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Ydolg Ed|hvldq Hvwlpdwlrq ri wkh
Frlqwhjudwlqj Huuru Fruuhfwlrq Prgho1�

Urgqh| Z1 Vwudfkdq|

Ghsduwphqw ri Hfrqrphwulfv dqg Exvlqhvv Vwdwlvwlfv/
Prqdvk Xqlyhuvlw|/
Fod|wrq/ Ylf1/ 649;/

Dxvwudold
hpdlo= Urgqh|1VwudfkdqCExvHfr1prqdvk1hgx1dx

Mxo| 58/ 5333

DEVWUDFW

Wzr phwkrgv ri lghqwli|lqj frlqwhjudwlqj yhfwruv duh frpprqo| xvhg olq0
hdu uhvwulfwlrqv dqg wkh qrqolqhdu phwkrg ri Mrkdqvhq*v pd{lpxp olnholkrrg
surfhgxuh1 Wkdw wkh olqhdu phwkrg fdq surgxfh lqydolg hvwlpdwhv zkloh wkh
Mrkdqvhq dssurdfk dozd|v surgxfhv ydolg hvwlpdwhv kdv ehhq uhfrjqlvhg lq
vhyhudo uhfhqw duwlfohv1 Dv doo Ed|hvldq vwxglhv wr gdwh kdyh xvhg olqhdu uh0
vwulfwlrqv/ wklv duwlfoh suhvhqwv d Ed|hvldq phwkrg iru rewdlqlqj hvwlpdwhv ri
frlqwhjudwlqj yhfwruv wkdw zloo dozd|v eh ydolg1

Nh| Zrugv= Lghqwl�fdwlrq uhvwulfwlrqv> vlqjxodu ydoxh ghfrpsrvlwlrq> hu0
uru fruuhfwlrq prgho> frlqwhjudwlrq> Ed|hvldq dqdo|vlv1

�Wklv zrun lv edvhg rq zrun iurp wkh dxwkru*v Sk1G1 wkhvlv dqg uhodwhv wr d sdshu
suhvhqwhg dw wkh Hfrqrphwulf Vrflhw| Dxvwudodvldq Phhwlqj 4<<;/ D1Q1X1/ Fdqehuud/ Dxv0
wudold dqg wkh HFHF phhwlqj dw wkh Vwrfnkrop Vfkrro ri Hfrqrplfv 4<<;1

|Wkh dxwkru zrxog olnh wr wkdqn wzr dqrq|prxv uhihuhhv/ Vruhq Mrkdqvhq/ Khupdq ydq
Glmn/ Iudqn Nohlehujhq/ Khopxw Oxwnhsrko/ Euhqgdq PfFdeh/ Euhww Lqghu/ Gdylg Kduulv/
dqg Jdho Pduwlq iru ydoxdeoh glvfxvvlrqv wkdw kdyh lpsuryhg wklv sdshu1
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4 Lqwurgxfwlrq1
D vljql�fdqw dgydqfh lq pxowlyduldwh wlph vhulhv phwkrgv zdv wkh ghyhors0
phqw ri wkh frqfhsw ri frlqwhjudwlrq/ �uvw sursrvhg e| Judqjhu +4<;6,1 Lw lv
zhoo nqrzq wkdw dv frlqwhjudwlqj yhfwruv duh qrw xqltxh/ lghqwli|lqj uhvwulf0
wlrqv pxvw eh lpsrvhg wr doorz wkhlu hvwlpdwlrq1 Wzr frpprq phwkrgv ri
lpsrvlqj vxfk uhvwulfwlrqv duh e| lpsrvlqj olqhdu uhvwulfwlrqv zlwk qrupdol0
vdwlrqv rq sduwlfxodu frh!flhqwv/ ru xvlqj wkh hljhqydoxh0hljhqyhfwru phwkrg
ri lghqwl�fdwlrq �uvw ghyhorshg e| Dqghuvrq +4<84, iru wkh uhgxfhg udqn uh0
juhvvlrq prgho/ dqg xvhg e| Mrkdqvhq +4<;;/ 4<<4, lq wkh frlqwhjudwlqj huuru
fruuhfwlrq prgho1

Wkh uhodwlyh vwuhqjwkv ri wkhvh wzr phwkrgv ri lghqwl�fdwlrq zhuh uhfhqwo|
hpskdvlvhg e| Ervzlmn +4<<9, dqg Oxxnnrqhq/ Ulsdwwl dqg Vdlnnrqhq +4<<<,1
Wkh| erwk pdnh wkh srlqw wkdw wkh uhvwulfwlrqv xvhg e| Mrkdqvhq gr qrw
jhqhudoo| surgxfh lqwhusuhwdeoh hvwlpdwhv/ exw wkh| zloo dozd|v eh ydolg1 Lq
frqwudvw/ lpsrvlqj olqhdu uhvwulfwlrqv kdv wkh dgydqwdjh wkdw lw fdq surgxfh
lqwhusuhwdeoh frh!flhqwv/ krzhyhu/ wkh fkrvhq uhvwulfwlrqv pd| eh lqydolg dqg/
lq wklv fdvh/ dq| dqdo|vlv edvhg rq wkhp zloo eh phdqlqjohvv +Oxxnnrqhq/ hw
do1/ 4<<<,1 Wkhvh dxwkruv vwuhvv wkh lpsruwdqfh ri frqvlghulqj wkh ydolglw| ri
wkh uhvwulfwlrqv xvhg dqg wkh| ghyhors surfhgxuhv iru whvwlqj wkh ydolglw| ri
wkh uhvwulfwlrqv lpsrvhg1

Lq wkhlu dssolfdwlrqv wkhvh dxwkruv suhvhqw frqylqflqj hpslulfdo h{dpsohv
ri sodxvleoh qrupdolvdwlrqv wkdw zhuh lq idfw irxqg wr eh lqydolg1 Xvlqj gdwd
iru Ilqodqg/ Oxxnnrqhq hw do1 vkrz wkh rzq |lhog ri eurdg prqh| grhv qrw
frlqwhjudwh zlwk rqh dqg wkuhh prqwk prqh| pdunhw udwhv dqg wkh �yh |hdu
erqg udwh1 Ervzlmn vkrzv iru d prqh| ghpdqg uhodwlrq iru wkh XN/ wkdw
uhdo prqh| dqg lqfrph pd| rqo| hqwhu d frlqwhjudwlqj uhodwlrq wrjhwkhu dv
wkh yhorflw| ri prqh| zklfk lpsolhv xqlw0lqfrph hodvwlflw| ri prqh| ghpdqg1
Wkh hylghqfh iurp wkhvh vwxglhv lv wkdw wkh qrupdolvdwlrq pdwwhuv dqg dq lq0
ydolg qrupdolvdwlrq zloo vxjjhvw wkh suhvhqfh ri pruh vwrfkdvwlf wuhqgv wkdq
dfwxdoo| h{lvw +Ervzlmn/ 4<<9,1 Wklv rffxuv dv wkh vsdfh vsdqqhg e| wkh
frlqwhjudwlqj yhfwruv lv h{foxghg iurp wkh vsdfh vsdqqhg e| wkh qrupdolvhg
hvwlpdwhv ri wkh frlqwhjudwlqj yhfwruv1 Wkhvh sureohpv surylgh vwurqj du0
jxphqwv iru xvlqj wkh Mrkdqvhq dssurdfk udwkhu wkdq wkh olqhdu uhvwulfwlrqv
zkhq zh zlvk wr dyrlg kdylqj wr fkrrvh d frh!flhqw rq zklfk wr qrupdolvh1

Wkh deryh zrun kdv ehhq ghyhorshg xvlqj wkh fodvvlfdo dssurdfk1 Ed|hvldq
zrun odjv fodvvlfdo h�ruwv lq wklv duhd lq wkdw lw kdv/ wr gdwh/ uholhg vroho|
rq wkh olqhdu uhvwulfwlrqv wr dfklhyh lghqwl�fdwlrq dqg wkhuh kdv ehhq olwwoh
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frqvlghudwlrq lq wkh Ed|hvldq olwhudwxuh ri wkh ydolglw| ri wkh lghqwl�fdwlrq
uhvwulfwlrqv dqg qrupdolvdwlrqv xvhg1 H{dpsohv ri vwxglhv xvlqj olqhdu uh0
vwulfwlrqv lqfoxgh Nohlehujhq dqg ydq Glmn +4<<7,/ Edxzhqv dqg Oxeudqr
+4<<9,/ Jhzhnh +4<<9, dqg Nohlehujhq dqg Sdds +4<<;,1 Wkhvh sdshuv irfxv
xsrq hvwlpdwlrq/ ghwhuplqlqj wkh qxpehu ri vwrfkdvwlf wuhqgv lq d v|vwhp/
dqg wkh lpsolfdwlrqv ri mxvw lghqwli|lqj dqg ryhu lghqwli|lqj uhvwulfwlrqv iru
wkh srvwhulru1 Doo ri wklv zrun dvvxphv wkdw wkh fkrvhq olqhdu uhvwulfwlrqv duh
ydolg1 Zlwk wkh srvvleoh h{fhswlrq ri Jhzhnh +4<<9, zkr vxjjhvwv d surfh0
gxuh iru ghwhuplqlqj wkh prvw olnho| vhw ri uhvwulfwlrqv edvhg xsrq srvwhulru
suredelolwlhv/ qrqh ri wklv zrun fduhixoo| frqvlghuv surfhgxuhv iru whvwlqj wkh
ydolglw| ri vxfk uhvwulfwlrqv ru phwkrgv ri hvwlpdwlqj frlqwhjudwlqj yhfwruv
wkdw zloo dozd|v eh ydolg1

