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Devwudfw

Zh xvh wkh prgho ghyhorshg lq Vdulq dqg Ydklg +4<<</ JHE, wr h{sodlq wkh
h{shulphqwv uhsruwhg lq Huhy dqg Urwk +4<<;/ DHU,1 Wkh prgho vxssrvhv
wkdw sod|huv pd{lpl}h vxemhfw wr wkhlu �eholhiv� zklfk duh qrq0suredelolvwlf
dqg vfdodu0ydoxhg1 Wkh| duh lqwhqghg wr ghvfuleh wkh sd|r�v wkh sod|huv
vxemhfwlyho| dvvhvv wkh| zloo rewdlq iurp d vwudwhj|1 Lq dq hduolhu sdshu
+Vdulq dqg Ydklg +4<<:, zh vkrzhg wkdw wkh prgho suhglfwhg ehkdylru lq
uhshdwhg frruglqdwlrq jdphv uhpdundeo| zhoo/ dqg ehwwhu wkdq htxloleulxp
wkhru| ru uhlqirufhphqw ohduqlqj prghov1 Lq wklv sdshu zh vkrz wkdw wkh
vdph rqh0sdudphwhu prgho fdq dovr h{sodlq ehkdylru lq jdphv zlwk d xqltxh
pl{hg vwudwhj| Qdvk htxloleulxp ehwwhu wkdq dowhuqdwlyh prghov1 Khqfh/ zh
rewdlq ixuwkhu vxssruw iru wkh vlpsoh g|qdplf prgho1

Nh|zrugv= Sd|r� dvvhvvphqwv zlwkrxw suredelolwlhv/ jdphv zlwk d xqltxh
pl{hg vwudwhj| htxloleulxp/ uhlqirufhphqw ohduqlqj1



4 Lqwurgxfwlrq

Lq d uhfhqw sdshu/ Huhy dqg Urwk +4<<;, vkrz krz vlpsoh uhlqirufhphqw
ohduqlqj prghov fdq h{sodlq ehkdylru lq doo wkh sxeolvkhg h{shulphqwv lq0
yroylqj uhshdwhg sod| ri 433 shulrgv ru pruh ri jdphv zlwk d xqltxh pl{hg
vwudwhj| htxloleuld1 Wkh| vwxg| qrw rqo| wkh h{0srvw ghvfulswlyh srzhu ri wkh
prghov +e| orrnlqj dw �ehvw �w� sdudphwhuv,/ exw dovr wkhlu h{0dqwh suhglf0
wlyh srzhu +e| vlpxodwlqj hdfk h{shulphqw edvhg rq sdudphwhuv hvwlpdwhg
iurp rwkhu h{shulphqwv,1 Wkh| vkrz wkdw d rqh0sdudphwhu prgho urexvwo|
rxwshuirupv htxloleulxp suhglfwlrqv lq erwk uhvshfwv/ dqg wkdw d �jhqhudo0
l}hg� uhlqirufhphqw ohduqlqj prgho rxwshuirupv eholhi edvhg pd{lpl}dwlrq
prghov vxfk dv suredelolvwlf �fwlwlrxv sod|1

Wkhvh uhvxowv duh uhpdundeoh qrw rqo| ehfdxvh uhlqirufhphqw ohduqlqj
prghov shuirup ehwwhu wkdq wkh htxloleulxp wkhru| w|slfdoo| xvhg e| hfrqrplvwv
wr dqdo|}h vwudwhjlf vlwxdwlrqv/ exw dovr ehfdxvh wkh uhlqirufhphqw ohduq0
lqj prghov rxwshuirup eholhi0edvhg prghov ri ohduqlqj/ w|slfdoo| xvhg e|
hfrqrplvwv wr ghvfuleh wkh g|qdplf ohduqlqj ehkdylru ri djhqwv lq vwudwhjlf
vlwxdwlrqv1 Krz frxog d prgho wkdw grhv qrw srvlw pd{lpl}lqj ehkdylru
ri dq| vruw dqg vxssrvhv wkdw djhqwv fkrrvh dprqj wkhlu vwudwhjlhv sured0
elolvwlfdoo|/ gr ehwwhu wkdq prghov zklfk srvwxodwh pd{lpl}lqj ehkdylru dqg
wkdw ehkdylru lv ghwhuplqlvwlf zklfk hfrqrplvwv w|slfdoo| dvvxphB Wkhvh
uhvxowv duh doo wkh pruh vxusulvlqj ehfdxvh wkh gdwd vhwv xvhg e| Huhy dqg
Urwk +khqfhiruwk/ HU, zhuh froohfwhg e| d ydulhw| ri rwkhu uhvhdufkhuv zkr
froohfwhg wkh gdwd xqghu zlgho| gl�huhqw dvvxpswlrqv uhjduglqj wkh lqiru0
pdwlrq dydlodeoh wr wkh vxemhfwv dqg wkh pdqqhu lq zklfk wkh vxemhfwv zhuh
sdlg/ li wkh| zhuh sdlg dw doo1

Lq wklv sdshu zh dwwhpsw wr h{sodlq wkh vdph gdwd xvlqj d prgho edvhg
h{solflwo| rq wkh pd{lpl}lqj k|srwkhvlv/ zklfk zh lqwurgxfhg lq Vdulq dqg
Ydklg +4<<<,1 Wkh prgho dvvxphv wkdw djhqwv h{solflwo| kdyh �eholhiv� wkdw
duh vfdodu0ydoxhg dqg qrq0suredelolvwlf1 Wkh| uhsuhvhqw wkh vxemhfwlyh dv0
vhvvphqw ri wkh sod|hu uhjduglqj wkh sd|r� vkh zrxog rewdlq iurp wkh fkrlfh
ri dq| vwudwhj| dw dq| wlph1 Wkh eholhiv duh qrw derxw krz wkh rwkhu sod|0
huv duh olnho| wr sod| exw udwkhu wkh| uh hfw d pruh lpphgldwh frqfhuq ri
wkh sod|huv= wkh sd|r�v wkh| �h{shfw� iurp gl�huhqw vwudwhjlhv1 Khqfh/ d
sod|hu qhhg qrw nqrz wkh sd|r� pdwul{ ru hyhq wkdw vkh lv sod|lqj d jdph1
Vxfk �eholhiv� duh lqwhqghg wr ghvfuleh surfhgxudoo| udwlrqdo sod|huv zkr
vlpsoli| wkh dfwxdo/ ru remhfwlyh/ fkrlfh hqylurqphqw wkh| idfh1 Hdfk wlph
wkh lqglylgxdo lv fdoohg xsrq wr pdnh d fkrlfh vkh fkrrvhv wkh dfwlrq wkdw
vkh dvvhvvhv zloo jlyh khu wkh kljkhvw sd|r�1 Wkh djhqw/ khqfh/ lv dvvxphg
wr eh d p|rslf vxemhfwlyh rswlpl}hu1 Xsrq uhfhlylqj wkh sd|r�/ zklfk pd|
ghshqg rq wkh vwdwh ri wkh zruog ru wkh fkrlfh ri rwkhu sod|huv/ wkh lqglylgxdo
xsgdwhv khu dvvhvvphqwv1

Wkh Vdulq dqg Ydklg +khqfhiruwk/ VY, prgho kdv pdq| vlplodulwlhv zlwk
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eholhi edvhg ohduqlqj prghov w|slfdoo| vwxglhg e| hfrqrplvwv +h1j1 �fwlwlrxv
sod|,1 Olnh �fwlwlrxv sod|/4 dq djhqw lq wkh VY prgho lv dvvxphg wr eh
p|rslf � fkrrvlqj dw hdfk wlph wkh dfwlrq vkh frqvlghuv wr eh wkh ehvw dqg
ljqrulqj wkh lpsolfdwlrqv ri fxuuhqw fkrlfhv rq ixwxuh fkrlfhv dqg sd|r�v1
Olnh �fwlwlrxv sod|/ wkh eholhiv ri wkh djhqw qhhg qrw eh fruuhfw dqg olnh lw
wkh djhqw xsgdwhv wkhvh eholhiv hdfk shulrg dffruglqj wr zkdw vkh revhuyhv1
Ixuwkhupruh/ wkh vxemhfwlyh prgho ri wkh hqylurqphqw lq hdfk lv +srvvleo|,
plv0vshfl�hg= Lq �fwlwlrxv sod| wklv dulvhv ehfdxvh wkh djhqw dvvxphv wkh
hqylurqphqw wr eh vwdwlrqdu|/ dqg lq VY lw dulvhv ehfdxvh wkh hqylurqphqw
lv qrw ghwhuplqlvwlf1 Krzhyhu/ xqolnh �fwlwlrxv sod|/ wkh djhqw*v eholhiv duh
qrw suredelolvwlf1 Lq �fwlwlrxv sod| dq djhqw*v eholhiv frqfhuq wkh suredelolw|
zlwk zklfk khu rssrqhqwv zloo sod| wkhlu ydulrxv vwudwhjlhv1 Lq VY eholhiv
frqfhuq wkh sd|r�v wkh djhqw �h{shfwv�5 vkh zloo uhfhlyh iurp wkh fkrlfh
ri dq| vwudwhj|1 Lq �fwlwlrxv sod| wkh djhqw lv dvvxphg wr nqrz wkh sd|r�
pdwul{/ zkhuhdv lq VY vkh qhhg qrw1

