE FIXED CAPITAL

−HOUSING NET OPERATING SURPLUS

+(1−α)
(
PROPRIETORS’ INCOME

−HOUSING PROPRIETORS’ INCOME
)
.

So, the tax rate on capital income can now be computed as

τk =
CAPITAL INCOME TAXES

CAPITAL INCOME
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3.2 Annual to Quarterly Conversions

Several series are not available quarterly. Different methods are used to convert the annual series to

quarterly. To start, the series STATE AND LOCAL OTHER TAXES covers such things as licensing

fees. It seems reasonable, then, to divide this figure equally across the four quarters. Property

taxes (paid by businesses and households) are available quarterly from 1958Q1. Prior to this date,

the annual observation is repeated for each quarter. Property taxes are not reported separately for

businesses and households. It is assumed that the fraction of property taxes paid for by businesses

is the same as the fraction of structures owned by businesses.

Quarterly values for all of the housing flows are imputed with the exception of GROSS HOUS-

ING VALUE ADDED (GHVA), which is available quarterly. To understand the approach taken

here, consider the calculation for NET OPERATING SURPLUS. Take the observation for GHVA

(quarterly), multiply by NET OPERATING SURPLUS (annual) divided by GHVA (annual), for the

relevant year. That is, apportion the quarterly GHVA to its constituent components using the

annual ratios for the appropriate year. This strategy is also used to impute NET INTEREST, PRO-

PRIETORS’ INCOME and RENTAL INCOME for the housing sector.

Quarterly capital stocks are constructed from annual capital stocks and quarterly investment

flows (both of which are converted to real by dividing by the consumption deflator for non-durables

and services). This procedure requires solving for the depreciation rate that makes the annual

capital stocks line up with Q4 of our quarterly capital stock, and be consistent with the quarterly

investment flows. For example:

K1959Q4 =K1959 (the annual observation)

K1960Q1 =(1−δ1960)K1959Q4 + I1960Q1

K1960Q2 =(1−δ1960)K1960Q1 + I1960Q2

K1960Q3 =(1−δ1960)K1960Q2 + I1960Q3

K1960Q4 =(1−δ1960)K1960Q3 + I1960Q4

K1960Q4 =K1960 (the annual observation).

In effect, there are 4 equations (the middle 4) in 4 unknowns: K1960Q1,K1960Q2,K1960Q3 and δ1960.
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3.3 Spliced Data

Two series required splicing. First, hours is measured by private non-farm hours. This series is

only available from 1964Q1. For earlier years, the old Citibase series, LHTPRIVA, is used with a

level adjustment so that the old and new series coincide in 1964Q1.

Second, Haver Analytics has two series for personal consumption expenditures on housing

services. The first series, CSR, ends in 2004Q4; the second series, CSRX, begins in 1959Q1. The

series CSR is used up to 1958Q4, with a level adjustment to match CSRX in 1959Q1; CSRX is

used starting with 1959Q1.

3.4 Time Series Properties of the Real Return to Capital

The standard deviation of the rate of return to capital is 55.39% over the period 1954Q1–2008Q4

(see Table 1). As documented in this table (and visually in Figure 1) the rate of return to capital is

very smooth relative to the S&P 500 return–the latter is roughly 6 times as volatile. Both returns

are measured after-tax; for the S&P 500 return, the after-tax calculation is made by multiplying the

pre-tax return by (1− τkt) where τkt is the tax rate on capital income computed in Section 3.1, and

reported in Table 3.3

Table 1: After-tax Returns Data: Selected Moments

Mean (%) % Standard Deviation

Business capital 5.16 55.39
S&P 500 5.91 325.36

The quarterly time series for the tax rate on household income, τh and the real after-tax return

to capital are shown in Table 2. The mean after-tax return to capital, 5.16%, is in the middle of

other estimates found in the literature. Poterba (1998), using annual data from 1959 to 1996 for the

non-financial corporate sector, found a mean after-tax return of 3.9%. Mulligan (2002) excludes
3In the S&P 500 return calculation, we have abstracted from taxes on distributions by firms. We thank Ellen

McGrattan for pointing out that adjusting for this tax is unlikely to have a significant effect on the S&P 500 return
volatility, given the smoothness of the tax rates we report in Table 3; the standard deviation of the capital income tax
rate is 0.056.
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Figure 2: Return to capital
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inventories but includes residential structures and finds the mean after-tax return on capital to be

roughly 6%. McGrattan and Prescott (2003) used annual data from 1880 to 2002 for the non-

corporate sector and found a mean after-tax return of 4%.

Given the methodology above, it is relatively straightforward to construct other return to capital

series. For example, one can construct the return to “all” private capital – that is, business and

household capital. Its average return is 3.93% over 1954Q1–2008Q4. For the average return to all

private capital to be 3.93 when the average return to business capital is 5.16% necessarily means

that the return to housing capital is fairly low. Sure enough, it is at 2.48%.

Figure 2 highlights the importance of the capital gain term in the calculation of the return to

business capital. In particular, this figure plots the return to business capital (denoted “U.S. data”)

against an alternative series that sets the capital gain term in Eq. (15) equal to its sample average.