Wklv duwlfoh sduwo| dgguhvvhv wklv lpedodqfh ehwzhhq wkh fodvvlfdo dqg
Ed|hvldq olwhudwxuh e| suhvhqwlqj d surfhgxuh iru Ed|hvldq hvwlpdwlrq ri
frlqwhjudwlqj yhfwruv wkdw zloo dozd|v surgxfh ydolg hvwlpdwhv1 Wklv sur0
fhgxuh xvhv d phwkrg htxlydohqw wr wkh lghqwl�fdwlrq phwkrg ri Mrkdqvhq1 Lw
doorzv iru lqihuhqfh uhjduglqj wkh udqn/ hvwlpdwlrq ri erwk xquhvwulfwhg dqg
uhvwulfwhg frlqwhjudwlqj yhfwruv/ dv zhoo dv whvwv ri uhvwulfwlrqv rq wkh frlq0
whjudwlqj yhfwruv1 Dv lqwhuhvwlqj k|srwkhvhv derxw frlqwhjudwlqj yhfwruv fdq
eh vshfl�hg dv olqhdu uhvwulfwlrqv/ L vshfli| uhvwulfwlrqv ri wkh irup vxjjhvwhg
e| Mrkdqvhq dqg Mxvholxv +4<<5, iru whvwlqj ri wkh vsdfh vsdqqhg e| wkh frlq0
whjudwlqj yhfwruv1 Xvlqj wkh Ed|hvldq dssurdfk kdv vrph dgydqwdjhv ryhu
wkh fodvvlfdo dssurdfk lq wkdw h{dfw �qlwh vdpsoh lqihuhqfh lv srvvleoh/ dqg
wklv lqihuhqfh lv rewdlqhg iurp wkh srvwhulru zklfk xvhv doo ri wkh lqirupdwlrq
lq wkh olnholkrrg/ udwkhu wkdq wkh frqglwlrqdo olnholkrrg1 Xvlqj wklv dssurdfk
zh duh deoh wr rewdlq xqfrqglwlrqdo suredelolwlhv iru wkh udqn dqg qhhg qrw
vhohfw wkh udqn edvhg rq d vhtxhqfh ri srvvleo| frq lfwlqj whvwv1

Wkh duwlfoh lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho/ wkh
dowhuqdwlyh irupv ri lghqwli|lqj uhvwulfwlrqv dqg vrph h{sodqdwlrq ri wkh lp0
solfdwlrqv ri wkhvh dowhuqdwlyhv1 Wkh dlp ri wklv vhfwlrq lv wr suhvhqw vrph
lpsolfdwlrqv ri xvlqj wkh Mrkdqvhq uhvwulfwlrqv dqg wr frqwudvw wkhvh zlwk wkh
olqhdu uhvwulfwlrqv1 D phwkrg iru lpsohphqwlqj wkh Mrkdqvhq uhvwulfwlrqv lv
suhvhqwhg lq Vhfwlrq 6 dorqj zlwk wkh vshfl�fdwlrq ri wkh olqhdu uhvwulfwlrqv
xsrq wkh frlqwhjudwlqj yhfwruv1 Zh xvh wkh phwkrg ri Nohlehujhq dqg ydq
Glmn +4<<;, ri hpehgglqj wkh uhgxfhg udqn frlqwhjudwlqj prgho zlwklq d
ixoo udqn prgho1 Vhfwlrq 7 frqwdlqv dq hpslulfdo dssolfdwlrq dqg Vhfwlrq 8
frqfoxghv1
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5 Wkh Prgho1
Wkh huuru fruuhfwlrq prgho +HFP, ri wkh ��R yhfwru wlph vhulhv surfhvv +| '
E+�|c � � � +R|� c | ' �c � � � c Ac frqglwlrqlqj rq wkh , revhuydwlrqv | ' �,n�c � � � c fc
lv

{+| ' +|3��n{+|3�K� n � � �n{+|3,K, n >n |B n 0| +4,

' +|3��n %|xn 0|

zkhuh{+| ' +|�+|3�c %| ' E{+|3�c � � � c{+|3,c �c |� dqgx ' EK��c � � � cK
�

,c >
�c B��

�1
Iru odwhu xvh zh gh�qh wkh yhfwru Z ' �eS E�� �

Ri lqwhuhvw lq wklv sdshu lv wkh frh!flhqw pdwul{ � zklfk lv ri o@?& E�� '
o � Rc zkloh zh dvvxph K�c � ' �c � � � c , dqg x duh ixoo udqn1 Zkhq � kdv
uhgxfhg udqn wklv lpsolhv +| lv frlqwhjudwhg dqg� fdq eh h{suhvvhg dv � ' qk
zkhuh q dqg k� duh R�o dqg dvvxphg wr kdyh udqn o1 Wkhq q lv wkh pdwul{ ri
frlqwhjudwlrq frh!flhqwv dqg k lv wkh pdwul{ ri idfwru ordglqj frh!flhqwv ru
dgmxvwphqw frh!flhqwv1 Wkh R� ER� o� pdwulfhv q

z
dqg k�

z
duh ruwkrjrqdo

wr q dqg k� uhvshfwlyho| vxfk wkdw q �q
z
' f dqg kzk

� ' f� Zh dvvxph wkdw���E�� 5�
�
UR � P,

�'�5
�K�

�
� 5qk

��� ' f

lpsolhv 5 ' � ru 5 : �c dqg zh ixuwkhu dvvxph���q �
z

�
UR �P,

�'�K�

�
k�
z

��� 9' fc

vxfk wkdw hdfk hohphqw ri +| lv hlwkhu U E�� ru U Ef� +Mrkdqvhq/ 4<<4,1
Wr lghqwli| wkh hohphqwv ri q dqg kc zh qhhg wr dsso| dw ohdvw o2 uhvwulf0

wlrqv1 D frpprq phwkrg ri lpsrvlqj lghqwli|lqj uhvwulfwlrqv lv wr dsso| o2

olqhdu uhvwulfwlrqv rq q e| dvvxplqj wkh pdwul{ S�q lv qrqvlqjxodu iru vrph
nqrzq R � o ixoo froxpq udqn pdwul{ S� Wkh jhqhudo vshfl�fdwlrq ri wkhvh
uhvwulfwlrqv dqg wkh uhvxowdqw xqltxh qrupdolvhg frlqwhjudwlqj yhfwruv/ qWc lv

S�q ES�q�
3�

' Uo dqg +5,

qW ' q ES�q�
3�
�

Wklv dssurdfk wdnhv dgydqwdjh ri wkh idfw wkdw wkhuh zloo eh o olqhduo| lqgh0
shqghqw urzv ri qc dv vhohfwhg e| S/ exw pdnhv wkh dvvxpswlrq wkdw zh nqrz
zklfk urzv wkhvh zloo eh vr wkdw zh fdq vshfli| S� Frqvlghu wkh sduwlwlrq

q '

%
q�
q2

&
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zkhuh q� lv wkh �uvw o urzv ri q� D frpprq h{dpsoh ri wkh olqhdu phwkrg lq
+5, lv wkh }hur0rqh uhvwulfwlrqv rq q zklfk uhvxow iurp vshfli|lqj

S� ' dUo fo +6,

vxfk wkdw

qW ' qq3�� '

%
Uo
KW

&
+7,

zkhuh KW lv d ER� o� � o pdwul{ wr eh hvwlpdwhg1 Wklv phwkrg dvvxphv wkh
vhw ri wkh �uvw u yduldeohv frlqwhjudwh +ru duh L+3,, +Mrkdqvhq 4<<8 s1<7,/ ru/
lq rwkhu zrugv/ wkdw wkh urzv ri q� duh olqhduo| lqghshqghqw/ wkxv lpsrvlqj
dq rughu rq wkh yduldeohv1 Krzhyhu/ zh pd| zlvk wr lqyhvwljdwh suhflvho| wklv
txhvwlrq ri zklfk yduldeohv hqwhu wkh frlqwhjudwlqj uhodwlrqv dqg krz wkh|
hqwhu/ ru dw ohdvw zh pd| zlvk wr dyrlg pdnlqj vxfk vwurqj dvvxpswlrqv1

Ehiruh zh vshfli| wkh uhvwulfwlrqv xvhg lq wklv sdshu/ zh qhhg wr gh�qh wkh
pdwulfhv 7�� iru �� ' fc �c 21 Wkhvh duh prphqw pdwulfhv zkhq zh xvh d gl�xvh
sulru dqg duh dqdorjrxv wr prphqw pdwulfhv zkhq zh xvh dq lqirupdwlyh
sulru1 Wkh 7�� iru wkh gl�xvh sulru duh gh�qhg dv iroorzv1 Ohw