Jlyhq wkh �forvhqhvv� ri wkh VY prgho wr wkrvh w|slfdoo| vwxglhg e|
hfrqrplvwv/ dqg jlyhq wkh HU �qglqj wkdw uhlqirufhphqw ohduqlqj prghov
h{sodlq wkh gdwd ehwwhu wkdq wkhvh prghov/ lw zrxog eh vxusulvlqj li wkh VY
prgho zrxog shuirup ehwwhu wkdq wkhluv1 Wklv lv suredeo| hvshfldoo| vr lq
wkh fodvv ri jdphv zlwk d xqltxh pl{hg vwudwhj| htxloleulxp1 Uhlqirufhphqw
ohduqlqj prghov/ zklfk srvwxodwh wkdw djhqwv fkrrvh vwrfkdvwlfdoo|/ vhhp
pruh vxlwdeoh iru vwxg|lqj wklv fodvv ri jdphv wkdq wkh VY prgho zklfk
vxssrvhv wkdw fkrlfh lv ghwhuplqlvwlf1 Lq frruglqdwlrq jdphv zlwk pxowlsoh/
v|pphwulf/ h!flhqw vwulfw Qdvk htxloleuld/ zh kdyh vkrzq +Vdulq dqg Ydklg
+4<<:,, wkdw wkh VY prgho h{sodlqv wkh gdwd ehwwhu wkdq htxloleulxp wkh0
ru| dqg dovr frqvlghudeo| ehwwhu wkdq uhlqirufhphqw ohduqlqj prghov forvho|
uhodwhg wr wkrvh vwxglhg lq HU1 Lw lv/ wkhuhiruh/ ri lqwhuhvw wr vhh krz wkh
wzr prghov frpsduh lq h{sodlqlqj wkh gdwd rq uhshdwhg jdphv zlwk xqltxh
pl{hg vwudwhj| htxloleuld1

Wklv sdshu vkrzv wkdw wkh VY prgho h{sodlqv wkh gdwd dw ohdvw dv zhoo dv
wkh UH prgho16 Wklv lv wuxh dovr zkhq zh orrn dw wkh gdwd shulrg0e|0shulrg
dqg frpsduh eorfnv ri vhyhudo shulrgv zlwk eorfnv ri vhyhudo shulrgv1 Lq wklv
fdvh/ wkh shuirupdqfh ri rxu prgho lpsuryhv ryhu wlph lq frpsdulvrq zlwk
wkh UH prgho1 Wklv lv jrrg qhzv iru wkh wudglwlrqdo hfrqrplf suhfhswv ri
pd{lpl}lqj vxemhfw wr �eholhiv� dqg fkrrvlqj ghwhuplqlvwlfdoo|1 Jlyhq wkdw
wkh prgho grhv ehwwhu wkdq wkh wudglwlrqdo eholhi0edvhg prghov frqvlghuhg
e| HU/ lw dovr vxjjhvwv wkdw wkh VY prgho pljkw uhsuhvhqw sod|hu �eholhiv�
pruh dssursuldwho| wkdw wudglwlrqdo suredelolw|0eholhi0edvhg prghov1 Wkdw
lv/ wkh pdqqhu lq zklfk wkh VY djhqwv duh dvvxphg wr vlpsoli| wkhlu fkrlfh

4Vhh Ixghqehuj dqg Ohylqh +4<<;, iru d fduhixo glvfxvvlrq ri �fwlwlrxv sod|1
5ru/ �dvvhvvhv� ru �dqwlflsdwhv�1
6Iroorzlqj HU/ zh uhihu wr wkh uhlqirufhphqw ohduqlqj prgho wkh| vwxg| dv wkh UH

prgho1
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hqylurqphqw pd| eh vlplodu wr wkh zd| lq zklfk shrsoh dfwxdoo| ghdo zlwk
wkrvh hqylurqphqwv1

Wkh qh{w vhfwlrq ghvfulehv wkh gdwd1 Vhfwlrq 6 wkhq suhvhqwv wkh VY
prgho dqg dovr wkh HU prgho1 Lq Vhfwlrq 7 zh frqiurqw wkh VY prgho zlwk
wkh gdwd dqg suhvhqw rxu uhvxowv dqg frpsduh wkhp zlwk HU*v1 Zh dovr orrn
khuh dw shulrg0e|0shulrg gdwd dqg vhh wkh uhodwlyh shuirupdqfh ri wkh wzr
prghov1Vhfwlrq 8 frqfoxghv1

5 Wkh Gdwd

Wkh gdwd vhw lv wkh vdph dv wkdw xvhg e| Huhy dqg Urwk +4<<;,1 Wkh
gdwd frphv iurp h{shulphqwv lqyroylqj pruh wkdq 433 uhshwlwlrqv ri 45
jdphv zlwk xqltxh pl{hg vwudwhj| htxloleuld froohfwhg xqghu d ydulhw| ri
lqirupdwlrqdo dvvxpswlrqv dqg sd|r� vwuxfwxuhv1 Zh h{sodlq wkhvh jdphv
eulh | khuh1 D pruh ghwdlohg vxppdu| fdq eh irxqg lq Huhy dqg Urwk
+4<<9/ 4<<;,1

Ilyh ri wkh 45 jdphv zhuh edvhg rq Vxsshv dqg Dwnlqvrq +4<93,1 Irxu
ri wkhvh �yh zhuh dfwxdoo| xvhg lq h{shulphqwv frqgxfwhg e| Vxsshv dqg
Dwnlqvrq/ zklfk iru hdvh ri frpsdulvrq/ zh odeho dv lq HU= +V)D5/ V)D;/
V)D6n/ V)D6x,1 Doo wkh jdphv duh wzr e| wzr el0pdwul{ jdphv1 Sd|r�v
lq wkhvh jdphv duh elqdu| orwwhulhv1 Wkh lqwhudfwlrq ehwzhhq wkh urz dqg
froxpq sod|huv +sod|huv 4 dqg 5/ uhvshfwlyho|, ghwhuplqhv wkh suredelolw|
ri wkh �jrrg� rxwfrph iru hdfk sod|hu1 Wkh iroorzlqj pdwulfhv vkrz wkh
suredelolw| ri wkh jrrg rxwfrph iru hdfk sod|hu lq wkhvh jdphv1

V)D5= D5 E5
D4

�
�

�
> 2
�

�
+4> 3,

E4
�
�

2
> �
2

� �
�

S
> D
S

�
V)D;= D5 E5
D4 +4> 3,

�
�

H
> 4
�

E4
�
3> D

H

� �
D

H
> �
H

�

V)D6= D5 E5
D4 +3=6> 3=:, +3=;> 3=5,
E4 +3=7> 3=9, +3=4> 3=<,

Lq V)D5/ lq htxloleulxp/ sod|hu 4 fkrrvhv D zlwk suredelolw| �

�
> dqg sod|hu 5

fkrrvhv D zlwk suredelolw| D

S
= Lq wkh xqltxh pl{hg vwudwhj| htxloleulxp iru

V)D;/ erwk sod|huv fkrrvh D zlwk suredelolw| 3151 V)D6n dqg V)D6x duh
wzr yduldqwv ri V)D6 zlwk wkh gl�huhqfh wkdw lq V)D6n wkh sd|r� pdwul{ lv
nqrzq wr wkh vxemhfwv/ dqg lq V)D6x wkh sd|r� pdwul{ lv xqnqrzq1 Lq wkh
pl{hg vwudwhj| htxloleulxp iru V)D6/ sod|hu 4 fkrrvhv D zlwk suredelolw| �

H
/

dqg sod|hu 5 fkrrvhv D zlwk suredelolw| .

H
1 V)D5 zdv sod|hg e| 53 sdluv ri

sod|huv iru 533 urxqgv/ dqg rwkhu jdphv zhuh sod|hg e| 53 sdluv ri sod|huv
iru 543 urxqgv1 Krzhyhu/ urxqg e| urxqg gdwd duh qrw dydlodeoh/ dqg rqo|
wkh sursruwlrqv ri D fkrlfhv iru hdfk sod|hu lq 8 eorfnv ri 73 urxqgv iru
V)D5 dqg : eorfnv ri 63 iru rwkhu h{shulphqwv duh dydlodeoh1
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Wkh �iwk jdph edvhg rq wkh Vxsshv dqg Dwnlqvrq ghvljq lv odehoohg
V)D6q1 Lw zdv frqgxfwhg e| Huhy dqg Urwk dqg xvhv wkh vdph sd|r� pd0
wul{ dv V)D6x/ h{fhsw wkdw fruuhfw rxwfrph hduqv 314 Vkhnho/ dqg lqfruuhfw
rxwfrph hduqv 31 Wkh jdph lv sod|hg e| 43 sdluv ri sod|huv iru 833 urxqgv1
Urxqg e| urxqg gdwd iru wklv h{shulphqw lv dydlodeoh/ dqg iru frpsdwlelolw|
zlwk rwkhu prghov/ Huhy dqg Urwk +4<<9, dovr suhvhqw wklv gdwd lq iuhtxhqf|
ri fkrlfh D e| hdfk sod|hu lq 43 eorfnv ri 83 urxqgv1

Jdph 9 lv wkh jdph xvhg e| Pdofrop dqg Olhehupdq +4<98, dqg lv d
vwdqgdug }hur0vxp jdph zlwk sd|r� pdwul{/