There are two messages to take away from this figure:

(1) The capital gain term adds a substantial amount of volatility to the return to capital: A constant

capital gain implies a much smoother return to capital series. The percentage standard devia-

tion of the constant capital gain return series is 18.17% compared to 55.39%, or about 1/3 of
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Table 2: U.S. Return to Capital and Tax Rate on Household Income

Return to Capital Tax Rate, τh

Year Q1 Q2 Q3 Q4 Q1 Q2 Q3 Q4

1954 5.39 7.60 3.21 6.16 11.75 11.69 11.65 11.64
1955 4.16 9.30 11.65 15.62 11.75 11.80 11.96 12.04
1956 16.49 6.34 13.55 9.72 12.27 12.33 12.42 12.48
1957 8.75 5.23 3.75 6.87 12.57 12.60 12.52 12.47
1958 −3.77 7.00 4.82 6.42 12.26 12.09 12.25 12.18
1959 3.93 6.69 5.37 4.27 12.43 12.48 12.67 12.82
1960 4.79 3.26 3.20 2.39 13.03 13.09 13.20 13.16
1961 3.66 5.37 4.31 5.14 13.10 13.04 12.96 12.86
1962 4.72 6.06 5.15 4.95 13.01 13.19 13.44 13.62
1963 5.18 6.48 5.38 6.32 13.62 13.51 13.40 13.31
1964 4.55 7.95 6.10 7.81 12.76 11.56 11.79 11.97
1965 7.83 6.49 7.38 7.68 12.58 12.67 12.13 12.08
1966 3.81 8.89 5.32 8.96 12.39 12.99 13.14 13.43
1967 8.13 7.63 6.74 7.99 13.36 13.17 13.44 13.59
1968 5.25 6.73 5.81 8.59 13.72 13.93 15.29 15.63
1969 5.04 4.71 4.94 5.93 16.37 16.46 15.77 15.74
1970 3.86 7.83 3.61 5.19 15.37 15.39 14.44 14.50
1971 7.79 5.80 4.54 5.08 13.73 13.79 13.80 13.97
1972 6.17 5.77 4.69 4.35 15.44 15.61 15.29 15.00
1973 4.21 3.36 3.49 0.58 14.59 14.50 14.69 14.82
1974 −0.57 6.61 11.51 14.62 14.95 15.36 15.57 15.59
1975 13.36 10.83 2.41 4.75 15.61 11.85 14.54 14.69
1976 5.53 6.89 4.28 4.75 14.68 15.01 15.29 15.50
1977 6.35 4.18 7.04 6.90 15.70 15.75 15.56 15.71
1978 4.75 4.35 5.40 4.82 15.63 15.82 16.31 16.57
1979 6.95 2.84 2.61 2.58 16.46 16.67 17.00 17.08
1980 1.57 3.84 3.74 3.33 16.66 17.00 17.15 17.15
1981 4.87 8.55 6.36 7.28 17.42 17.74 17.87 17.47
1982 5.28 6.00 0.17 0.44 17.28 17.42 16.84 16.97
1983 −0.93 −0.83 −1.41 2.78 16.51 16.67 15.64 15.60
1984 1.28 3.72 4.32 5.02 15.36 15.28 15.44 15.64
1985 3.62 4.11 5.36 4.87 16.76 14.92 16.02 15.95
1986 3.77 9.34 6.21 4.74 15.59 15.52 15.64 16.02
1987 1.00 1.94 1.71 6.27 15.55 17.38 16.28 16.42
1988 6.15 3.83 2.97 6.87 15.96 15.53 15.49 15.51
1989 3.07 2.05 6.04 4.75 16.17 16.47 16.47 16.49
1990 1.47 2.85 2.91 3.00 16.26 16.31 16.29 16.28
1991 7.14 2.71 1.57 1.05 15.79 15.81 15.81 15.91
1992 1.78 1.78 2.60 2.84 15.38 15.65 15.70 16.10
1993 4.88 3.87 4.48 4.26 15.37 15.87 16.18 16.37
1994 6.02 5.29 3.80 3.92 16.02 16.34 16.05 16.00
1995 4.74 5.02 5.06 3.99 16.17 16.54 16.46 16.61
1996 2.28 1.50 5.15 3.22 17.06 17.46 17.27 17.37
1997 3.68 4.77 5.40 4.29 17.78 17.83 17.99 18.11
1998 3.72 3.66 4.01 4.05 18.14 18.25 18.27 18.40
1999 5.10 2.97 2.66 3.89 18.31 18.41 18.57 18.66
2000 3.78 5.45 5.36 3.55 18.88 18.99 18.94 18.99
2001 1.16 4.44 6.30 4.61 19.26 19.39 16.54 18.39
2002 5.33 2.12 3.34 5.61 15.94 15.53 15.59 15.51
2003 2.36 4.64 3.84 5.87 15.10 14.87 13.68 14.48
2004 4.85 7.09 6.49 6.31 14.32 14.34 14.64 14.79
2005 9.55 8.14 4.81 8.62 15.62 15.80 15.88 16.02
2006 9.65 7.72 7.52 11.77 16.49 16.48 16.53 16.63
2007 5.86 5.20 4.95 2.05 17.30 17.34 17.38 17.27
2008 2.47 4.39 5.89 16.84 17.30 14.91 16.08 16.09