V ' A n E, n �� Rn �c

5fc| ' {+|c 5�c| ' +|3�c dqg 52c| ' %|�

Wkhq

V��� ' PA
|'�5

�

�c|5�c|c iru E�c �� ' E�c �� c E2c �� c E2c 2� c

V�2f ' PA
|'�5

�

2c|5fc|c V��f ' PA
|'�5

�

�c|5fc|c

V�ff ' PA
|'�5

�

fc|5fc|c dqg vr

7�� ' ��� ���2�
3�
22 �2�c iru �� ' fc �c 2/

h{fhsw zkhq � ' � ' 2 zkhuh

722 ' �22 ��2��
3�
�� ��2�

Wkh lghqwli|lqj uhvwulfwlrqv xvhg lq wklv sdshu duh doo lpsrvhg rq q lq wkh
iroorzlqj qrupdolvdwlrqv/

q �7��q ' U +8,
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zklfk lpsolhv oEon��
2

uhvwulfwlrqv/ dqg

q�7�f7
3�
ff 7f�q ' \ ' _�@}E��c ���c �o� +9,

zklfk lpsolhv d ixuwkhu oEo3��
2

uhvwulfwlrqv iru d wrwdo ri o2 uhvwulfwlrqv dqg
ER� o� o iuhh sdudphwhuv lq q1 Zlwk dq dvvxpswlrq derxw wkh vljq ri wkh �uvw
hohphqw lq hdfk urz ri qc +8, dqg +9, gh�qh o2 hohphqwv ri q dv ghwhuplqlvwlf
ixqfwlrqv ri wkh uhpdlqlqj ER� o� o hohphqwv lq wkdw pdwul{1 Wkxv/ zh pd|
zulwh

q� ' s Eq2� c +:,

zkhuh sE�� lv d ghwhuplqlvwlf ixqfwlrq1
Lq wkh h{suhvvlrq +9,/ \ lv udqgrp zlwk dq lpsolhg srvwhulru glvwulexwlrq

lq wkh Ed|hvldq phwkrg dqg �� : ��� : �o : f� Dv wklv vhw ri uhvwulfwlrqv
grhv qrw lpsrvh dq rughu rq wkh yduldeohv/ zh zloo fdoo wklv wkh qrqruglqdo
phwkrg1

Ydolglw| ri wkh qrupdolvdwlrq xvhg lv qrw wkh rqo| lpsolfdwlrq ri wkh fkr0
vhq phwkrg ri lghqwl�fdwlrq1 Edxzhqv dqg Oxeudqr +4<<9, vkrz wkdw wkh
srvwhulru glvwulexwlrq ri wkh frlqwhjudwlqj frh!flhqwv vxemhfw wr mxvw lghqwl0
i|lqj olqhdu uhvwulfwlrqv kdv d Fdxfk| irup dqg qr prphqwv1 Iru d ixuwkhu
h{sodqdwlrq ri wklv uhvxow vhh Yloodql +5333,1 Lq frqwudvw/ xvlqj wkh qrqruglqdo
lghqwl�fdwlrq phwkrg wkh srvwhulru iru wkhvh frh!flhqwv kdv erxqghg vxssruw
dqg doo prphqwv duh gh�qhg +Vwudfkdq/ 5333,1 Wklv gl�huhqfh lq wkh irup ri
wkh srvwhulruv dqg wkh delolw| wr surgxfh ydolg frlqwhjudwlqj yhfwruv uhvxowv
iurp krz wkh wzr phwkrgv uhvwulfw wkh yhfwruv iru lghqwl�fdwlrq1 Hvvhqwldoo|/
wkh olqhdu phwkrg uhvwulfwv wkh ohqjwk ri rqh frh!flhqw e| w|lqj lw wr dq d{lv
dqg vr h{foxghv gluhfwlrqv ruwkrjrqdo wr wkh d{hv wr zklfk zh kdyh wlhg rxu
frh!flhqwv1 Krzhyhu/ wkh qrqruglqdo phwkrg dfklhyhv lghqwl�fdwlrq e| uh0
vwulfwlqj wkh ohqjwk ri wkh frlqwhjudwlqj yhfwru/ doorzlqj doo srvvleoh gluhfwlrqv
wr eh rewdlqhg1

Iljxuhv +4, dqg +5, ghprqvwudwh wkhvh uhvwulfwlrqv iru wkh frlqwhjudwlqj
yhfwru iurp d elyduldwh v|vwhp1 Wkh vrolg olqhv uhsuhvhqw wkh frlqwhjudwlqj
yhfwru lq -2 dqg wkh gdvkhg olqhv uhsuhvhqw wkh lghqwli|lqj uhvwulfwlrqv1 Wkh
�jxuhv looxvwudwh krz wkh vxssruw iru wkh frh!flhqwv lv erxqghg lq rqh fdvh
exw qrw iru wkh rwkhu1 Xvlqj wkh olqhdu uhvwulfwlrqv zh dvvxph q� ' � dqg
q2 5 -�� Xvlqj wkh qrqruglqdo uhvwulfwlrqv zh dvvxph q� 5 dfc �o dqg q2 5
d��c �o � Wkh erxqgv iru q2 lq wkh Iljxuh 5 zhuh duelwudulo| vhw dw 41 Lq uhdolw|
wkhvh erxqgv ghshqg xsrq wkh gdwd dqg wkh erxqgdu| uhsuhvhqwhg e| wkh
gdvkhg olqh zloo jhqhudoo| irup dq holsvh +Vwudfkdq/ 5333,1
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Iljxuh 4= Uhsuhvhqwdwlrq ri wkh olqhdu lghqwli|lqj uhvwulfwlrqv lq d elyduldwh
frlqwhjudwlqj v|vwhp1 Wkh gdvkhg olqh uhsuhvhqwv wkh uhvwulfwlrq dqg wkh vrolg
duurz uhsuhvhqwv d srvvleoh yhfwru1 Wkh vrolg duurz pxvw dozd|v uhdfk wkh
gdvkhg olqh1

Lw lv zhoo nqrzq wkdw dq| olqhdu frpelqdwlrq ri d vhw ri frlqwhjudwlqj
yhfwruv frqvwlwxwhv d ydolg frlqwhjudwlqj yhfwru1 Wklv lpsolhv wkdw wkh ohqjwk
ri dq| frlqwhjudwlqj yhfwru lv ri qr uhdo lqwhuhvw/ vlqfh zh fdq srvw pxowlso|
q e| d ixoo udqn gldjrqdo pdwul{ wr surgxfh zkdwhyhu ohqjwk iru hdfk yhfwru
zh ghvluh1 Zkdw lv ri lqwhuhvw lv wkh gluhfwlrq ru wkh dqjoh ri wkh yhfwru1

Vhohfwlqj d ghshqghqw yduldeoh iru d frlqwhjudwlqj uhodwlrq dqg qrupdo0
lvlqj rq wkh frh!flhqw iru wklv yduldeoh lv qrw qhfhvvdu| dqg pd| lq idfw
frpsolfdwh hvwlpdwlrq hyhq zkhq vxfk d qrupdolvdwlrq lv ydolg1 Xqghu wklv
qrupdolvdwlrq/ wkh h{shfwdwlrq ri wkh txdqwlw| ri lqwhuhvw pd| qrw h{lvw gxh
wr wkh Fdxfk| irup ri wkh srvwhulru1 Iru h{dpsoh/ frqvlghu d v|vwhp zlwk
wkh hqgrjhqrxv yduldeohv 6/ wkh orjdulwkp ri wkh�� phdvxuh ri prqh|/ dqg
Rc wkh orjdulwkp ri wkh ohyho ri sulfhv/ � dqg srvvleo| vrph rwkhu yduldeohv1
Vxssrvh wklv v|vwhp frqwdlqv wkhvh yduldeohv rqo| lq wkh whup

kf6n k�R

:



β 1

0

0.2

0.4

0.6

0.8

1

1.2

-1.2 -0.7 -0.2 0.3 0.8
β 2

Iljxuh 5= Uhsuhvhqwdwlrq ri wkh qrqruglqdo lghqwli|lqj uhvwulfwlrqv lq d el0
yduldwh frlqwhjudwlqj v|vwhp1 Wkh gdvkhg olqh uhsuhvhqwv wkh uhvwulfwlrq dqg
wkh vrolg duurz uhsuhvhqwv d srvvleoh yhfwru1 Wkh vrolg duurz pxvw dozd|v
uhdfk wkh gdvkhg olqh1

dqg zh duh lqwhuhvwhg lq wkh sulfhv hodvwlflw| ri prqh| jlyhq dv

# '
_6

_R
'

_��

_�

�

�
�

Li zh qrupdolvh ehiruh hvwlpdwlrq e|

6n
k�

kf
R ' 6n #Rc

wkh srvwhulru iru # pd| kdyh qr prphqwv dqg vr zh qhhg wr uhvruw wr wkh
srvwhulru prgh ru phgldq dv hvwlpdwruv1 Iru d vlpsoh xqlyduldwh sureohp
wkhvh pd| eh uhodwlyho| vwudljkwiruzdug wr rewdlq/ krzhyhu/ wkh| whqg qrw wr
eh hvwlpdwhg dv zhoo dv wkh phdq ri d glvwulexwlrq xvlqj fxuuhqw phwkrgv1
Ixuwkhu/ li wkh sdudphwhu ri lqwhuhvw lv d yhfwru/ srvwhulru prghv dqg phgldqv
ehfrph pruh gl!fxow wr hvwlpdwh dffxudwho| uhodwlyh wr wkh phdq1