P)O= D5 E5
D4 +6>�6, +�4> 4,
E4 +�<> <, +6>�6,

zkhuh wkh hqwulhv duh fklsv wkdw zhuh frqyhuwhg wr prqh| dw wkh frqfoxvlrq ri
wkh h{shulphqw1 Wkh pl{hg vwudwhj| htxloleulxp lv zkhuh sod|hu 4 fkrrvhv
vwudwhj| D4 zlwk suredelolw| 31:8/ dqg sod|hu 5 fkrrvhv klv vwudwhj| D5
zlwk suredelolw| 31581 Wklv jdph lv sod|hg e| < sdluv/ zkr nqrz wkh sd|r�
pdwul{/ iru 533 urxqgv1 Rqo| eorfn dyhudjhg gdwd +sursruwlrq ri fkrlfh D4
iru wkh urz sod|huv dqg sursruwlrq ri fkrlfh D5 iru wkh froxpq sod|huv, iru
; eorfnv ri 58 urxqgv duh dydlodeoh1

Lq jdphv :/ ; dqg < hdfk sod|hu kdv pruh wkdq 5 dydlodeoh vwudwhjlhv1
Jdph :/ ghqrwhg e| �Rq�/ lv d 7�7 }hur0vxp jdph iurp R*Qhloo +4<;:,
dqg jdphv ; dqg </ ghqrwhg e| U)E43 dqg U)E48/ duh 8 � 8 frqvwdqw0
vxp jdphv iurp Udsrsruw dqg Erheho +4<<5,1 Wkh iroorzlqj pdwulfhv vkrz
�zlq� +Z , ru �orvh� +O, rxwfrphv iru wkh urz sod|hu1 Reylrxvo| zkhq wkh
urz sod|hu zlqv/ wkh froxpq sod|hu orvhv dqg ylfh yhuvd1

Rq D5 E5 F5 G5
D4 Z O O O
E4 O O Z Z
F4 O Z O Z
G4 O Z Z O

U)E D5 E5 F5 G5 H5
D4 Z O O O O
E4 O O Z Z Z
F4 O Z O O Z
G4 O Z O Z O
H4 O Z Z O O

Lq Rq/ zlq kdv d sd|r� ri .8 dqg orvh kdv d sd|r� ri �8= Lq U)E43 dqg
U)E48 wkh hyhqwv ri zlq ru orvh duh ghwhuplqhg e| wkh pdwul{ U)E/ exw lq
U)E43 d Z hduqv .43> dqg dq O hduqv �9/ zkloh lq U)E48 Z hduqv .48>
dqg O hduqv �4= Htxloleulxp vwudwhj| iru Rq lv zkhq erwk sod|huv sod| D
zlwk suredelolw| 3=7/ dqg wkhlu wkuhh rwkhu vwudwhjlhv zlwk suredelolw| 3=5
hdfk1 Lq erwk yhuvlrqv ri wkh U)E jdph/ htxloleulxp sod| iru erwk sod|huv
lv fkdudfwhul}hg e| wkh suredelolw| yhfwru

�
�

H
> 2
H
> �
H
> �
H
> �
H

�
1 Rq zdv sod|hg e|

58 sdluv iru 438 urxqgv/ dqg wkh iuhtxhqf| ri D fkrlfhv lq : eorfnv ri 48
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duh dydlodeoh1 U)E jdphv zhuh sod|hg e| 43 sdluv iru 453 urxqgv/ dqg wkh
iuhtxhqf| ri D dqg E fkrlfhv ri hdfk sod|hu iru 7 eorfnv ri 63 duh dydlodeoh1

Wkh rwkhu wkuhh jdphv duh iurp Rfkv +4<<8,/ dqg kdyh wkh sd|r� pdwul{=

Rf[ D5 E5
D4 +[> 3, +3> 4,
E4 +3> 4, +4> 3,

zkhuh [@< lq Rf</ [@7 lq Rf7 dqg [@4 lq Rf41 Dowkrxjk wkh jdphv duh
vwdqgdug elpdwul{ jdphv/ wkh h{shulphqwv zhuh ghvljqhg wr pdnh sod|huv
wklqn suredelolvwlfdoo|1 Hdfk sod|hu kdg wr dqqrxqfh wkh sursruwlrq ri D
fkrlfhv wkh| pdnh lq wkh qh{w 43 urxqgv1 Wkhuhiruh/ hyhq wkrxjk Rf< lv
uhshdwhg iru 893 urxqgv/ dqg Rf7 dqg Rf4 duh uhshdwhg iru 973 urxqgv/ wkh
sod|huv rqo| pdgh 89 dqg 97 urxqgv ri ghflvlrqv/ dqg rqo| uhfhlyhg sd|r�
ihhgedfn 89 dqg 97 wlphv uhvshfwlyho|1 Hljkw urz sod|huv dqg hljkw froxpq
sod|huv duh udqgrpo| sdluhg lq hdfk urxqg ri ghflvlrq pdnlqj1 Wkh eorfnhg
dyhudjhg gdwd iru : eorfnv lq Rf< dqg ; eorfnv lq Rf7 dqg Rf4 ri ; urxqgv
duh dydlodeoh1

6 Wkh Prgho

Wr vlpsoli| qrwdwlrq/ zh ghvfuleh wkh VY prgho iru rqh ri d �qlwh qxpehu ri
sod|huv1 Vxssrvh wkdw wkh sod|hu kdv M vwudwhjlhv V @ iv�> v2> ===> vaj = Wkh
sod|hu dvvrfldwhv d vxemhfwlyh dvvhvvphqw zlwk hdfk ri khu srvvleoh vwudwhjlhv1
Dw wlph q @ 3/ wkh sod|hu*v yhfwru ri lqlwldo dvvhvvphqwv lv ghqrwhg e|
x +3, @ +x� +3, > ===> xa +3,,1 Khu dvvhvvphqw ri wkh sd|r� vkh zloo rewdlq iurp
fkrrvlqj vwudwhj| v� dw wlph q/ x� +q,/ uhsuhvhqwv khu +vfdodu ydoxhg, eholhi
derxw wkh sd|r� vkh zloo rewdlq iurp wkh fkrlfh ri wkdw vwudwhj| wkdw wlph1
Khu vfdodu ydoxhg eholhiv uh hfw d pdqqhu lq zklfk vkh vlpsol�hv wkh ghflvlrq
sureohp +ru jdph, wkdw vkh idfhv1 Lqlwldo dvvhvvphqwv x +3, pd| kdyh ehhq
iruphg e| khduvd|/ vwudwhj| odehov/ ru e| vlplodulw| ri wkh ghflvlrq vlwxdwlrq
wr rwkhu ghflvlrq sureohpv wkdw wkh lqglylgxdo pd| kdyh idfhg lq wkh sdvw/
dv lq Jloerd dqg Vfkphlgohu +4<<8,1

Wkh Vdulq dqg Ydklg prgho lv g|qdplf1 Lw vshfl�hv krz wkh lqglylgxdo
fkrrvhv dw hdfk wlph jlyhq khu +vxemhfwlyh, dvvhvvphqwv dw wkdw wlph/ dqg
krz wkhvh dvvhvvphqwv duh xsgdwhg zlwk h{shulhqfh1 Dw hdfk shulrg q wkh
lqglylgxdo lv dvvxphg wr fkrrvh wkh vwudwhj| wkdw vkh dvvhvvhv wr jlyh wkh
kljkhvw sd|r�1 Wkdw lv/ vkh fkrrvhv wkh vwudwhj| wkdw vkh hydoxdwhv wr eh wkh
ehvw1 Lpsolflwo|/ wkh lqglylgxdo lv p|rslf/ ljqrulqj doo wkh ixwxuh lpsolfdwlrqv
ri khu fxuuhqw fkrlfh rq khu ixwxuh fkrlfhv dqg sd|r�v1

Wkh sd|r� wkh djhqw rewdlqv iurp wkh fkrlfh ri dq| vwudwhj| dw dq| wlph
lv doorzhg wr eh vwrfkdvwlf1 Wkh sd|r� iurp wkh fkrlfh ri v� zkhq wkh vwdwh
ri wkh zruog lv $ lv ghqrwhg �� +$,1 Dw wkh wlph ri pdnlqj khu ghflvlrq wkh

8



djhqw lv qrw dvvxphg wr nqrz wkh vwdwh ri wkh zruog1 Zkhq sod|lqj d qrupdo
irup jdph +uhshdwhgo|, zlwk rwkhu sod|huv/ wkh gl�huhqw srvvleoh vwdwhv ri
wkh zruog fruuhvsrqg wr wkh gl�huhqw srvvleoh sxuh vwudwhj| fkrlfhv ri wkh
rwkhu sod|huv17

Li dw wlph q/ x� +q, lv wkh pd{lpxp ri khu dvvhvvphqwv/ wkh lqglylgxdo
zloo sod| v�= Xsrq fkrrvlqj v� / d vwdwh ri wkh zruog lv uhdol}hg1 Wkh ghflvlrq
pdnhu qhhg qrw revhuyh wkh vwdwh ri wkh zruog1 Dffruglqj wr wkh vwudwhj|
fkrvhq dqg wkh vwdwh ri wkh zruog uhdol}hg/ vkh uhfhlyhv d sd|r�1 Wkh ghflvlrq
pdnhu wkhq xsgdwhv khu vxemhfwlyh dvvhvvphqwv1 Li vkh sod|hg v� dw wlph q
dqg wkh vwdwh ri wkh zruog zdv $> vkh xsgdwhv khu M vxemhfwlyh dvvhvvphqwv
lq wkh iroorzlqj pdqqhu=

x� +q. 4, @ +4� �,x� +q, . ��� +$,

x& +q. 4, @ x& +q, ;n 9@ m

zkhuh 3 ? � ? 41 Wkdw lv/ li wkh lqglylgxdo fkrrvhv v� dqg uhfhlyhv �� +$, >
wkhq vkh xsgdwhv khu vxemhfwlyh dvvhvvphqwv derxw wkh sd|r� ri v� e| dgglqj
d sursruwlrq ri khu vxusulvh +l1h1 wkh gl�huhqfh ehwzhhq wkh revhuyhg sd|r�
dqg khu dvvhvvphqw, wr khu suhylrxv dvvhvvphqw1 Vkh grhv qrw xsgdwh khu
vxemhfwlyh dvvhvvphqwv derxw wkh sd|r� wkdw rwkhu vwudwhjlhv |lhog1 Lq wkh
qh{w urxqg/ vkh fkrrvhv wkh vwudwhj| zklfk vkh dvvhvvhv wr eh wkh ehvw/ re0
vhuyhv d sd|r�/ dqg dgdswv khu dvvhvvphqwv/ dqg vr rq1 Dsduw iurp khu lqlwldo
dvvhvvphqwv/ wkh rqo| sdudphwhu ri wklv prgho lv wkh �ohduqlqj sdudphwhu�
�=