17

Table 3: U.S. Tax Rates on Labor and Capital Income

Tax Rate, τn Tax Rate, τk

Year Q1 Q2 Q3 Q4 Q1 Q2 Q3 Q4

1954 15.01 14.97 14.92 14.90 48.27 48.06 48.05 47.56
1955 15.21 15.24 15.36 15.41 47.34 46.70 47.26 47.93
1956 15.79 15.83 15.87 15.92 48.83 49.77 48.08 49.29
1957 16.38 16.41 16.30 16.25 49.82 49.35 48.82 48.57
1958 16.06 15.86 16.01 15.90 46.61 46.39 47.24 47.70
1959 16.71 16.72 16.90 17.03 47.59 46.86 47.18 46.48
1960 17.87 17.88 17.97 17.92 47.60 47.58 46.84 47.02
1961 17.95 17.89 17.76 17.65 47.52 46.42 46.66 46.72
1962 18.09 18.26 18.49 18.62 43.77 43.91 44.30 43.75
1963 19.09 18.97 18.84 18.74 43.75 43.99 44.21 44.14
1964 18.13 16.91 17.10 17.24 42.41 42.20 42.26 42.25
1965 17.79 17.86 17.30 17.21 40.60 40.71 40.45 40.78
1966 18.69 19.22 19.45 19.68 40.55 41.29 41.53 40.75
1967 19.81 19.76 19.99 20.17 41.11 41.32 41.46 42.32
1968 20.39 20.59 21.83 22.13 45.43 44.79 45.39 45.97
1969 23.23 23.27 22.57 22.53 46.28 46.43 46.22 48.22
1970 22.19 22.20 21.27 21.28 47.90 46.88 47.04 47.39
1971 20.94 20.96 20.89 21.00 46.64 46.75 45.63 45.07
1972 22.99 23.08 22.71 22.25 45.62 45.79 44.28 44.21
1973 23.16 22.99 23.13 23.16 44.99 46.09 45.48 45.39
1974 23.77 24.20 24.35 24.28 46.61 48.41 51.45 48.04
1975 24.43 20.80 23.27 23.35 43.38 40.87 42.91 42.84
1976 23.72 23.98 24.20 24.34 44.06 44.84 44.84 44.90
1977 24.77 24.79 24.56 24.57 45.81 43.84 42.03 42.32
1978 24.95 25.05 25.46 25.65 42.44 42.43 41.69 42.21
1979 26.09 26.24 26.51 26.53 42.47 42.84 43.40 42.33
1980 26.36 26.60 26.72 26.64 45.10 43.42 44.07 41.30
1981 27.68 28.00 28.07 27.69 40.85 38.45 36.64 36.40
1982 27.84 27.92 27.35 27.40 35.56 35.04 35.22 34.85
1983 27.29 27.41 26.40 26.31 33.56 35.00 34.90 34.28
1984 26.48 26.34 26.45 26.60 34.79 33.35 31.31 31.20
1985 27.95 26.23 27.24 27.18 33.12 32.13 33.01 33.59
1986 27.07 26.99 27.07 27.40 34.43 35.26 36.23 38.40
1987 26.98 28.64 27.56 27.62 37.98 39.07 37.69 36.77
1988 27.65 27.21 27.14 27.18 35.69 36.12 36.92 36.44
1989 27.90 28.21 28.20 28.20 37.92 36.81 36.19 37.36
1990 28.11 28.07 28.08 28.05 36.90 36.51 38.41 39.00
1991 27.91 27.90 27.92 27.97 37.16 36.74 37.02 37.83
1992 27.58 27.77 27.78 28.07 37.73 37.61 37.61 36.80
1993 27.47 27.99 28.29 28.47 38.38 38.57 37.97 39.26
1994 28.21 28.55 28.26 28.18 37.19 37.51 37.69 37.75
1995 28.34 28.66 28.54 28.63 38.76 38.04 36.94 36.52
1996 28.99 29.28 29.08 29.13 35.99 36.30 35.97 35.15
1997 29.50 29.53 29.63 29.71 34.91 34.98 34.76 34.30
1998 29.68 29.75 29.73 29.79 36.31 35.82 35.57 35.64
1999 29.75 29.81 29.91 29.92 35.74 35.74 36.39 36.94
2000 30.13 30.15 30.10 30.15 37.46 37.55 36.70 38.40
2001 30.49 30.63 27.96 29.73 35.67 34.57 32.53 33.44
2002 27.56 27.17 27.22 27.13 31.01 31.09 32.04 32.23
2003 26.85 26.59 25.42 26.17 33.75 32.83 33.12 34.27
2004 26.19 26.14 26.37 26.50 32.87 33.09 33.83 33.83
2005 27.46 27.56 27.59 27.66 36.77 35.74 35.91 36.22
2006 28.23 28.14 28.15 28.14 36.32 36.77 36.83 36.42
2007 28.91 28.88 28.91 28.82 38.43 37.24 37.77 38.55
2008 28.95 26.74 27.86 27.95 33.62 32.63 32.14 31.99
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the total volatility of the return to business capital.