;



Dv wkh txdqwlw| ri lqwhuhvw lv wkh udwlr ri wzr frh!flhqwv lq d v|vwhp/ wkhq
wklv txdqwlw| fdq dowhuqdwlyho| eh uhwulhyhg iurpphdqv ri wkh wzr frh!flhqwv1
Zh frxog xvh wkh qrupdolvdwlrq jlyhq lq +8, dqg +9, vr wkdw wkh srvwhulru
phdqv hkf ' . Ekfm+� dqg hk� ' . Ek�m+� h{lvw/ dqg uhsruw wkh txdqwlw| ri
lqwhuhvw dv

# '
hk�hkf

�

Li zh duh lqwhuhvwhg lq wkh vxssruw iru vrph uhvwulfwlrq vxfk dv

k� ' Vkfc

zlwk nqrzq Vc vr wkdw

kf6n k�R ' kf E6n VR� c

wklv frqvwudlqw fdq eh whvwhg dqg lpsrvhg zlwklq +8, dqg +9,/ dqg wkh srvwh0
ulru iru kf zloo kdyh doo lwv prphqwv gh�qhg1

6 Lghqwl�fdwlrq1
Wkh phwkrg lq wklv sdshu xvhv Nohlehujhq dqg ydq Glmn*v +4<<;, dssurdfk
ri wudqviruplqj iurp d jhqhudo prgho wr d uhvwulfwhg prgho wr ryhufrph wkh
sureohp ri orfdo qrqlghqwl�fdwlrq hyhq zkhq d xqlirup sulru lv xvhg1 Wkdw
lv/ wkh uhgxfhg udqn prgho lv qhvwhg zlwklq d pruh jhqhudo +ixoo udqn, prgho
zklfk kdv d zhoo ehkdyhg srvwhulru glvwulexwlrq zlwk d uhdvrqdeoh sulru/ dqg
wkhq wkh prgho lv wudqviruphg vxfk dv wr sdudphwhul}h wkh uhvwulfwlrq wr d
orzhu udqn/ h�hfwlyho| frqglwlrqlqj rq wkh jlyhq udqn h 1 Ehjlqqlqj zlwk wkh
HFP lq +4, zlwk srvwhulru R E/m+� c zh xvh wkh wudqvirupdwlrq

� ' qk n 73��� qzbkz
hP +;,

zkhuh hP ' 7ff�7f�7
3�
�� 7�f� Wklv jlyhv xv wkh lqwhuphgldwh wudqviruphg/ exw

xquhvwulfwhg prgho

{+| ' +|3�qk n +|3�7
3�
�� qzbkz

hPn %|xn 0| +<,

zlwk srvwhulru iru

w '
�
�eS Eq�� c �eS Ek�� c �eS Eb��

�
�

<



jlyhq e|
R Ewm+� ' R EZ Ew� m+� ma m +43,

zkhuh dqg ma m lv wkh Mdfreldq iru wkh wudqvirupdwlrq iurp Z wr w� Iurp wklv
vhfwlrq rq zh ljqruh wkh sdudphwhuv P dqg x dv wkh| kdyh vwdqgdug/ zhoo
nqrzq frqglwlrqdo dqg pdujlqdo srvwhulruv1 Wkh frlqwhjudwlqj HFP rffxuv
dw b ' f/

{+| ' +|3�qkn %|xn 0| +44,

dqg zh rewdlq wkh srvwhulru iru

wf '
�
�eS Eq�� c �eS Ek��

�
�

dv
R Ewfm+� ' R Ewm+� mb'f� +45,

Wr suhvhqw wkh lpsohphqwdwlrq ri wkh wudqvirupdwlrq lq +;, zh qhhg wkh
iroorzlqj gh�qlwlrq1 Ohw � eh d srvlwlyh gh�qlwh pdwul{ zlwk vlqjxodu ydoxh
ghfrpsrvlwlrq � ' L5T � vxfk wkdw 5 lv d gldjrqdo pdwul{ zlwk srvlwlyh
gldjrqdo whupv1 Ohw 5

�

2 eh wkh pdwul{ 5 zlwk hdfk ri wkh gldjrqdo hohphqwv
uhsodfhg lwv vtxduh urrw1 Zh gh�qh wkh vtxduh urrw ri � dv �

�

2 ' L5
�

2T �

vxfk wkdw �
�

2�
�

2 ' � dqg �3
�

2��3
�

2 ' U�
Wkh ghfrpsrvlwlrq lq +;, lv htxlydohqw wr wdnlqj dq VYG ri � zlwk uhvshfw

wr lwv hvwlpdwhg yduldqfh0fryduldqfh pdwul{1 Wklv dssurdfk lv vlplodu wr wkh
dssurdfk Mrkdqvhq +4<;;/ 4<<4, wdnhv lq wkh pd{lpxp olnholkrrg hvwlpdwru1
Wkh srvwhulru hvwlpdwh ri wkh yduldqfh0fryduldqfh pdwul{ iru � lv hPV3�73��� 1
Dowhuqdwlyho| zh frxog xvh P lqvwhdg ri hP lq +;,c krzhyhu wklv uhvxowv lq d idu
pruh frpsoh{ Mdfreldq dqg frqwulexwhv qrwklqj wr wkh phwkrg41 Gh�qh �W

e|

� ' 7
3
�

2

�� �W hP�

2 � +46,

Wkh VYG surfhhgv dv iroorzv1 Ohw L '
k
L� L2

l
dqg T '

k
T� T2

l
eh

dssursuldwh ruwkrqrupdo pdwulfhv zkhuh L�c T� duh R�oc L2c T2 duh R�ER�o�
dqg 7� dqg 72 duh gldjrqdo o � o dqg ER � o� � ER � o� uhvshfwlyho|1 Pdnh
wkh iroorzlqj wudqvirupdwlrq=

�W ' L7T � '
k
L� L2

l % 7� f
f 72

& %
T

�

�

T
�

2

&
+47,

4Wkh dxwkru lv judwhixo wr dq dqrq|prxv uhihuhh iru frpphqwv zklfk ohdg wr wklv pxfk
vlpsohu vshfl�fdwlrq1
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'
k
L�A L2

l % A
�

7� f
f 72

& %
T

�

�

T
�

2

&
' L�7�T

�

� n L272T
�

2

' L�AA
�

7�T
�

� n L2A�A
�

�72A2A
�

2T
�

2

zkhuh zh kdyh wkh o�o ruwkrjrqdo pdwul{ A c dqg wkh ER� o��ER� o� ruwkrj0
rqdo pdwulfhv A� dqg A2� Wkh pdwulfhv A c A� dqg A2 frqwdlq wkh hljhqyhfwruv

ri wkh +udqgrp, pdwulfhv L �

�7
3
�

2

�� 7�f7
3�
ff 7f�7

3
�

2

�� L�c L
�

27
3�
�� L2 dqg T �

2
hPT2 uh0

vshfwlyho|/ vxfk wkdw

A
�

L �

�7
3
�

2

�� 7�f7
3�
ff 7f�7

3
�

2

�� L�A ' \ ' _�@} E��c ���c �o�

A �

�L
�

27
3�
�� L2A� ' \� ' _�@}

�
#�c ���c #R3o

�
A �

2T
�

2
hPT2A2 ' \2 ' _�@} E��c ���c �R3o� �

Ghqrwh wkh hljhqydoxhv ri wkh R� R pdwul{ 7
3
�

2

�� 7�f7
3�
ff 7f�7

3
�

2

�� / e| ED�c ���c DR�
zkhuh D� � � � � � DR � fc dowkrxjk lq sudfwlfh D� : � � � : DR : f� Wkhvh
hljhqydoxhv duh dovr wkh vtxduhg fdqrqlfdo fruuhodwlrq frh!flhqwv1 Wkh gl0
djrqdo hohphqwv ri \c E��c ���c �o� c duh erxqghg e| D� � �� � DR3on� +Vfkrww
4<<:/ s1444,/ dqg dw wkh prgh ri wkh srvwhulru/ D� ' ��1

Xvlqj wkh deryh wudqvirupdwlrq zh rewdlq wkh iroorzlqj h{suhvvlrqv iru q
dqg k/

q ' 7
3
�

2

�� L�A ' 7
3
�

2

�� K� +48,

k ' A
�

7�T
�

�
hP �

2 � +49,

Iurp wkh odvw whup lq +47, zh gh�qh wkh R� ER� o� pdwulfhv q
z
dqg k�

z
e|

q
z

' 7
�

2

��L2A�c

kz ' A �

2T
�

2
hP3

�

2 c

dqg �qdoo|
bo ' A �

�72A2� +4:,

Wkxv zh rewdlq wkh wudqvirupdwlrq lq +;,1
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614 Wkh Mdfreldq iru wkh wudqvirupdwlrq1