Wkh prgho ri Vdulq dqg Ydklg lv lq wkh wudglwlrq ri prghov w|slfdoo|
srvwxodwhg e| hfrqrplvwv1 Djhqwv duh rswlpl}huv1 Wkhlu rswlpl}dwlrq lv/
krzhyhu/ frqvwudlqhg lq wzr zd|v1 Iluvwo|/ wkh djhqwv duh qrw dvvxphg wr
nqrz wkh wuxh prgho ri wkh fkrlfh hqylurqphqw wkh| idfh/ dqg lq wkh oljkw ri
wklv lqfrpsohwh nqrzohgjh wkh| vlpsoli| wkh sureohp wkh| idfh udwkhu wkdq
zrun zlwk odujh dqg h{wuhpho| fxpehuvrph prghov1 Vshfl�fdoo|/ wkh| dvvr0
fldwh zlwk hdfk vwudwhj| d vfdodu udwkhu wkdq d suredelolw| glvwulexwlrq +ru
d suredelolw| glvwulexwlrq ryhu d suredelolw| glvwulexwlrq, dv wkh wudglwlrqdo
Ed|hvldq prghov zrxog vxssrvh1 Vhfrqgo|/ wkh djhqwv duh dvvxphg wr eh
p|rslf1 Wklv fdq eh vhhq dv wkhlu uhvsrqvh wr wkh lqfrpsohwh lqirupdwlrq
derxw wkhlu fkrlfh hqylurqphqw zklfk wkh| idfh1 Lw pd| eh wkh fdvh wkdw
ehfdxvh ri wkh xqfhuwdlqw| lq wkh djhqw*v plqg derxw wkh fkrlfh sureohp wkh
djhqw ehkdyhv p|rslfdoo|1

Qh{w zh suhvhqw wkh edvlf +rqh0sdudphwhu, UH uhlqirufhphqw ohduqlqj
prgho dqg frqwudvw lw zlwk wkh VY prgho18 Lq wkh UH prgho ri uhlqirufhphqw
ohduqlqj/ wkh suredelolwlhv ri gl�huhqw vwudwhjlhv ehlqj fkrvhq lq shulrg q

7Zh gr qrw vshfli| wkh glvwulexwlrq dffruglqj wr zklfk wkh vwdwh ri wkh zruog lv fkrvhq1
Wklv glvwulexwlrq/ lq sduwlfxodu/ lv doorzhg wr eh qrq0vwdwlrqdu|1

8D pruh frpsohwh suhvhqwdwlrq ri wklv prgho/ wkh UH wkuhh sdudphwhu prgho/ dqg wkh
HU irxu sdudphwhu �fwlwlrxv sod| prgho fdq eh irxqg lq Huhy dqg Urwk +4<<;,1
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duh ghwhuplqhg e| wkhlu �surshqvlwlhv�1 D sod|hu vwduwv zlwk d yhfwru ri
+srvlwlyh, lqlwldo surshqvlwlhv +t� +3, > t2 +3, > ===> ta +3,,/ zklfk ghwhuplqh wkh
suredelolw| ri hdfk vwudwhj| ehlqj fkrvhq lq wkh iroorzlqj zd|=

s� +3, @
t� +3,Sa
�'� t� +3,

m @ 4> ===> M

Li d gudz iurp wklv glvwulexwlrq ohdgv wr fkrlfh ri v�/ dqg wkh vwdwh ri wkh
zruog lv $/ wkhq wkh sod|hu uhfhlyhv sd|r� ri �� +$, > dqg vkh xsgdwhv wkh
surshqvlwlhv ri gl�huhqw vwudwhjlhv dv iroorzv/

t� +4, @ t� +3, . +�� +$,� �4�?,

t& +4, @ t& +3, ;n 9@ m

zkhuh �4�? lv wkh plqlpxp ri doo srvvleoh sd|r�v1 Vxewudfwlqj wkh plqlpxp
sd|r� hqvxuhv wkdw wkh surshqvlwlhv duh xsgdwhg e| d qrq0qhjdwlyh dprxqw/
dqg khqfh wkdw wkh| zloo qhyhu ehfrph qhjdwlyh1 Wkh xsgdwhg surshqvlwlhv
lpso| wkh suredelolwlhv zlwk zklfk hdfk dfwlrq zloo eh wdnhq lq wkh qh{w
shulrg/ dqg vr rq1 Wkh sdudphwhuv ri wklv prgho duh wkh lqlwldo surshqvlwlhv
+erwk wkhlu uhodwlyh vl}h dfurvv vwudwhjlhv dqg wkhlu devroxwh pdjqlwxgh,1 Wkh
rqh sdudphwhu yhuvlrq ri wklv prgho dulvhv zkhq doo wkh lqlwldo surshqvlwlhv
duh dvvxphg wr eh wkh vdph1

Wzr lpsruwdqw ihdwxuhv ri uhlqirufhphqw ohduqlqj prghov/ dqg ri wkh UH
prgho lq sduwlfxodu/ duh wkdw fkrlfh lv ghvfulehg/ dw hdfk vwdjh/ dv sured0
elolvwlf/ dqg wkdw qr eholhiv duh dwwulexwhg wr wkh djhqw1 D edvlf sulqflsoh ri
wklv fodvv ri prghov lv wkdw dfwlrqv wkdw uhvxow lq �jrrg� sd|r�v duh pruh
olnho| wr eh sod|hg lq wkh ixwxuh1 D vshfl�f ihdwxuh ri wkh +edvlf, UH prgho
lv wkdw doo dfwlrqv wkdw duh sod|hg duh pruh olnho| wr eh sod|hg lq wkh ixwxuh1
D pruh ghwdlohg glvfxvvlrq ri uhlqirufhphqw ohduqlqj prghov fdq eh irxqg
lq Eùujhuv dqg Vdulq +4<<:/ 4<<<, dqg Urwk dqg Huhy +4<<8,19

Lq wkh VY prgho/ wkh sdudphwhu � ghwhuplqhv krz idvw wkh dvvhvvphqwv
dgdsw wr wkh revhuyhg sd|r�v1 Wkh odujhu wkh �/ wkh vwurqjhu wkh lq xhqfh
ri revhuyhg sd|r�v rq dvvhvvphqwv1 Wkh vwuhqjwk ri wkh lq xhqfh ri wkh
revhuyhg sd|r�v rq wkh dvvhvvphqwv lv frqvwdqw dw doo urxqgv ri sod|1 Lq wkh
UH prgho/ wkh odujhu wkh t/ wkh vpdoohu wkh lq xhqfh ri revhuyhg sd|r�v rq
wkh surshqvlwlhv zrxog eh/ dqg vlqfh wkhvh surshqvlwlhv duh qrq0ghfuhdvlqj
dv wkh sod| surjuhvvhv/ wkh lq xhqfh ri revhuyhg sd|r�v rq surshqvlwlhv
glplqlvkhv wkurxjk wlph1

7 Wkh Prgho phhwv wkh gdwd

Lq wkh �uvw vxevhfwlrq zh frpsduh wkh wzr prghov dffruglqj wr wkh fulwhuld
ri Huhy dqg Urwk1 Wkdw lv zh vwxg| wkh h{ srvw ghvfulswlyh srzhu +e|

9Vhh Fdphuhu dqg Kr +4<<<, iru d prgho zklfk �qhvwv� vrph uhlqirufhphqw ohduqlqj
prghov dqg eholhi0edvhg prghov olnh �fwlwlrxv sod|1

:



orrnlqj dw �ehvw �w� sdudphwhuv, dqg zh orrn dw wkh h{ dqwh suhglfwlyh
srzhu +e| vlpxodwlqj hdfk h{shulphqw edvhg rq sdudphwhuv hvwlpdwhg iurp
rwkhu h{shulphqwv, ri wkh VY prgho1 Wr vwxg| wkh ghvfulswlyh srzhu ri wkh
VY prgho zh frpsxwh wkh ydoxh ri � zklfk plqlpl}hv wkh phdq vtxduhg
ghyldwlrq +PVG, ryhu doo 45 jdphv1 Zh wkhq frpsduh wklv zlwk wkh uhvxowv
rewdlqhg iurp wkh UH prgho1 Wr vwxg| wkh suhglfwlyh srzhu ri wkh VY
prgho zh frpsxwh wkh ydoxh ri � iurp 44 jdphv dqg xvh wklv wr frpsxwh
wkh PVG lq wkh uhpdlqlqj jdph1 Zh wkhq surylgh d vhqvlwlylw| dqdo|vlv wr
whvw wkh urexvwqhvv ri rxu frqfoxvlrqv1 Wklv lv grqh e| orrnlqj dw vhyhudo
dowhuqdwh vshfl�fdwlrqv ri wkh lqlwldo dvvhvvphqwv1 Lq wkh qh{w vxevhfwlrq zh
fkhfn wkh h{sodqdwru| srzhu ri rxu prgho rq shulrg e| shulrg gdwd zkhq lw
lv dydlodeoh dqg vhhpv uhohydqw1 Zh h{sodlq dw wkdw srlqw zk| zh wklqn wklv
lv dq lpsruwdqw whvw ri wkh h{sodqdwru| srzhu ri wkh prgho1