(2) While the capital gain term is a non-trivial source of volatility, a model that gets the stochastic

properties of the other series “right” (chiefly output and capital) nonetheless makes an impor-

tant contribution to the volatility of the return to capital.

4 Calibration and Results

4.1 Calibration

Most of the calibration is standard and the discussion is consequently fairly brief. For a more

detailed description of the derivations, see Gomme and Rupert (2007). To start, preferences are

restricted to be of the constant relative risk aversion variety:

U(c, `) =


lnc+ω ln` if γ = 1

[c`ω ]1−γ

1−γ
γ ∈ (0,1)∪ (1,∞).

It is well known that these preferences are consistent with balanced growth. For the baseline cali-

bration, the coefficient of relative risk aversion, γ , is set to 1. The remaining preference parameters,

ω , the weight on leisure, and β , the discount factor, are chosen to match two averages. First, the

representative household works 25.5% of the time, a figure that matches average time spent work-

ing in the market as computed from the American Time Use Survey. Second, the average after-tax

return on capital is 5.16% (annual), as it is in the data (see Table 1). This second choice was

motivated by the fact that the percentage standard deviation of the return to capital is somewhat

sensitive to the mean return, and so it is prudent to match the mean return to capital.

The aggregate production function is Cobb-Douglas:

y = kα(zn)1−α .

Capital’s share, α , is assigned the value 0.283 which corresponds to the average private capital

income share of output net of housing income. The depreciation rate, δ , has a value of 0.017745.

This figure corresponds to the quarterly depreciation rate when the depreciation rate is computed
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from the Bureau of Economic Analysis’s reported depreciation of private nonresidential capital

divided by the corresponding capital stock.

The remaining parameters are those describing the stochastic processes. In the baseline cali-

bration, these processes are: labor-embodied technological change, the relative price of investment

goods, and the tax rates on labor and capital income. After testing for various lag lengths and

retaining only those parameters that we found to be significant, the stochastic processes estimated

were:

lnzt = constant+ρz lnzt−1 + constant× t + εzt (16)

lnτnt = constant+ρn1 lnτn,t−1 +ρn2 lnτn,t−2 + εnt (17)

lnτkt = constant+ρk lnτk,t−1 + εkt (18)

ln
(

qt+1

qt

)
= constant+ρq1 ln

(
qt

qt−1

)
+ρq2 ln

(
qt−1

qt−2

)
+ εqt . (19)

The parameter are estimated via SUR; the results are summarized in Table 4. The correlation

matrix of the errors (ordered as: growth in labor-embodied technology, tax rate on labor income,

tax rate on capital income, and the relative price of investment) is:

1.0000

−0.0633 1.0000

−0.0498 0.3094 1.0000

0.0728 −0.0386 −0.0242 1.0000


From the data, the mean tax rates were τk = 0.40387 and τn = 0.24262, while the technology

processes had means µz = 1.0034 and µq = 0.99695. The latter two values imply a quarterly

growth rate of output of 0.4611% and of capital of 0.7684%.

4.2 Results

The model is solved using a first-order method; see Klein (2000) for details. The balanced growth

equations, suitable for solving the model computationally, are summarized in Appendix A. During

simulations, the growth is put “back in” where appropriate. For each replication, 288 observations
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Table 4: Parameter Estimates and Standard Errors, 1954Q1–2008Q4

Parameter Estimate SE

ρz 0.9726221 0.0118068
ρn1 0.7841668 0.0621321
ρn2 0.204708 0.0617333
ρk 0.9724874 0.0147793
ρq1 0.4593886 0.069097
ρq2 0.2018417 0.0689491

are generated with the last 188 kept (that is, the same as the number of observations for the U.S.

economy from 1954Q1–2008Q4). The model data is logged and Hodrick-Prescott filtered, with the

exception of the return to capital which is expressed in percentage deviation terms as (Rk
t −Rk

)/Rk,

as it is for the U.S. data. The results for 5000 replications are reported in Table 5, along with

corresponding moments for the U.S. economy.

The model shares many of the same successes and failures of the standard real business cycle

model, and so little time will be spent dwelling on its successes. There are a number of distinct

peculiarities:

(1) Overall, there is too much volatility. The percentage standard deviation of output in the model

is more than twice that in the data; consumption is roughly 2.4 times too volatile while invest-

ment is 4.5 times too volatile.

(2) It is common in the literature to express standard deviations relative to that of output. Even

by this metric, investment is too volatile: 5.8 in the model versus 2.7 in the data. The relative

volatility of consumption, however, is close to that seen in the data.

It is, perhaps, interesting that these anomalies arise despite the fact that, apart from the price of

investment series, the stochastic processes are slightly less volatile than in the data.