Wkh uhvwulfwlrqv iru wkh wudqvirupdwlrq +;, duh h{suhvvhg lq wkh o2 htxdwlrqv

u�eSEq �7��q � U� ' f +4;,

dqg
7u�eSEq �(q � \� ' f +4<,

zkhuh u�eSE�� lv wkh oEon��
2

yhfwru ri orzhu wuldqjxodu hohphqwv ri wkh o � o

pdwul{ �c dqg 7u�eSE�� lv wkh oEo3��
2

yhfwru ri lqiudgldjrqdo hohphqwv ri �
+Pdjqxv dqg Qhxghfnhu/ 4<;3/ Khqghuvrq dqg Vhduoh/ 4<:<,1

Iru wkh sxusrvh ri �qglqj dq h{suhvvlrq iru wkh Mdfreldq/ ohw q2 frqwdlq
wkh iuhh sdudphwhuv vxfk wkdw jlyhq q2 dqg wkh gdwd/ q� lv nqrzq wkurxjk
wkh ixqfwlrq +:,1 Wkh Mdfreldq pdwul{ fdq eh h{suhvvhg dv

a E� G Eq2c kc b�� '
Y�eS E��

Y�eS Eq2c kc b�
�

'

%
Y�eS E��

Y�eS Eq2�
�

Y�eS E��

Y�eS Ek��
Y�eS E��

Y�eS Eb��

&
�

Wkh irupv ri wkhvh h{suhvvlrqv duh suhvhqwhg lq Dsshqgl{ L1 Zkhuh b ' f
wkh Mdfreldq kdv wkh irup=

Y�eS E��

EY�eS Ek���
' EUu  q�

Y�eS E��

EY�eS Eq2��
�

'

%%
k� 

#
fofER3o�
UR3o

$&
n

%
k� 

#
Uo

fER3o�fo

$&
�.

&
Y�eS E��

EY�eS Eb���
'

�hPk�
z
 73��� qz

�

615 Vdpsolqj vfkhph1

Wkh dlp ri wklv vhfwlrq lv wr rxwolqh d surfhgxuh iru rewdlqlqj d gudz iurp
wkh srvwhulru R Ewfm+�1 Wkh irupv ri wkh mrlqw dqg frqglwlrqdo srvwhulruv ri
k/ b/ dqg q duh qrw iurp nqrzq fodvvhv ri suredelolw| ghqvlw| ixqfwlrqv1
Wr vdpsoh iurp wkhvh srvwhulruv zh xvh wkh vdph dssurdfk dv ghwdlohg lq
Nohlehujhq dqg Sdds +4<<;,1 Wkdw lv/ d Phwursrolv0Kdvwlqj dojrulwkp lv
xvhg zlwk wkh fdqglgdwh ghqvlw| ehlqj wkdw iru wkh ixoo udqn prgho/ R Ewm+�1
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Wklv vdpsolqj vfkhph lv rxwolqhg khuh1 Iluvw zh xvh wkh iroorzlqj vwhsv wr
gudz iurp wkh fdqglgdwh ghqvlw|1 Dw lwhudwlrq �/ iru � ' �c � � � c 6c

Vwhs 4= Gudz �E�� iurp R E�m+� �
Vwhs 5= Shuirup VYG ri �E�� ' L E��7E��T E����

Vwhs 6= Frpsxwh kE��/ bE�� dqg qE�� xvlqj +48, dqg +4:,1
Dv zh kdyh vdpsohg b zklfk rqo| dsshduv lq +43,/ wr jhw gudzv iurp +45,/

zh dxjphqw wkh srvwhulru iru wkh uhgxfhg udqn prgho/ R Ewfm+�/ zlwk d surshu
glvwulexwlrq iru b/ } Ebmwfc +� � Djdlq/ wkh uhdghu lv gluhfwhg wr Nohlehujhq dqg
Sdds +4<<;, iru ghwdlov ri wklv phwkrg1 Wkh zhljkwv xvhg wr dffhsw ru uhmhfw
gudzv duh

�� ' �Ewm+� +53,

'
}
�
bE��mwfc +

�
R
�
w
E��
f m+

�
R
�
wE��m+

� �

Dv glvfxvvhg lq Nohlehujhq dqg Sdds +4<<;,/ Jhzhnh +4<;<, vkrzv 63�
6S
�'�

��

frqyhujhv wr wkh udwlr ri wkh lqwhjudovU
} Ebmwfc +� R Ewfm+� _wU

R Ewm+� _w � +54,

Wklv uhvxow lv xvhixo iru hvwlpdwlqj Ed|hv idfwruv1 Wkh vwhsv lq wkh Phwursrolv0
Kdvwlqjv vdpsohu duh=

Vwhs 4= Gudz wWE�n�� iurp R Ewm+� �
Vwhs 5= Dffhsw wE�n�� ' wWE�n�� zlwk suredelolw| plq

�
��n�

��

c �
�
c

rwkhuzlvh wE�n�� ' wE���

Wkh uhvxowdqw vhw wE�n�� zloo eh d gudz iurp wkh srvwhulru

R Ebc wfm+� ' } Ebmwfc +� R Ewfm+� c

dqg wkh vhw wE�n��f zloo eh d gudz iurp R Ewfm+� �

616 Olqhdu uhvwulfwlrqv rq q1

Lq wkh Lqwurgxfwlrq lw zdv dujxhg wkdw olqhdu uhvwulfwlrqv rq q zloo qrw dozd|v
eh dssursuldwh dv S�q pd| eh vlqjxodu ghshqglqj rq wkh rughu ri wkh yduldeohv
lq +|� Wkhuhiruh/ olqhdu uhvwulfwlrqv irufh wkh uhvhdufkhu wr ghfoduh zklfk o urzv
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ri q� duh olqhduo| lqghshqghqw zklfk pd| lqyroyh ghflglqj zklfk yduldeohv
pxvw hqwhu wkh uhodwlrqvkls +|q� Wklv udlvhv wkh txhvwlrq= Zkdw lv wkh irup
ri qB Ru/ lq rwkhu zrugv/ zkdw ydolg olqhdu uhvwulfwlrqv fdq eh lpsrvhg rq
qB

Lq erwk wkh fodvvlfdo dqg Ed|hvldq dssurdfkhv/ wr whvw wkh dssursuldwhqhvv
ri vxfk uhvwulfwlrqv dqg wr hvwlpdwh wkh uhvwulfwhg prgho/ uhtxluhv d vshfl�0
fdwlrq ri wkh prgho vxemhfw wr wkhvh uhvwulfwlrqv1 Lq wkh fodvvlfdo pd{lpxp
olnholkrrg dssurdfk/ Mrkdqvhq dqg Mxvholxv +4<<5, kdv surylghg phwkrgv iru
hvwlpdwlrq zlwk/ dqg whvwlqj ri/ wkhvh uhvwulfwlrqv1 Lq wklv vhfwlrq zh suhvhqw
wkh Ed|hvldq htxlydohqw zlwk wkh VYGv iru wkh prghov zlwk ydulrxv olqhdu
uhvwulfwlrqv rq q1 Wkh wkuhh uhvwulfwlrqv lqyhvwljdwhg duh suhvhqwhg dv wkh
iroorzlqj k|srwkhvhv1

E-�� Mf G q ' M�
zkhuh wkh glphqvlrqv ri wkh uhvshfwlyh pdwulfhv duh= M R� rc � r� o/ o � r1

E-2� Mf G q ' EK )� ' EK Kz��
zkhuh wkh glphqvlrqv ri wkh uhvshfwlyh pdwulfhv duh= K R� rc Kz R� ER� r�/
� ER� r�� Eo � r�/ r � o1

E-�� Mf G q ' EM���c M2�2c � � � c M,�,�
zkhuh wkh glphqvlrqv ri wkh uhvshfwlyh pdwulfhv duh= M� R � r�c �� r� � o�/
o� � r�c , � oc

S
� o� ' o1

Wkh uhvwulfwlrq lq -� lpsrvhv wkh vdph uhvwulfwlrq rq doo ri wkh froxpqv
lq q� Wkh vhfrqg uhvwulfwlrq/ -2/ dvvxphv zh nqrz wkh irup ri wkh �uvw v
froxpqv ri qc Kc dqg wkh uhpdlqlqj o� r froxpqv/ Kz�/ duh xqnqrzq h{fhsw
wkdw wkh| duh ruwkrjrqdo wr K1 Wkh �qdo k|srwkhvlv/ -�/ jhqhudol}hv wkh �uvw
wzr1

Wkh VYG iru wkhvh k|srwkhvhv fdq eh irxqg e| xvlqj wkh uhvxowv lq Ds0
shqgl{ LL zklfk suhvhqwv wkh VYG iru d qrqvtxduh pdwul{/ )/ dqg wkh iroorz0
lqj wudqvirupdwlrqv1

Iru -�/ wkh prgho ehfrphv

{+| ' +|3��n %|xn 0|

' +|3�M)n %|xn 0|

' +@|3�)n %|xn 0|

zkhuh
) ' �k n EM �7��M�

3�
�
z
bkz hP�

Wkh Mdfreldq iru wklv wudqvirupdwlrq/ a-�/ lv ri wkh vdph irup dv wkh Mdfr0
eldq lq Dsshqgl{ L zlwk 7��c R/ q/ dqg � uhsodfhg e| M �7��Mc r/ �/ dqg )
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uhvshfwlyho|1 Wkh gh�qlwlrq ri 7�� uhpdlqv xqfkdqjhg lq wklv fdvh1
Iru -2/ wkh prgho ehfrphv