714 Wkh Frpsdulvrq

Rxu �uvw wdvn lv wr hvwlpdwh wkh ohduqlqj sdudphwhu �/ zklfk lv wkh rqo|
sdudphwhu ri wkh VY prgho/ edvhg rq wkh revhuyhg gdwd1 Wkdw lv/ zh zdqw
wr �qg wkh ydoxh ri � zklfk surgxfhv wkh �ehvw �w� ri wkh VY prgho wr
wkh revhuyhg gdwd1 Wkh revhuyhg gdwd duh wkh eorfn dyhudjhg gdwd +l1h1 wkh
sursruwlrq ri D fkrlfhv lq 5�5 jdphv dqg wkh sursruwlrq ri qrq0v|pphwulfdo
vwudwhjlhv lq wkh rwkhuv, iru hdfk sod|hu lq hdfk jdph/ zklfk dgg xs wr d
wrwdo ri 4;3 revhuydwlrqv1: Iroorzlqj HU zh fkrrvh wkh dyhudjh ri wkh PVG
ri eorfn dyhudjhg gdwd ryhu doo 45 jdphv dv rxu phdvxuh ri �w1 Vshfl�fdoo|/
zh �qg wkh ydoxh ri � wkdw plqlpl}hv wkh PVG ehwzhhq wkh eorfn dyhudjhv
ri gdwd vlpxodwhg iurp wkh VY prgho dqg wkh revhuyhg eorfn dyhudjhg gdwd/
dyhudjhg ryhu doo 45 jdphv/ l1h1/

a� @ dujplq
b
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C 4
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�'�
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C 4
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zkhuh �|J�� lv wkh m0wk revhuyhg eorfn dyhudjhg gdwd lq jdph l/ �|r�� +�, lv
wkh fruuhvsrqglqj vlpxodwhg eorfn dyhudjhg gdwd iru jdph l> dqg q� lv wkh
qxpehu ri eorfnv lq jdph l1 Vlqfh � lv lq ^3> 4` > julg vhdufk lv wkh prvw
h!flhqw rswlpl}dwlrq phwkrg iru wklv sureohp1 Wr rewdlq wkh vlpxodwhg
eorfn dyhudjhv/ hdfk jdph lv vlpxodwhg 533 wlphv/ dqg lq wkh vlpxodwhg
jdphv/ wkh sod|huv duh sdluhg wkh vdph zd| dv lq wkh dfwxdo h{shulphqwv/
dqg hdfk jdph lv uhshdwhg wkh vdph qxpehu ri urxqgv dv lq wkh dfwxdo
h{shulphqwv1 Wkh ohqjwk ri hdfk jdph lv wkhq glylghg wr dv pdq| eorfnv

:Wkhuh duh D f 2 revhuydwlrqv lq V)D5/ . f 2 revhuydwlrqv lq hdfk ri V)D;/ V)D6x
dqg V)D6n/ �ff 2 revhuydwlrqv lq V)D6q/ Hf 2 revhuydwlrqv lq P)O/ .f 2 revhuydwlrqv
lq Rq/ ef 2 f 2 +7 eorfnv ri wzr qrq0v|pphwulf fkrlfhv iru wzr sod|huv, revhuydwlrqv lq
hdfk ri U)E43 dqg U)E48/ .f 2 revhuydwlrqv lq Rf</ dqg Hf 2 revhuydwlrqv lq hdfk ri
Rf7 dqg Rf41

;



dv wkh h{shulphqwdo gdwd kdyh ehhq/ dqg wkhq wkh fkrlfh lqglfdwruv lq hdfk
eorfn duh dyhudjhg wr |lhog sursruwlrqv ri hdfk fkrlfh iru hdfk eorfn1

Wkh lqlwldo dvvhvvphqwv iru hdfk jdph duh gudzq xqlirupo| iurp ^X6�?> X6@%` >
zkhuh X6�? lv wkh plqlpxp sd|r� d sod|hu pd| rewdlq lq wkh jdph dqg
X6@% lv wkh pd{lpxp sd|r� d sod|hu pd| rewdlq1 Hyhq wkrxjk lq wkh
jdphv zkhuh sd|r�v duh nqrzq rqh fdq wklqn ri pruh sodxvleoh phwkrgv
ri dvvljqlqj lqlwldo dvvhvvphqwv/ zh fkrvh wklv phwkrg ehfdxvh lw ohdgv wr
xqlirup sod| +l1h1 doo vwudwhjlhv duh htxdoo| olnho|, lq wkh �uvw urxqg ri sod|/
zklfk lv wkh dvvxpswlrq pdgh e| Huhy dqg Urwk1;

Vrph ixuwkhu fkrlfhv kdg wr eh pdgh wr frpsohwh wkh fruuhvsrqghqfh
ehwzhhq wkh VY prgho dqg wkh UH prgho iru wkh diruhphqwlrqhg h{shul0
phqwv1 Zh kdg wr pdnh fkrlfhv derxw V)D jdphv lq zklfk wkhuh zhuh qr
prqhwdu| sd|r�v/ dqg Rf jdphv lq zklfk wkh sod|huv glg qrw dfwxdoo| sod|
wkh jdph fkdudfwhul}hg e| wkh Rf sd|r� pdwul{ vwdwhg lq wkh suhylrxv vhf0
wlrq/ exw udwkhu wkh| fkrvh krz pdq| fkrlfh D*v wkh| zhuh jrlqj wr pdnh
lq 43 vlpxowdqhrxv urxqgv ri wkdw jdph1 Iru wkh V)D jdphv zh dvvljqhg d
sd|r� ri 4 wr d �fruuhfw� fkrlfh/ dqg 3 wr dq �lqfruuhfw� fkrlfh1 Wklv fkrlfh
lv duelwudu|/ exw ehfdxvh zh fkrrvh lqlwldo frqglwlrqv iurp ^X6�?> X6@%` lw
grhvq*w pdwwhu zkdw zh dvvljq wr jrrg dqg edg sd|r�v1 Iru wkh Rf jdphv/
zh uhfrjql}h wkdw hdfk sod|hu grhv qrw mxvw kdyh wzr fkrlfhv frqvlvwlqj ri
sod|lqj D ru qrw sod|lqj D/ exw udwkhu wkh| kdyh 44 fkrlfhv ri sod|lqj D 3 wr
43 wlphv lq wkh qh{w 43 urxqgv1 Wr dffrxqw iru wklv/ lqlwldo dvvhvvphqwv duh
gudzq xqlirupo| iru hdfk ri wkhvh 44 fkrlfhv1 Wkh rswlpdo fkrlfh lv pdgh
edvhg rq wkhp/ dqg dvvhvvphqwv iru wkhvh 44 fkrlfhv duh xsgdwhg1 Wkh uh0
vxowv ri wkh edvlf frpsdulvrq ehwzhhq wkh +rqh0sdudphwhu, VY prgho dqg
wkh UH prghov duh vxppdul}hg lq wkh Wdeoh 41

+Wdeoh 4 derxw khuh,

Wkh ydoxh ri wkh sdudphwhu � zklfk plqlpl}hv wkh PVG ri wkh vlpxodwhg
dqg revhuyhg gdwd lv a� @ 3=343/ dqg wkh ryhudoo plqlpxp PVG lv 31<51
Dowkrxjk wkh plqlpl}dwlrq lv grqh ryhu doo jdphv wrjhwkhu/ jdph e| jdph
PVG vfruhv duh dovr surylghg lq wkh �uvw urz ri Wdeoh 41 Iru frpsdulvrq
sxusrvhv/ wkh vhfrqg wr wkh �iwk urz ri wklv wdeoh txrwhv wkh PVG vfruhv
iru wkh ehvw �wwhg rqh sdudphwhu UH prgho/ iru wkh ehvw �wwhg 6 sdudphwhu
UH prgho/ iru wkh ehvw �wwhg 7 sdudphwhu �fwlwlrxv sod| prgho/< dqg iru

;Qrwh wkdw/ dv lqlwldo dvvhvvphqwv duh gudzq iurp dL6�?c L6@%o c zkhq sd|r�v xqghujr
dq d!qh wudqvirupdwlrq wkh lqlwldo dvvhvvphqwv duh dssursuldwho| prgl�hg/ dqg fkrlfh
ehkdylru uhpdlqv xqd�hfwhg1 Zh duh judwhixo wr Lgr Huhy iru vxjjhvwlqj wklv fkrlfh ri
lqlwldo dvvhvvphqwv1

<Iru wkh vdnh ri euhylw|/ zh gr qrw glvfxvv wkh wkuhh sdudphwhu UH prgho ri uhlqirufh0
phqw ohduqlqj ru wkh irxu sdudphwhu �fwlwlrxv sod| prgho1 Wkh uhdghu vkrxog frqvxow wkh
HU sdshu iru wkhvh prghov1