Table 6 provides some insights to the dynamics of the benchmark model by considering alter-

native stochastic processes. More specifically, one or more of the stochastic processes is “turned

off,” the parameters re-estimated, and the model re-solved and re-simulated. The first shuts down

volatility in the relative price of investment, maintaining the stochastic labor-embodied technology
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Table 5: Selected Moments

Standard
Deviation

Cross Correlation of Real Output With

xt−4 xt−3 xt−2 xt−1 xt xt+1 xt+2 xt+3 xt+4

U.S., 1954Q1–2008Q4
Output 1.71 0.12 0.36 0.61 0.84 1.00 0.84 0.61 0.36 0.12
Consumption 0.86 0.19 0.39 0.58 0.74 0.80 0.71 0.56 0.39 0.20
Investment 4.67 −0.18−0.02 0.21 0.47 0.71 0.81 0.79 0.69 0.51
Hours 1.76 −0.11 0.10 0.34 0.61 0.83 0.88 0.80 0.64 0.44
Productivity 1.01 0.39 0.43 0.44 0.37 0.25−0.12−0.37−0.52−0.56
Capital 1.27 −0.43−0.44−0.41−0.32−0.17 0.02 0.21 0.39 0.51
Labor-embodied Tech. 1.63 0.41 0.55 0.66 0.70 0.67 0.33 0.02−0.24−0.42
Price of Investment 1.08 −0.07−0.08−0.10−0.10−0.10−0.10−0.08−0.05−0.02
Capital tax 3.80 −0.17−0.12−0.02 0.04 0.13 0.20 0.24 0.30 0.36
Labor tax 2.89 −0.30−0.24−0.10 0.05 0.20 0.30 0.35 0.38 0.35
After-tax return
Business Capital 55.39 0.13 0.15 0.14 0.17 0.13 0.09 0.08 0.07 0.02
S&P 500 325.36 0.19 0.16 0.09−0.08−0.18−0.22−0.20−0.16−0.08

Benchmark Model
Output 3.61 0.07 0.20 0.38 0.58 1.00 0.58 0.38 0.20 0.07
Consumption 2.03 −0.09−0.03 0.06 0.15 0.33 0.39 0.37 0.33 0.27
Investment 21.08 0.11 0.22 0.38 0.53 0.88 0.41 0.22 0.05−0.07
Hours 4.56 0.11 0.23 0.39 0.56 0.95 0.49 0.29 0.11−0.02
Productivity 1.56 −0.17−0.21−0.26−0.29−0.47−0.09 0.04 0.15 0.21
Capital 2.60 −0.30−0.24−0.13 0.03 0.31 0.42 0.48 0.47 0.44
Labor-embodied Tech. 1.37 0.04 0.11 0.20 0.30 0.45 0.31 0.20 0.11 0.04
Capital tax rate 3.71 −0.06−0.13−0.22−0.31−0.47−0.32−0.20−0.10−0.02
Labor tax rate 2.72 −0.07−0.18−0.32−0.45−0.80−0.47−0.32−0.17−0.06
Price of Investment 1.36 −0.21−0.22−0.20−0.15−0.06 0.11 0.18 0.21 0.21
Return to capital 59.11 0.06 0.11 0.17 0.26 0.38 0.44 0.19 0.10 0.00
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Table 6: Alternative Stochastic Processes

Standard
Deviation

Cross Correlation of Real Output With

xt−4 xt−3 xt−2 xt−1 xt xt+1 xt+2 xt+3 xt+4

Constant capital gain
Output 3.26 0.08 0.22 0.40 0.58 1.00 0.58 0.40 0.22 0.08
Consumption 1.59 −0.05 0.07 0.23 0.40 0.77 0.61 0.47 0.34 0.23
Investment 15.54 0.14 0.26 0.42 0.57 0.93 0.45 0.28 0.11−0.02
Hours 4.06 0.12 0.24 0.40 0.55 0.95 0.50 0.33 0.15 0.02
Productivity 1.40 −0.14−0.18−0.22−0.24−0.43−0.10−0.02 0.08 0.13
Capital 1.08 −0.34−0.25−0.11 0.07 0.36 0.49 0.57 0.59 0.57
Return to capital 16.67 0.20 0.26 0.33 0.39 0.55 0.32 0.20 0.09 0.00

Constant tax rates
Output 1.96 0.03 0.17 0.37 0.62 1.00 0.62 0.37 0.17 0.03
Consumption 1.37 −0.09−0.10−0.11−0.12−0.20 0.11 0.22 0.29 0.30
Investment 15.03 0.07 0.18 0.35 0.55 0.89 0.44 0.19 0.00−0.11
Hours 1.94 0.07 0.18 0.34 0.53 0.86 0.41 0.16−0.02−0.13
Productivity 1.04 −0.08−0.01 0.07 0.18 0.28 0.40 0.40 0.36 0.30
Capital 2.29 −0.38−0.33−0.22−0.03 0.31 0.44 0.50 0.50 0.46
Return to capital 55.28 0.01 0.07 0.16 0.29 0.45 0.68 0.29 0.16 0.03

shock and tax rates. The second set of results maintains the tax rates at their unconditional means.

These results illustrate that stochastic taxes and a stochastic relative price of investment are both

responsible for enhancing the volatility of macro aggregates, with stochastic taxes being the prime

driver behind the increased volatility of output and hours.4

A more traditional business cycle exercise is presented in Table 7 where the only source of

fluctuations is the labor-embodied technology shock. In this case, the model does quite well in

terms of traditional business cycle moments. The model predicts that output is somewhat less

volatile than is observed in the data, a common finding in the business cycle literature. In the

model, consumption is roughly half as volatile as output, as it is in the U.S. data. As in much of

the business cycle literature, investment volatility relative to that of output is too high relative to

the data.