{+| ' +|3�� n %|xn 0|

' +|3�Kk� n +|3�Kz)n %|xn 0|

' +|3�Kz)n %@|x
@ n 0|

' +@|3�) n %@|x
@ n 0|

zkhuh %@| ' d+|3�K %|o c x
@ ' dk�� x

�o� dqg

) ' �k2 n EK�
z
7��Kz�

3�
�
z
bk2z

hP�
Djdlq wkh Mdfreldq/ a-2/ fdq eh irxqg e| xvlqj wkh irup ri wkh Mdfreldq lq
Dsshqgl{ L zlwk 7��/ q/ �/ %| dqg k uhsodfhg e| K�

z
7��Kz/ �/ )/ %@|/ dqg k2

uhvshfwlyho|1
Ilqdoo|/ iru -�/ wkh prgho ehfrphv

{+| ' +|3��n %|xn 0|

' +|3�M�)� n +|3�M2)2 n � � �n +|3�M,),

n%|xn 0|

' +@|3�c,), n %@|x
@ n 0|

zkhuh
)� ' ��k� n EM �

�7���M��
3�
��zb�k�z

hPc
� ' �c � � � c ,/ , � o� Hdfk ri wkh , Mdfreldqv/ a-�

� / fdq eh irxqg e| xvlqj
wkh irup ri wkh Mdfreldq lq Dsshqgl{ L zlwk 7��/ q/ R/ �/ k/ %|/ dqg b
uhsodfhg e| M �

�7���M�/ ��/ P
,
�'�r�/ )�/ k�/ %@�|/ dqg b� uhvshfwlyho| zkhuh %@�| '

E+|3�M� � � � +|3�M, %|� grhv qrw lqfoxgh +@|3�c� ' +|3�M� 1 Lq wkh frqvwuxfwlrq
ri 7���c zh xvh wkh vdph gh�qlwlrq dv iru 7��/ h{fhsw zh uhsodfh f zlwk
f@

� ' E%@��� %
@�
�2 � � � %@��A ��1

Hvwlpdwlrq ri wkhvh prghov uhtxluhv olwwoh h{wud frpsxwhu frglqj eh|rqg
wkdw uhtxluhg iru wkh jhqhudo prgho xvlqj wkh wudqvirupdwlrq +;,1 Wkdw lv/
zh fdq uhsuhvhqw wkh surfhvv ri sdvvlqj

�
7��c�c hP� wr d surfhgxuh zklfk

uhwxuqv Ekc qc b� e| Ekc qc b� ' RoJS�
�
7��c�c hP� dqg zh jhw wkh Mdfreldq e|

a ' RoJS2
�
7��c %|c kc qc bc hP�1 Wkhq iru wkh deryh uhvwulfwlrqv zh zrxog kdyh

Ekc �c b� ' RoJS�
�
M �7��Mc)c hP� c a-� ' RoJS2

�
M �7��Mc %|c kc �c bc hP� iru-�c
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Ek2c �c b� ' RoJS�
�
K�
z
7��Kzc )c hP� c a-2 ' RoJS2

�
K�
z
7��Kzc %

@
|c k2c �c bc hP� iru -2c

dqg Ek�c ��c b� ' RoJS�
�
M �

�7���M�c )�c
hP� c

a-�
� ' RoJS2

�
M �

�7���M�c %
@
�|c k�c ��c b�c

hP� iru hdfk � iru -��

7 Dssolfdwlrq1
Lq wklv vhfwlrq L ghprqvwudwh hvwlpdwlrq ri d frlqwhjudwlrq yhfwru iru irxu
Dxvwudoldq lqwhuhvw udwhv xvlqj wkh qrqruglqdo hvwlpdwlrq phwkrg1 L whvw wkh
ydolglw| ri sduwlfxodu olqhdu uhvwulfwlrqv xvlqj wkh irup -� ri wkh k|srwkhvlv
vshfl�hg e| Mrkdqvhq dqg Mxvholxv +4<<5,1 Wkh irxu lqwhuhvw udwhv duh wkh 8
|hdu +�D, dqg 6 |hdu +��, Wuhdvxu| Erqg udwhv +Fdslwdo Pdunhw, dqg wkh 4;3
gd| +��Hf, dqg <3 +�bf, gd| Edqn Dffhswhg Eloo +Prqh| Pdunhw, udwhv dqg vr

+ ' E�Dc ��c ��Hfc �bf� �

Wkh wlph vxevfulswv kdyh ehhq gursshg iru qrwdwlrqdo frqyhqlhqfh1 Wkh gdwd
duh dqqxdolvhg prqwko| udwhv iru wkh shulrg Mxo| 4<<5 wr Dsulo 5333 +A ' be,1
D judsk ri wkh gdwd lv suhvhqwhg lq Iljxuh 61

Wkhvh yduldeohv duh xvhixo iru wkh vwxg| ri wkh ydulrxv wkhrulhv iru wkh
whup vwuxfwxuh ri lqwhuhvw udwhv1 Frpprq lpsolfdwlrqv ri pdq| ri wkhvh
wkhrulhv lv wkdw/ zkloh wkh udwhv wkhpvhoyhv pd| eh lqwhjudwhg ri rughu rqh/
zh zrxog h{shfw wr �qg wkh vsuhdgv ri wkhvh udwhv wr eh vwdwlrqdu|/ dqg zh
zrxog h{shfw wr �qg/ lq wklv fdvh/ wkuhh frlqwhjudwlqj uhodwlrqv1 Wkxv wkh
vsuhdgv vkrxog hlwkhu irup wkh frlqwhjudwlqj uhodwlrqv ru wkh udwhv pd| hqwhu
wkh frlqwhjudwlqj uhodwlrqv yld wkh vsuhdgv1

Fodvvlfdo suhwhvwlqj vxjjhvwv hdfk vhulhv lv lqwhjudwhg ri rughu rqh dqg zh
�qg dq HFP zlwk rqh odj ri gl�huhqfhv lv vx!flhqw wr prgho wkh surfhvv1
Doo fodvvlfdo whvwlqj lv dw wkh 4( ohyho ri vljql�fdqfh1 Rqo| wkh 4;3 gd|
udwhv vkrz voljkw hylghqfh ri dxwrfruuhodwlrq lq wkh vtxduhg uhvlgxdov +wkh
s0ydoxh iru wkh OP whvw lv 3135:,/ krzhyhu/ iroorzlqj Oxxnnrqhq hw do1/ zh
ljqruh wklv ihdwxuh dv prghoolqj wklv ehkdylrxu lv rxwvlgh wkh vfrsh ri wklv
sdshu1 Iru frpsdulvrq zlwk wkh fodvvlfdo uhvxowv/ lq wkh Ed|hvldq hvwlpdwlrq
zh xvh wkh gl�xvh sulru iru wkh sdudphwhuv lq +4, xvhg e| Nohlehujhq dqg ydq
Glmn +4<<7,1 Zh xvh dq lqirupdwlyh sulru wr surylgh lqwhusuhwdeoh srvwhulru
suredelolwlhv1
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Ed|hvldq srvwhulru suredelolwlhv dqg fodvvlfdo olnholkrrg udwlr whvwv iru wkh
udqn duh suhvhqwhg lq Wdeoh 41 Erwk wkh Ed|hvldq dqg fodvvlfdo uhvxowv vxjjhvw
d udqn ri rqh zklfk lpsolhv wkh v|vwhp frqwdlqv wkuhh vwrfkdvwlf wuhqgv/
dowkrxjk dw wkh 8( ohyho wkh fodvvlfdo whvwv zrxog dffhsw d udqn ri }hur1 Wkh
�qglqj ri d udqn ri rqh frq lfwv zlwk wkh lghd wkdw wkh lqwhuhvw udwhv zloo vkduh
d frpprq vwrfkdvwlf wuhqg/ krzhyhu/ ixuwkhu dqdo|vlv surylghv dq h{sodqdwlrq
iru wklv uhvxow1 Zh dffhsw wkh uhvxow wkdw wkhuh lv rqh frlqwhjudwlqj yhfwru
dqg wkh uhvxowdqw fodvvlfdo dqg Ed|hvldq hvwlpdwhv ri wkh huuru fruuhfwlrq
whup duh/ uhvshfwlyho|/