<



wkh htxloleulxp sod|/ duh doo wdnhq iurp Wdeoh 4 ri HU1 Dv fdq eh vhhq iurp
wklv wdeoh/ wkh PVG vfruh ri wkh VY prgho lv orzhu wkdq wkh PVG vfruh
ri wkh edvlf uhlqirufhphqw prgho ri UH +l1h1 UH +4 sdu1,,1 Wkh jdphv iru
zklfk wkh VY prgho �wv zruvh wkdq wkh UH prgho duh pdlqo| wkh V)D jdph
h{shulphqwv/ lq zklfk wkhuh zhuh qr prqhwdu| sd|r�v1

Wkh vl{wk urz ri Wdeoh 4 suhvhqwv wkh PVG vfruh ri hdfk ri wkh 45 jdphv/
zkhq wkh gdwd iru hdfk jdph lv vlpxodwhg edvhg rq wkh sdudphwhuv wkdw ehvw
�w wkh rwkhu 44 jdphv1 Zh shuirup wkhvh fdofxodwlrqv/ dv gr Huhy dqg Urwk/
wr whvw wkh suhglfwlyh srzhu ri wkh prgho1 Wkh ryhudoo phdq ri wkh PVG iru
wkh 45 jdphv zlwk wkh VY prgho lv 4134 zklfk lv vlplodu wr wkh 4135 rewdlqhg
e| HU +vhh wkhlu Wdeoh 4, iru wkh edvlf UH prgho1

Wkh odvw wzr urzv ri Wdeoh 4 uhsruw wkh PVG �w ri wkh VY prgho li
d gl�huhqw ohduqlqj sdudphwhu lv fkrvhq iru hdfk jdph/ dqg wkh rswlpdo
ydoxh ri wklv sdudphwhu iru hdfk jdph1 Wkh ryhudoo PVG vfruh ri wkh VY
prgho rswlpl}hg e| jdph lv 3176/ zklfk lv vljql�fdqwo| vpdoohu wkdq wkdw ri
wkh edvlf UH prgho e| jdph +319;,/ dqg lw lv voljkwo| deryh wkdw ri wkh 6
sdudphwhu UH prgho e| jdph +3168,143

Lq rughu wr hqvxuh wkdw wkh idyrudeoh uhvxowv ri wkh VY prgho lv qrw
d frqvhtxhqfh ri d oxfn| fkrlfh ri lqlwldo dvvhvvphqwv/ zh h{dplqh vhyhudo
gl�huhqw vhwv ri lqlwldo dvvhvvphqwv1 Zh uh0hvwlpdwh wkh prgho zlwk �yh gli0
ihuhqw vhwv ri lqlwldo dvvhvvphqwv= +l, d wuxqfdwhg qrupdo glvwulexwlrq zlwk
phdq htxdo wr wkh dyhudjh sd|r� dqg vwdqgdug ghyldwlrq htxdo wr wkh vwdq0
gdug ghyldwlrq ri wkh sd|r�v exw wuxqfdwhg vr wkdw doo lqlwldov duh lq wkh
udqjh ri srvvleoh sd|r�v> +ll, d qrupdo glvwulexwlrq zlwk phdq htxdo wr wkh
dyhudjh sd|r� dqg vwdqgdug ghyldwlrq htxdo wr wkh vwdqgdug ghyldwlrq ri
wkh sd|r�v/ +lll, d qrupdo glvwulexwlrq zlwk phdq htxdo wr wkh dyhudjh sd|0
r� dqg vwdqgdug ghyldwlrq htxdo wr kdoi ri wkh vwdqgdug glvwulexwlrq ri wkh
sd|r�v/ +ly, d qrupdo glvwulexwlrq zlwk phdq htxdo wr wkh dyhudjh sd|r�
dqg vwdqgdug ghyldwlrq htxdo wr wzlfh wkh vwdqgdug ghyldwlrq ri wkh sd|r�v/
dqg +y, d xqlirup zlwk udqjh iurp wkh pd{plq sd|r� +zklfk lv wkh sd|r�v
wkh vxemhfwv frxog ryhu vhfxuhg wkhpvhoyhv lq wkh jdph, dqg wkh pd{lpxp
sd|r�1

Wdeoh 5 vkrzv wkh hvwlpdwhg sdudphwhuv
�
a�
�
dqg wkh ryhudoo phdq gh0

yldwlrq vfruhv iru wkh deryh �yh vhwv ri lqlwldo dvvhvvphqwv1 Dv lw fdq eh
vhhq iurp wklv wdeoh/ doo wkhvh dowhuqdwh lqlwldo dvvhvvphqwv uhvxow lq PVG
ydoxhv zklfk duh orzhu wkdq wkrvh zh rewdlq zlwk rxu edvlf vhw ri lqlwldo
dvvhvvphqwv1 Wklv vxjjhvwv wkdw wkh plqlpl}hg ydoxh ri wkh PVG ryhu doo
jdphv lv qrw wrr vhqvlwlyh wr uhdvrqdeoh dowhuqdwlyh glvwulexwlrqv ri lqlwldo
dvvhvvphqwv1

+Wdeoh 5 derxw khuh,
43Vhh Wdeoh 4 ri HU iru jdph e| jdph PVG vfruhv ri yduldqwv ri wkh UH prgho1
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715 Dq H{whqvlrq

Zh wdnh wkh dqdo|vhv uhsruwhg deryh dv dq lqglfdwlrq wkdw wkh VY prgho lv
d xvhixo prgho ri ohduqlqj dqg fkrlfh lq d uhshdwhg jdph vhwxs zkhq jdphv
kdyh d xqltxh pl{hg vwudwhj| htxloleulxp1 Krzhyhu/ zh kdyh uhvhuydwlrqv
derxw frpsdulqj ohduqlqj prghov edvhg rq wkhlu eorfnhg dyhudjhg PVG
vfruhv1 Iluvwo|/ wkh PVGphdvxuh kdv wkh xqghvludeoh pdwkhpdwlfdo surshuw|
wkdw lw lv qrw lqyduldqw wr wkh fkrlfh ri wkh qxpehu ri eorfnv1 Wkdw lv/ lw
lv srvvleoh iru prgho [ wr kdyh vpdoohu PVG vfruh wkdq prgho \ li wkh ;3
urxqgv ri sod| duh glylghg wr ; eorfnv ri 43 urxqgv/ exw wr kdyh odujhu PVG
vfruh wkdq prgho \ li wkh ;3 urxqgv ri sod| duh glylghg wr 7 eorfnv ri 53
urxqgv1 Wklv vkruwfrplqj fdq eh uhphglhg e| xvlqj dq dowhuqdwlyh phdvxuh
zklfk zrxog eh lqyduldqw wr phujlqj ru vsolwwlqj wkh eorfnv1 Wkh olwhudwxuh
rq lqyduldqw phdvxuhv iru prgho iruhfdvw frpsdulvrq lq hfrqrphwulfv fdq
ohdg xv wr gh�qh dssursuldwh phdvxuhv iru wklv sxusrvh +h1j1 Fohphqwv dqg
Khqgu| +4<<7,,1

Vhfrqgo|/ li zh vxssrvh wkdw wkh sd|r� glvwulexwlrq zdv vwdwlrqdu|/ zh
frxog ghulyh wkh lpsolhg vwrfkdvwlf surfhvvhv zklfk eorfn dyhudjhg fkrlfhv
e| hdfk prgho zrxog iroorz1 Wklv zrxog doorz xv wr ghvljq vwdwlvwlfdo whvwv
wr uhixwh +ru qrw, hdfk prgho1 Krzhyhu/ lq d uhshdwhg jdph vlwxdwlrq/ wkh
sd|r� glvwulexwlrq lv hyroylqj hqgrjhqrxvo| ryhu wlph/ dqg lv qrq0vwdwlrqdu|1
Ghulylqj wkh surshuwlhv ri eorfn dyhudjhv lq wklv vlwxdwlrq zrxog eh h{wuhpho|
gl!fxow144 Khqfh/ zh qhhg wr wklqn ri rwkhu zd|v ri whvwlqj wkh frpsdwlelolw|
ri dowhuqdwlyh prghov zlwk wkh gdwd1 Rxu vxjjhvwlrq lv wr xvh wkh idfw wkdw
wkhuh duh uhshdwhg revhuydwlrqv ri hdfk jdph lq hdfk h{shulphqw +xvxdoo|
jdphv duh sod|hg e| 43 wr 58 sdluv ri sod|huv,1 Khqfh zh kdyh dq hpslulfdo
glvwulexwlrq ri fkrlfh lq hdfk urxqg ri sod|/ dqg zh dovr kdyh d prgho0lpsolhg
glvwulexwlrq ri fkrlfh lq hdfk urxqg iru hdfk prgho edvhg rq vlpxodwhg gdwd1
Zh fdq wkhq whvw wkh forvhqhvv ri wkh wzr glvwulexwlrqv dw hdfk urxqg ri sod|
iru hdfk prgho1 Wkh uhvxowv ri wkhvh whvwv zloo uhyhdo d orw pruh lqirupdwlrq
wkdq d vxppdu| vwdwlvwlf vxfk dv wkh PVG vfruh fdq1 Wkh| fdq whoo xv
zklfk prgho �wv wkh lqlwldo sod| ehwwhu/ dqg pruh lpsruwdqwo|/ wkh| fdq
whoo xv zklfk prgho �ohduqv� ehwwhu/ l1h1 surfhvvhv wkh revhuyhg lqirupdwlrq
vlplodu wr krz wkh h{shulphqwdo vxemhfwv gr1