Turning now to the implications for the volatility of returns, the benchmark model performs

4In their estimated model, Braun (1994) (using GMM) and McGrattan (1994) (using MLE) find that including
stochastic taxes does not increase the volatility of output and hours.
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Table 7: Labor-embodied Technology Shocks Only

Standard
Deviation

Cross Correlation of Real Output With

xt−4 xt−3 xt−2 xt−1 xt xt+1 xt+2 xt+3 xt+4

Output 1.39 0.09 0.26 0.46 0.70 1.00 0.70 0.46 0.26 0.09
Consumption 0.65 −0.01 0.16 0.38 0.65 0.98 0.75 0.55 0.38 0.23
Investment 5.62 0.16 0.31 0.50 0.72 0.99 0.66 0.39 0.17 0.01
Hours 0.57 0.18 0.33 0.51 0.73 0.98 0.64 0.36 0.14−0.02
Productivity 0.84 0.04 0.20 0.41 0.68 0.99 0.74 0.51 0.33 0.17
Capital 0.42 −0.41−0.31−0.16 0.06 0.35 0.53 0.63 0.67 0.65
Return to capital 5.81 0.23 0.30 0.38 0.47 0.56 0.37 0.22 0.09−0.01

well on the volatility of the real, after-tax return to capital. Specifically, the model predicts a

percentage standard deviation of 59.11 that is slightly greater than that in the data, 55.39. Relative

to output volatility, the model captures about 1/2 of the variability of the return to capital (16.37

for the model compared to 32.39 in the data).

Once more, Tables 6 and 7 provide some insight on the sources of the volatility of the return to

capital in the model. When there are only labor-embodied technology shocks (Table 7), the model

accounts for 11% of the absolute volatility of the return to capital, or 13% of the volatility relative

to that of output. In a sense, this case is loaded against the model since, in the data, volatility in

the relative price of investment goods is a large component of the overall volatility in the return

to capital. Omitting this term in the model makes it very difficult for the model to replicate the

volatility of the return to capital.

Next, in addition to labor-embodied technology shocks, we allow for variation in labor and

capital income tax rates (see the top panel of Table 6). Now, the model accounts for 30% of the

volatility in the return to capital, although only 16% of the volatility relative to that of output.

Finally, allow for volatility in only the labor-embodied technology and the relative price of

investment goods (the bottom panel of Table 6). In this case, the model performs quite well in

replicating the volatility of the return to capital: it captures almost 100% of the absolute volatility

and 87% of the volatility relative to output.

The model performs quite poorly if the goal were to match the volatility of the equity return
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Figure 3: Lead-lag Pattern
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as measured by the S&P 500. At best, the model captures 18% of the overall volatility of the

real equity return (for the benchmark model), or 15% of the variability measured relative to out-

put (when labor-embodied technology shocks and relative price of investment shocks are in play;

bottom panel of Table 6).

The lead-lag pattern of returns tends to receive less attention than the mean return and its

volatility. Figure 3 shows that the benchmark model successfully captures the observed procyclical

behavior of the return to business capital, although the model return is somewhat too strongly

procyclical. The model return lags the cycle by a quarter whereas the return to business capital

leads the cycle by a quarter. In contrast, S&P 500 return is countercyclical and lags the cycle by a

quarter.

5 A Two-Sector Model with Frictions

Arguably the most successful paper addressing both business cycle facts and asset returns is

Boldrin et al. (2001). The purpose of this section is to re-examine the results of their paper in
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light of the equivalence between the return to capital and the equity return. Presentation of their

model is, consequently, brief and the notation follows theirs slavishly.

Their model has habit-persistent preferences:

E0

∞

∑
t=0

β
t [ln(Ct−bCt−1)−Ht ]

where b is the degree of habit, and Ht = Hc,t +Hi,t is total hours worked.

Their most successful model variant is one with two sectors:

Ct ≤ Kα
c,t(ZtHc,t)

1−α (20)

Kc,t+1 +Ki,t+1− (1−δ )(Kc,t +Ki,t)≤ Kα
i,t(ZtHi,t)

1−α . (21)

An important set of frictions is that each of the capital stocks and the allocation of labor are

predetermined (meaning that period t values are set at time t − 1). Labor-embodied technology

evolves according to

Zt = exp(xt)Zt−1, xt ∼ N(x,σ2).

The labor-embodied technology shock is the only exogenous forcing process in their model.

The two-sector model and the frictions imply that the relative price of capital goods measured

in units of consumption goods is not one and is not constant (similar to Section 2.3). In their

notation, this price at time t is denoted by Pk′,t (see page 152, section C). This relative price is

endogenously determined within their model.