+q ' )��D n )2�� n )���Hf n )e�bf

Fodvvlfdo

' �f��H2�D n f��b2�� n f�..���Hf � f�.Hf�bf

Ed|hvldq +gl�xvh,

' f�eSf�D � f�DfS�� � D�SbS��Hf n D�Se��bf

Ed|hvldq +lqirupdwlyh,

' f�fSe�D n f�fSD�� � f�2f2��Hf n f�f�e�bf�

Qrupdolvlqj rq )e zh rewdlq

+q*)e ' )�*)e�D n )2*)e�� n )�*)e��Hf n �bf

Fodvvlfdo

' �D � ��f2S�� � 2�f22��Hf n 2�fef�bf

Ed|hvldq +gl�xvh,

' �D � ���ff�� � �2��.S��Hf n �2�2S��bf

Ed|hvldq +lqirupdwlyh,

' �D n ��f2��� � ���Db��Hf n f�2�e�bf1

Wkh frh!flhqwv rq wkh vkruw udwhv iru wkh gl�xvh Ed|hvldq dqg wkh fodvvlfdo
hvwlpdwhv duh pxfk odujhu wkdq iru wkh orqj udwhv/ vxjjhvwlqj fkdqjhv lq wkh
vkruw udwhv kdyh d juhdwhu h�hfw xsrq wkh huuru fruuhfwlrq whup1 Dovr/ wkh
hvwlpdwhv vxjjhvw zh frxog xvh wkh vsuhdgv E�D � ��� dqg E��Hf � �bf� dv wkh
rqo| yduldeohv lq wkh frlqwhjudwlqj yhfwruv vlqfh wkh udwhv lq wkhvh vsuhdgv
dsshdu wr kdyh wkh vdph frh!flhqwv1 Wklv jurxslqj zrxog dsshdu vhqvleoh
dv lw jurxsv wkh lqwhuhvw udwhv lqwr vlplodu pdunhwv1

Wkh hvwlpdwhv iurp wkh lqirupdwlyh sulru duh txlwh gl�huhqw iurp wkh rwkhu
wzr zklfk vxjjhvwv wkdw wklv sulru kdv d vwurqj d�hfw rq wkh hvwlpdwhv dqg lv
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vkliwlqj wkh srvwhulru dzd| iurp wkh ydoxhv vxjjhvwhg e| wkh gdwd1 Ixuwkhu/
fkdqjlqj wkh clqirupdwlyhqhvv* ri wkh sulru e| fkdqjlqj wkh sulru yduldqfhv glg
qrw lpsuryh hvwlpdwlrq1 Wkhuhiruh/ xqohvv xvlqj d odujh vdpsoh/ wkh gl�xvh
sulru lv uhfrpphqghg li wkh remhfwlyh lv hvwlpdwlrq1

Li doo irxu udwhv gr hqwhu yld wkh vsuhdgv/ q zloo kdyh d vsdfh vsdqqhg e|
M� zkhuh

M� '

3EEEC
� f f

�� � f
f �� �
f f ��

4FFFD �

Wkxv/ zlwk ) d �� � pdwul{/ rxu �uvw k|srwkhvlv lv

K� G q ' M�)� +55,

Wklv lpsolhv zh vkrxog eh deoh wr dsso| d olqhdu qrupdolvdwlrq ri wkh irup
+5, zlwk S� ' E�c fc fc f� wr rewdlq hvwlpdwhv ri q�

Jlyhq d udqn ri rqh dqg wkh uhvxowv lq Wdeoh 5/ zh zrxog dffhsw wklv
k|srwkhvlv zlwk d srvwhulru suredelolw| ri � EK�m+� ' f�..� dqg wkh fodvvlfdo
OU whvw vwdwlvwlf iru K� djdlqvw

Kf G q xquhvwulfwhg

ri f�f2D1 Wkh fodvvlfdo dqg Ed|hvldq hvwlpdwhv ri wkh huuru fruuhfwlrq whup
vxemhfw wr K� duh/ uhvshfwlyho|/

+M) ' )� E�D � ��� n )2 E�� � ��Hf� n )� E��Hf � �bf�

Fodvvlfdo

' ��b�2 E�D � ��� n f��S� E�� � ��Hf�� S�eSe E��Hf � �bf�

Ed|hvldq +gl�xvh,

' ���H�� E�D � ��� n f�2�. E�� � ��Hf� n D��e� E��Hf � �bf�

Ed|hvldq +lqirupdwlyh,

' f�fHf E�D � ��� n f��Db E�� � ��Hf� n f��H. E��Hf � �bf� �

Qrupdolvlqj rq )� zh rewdlq

+M)*)� ' )�*)� E�D � ��� n )2*)� E�� � ��Hf� n E��Hf � �bf�

Fodvvlfdo

' �f�2bb E�D � ���� f�ff2 E�� � ��Hf� n E��Hf � �bf�
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Ed|hvldq +gl�xvh,

' �f��D� E�D � ��� n f�fe2 E�� � ��Hf� n E��Hf � �bf�

Ed|hvldq +lqirupdwlyh,

' f�e2H E�D � ��� n f�HeH E�� � ��Hf� n E��Hf � �bf� �

Wkh lqirupdwlyh sulru hvwlpdwh djdlq vkrzv wkh h�hfw ri wkh sulru xsrq wkh
glvwulexwlrq ri wkh frlqwhjudwlqj frh!flhqwv/ dqg zh djdlq vhh wkh fodvvlfdo
dqg wkh gl�xvh sulru hvwlpdwhv forvho| dssur{lpdwh hdfk rwkhu1

Wkh vxssruw iru K�c zklfk lv vxjjhvwhg e| wkh wkhrulhv ri wkh whup vwuxf0
wxuh ri lqwhuhvw udwhv/ surylghv qr h{sodqdwlrq iru wkh suhvhqfh ri wkuhh
vwrfkdvwlf wuhqgv lq wkh v|vwhp1 Ixuwkhu/ zh qrwh wkdw wkh gl�xvh sulru
dqg fodvvlfdo hvwlpdwhv ri )2 duh uhodwlyho| vpdoo dqg srvvleo| forvh wr }hur1
Wkhuhiruh/ dv d �uvw vwhs wr h{sodlqlqj wkh qxpehu ri vwrfkdvwlf wuhqgv/ zh
qh{w whvw wkh k|srwkhvlv wkdw wkh vsuhdg ehwzhhq wkh orqj dqg vkruw udwhv/ wkh
fdslwdo dqg prqh| pdunhw udwhv/ grhv qrw hqwhu wkh frlqwhjudwlqj uhodwlrq1
Wklv k|srwkhvlv lv

K2 G q ' M2) � )2 ' f +56,

zkhuh

M2 '

3EEEC
� f

�� f
f �
f ��

4FFFD �

Wkh srvwhulru suredelolw| riK2 dqg wkh olnholkrrg udwlr whvw vwdwlvwlf lq Wdeoh
5 vxjjhvw vxssruw iru K21 Uh0hvwlpdwlqj vxemhfw wr wkh uhvwulfwlrq lq K2 zh
rewdlq wkh hvwlpdwhv

+M) ' )� E�D � ��� n )� E��Hf � �bf�

Fodvvlfdo

' ��2fH E�D � ��� n S�bSH E��Hf � �bf�

Ed|hvldq +gl�xvh,

' ���f�b E�D � ��� n S�.H. E��Hf � �bf�

Ed|hvldq +lqirupdwlyh,

' �f�ff� E�D � ���� f��fH E��Hf � �bf� �

Qrupdolvlqj djdlq rq )� zh rewdlq

+M)*)� ' )�*)� E�D � ��� n E��Hf � �bf�
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Fodvvlfdo

' f��.� E�D � ��� n E��Hf � �bf�

Ed|hvldq +gl�xvh,

' �f��D� E�D � ��� n E��Hf � �bf�

Ed|hvldq +lqirupdwlyh,

' f�ff. E�D � ��� n E��Hf � �bf� �

Wkh deryh hvwlpdwhv vxjjhvw dq dgglwlrqdo uhvwulfwlrq zklfk h{foxghv wkh
orqj udwhv iurp wkh frlqwhjudwlqj uhodwlrq/ dqg lw lv wklv uhvxow zklfk zrxog
h{sodlq wkh suhvhqfh ri wrr pdq| vwrfkdvwlf wuhqgv lq wkh v|vwhp1 Wkhuhiruh
zh whvw wkh k|srwkhvlv wkdw wkh orqj udwhv gr qrw hqwhu wkh frlqwhjudwlqj
uhodwlrqvkls zklfk lv lpsolhg e| wkh k|srwkhvlv

K� G q ' M�) � )2 ' )� ' f +57,

zkhuh

M� '

3EEEC
f
f
�

��

4FFFD �

K� lv dffhswhg lqglfdwlqj wkdw wkh huuru fruuhfwlrq whup lv vlpso| wkh vsuhdg
ehwzhhq wkh vkruw whup udwhv1 D whvw ri frlqwhjudwlrq ehwzhhq wkh orqj udwhv
xvlqj d elyduldwh HFP frq�uphg wkh �qglqj wkdw wkhvh udwhv gr qrw frlqwh0
judwh1

Wkh �qglqj wkdw wkh orqj udwhv gr qrw hqwhu wkh frlqwhjudwlqj uhodwlrq exw
wkh vkruw udwhv gr yld wkh vsuhdg/ h{sodlqv wkh suhvhqfh ri wkuhh vwrfkdvwlf
wuhqgv1 Ixuwkhu/ wklv uhvxow lqglfdwhv wkdw zkloh lw zrxog vhhp uhdvrqdeoh
wr lghqwli| q xvlqj wkh olqhdu uhvwulfwlrqv lq +5, zlwk S� ' E�c fc fc f� c wkdw lv
e| qrupdolvlqj xsrq )�c wklv zrxog lq idfw surgxfh dq lqydolg hvwlpdwh ri
q vlqfh zh irxqg �D dqg �� duh qrw suhvhqw lq wkh frlqwhjudwlqj uhodwlrq dqg
vr )� ' )2 ' f�

Wdeoh 4= OU vwdwlvwlfv dqg srvwhulru suredelolwlhv iru udqn Eo�1
o ' o@?& E�� u- EomR� 4( Fulwlfdo ydoxh � Eom+�

f 8<156 87179 3133
� 64199 68198 4133
2 43159 53137 3133
� 5166 9198 3133
e 0 0 3133
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3

4

5

6

7

8

9

10

11

Jul-92 Jan-93 Jul-93 Jan-94 Jul-94 Jan-95 Jul-95 Jan-96 Jul-96 Jan-97 Jul-97 Jan-98 Jul-98 Jan-99 Jul-99 Jan-00

Month (Jul 1992 to Apr 2000)

i180

i90

i5

i3

Iljxuh 6= Sorw ri Dxvwudoldq lqwhuhvw udwhv1 Wkh vhulhv duh wkh 8 |hdu +�D, dqg
6 |hdu +��, Wuhdvxu| Erqg udwhv +Fdslwdo Pdunhw,/ dqg wkh 4;3 gd| +��Hf, dqg
<3 +�bf, gd| Edqn Dffhswhg Eloo +Prqh| Pdunhw, udwhv1

Wdeoh 5= OU vwdwlvwlfv dqg srvwhulru suredelolwlhv iru k|srwkhvhv1
K|srwkhvlv/ K� u- EK�mKf� 4( Fulwlfdo ydoxh � EM�m+�

K� 31358 9196 31::6
K2 71764 <154 31849
K� <165; 44167 31936
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8 Frqfoxvlrq1
Lq wklv sdshu zh kdyh ghprqvwudwhg d phwkrg iru Ed|hvldq hvwlpdwlrq ri
frlqwhjudwlqj yhfwruv wkdw zloo dozd|v eh ydolg lq wkh vhqvh wkdw lw dyrlgv
lqydolg qrupdolvdwlrqv1 Wklv phwkrg xvhv uhvwulfwlrqv rq wkh sdudphwhuv wkdw
duh htxlydohqw wr wkrvh xvhg lq wkh fodvvlfdo pd{lpxp olnholkrrg hvwlpdwru
iru wklv prgho ghyhorshg e| Dqghuvrq +4<84, dqg dssolhg wr frlqwhjudwlrq
sureohpv e| Mrkdqvhq +4<;;/ 4<<4,1 Wkh vshfl�fdwlrq ri wkh prgho lv vlplodu
wr Nohlehujhq*v dssurdfk dv lw xvhv d sdudphwhulvdwlrq ri wkh udqn uhgxfwlrq1
Wkdw lv/ wkh srwhqwldoo| uhgxfhg udqn pdwul{ � lv wudqviruphg wr Ekc qc b� dqg
wkh udqn ri � lv uhgxfhg li b ' f1 Zh kdyh ghprqvwudwhg vrph ri wkh lpsol0
fdwlrqv ri hpsor|lqj olqhdu uhvwulfwlrqv iru wkh srvwhulru ri wkh frlqwhjudwlqj
frh!flhqwv iru wkh hvwlpdwhv dqg wkh glvwulexwlrq ri wkh frh!flhqwv1

Hvwlpdwhv ri frh!flhqwv duh suhvhqwhg iru d vlpsoh prgho dqg frpsduhg
zlwk fodvvlfdo phwkrgv ri lqihuhqfh1 Lq wklv hpslulfdo h{dpsoh zh ghprqvwudwh
d fdvh zkhuh d vhhplqjo| vhqvleoh qrupdolvdwlrq zrxog lq idfw eh lqydolg/
mxvwli|lqj wkh xvh ri wkh qrqruglqdo phwkrg iru dw ohdvw lqlwldo hvwlpdwlrq1
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9 Uhihuhqfhv1
Dqghuvrq/ W1Z1 +4<84, �Hvwlpdwlqj olqhdu uhvwulfwlrqv rq uhjuhvvlrq frh!0
flhqwv iru pxowlyduldwh qrupdo glvwulexwlrqv1� Dqqdov ri Pdwkhpdwlfdo Vwdwlv0
wlfv/ 55/ 65:06841

Edxzhqv/ O1 dqg P1 Oxeudqr +4<<9, �Lghqwl�fdwlrq uhvwulfwlrqv dqg srvwhulru
ghqvlwlhv lq frlqwhjudwhg Jdxvvldq YDU v|vwhpv1� lq Dgydqfhv lq Hfrqrphw0
ulfv/ Yro1 44E/ Ed|hvldq Phwkrgv Dssolhg wr Wlph Vhulhv Gdwd/ W1E1 Irpe|/
hg1/ MDL Suhvv/ 605;1

Ervzlmn/ K1 S1 +4<<9,1 �Whvwlqj lghqwl�delolw| ri frlqwhjudwlqj yhfwruv1� Mrxu0
qdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 47/ 48604931

Jhzhnh/ M1 +4<<9, �Ed|hvldq uhgxfhg udqn uhjuhvvlrq lq hfrqrphwulfv1� Mrxu0
qdo ri Hfrqrphwulfv/ :8/ 45404791

Judqjhu/ F1Z1M1 +4<;6, �Frlqwhjudwhg yduldeohv dqg huuru fruuhfwlrq prg0
hov1� Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr1

Khqghuvrq/ K1Y1 dqg V1U1 Vhduoh +4<:<, �Yhf dqg yhfk rshudwruv iru pdwulfhv/
zlwk vrph xvhv lq Mdfreldqv dqg pxowlyduldwh vwdwlvwlfv1� Wkh Fdqdgldq
Mrxuqdo ri Vwdwlvwlfv/ :/ 980;41

Mrkdqvhq/ V1 +4<;;, �Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv1� Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro/ 45/ 56405871

Mrkdqvhq/ V1 +4<<4, �Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhf0
wruv lq Jdxvvldq yhfwru dxwruhjuhvvlyh prghov1� Hfrqrphwulfd/ 9</ 44404651

Mrkdqvhq/ V1 +4<<8, Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

Mrkdqvhq/ V1/ dqg Mxvholxv +4<<5, �Whvwlqj vwuxfwxudo k|srwkhvhv lq d pxowl0
yduldwh frlqwhjudwlrq dqdo|vlv ri SSS dqg XLS iru XN1� Mrxuqdo ri Hfrqr0
phwulfv/ 86/ 54405771

Nohlehujhq/ I1 dqg U1 Sdds +4<<;, �Sulruv/ srvwhulru rggv dqg Odjudqjh pxo0
wlsolhu vwdwlvwlfv lq Ed|hvldq dqdo|vlv ri frlqwhjudwlrq1� Hfrqrphwulf Lqvwlwxwh
Uhsruwv/ qr1 <;54/ Hfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp1

Nohlehujhq/ I1 dqg K1N1 ydq Glmn +4<<7,1 �Rq wkh vkdsh ri wkh olnholkrrg2srvwhulru
lq frlqwhjudwlrq prghov1� Hfrqrphwulf Wkhru|/ 43/ 84708841

Nohlehujhq/ I1 dqg K1N1 ydq Glmn +4<<;, �Ed|hvldq vlpxowdqhrxv htxdwlrqv
dqdo|vlv xvlqj uhgxfhg udqn vwuxfwxuhv1� Hfrqrphwulf Wkhru|/ 47/ :340:761
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Oxxnnrqhq/ U/ D1 Ulsdwwl dqg S1 Vdlnnrqhq +4<<<, �Whvwlqj iru d ydolg qru0
pdolvdwlrq ri frlqwhjudwlqj yhfwruv lq yhfwru dxwruhjuhvvlyh surfhvvhv1� Mrxu0
qdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 4:/ 4<805371
Pdjqxv/ M1 U1 dqg K1 Qhxghfnhu +4<;3, �Wkh holplqdwlrq pdwul{= Vrph
ohppdv dqg dssolfdwlrqv1� Vrflhw| iru Lqgxvwuldo dqg Dssolhg Pdwkhpdwlfv
Mrxuqdo rq Glvfuhwh dqg Dojheudlf Phwkrgv/ 7/ 755077<1

Pdjqxv/ M1 U1 dqg K1 Qhxghfnhu +4<;;,1 Pdwul{ Gl�huhqwldo Fdofxoxv zlwk
Dssolfdwlrqv lq Vwdwlvwlfv dqg Hfrqrphwulfv1 Mrkq Zloh| dqg Vrqv/ Qhz
\run1

Ronlq/ L1 dqg D1U1 Vdpsvrq +4<:5,1 �Mdfreldqv ri pdwul{ wudqvirupdwlrqv
dqg lqgxfhg ixqfwlrqdo htxdwlrqv1� Olqhdu Dojheud dqg lwv Dssolfdwlrqv 8/
58:05:91

Ur|/ V1Q1 +4<85,1 �Vrph xvhixo uhvxowv lq Mdfreldqv�1 Fdofxwwd Vwdwlvwlfdo
Dvvrfldwlrq Exoohwlq/ 7/ 44:04551

Vfkrww/ M1U1 +4<<:,1 Pdwul{ Dqdo|vlv iru Vwdwlvwlfv1 Mrkq Zloh| dqg Vrqv/
Qhz \run1
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