Urxqg e| urxqg gdwd duh dydlodeoh iru wkh R*Qhloo h{shulphqw +Rq,/ wkh
Huhy dqg Urwk qhz h{shulphqw edvhg rq wkh Vxsshv dqg Dwnlqvrq ghvljq
+V)D6q,/ dqg wkh Rfkv h{shulphqwv +Rf</ Rf7 dqg Rf4,1 Iurp Wdeoh 4/ zh
fdq vhh wkdw wkh VY prgho kdv vpdoohu PVG vfruh lq wkh R*Qhloo dqg Rfkv
jdphv +Rf< dqg Rf7, wkdq wkh UH prgho/ dqg d zruvh PVG vfruh lq V)D6q
wkdq wkh UH prgho1 Zh rqo| xvh R*Qhloo dqg Huhy0Urwk gdwd wr frpsduh

44Qrwh wkdw wkh furvv vhfwlrq dyhudjhv ryhu doo lqglylgxdov dw rqh wlph/ dqg wlph vhulhv
dyhudjhv iru hdfk lqglylgxdo ryhu doo urxqgv lq d eorfn duh txlwh gl�huhqw udqgrp yduldeohv
lq wkhvh prghov ehfdxvh ri ohduqlqj dqg ihhg0edfn lq fkrlfhv ryhu wlph1 Wkh eorfn dyhudjhv
duh d pl{wxuh ri wkhvh wzr1
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wkh urxqg e| urxqg shuirupdqfh ri wkh UH dqg wkh VY prghov djdlqvw wkh
gdwd1 Zh gr qrw xvh Rfk*v gdwd ehfdxvh ri wkh frpsolfdwhg ghvljq ri wkrvh
h{shulphqwv +uhfdoo wkdw dw hdfk vwdjh hdfk sod|hu zdv dvnhg wr dqqrxqfh
wkh sursruwlrq ri fkrlfh D lq wkh qh{w 43 urxqgv/ dqg wkdw wkh sod|huv zhuh
udqgrpo| pdwfkhg dw hdfk vwdjh,1

Zh xvh wkh Shduvrq*v vwdwlvwlf +vhh Nhqgdoo/ Vwxduw dqg Rug/ 4<<4/ fkds0
whu 63, wr frpsduh wkh revhuyhg dqg wkhruhwlfdo glvwulexwlrqv dw hdfk urxqg1
Lq wkh R*Qhloo h{shulphqw/ 58 sdluv ri sod|huv kdg wr fkrrvh rqh ri wkhlu
irxu dydlodeoh vwudwhjlhv dw hdfk urxqg iru 438 uhshwlwlrqv1 Ohw q�� ghqrwh
wkh qxpehu ri urz sod|huv zkr fkrvh dowhuqdwlyh l 5 i4> 5> 6> 7j dw urxqg m
lq wkh dfwxdo h{shulphqw1 Dovr ohw sr�� eh wkh sursruwlrq ri wkh urz sod|0
huv zkr fkrrvh dowhuqdwlyh l dw urxqg m dffruglqj wr rqh ri wkh wkhruhwlfdo
prghov/ ghulyhg wkurxjk pdq| +khuh 4333, vlpxodwlrqv1 Wkhq wkh Shduvrq*v
vwdwlvwlf iru whvwlqj wkh qxoo k|srwkhvlv wkdw wkh wkhruhwlfdo dqg wkh revhuyhg
glvwulexwlrqv duh wkh vdph lv=
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q�� � 58sr��

�
2

58sr��

zklfk kdv d "2 glvwulexwlrq zlwk 6 ghjuhhv ri iuhhgrp1

Wdeoh 6 vkrzv wkh qxpehu ri wlphv wkh k|srwkhvlv ri htxdolw| ri wkh
revhuyhg dqg wkh wkhruhwlfdo glvwulexwlrqv zdv uhmhfwhg dw wkh 8( vljql�fdqfh
ohyho/45 iru wkh urz dqg wkh froxpq sod|huv zkhq wkh wkhruhwlfdo glvwulexwlrqv
duh vlpxodwhg iurp +l, wkh VY prgho wkdw lv �wwhg wr eorfn dyhudjhg gdwd
iru R*Qhloo jdph rqo| +�VY e| jdph�,/ +ll, wkh VY prgho zklfk lv �wwhg
wr eorfn dyhudjhg gdwd iru doo 45 jdphv +�VY ryhu doo�,/ +lll, wkh UH prgho
wkdw lv �wwhg wr doo 45 jdphv +�UH ryhu doo�,/ dqg +ly, wkh htxloleulxp sod|
+�HT�/ wkh htxloleulxp sod| suredelolwlhv iru wklv jdph duh +3=7> 3=5> 3=5> 3=5,
iru erwk sod|huv,1 Lw fdq eh vhhq iurp wklv wdeoh wkdw wkh VY prgho zklfk
lv �wwhg h{foxvlyho| wr eorfn dyhudjhg gdwd iurp wkh R*Qhloo h{shulphqw/
shuirupv zhoo lq ohduqlqj iurp wkh revhuyhg lqirupdwlrq1 Lq sduwlfxodu/ wkh
VY prgho jhwv forvhu wr wkh hpslulfdo glvwulexwlrq dv wkh jdph surjuhvvhv1

+Wdeoh 6 derxw khuh,

Lq wkh Huhy0Urwk qhz h{shulphqw zlwk V)D6 ghvljq dqg prqhwdu| sd|r�
ri 3=4 vkhnhov iru d �fruuhfw� fkrlfh dqg }hur iru dq �lqfruuhfw� fkrlfh/ wkh

45Wkh ohyho ri vljql�fdqfh ri hdfk lqglylgxdo whvw lv 8(1 Krzhyhu/ wkh whvwv vwdwlvwlfv iru
gl�huhqw urxqgv duh qrw lqghshqghqw/ dqg wkhuhiruh wkh ohyho ri vljql�fdqfh ri wkh hqwluh
surfhgxuh pljkw eh gl�huhqw iurp 8(1
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revhuyhg gdwd frph iurp < sdluv46 ri sod|huv fkrrvlqj rqh ri wkhlu wzr fkrlfhv
dw hdfk urxqg iru 833 urxqgv1 Lq wklv fdvh/ xvlqj wkh vdph qrwdwlrq dv deryh/
wkh Shduvrq*v vwdwlvwlf iru whvwlqj wkh qxoo k|srwkhvlv wkdw wkh wkhruhwlfdo dqg
wkh revhuyhg glvwulexwlrqv duh wkh vdph lv=
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zklfk kdv d "2 glvwulexwlrq zlwk 4 ghjuhh ri iuhhgrp1 Wkh vlpxodwhg sure0
delolwlhv iru hdfk prgho zhuh fdofxodwhg iurp 4333 uhsolfdwlrqv1

Wdeoh 7 vkrzv wkh qxpehu ri wlphv wkdw wkh VY prgho �wwhg wr eorfn
dyhudjhg gdwd ri wkh V)D6q h{shulphqw dqg wkh VY dqg UH prghov wkdw
duh �wwhg wr eorfn dyhudjhg gdwd iru doo jdphv/ dqg wkh htxloleulxp sod|/ duh
uhmhfwhg ryhu doo 833 urxqgv/ dqg lq wkh �uvw/ vhfrqg/ wklug/ irxuwk dqg �iwk
433 urxqgv ri sod|1 Wkh htxloleulxp sod| lq V)D6 jdph lv

�
�

H
> D
H

�
iru wkh

urz sod|hu/ dqg
�
.

H
> �
H

�
iru wkh froxpq sod|hu1 Zlwk wkh sd|r� pdwul{ ehlqj

vr frpsoh{ dqg qhlwkhu sod|hu nqrzlqj lw/ wkhuh lv qr uhdvrq wr h{shfw wkdw
htxloleulxp sod| kdv dq| vljql�fdqfh lq wklv vhwxs1 Erwk wkh PVG vfruh
dqg wkh urxqg e| urxqg vwdwlvwlfv vkrz wkdw lw grhv qrw kdyh dq| ghvfulswlyh
srzhu iru wkh h{shulphqwdo gdwd1 Hyhq wkrxjk wkh VY prgho kdv d kljkhu
PVG vfruh wkdq wkh UH prgho lq Wdeoh 4 +31;8 yhuvxv 318:,/ Wdeoh 7 vkrzv
wkdw wkh VY prgho �wv wkh urxqg e| urxqg h{shulphqwdo gdwd dv zhoo dv
wkh UH prgho1 Erwk prghov duh uhmhfwhg derxw 43( ri wkh wlphv lq doo 833
urxqgv iru hdfk sod|hu1 Wkh VY prgho wkdw lv �wwhg wr wkh V)D6q gdwd
h{foxvlyho|/ lv uhmhfwhg ohvv wkdq 8( ri wkh wlph iru hdfk sod|hu1

+Wdeoh 7 derxw khuh,

8 Frqfoxvlrq

Zh kdyh vkrzq wkdw wkh rqh sdudphwhu vlpsoh g|qdplf prgho lqwurgxfhg
lq Vdulq dqg Ydklg +4<<<, fdq h{sodlq wkh h{shulphqwdo gdwd lq jdphv zlwk
xqltxh pl{hg vwudwhj| htxloleuld dw ohdvw dv zhoo dv wkh uhlqirufhphqw ohduqlqj
prgho ri Urwk dqg Huhy +4<<8,1 Zh rewdlqhg wklv uhvxow erwk lq whupv
ri h{ srvw ghvfulswlyh srzhu dqg lq whupv ri h{ dqwh suhglfwlyh srzhu ri
wkh prgho1 Rxu frqfoxvlrqv glg qrw fkdqjh zkhq zh hydoxdwhg wkh gdwd