The real rate of return to a unit of capital allocated to the consumption goods sector can be

calculated as follows. Each unit of capital costs Pk′,t units of consumption good in period t. It

yields α

[
Zt+1Hc,t+1

Kc,t+1

]1−α

units of consumption good in period t + 1; the left-over capital stock is

worth (1−δ )Pk′,t+1 units of consumption good in period t +1. The net rate of return to capital in

the consumption goods sector then is

rc,t+1 =
α

[
Zt+1Hc,t+1

Kc,t+1

]1−α

+(1−δ )Pk′,t+1

Pk′,t
−1. (22)

Similarly, the real rate of return to a unit of capital allocated to the investment goods sector can

be calculated as follows. Each unit of capital yields α

[
Zt+1Hi,t+1

Ki,t+1

]1−α

units of investment good in
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period t +1, which is worth Pk′,t+1α

[
Zt+1Hi,t+1

Ki,t+1

]1−α

units of consumption good in period t +1; the

left-over capital stock is worth (1− δ )Pk′,t+1 units of consumption good in period t + 1. The net

rate of return to capital in the investment goods sector then is

ri,t+1 =
Pk′,t+1α

[
Zt+1Hc,t+1

Kc,t+1

]1−α

+(1−δ )Pk′,t+1

Pk′,t
−1. (23)

The net rate of return to an aggregate unit of capital then is a weighted average of Eq. (22) and

Eq. (23). Boldrin et al. use the fraction of capital allocated to each sector as the weight for the

sector:

rt+1 =
Kc,t+1

Kc,t+1 +Ki,t+1
rc,t+1 +

Ki,t+1

Kc,t+1 +Ki,t+1
ri,t+1. (24)

All returns are computed pre-tax.

Similar to the return to capital in the neoclassical decentralization in Section 2.3, the return to

capital in Eq. (24) is derived without any reference to an equity market. Boldrin et al. implicitly

invoke the equivalence result by referring to the left hand side of Eq. (24)) as the return to equity

and comparing it with the S&P 500 return.

Results for their model are presented in Table 8. While they solve their model using the param-

eterized expectations approach, here the model is solved by a second-order approximation method;

see Gomme and Klein (2009). The second-order method is much easier to implement; the only

downside is that it does not do a very good job approximating the mean risk-free return and the

mean equity return for their model.5 Fortunately, here the focus is on return volatility, not the

means. The parameter values are as in Boldrin et al. (2001): β = 0.99999, α = 0.36, δ = 0.021,

x = 0.0040, σ = 0.018 and b = 0.73.

A comparison of our Table 8 with Table 2 of their paper shows that the second-order method

does quite well in capturing the volatility and correlation pattern of the non-financial variables.

The second-order method also does reasonably well in replicating their reported volatility of the

return on equity (compare the line labeled “raw” in Table 8 with the corresponding number in their

Table 1).
5Boldrin et al. (2001) report a mean risk-free rate for their model of 1.20; the second-order method delivers 3.05.

Their model delivers an average equity return of 7.84 whereas the second-order method gives 7.30.
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Table 8: Boldrin et al. (2001) Model: Selected Moments

Standard
Deviation

Cross Correlation of Real Output With

xt−4 xt−3 xt−2 xt−1 xt xt+1 xt+2 xt+3 xt+4

Output 2.03 0.12 0.30 0.53 0.82 1.00 0.82 0.53 0.30 0.12
Consumption 1.34 0.14 0.32 0.55 0.84 0.95 0.61 0.35 0.16 0.02
Investment 3.47 0.10 0.27 0.48 0.75 0.98 0.91 0.62 0.38 0.18
Hours 1.04 0.10 0.24 0.41 0.62 0.86 0.94 0.59 0.31 0.10
Capital 0.34 −0.49−0.41−0.28−0.08 0.18 0.41 0.55 0.64 0.66
Relative price of investment 11.56 0.19 0.24 0.30 0.36 0.16−0.39−0.32−0.26−0.21
Return on equity:
· Percentage Deviation 244.04 0.09 0.10 0.12 0.13−0.04−0.43−0.43−0.43−0.26
· Raw 17.70 0.09 0.10 0.12 0.13−0.04−0.43−0.43−0.43−0.26

Going now beyond their results, Table 8 also reports the volatility of the return on equity.

Relative to the data, their model seems to do quite well, capturing 75% of the overall volatility in

the S&P 500 return, or about 63% when volatility is measured relative to that of output.

Recall, though, that the central message of our paper is that the model’s return can be lined

up with either the stock market return (under one decentralization), or the return to capital (under

an alternative decentralization), just as in Boldrin et al. (2001). If the goal is to account for the

volatility of the return to capital as measured above, then the volatility of the return in Boldrin

et al. (2001) is 4.4 times too large (or 3.7 times too large when measured relative to the standard

deviation of output).

This section closes with some further comments on the work of Boldrin et al. (2001).

(1) While they line up the price of investment goods in their model with stock market prices, it

seems just as natural to line it up with the NIPA relative price (recall that the return to capital

in Eq. (24) is valid even in the absence of a stock market).

Table 8 reports that the logged and Hodrick-Prescott filtered relative price in their model has

a standard deviation of 11.56; in the data, the relative price has a standard deviation (similarly

logged and Hodrick-Prescott filtered) of 1.08. In other words, they require that the relative

price of investment goods vary roughly 10 times more than that in the data.
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(2) For their model, the annualized return is computed as the sum of the preceding four quarters.6

More commonly, quarterly returns are annualized by using exponents (that is Ra = [(1+Rq)4−

1]×100% where Rq is the quarterly return and Ra the annualized return), or as Ra =Rq×400%.