46Gxh wr d whfkqlfdo sureohp lq wkh �oh wudqvihu/ wkh gdwd ri rqh ri wkh ruljlqdo sdluv 43
sdluv zdv qrw xvhg1
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dw d pruh glvdjjuhjdwhg/ shulrg e| shulrg/ ohyho1 Wkhvh uhvxowv duh jrrg
qhzv iru wkh wudglwlrqdo hfrqrplf sulqflsohv ri fkrrvlqj ghwhuplqlvwlfdoo|
dqg zlwk d ylhz wr pd{lpl}lqj vrph remhfwlyh1 Wkh uhvxowv vxjjhvw wkdw
prghov/ zklfk lqfrusrudwh wkh pdqqhu lq zklfk lqglylgxdov vlpsoli| wkhlu
remhfwlyh hqylurqphqw/ pljkw eh dghtxdwh lq h{sodlqlqj odujh erglhv ri gdwd
uhdvrqdeo| zhoo1

Vrph fdyhdwv uhjduglqj wkhvh frqfoxvlrqv duh/ krzhyhu/ lq rughu1 Iluvw/
hyhq zkloh zh kdyh xvhg doo wkh gdwd wkdw Huhy dqg Urwk frxog �qg zlwk 433
ri pruh uhshwlwlrqv lqyroylqj uhshdwhg sod| ri jdphv zlwk d xqltxh pl{hg
vwudwhj| htxloleuld/ pruh gdwd zrxog eh uhtxluhg iru �uphu frqfoxvlrqv1 Rxu
hduolhu dqdo|vlv +Vdulq dqg Ydklg +4<<:,,/ xvlqj gdwd iurp uhshdwhg frrugl0
qdwlrq jdphv/ uhyhdov wkdw vrph ri wkhvh frqfoxvlrqv duh urexvw wr gl�huhqw
jdphv1 Vhfrqg/ rxu dqdo|vlv glg �qg wkdw suredelolvwlf fkrlfh prghov pljkw
eh xvhixo lq h{sodlqlqj gdwd lq vrph jdphv1 Ixuwkhu zrun lv uhtxluhg lq gh0
whuplqlqj wkh jdphv dqg frqglwlrqv xqghu zklfk suredelolvwlf fkrlfh prghov
pljkw shuirup zhoo1 Wklv sdshu vxjjhvwv d txhvwlrq uhjduglqj krz gl�huhqw
wkh suhglfwlrqv edvhg rq vwrfkdvwlf ru ghwhuplqlvwlf fkrlfh prghov pd| eh1
Lq ixwxuh zrun zh sodq wr frqgxfw dq h{shulphqw zklfk zrxog gl�huhqwldwh
ehwzhhq wkh ghwhuplqlvwlf dqg vwrfkdvwlf fkrlfh prghov1

Rxu dqdo|vlv/ olnh wkdw ri Huhy dqg Urwk/ kdv odujho| ehhq frqfhuqhg
zlwk dyhudjh fkrlfh iuhtxhqflhv1 Zh frxog/ krzhyhu/ dovr eh lqwhuhvwhg lq
rwkhu dvshfwv ri wkh gdwd1 Rqh vxfk frqfhuq frxog eh wr wu| dqg h{sodlq
lqglylgxdo ohduqlqj fxuyhv dv rssrvhg djjuhjdwh ohduqlqj fxuyhv1 D �uvw
sodfh wr vwxg| lqglylgxdo ohduqlqj fxuyhv zrxog eh lq ghflvlrq wkhruhwlf gdwd
lqyroyhg wzr0duphg edqglw prghov1 Ehuhe|0Ph|hu dqg Huhy +4<<;, kdyh
uhfhqwo| jdwkhuhg dqg vwxglhg vxfk gdwd1 Dqrwkhu duhd ri uhvhdufk wkdw
zh eholhyh lv lpsruwdqw lv wkh fduhixo hfrqrphwulf hydoxdwlrq ri dowhuqdwh
ohduqlqj prghov1 Wklv zrxog khos lq ixuwkhu xqghuvwdqglqj dowhuqdwh prghov/
dqg glvwlqjxlvklqj wkhlu nh| ihdwxuhv1
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491 Vdulq/ U1 dqg I1 Ydklg +4<<<,= �Sd|r� dvvhvvphqwv zlwkrxw sured0
elolwlhv= D vlpsoh g|qdplf prgho ri fkrlfh/� Jdphv dqg Hfrqrplf
Ehkdylru/ 5;/ 5<7063<1

4:1 Vdulq/ U1 dqg I1 Ydklg +4<<:,= �Sd|r� dvvhvvphqwv zlwkrxw sured0
elolwlhv= Lqfrusrudwlqj �vlplodulw|� dprqj vwudwhjlhv/� plphr/ Wh{dv
D)P Xqlyhuvlw| dqg Prqdvk Xqlyhuvlw|1

4;1 Vxsshv/ S1 dqg U1 Dwnlqvrq +4<93,= Pdunry Ohduqlqj Prghov iru Pxo0
wlshuvrq Lqwhudfwlrqv/ Vwdqirug Xqlyhuvlw| Suhvv1
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Wdeoh 4= PVG vfruhv +�433, iru wkh VY prgho dqg ydulrxv
yhuvlrqv ri wkh UH prgho

Jdph $ V)D V)D V)D V)D V)D P)O Rq U)E U)E Rf Rf Rf Phdq
Prgho & ; 5 6x 6n 6q 43 48 < 7 4 ryhudoo
VY+4 sdu1, 3159 31:; 316: 3197 31;8 3185 419< 31;< 31;: 5186 413; 3186 31<5
UH+4 sdu1, 3149 3163 3164 3144 318: 515: 41;4 31:6 31<; 51:4 4187 317; 4133
UH+6 sdu1, 316; 314; 3145 313: 3164 4157 31:5 3166 3198 4187 413< 317; 318<
IS+7 sdu1, 3167 3153 3149 313< 316: 4159 4138 3177 31:4 5137 417; 3175 31:4
HtxloleulxpW 91<4 :14; :163 :193 9145 5144 3147 317; 4139 5157 416: 3177 618:
VY suhglfwlrq 3164 4138 3178 3198 415; 31:4 419< 31;< 31;: 5186 413; 3194 4134
VY e| jdph 3154 3164 316: 318< 3174 3184 315< 3148 315; 4149 3188 3167 3176

+45 sdu1, a�� 31345 31337 3133< 31348 31337 31344 31<:< 31<6< 31<37 31443 3138< 31<83

WWkhuh lv d voljkw glvfuhsdqf| ehwzhhq wkh PVG vfruhv ri wkh htxloleulxp sod| wkdw
zh kdyh fdofxodwhg/ dqg wkrvh uhsruwhg lq Wdeoh 4 ri Huhy dqg Urwk +4<<;,1 Zh
kdyh qrw irxqg rxw wkh vrxufh ri wklv glvfuhsdqf|/ |hw1 Wkh gl�huhqfhv wkrxjk duh
yhu| plqru1

Wdeoh 5= Hvwlpdwlrq uhvxowv iru dowhuqdwlyh vhwv ri lqlwldo
dvvhvvphqwv

Lqlwldo Dvvhvvphqwv a� Ryhudoo PVG
WQ +��> vZ> �4�?> �4@ , 31343 31;6
Q+��> vZ, 31358 31::
Q+��> 3=8 � vZ, 3133: 31<4
Q+��> 5 � vZ, 31453 31:4
X+�4@ 4�?> �4@ , 3133< 31;6
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Wdeoh 6= Uhmhfwlrq iuhtxhqflhv ri wkh wkhruhwlfdo prghov zkhq
frqiurqwhg zlwk wkh R*Qhlo gdwd

Prgho Urz sod|hu Froxpq sod|hu

Ryhu doo 438 urxqgv
VY e| jdph 44 ;
VY ryhu doo 65 43
UH ryhu doo 63 43

HT < 4
Lqlwldo 68 urxqgv

VY e| jdph : 5
VY ryhu doo 44 <
UH ryhu doo < <

HT : 4
Plggoh 68 urxqgv

VY e| jdph 6 7
VY ryhu doo < 4
UH ryhu doo ; 4

HT 4 3
Ilqdo 68 urxqgv

VY e| jdph 4 5
VY ryhu doo 45 3
UH ryhu doo 46 3

HT 4 3
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Wdeoh 7= Uhmhfwlrq iuhtxhqflhv ri wkh wkhruhwlfdo prghov zkhq
frqiurqwhg zlwk wkh Huhy0Urwk
qhz h{shulphqwdo gdwd +V)D6q,

Prgho Urz sod|hu Froxpq sod|hu

Ryhu doo 833 urxqgv
VY e| jdph 57 56
VY ryhu doo 75 7;
UH ryhu doo 85 79

HT 486 54<
Iluvw 433 urxqgv

VY e| jdph < :
VY ryhu doo 8 9
UH ryhu doo < :

HT 56 8:
Vhfrqg 433 urxqgv

VY e| jdph 5 9
VY ryhu doo 4 5
UH ryhu doo 6 <

HT 46 6<
Wklug 433 urxqgv

VY e| jdph 7 6
VY ryhu doo 8 44
UH ryhu doo 43 :

HT 65 83
Irxuwk 433 urxqgv

VY e| jdph ; 5
VY ryhu doo 48 57
UH ryhu doo 47 :

HT 6< 83
Iliwk 433 urxqgv

VY e| jdph 4 8
VY ryhu doo 49 8
UH ryhu doo 49 49

HT 79 56

4<