Annualizing the return from their model using exponents gives a raw standard deviation of

69.12, and a percentage deviation of 963.39 – nearly three times larger than the observed

value of 325.36 for the S&P 500 return.

(3) A final issue relates to the measurement of output. They measure output in their model as

the simple sum of consumption and investment: y = c+ i. Alternatively, one could measure

output as y = c+qi where q = Pk′ , the relative price that decentralizes their planner’s problem.

This is the same relative price that appears in the calculations of the sectoral returns, Eqs. (22)

and (23).7 When output is measured with the model-determined relative price, the standard de-

viation of investment rises from 3.47 to 11.90, and of output from 2.03 to 4.95; in other words,

their model’s business cycle statistics look much closer to those generated by our benchmark

model when the endogenous relative price of investment is used.

6 Conclusions

The key point of this paper is that the return to capital/equity in the neoclassical growth model

corresponds to both the stock market return and the return to business capital. In the data, the

volatility of the return to business capital is an order of magnitude smaller than that of the stock

market return. To date, the literature has focused almost exclusively on the stock market return;

prime examples include Rouwenhorst (1995), Jermann (1998) and Boldrin et al. (2001). However,

to the degree that these papers successfully account for time series properties of the stock market

return, these papers must fail miserably on the time series properties of the return to business

capital.
6Source: Jonas Fisher, private correspondence.
7Boldrin et al.’s justification for setting q = 1 is that this is how real output was measured prior to chain-weighting.

Specifically, NIPA used base period prices which precluded changes in relative prices. Source: Jonas Fisher, private
correspondence.
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The neoclassical growth model analyzed above – with stochastic labor-embodied technological

change, relative price of investment goods, and labor and capital income tax rates – exaggerates

slightly the volatility of the return to capital in absolute terms; alternatively, it captures roughly 1/2

of the volatility measured relative to that of output. The volatility of major macro aggregates like

output, consumption, investment and hours worked are considerably larger than that seen in the

U.S. data. A version of the model with non-stochastic taxes has a better fit with the usual business

cycle moments (apart from that of investment) and captures almost all of the volatility in the return

to capital in absolute terms, or 87% of its volatility, measured relative to output.

Just as Boldrin et al. (2001) are largely successful at matching the volatility of the stock market

return at the cost of grossly exaggerating the variability of the return to capital, the benchmark

neoclassical growth model is largely successful in matching the volatility of the return to capital

at the cost of grossly understating the variability of the stock market return. Clearly, what is

needed are new models that break the equivalence between the stock market return and the return

to capital. In brief, what is needed is a (new) theory of the stock market to add to the neoclassical

growth model.

A Balanced Growth Transformations

Recall that the relevant Euler equations and constraints are:

(1− τnt)ztF2(kt ,ztnt)U1(ct ,1−nt) =U2(ct ,1−nt) (25)

qtU1(ct ,1−nt) = βEt

{
U1(ct+1,1−nt+1)

×
[
(1− τk,t+1)(F1(kt+1,zt+1nt+1)−δqt+1)+qt+1

]} (26)

ct +qt it = yt = F(kt ,ztnt) (27)

kt+1 = (1−δ )kt + it (28)

Assumptions:

1. Relative price of investment goods: the growth rate of the relative price of investment goods,
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qt/qt−1 is stationary. Along the balanced growth path, qt/qt−1 = µq.

2. Market production is Cobb-Douglas: F(kt ,ztnt) = kα
t (ztnt)

1−α . Assume that zt = µ t
z z̃t where

z̃t is stationary and µz is the growth rate of labor-embodied technological change.

3. Utility function: U(c, `) is homogeneous of degree (1− γ) in c. Consequently, U1(c, `) is

homogeneous of degree −γ in c while U2(c, `) is homogeneous of degree (1− γ) in c.

For computational purposes, it is necessary to deal with stationary variables. Let ˜ denote

variables rendered stationary by dividing by µzq
α

α−1
t and ˆ variables made stationary by dividing

by µzq
1

α−1
t . At this juncture, it is helpful to note that ỹt and c̃t are stationary, as are k̂t and ı̂t .

Eqs. (25)–(28) can, then, be rewritten as:

(1− τnt)(1−α)z̃t

(
k̂t

z̃tnt

)α

U1(c̃t ,1−nt) =U2(c̃t ,1−nt) (29)

U1(c̃t ,1−nt) = βEt

{qt+1

qt

[
µz

(
qt+1

qt

) α

1−α

]−γ

U1(c̃t+1,1−nt+1)

×

[
(1− τk,t+1)α

((
z̃tnt+1

k̂t+1

)1−α

−δ

)
+1

]} (30)

c̃t + ı̂t = ỹt = k̂α
t (z̃tnt)

1−α (31)

µz

(
qt+1

qt

) 1
α−1

k̂t+1 = (1−δ )k̂t + ı̂t (32)
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