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MONEY, ENDOGENOUS FERTILITY AND ECONOMIC GROWTH

1. Introduction

In his sem nal (1967) contribution Sidrauski shows through
an intertenporal optimzing nonetary gromh nodel that, in the
| ong-run, noney is superneutral -i.e. all real variables (wth
the exception of real noney bal ances) are independent of the
noney supply growth rate- in contrast to the analysis of Tobin
(1965), who finds, using a framework based on ad hoc behavi oral
rel ati onshi ps, that a higher noney growth permanently increases
capital intensity.

According to the volum nous literature that has exam ned
the effects of anticipated inflation on capital accunul ation, the
result established by Sidrauski is due to the restrictive
features of the nodel adopted rather than to a genera
consequence of nonetary growh on capital-Ilabor ratio and ot her
real variables. In fact, the necessary assunptions incorporated
in Sidrauski's nodel that support the steady state noney

superneutrality are: i) an infinitely-lived representative
consuner; ii) a tinme-separable utility function with a constant
subjective discount rate; iii) an identical rate of tine
preference for all individuals; iv) a rate of return on noney

that varies with the quantity held (this property follows from
either inserting noney in the utility function or considering a
consunption "shoppi ng costs" approach); v) a rate of return on
capital that is independent of real noney balances; vi) an
exogenous | abour supply; and vii) the absence of uncertainty?.

1 Many articles witten in the | ast three decades expl ore
the role of these assunptions in determ ning the
superneutrality of noney. See, for exanple, for the renoval of
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Sidrauski's result strongly hinges on the validity of the
nodified golden rule -i.e. the equality between the nargina
product of capital and the sumof the rate of tine preference and
the rate of popul ation growth- which al one determ nes the capital
stock when all the conditions previously listed are satisfied
and, in addition (this is an assunption not nentioned above), the
popul ation growh rate is -as always assuned in neocl assical
growm h nodel s of inflation- constant.

Surprisingly, to the best of ny know edge no attenpts have
been made to incorporate and analyze the hypothesis of an
endogenous popul ation growh rate within theoretical nonetary
nodel s of capital accunul ation, although this issue has received
sone attention froman enpirical perspective. Barro (1996), for
exanpl e, shows panel regressions where fertility, i.e. a proxy
of population growh, and inflation jointly explain, anongst
ot her explanatory factors, per capita output growh rate. Both
inflation and fertility account for a negative effect on per
capita output growh and rate of capital accunulation. But the
channel s of interaction between inflation, popul ati on expansion
rate and output growth are not clear and need to be investigated
theoretically.

The purpose of the present paper is to explore this
negl ect ed aspect of the theoretical literature through a sinple

each specific condition of Sidrauski's neocl assical nonetary
growm h nodel, the follow ng references: i) Drazen (1981),
Carm chael (1982), Van der Ploeg-Marini (1988) and Wil
(1991); ii) Epstein-Hynes (1983), and Hayakawa (1992); iii)
Carm chael (1982); iv) Stockman (1981), Abel (1985), Feenstra
(1986), Wang-Yip (1991) and (1992); v) Dornbusch- Frenkel
(1973) and Fischer (1983); vi) Brock (1974) and WAng-Yip
(1992); vii) Danthine-Donal dson-Smth (1987).



nonetary growth nodel a la Sidrauski, where a variabl e popul ation
gromh rate is considered, and investigate how the effects of
anticipated inflation on capital accunulation and growh are
af f ect ed.

The paper considers a nodel wth an endogenous fertility
choi ce, where the nunber of children enters directly into the
utility function of the infinitely-lived representative consuner,
along with private consunption and real noney balances, and
represents a control variable. The fertility rate coincides with
popul ation growmh given a zero death rate and the absence of
immgration. In this regard, we enploy the standard practice of
the literature on optimzing real growmh nodels with endogenous
fertility, see, for exanple, Razin-Ben-Zi on (1975), Barro-Becker
(1989), Wang-Yip-Scotese (1994), Barro-Sala-i-Martin (1995),
Pal i vos (1995), and Nerlove-Raut (1997)2

The framework developed here can be regarded as an
exogenous grow h nodel when per capita variabl es are consi dered,
since there are decreasing returns to scale with respect to
productive factors that can be accunul ated, but at the sane tine
it can be viewed as an endogenous growth nodel in terns of
aggregate variables (i.e. variables expressed in levels), as
their rate of expansion depends on the fertility rate, which is
endogenously det erm ned.

2 Some of these papers enploy a different denographic
setup fromours, but they have in common with the present
paper that the fertility rate enters the utility function of
CONSUITErS.



It is shown in the paper that the assunption of a variable
popul ation represents an additional source of noney non-
superneutrality that was not considered before, and adds anot her
case to the variegated taxonony of theoretical results concerning
the effects of inflation on capital accumulation® |In our
framewor k, however, despite the fact that the origin of noney
non-superneutrality cones from the consunption-side (since
fertility is a choice variable for the consuners, even though
there are also sone external effects on the production side),
there is a reverse Tobin effect, i.e. steady state capital stock
per capita is reduced by an increase in the growmh of noney
suppl y*. However, when popul ation growh is augnented by the
nmonet ary shock, we have a positive effect on the growmh rate of
aggregate capital and output.

The paper is organized as follows. Section 2 builds the
t heoretical nodel and presents its general features. Section 3
anal yzes the property of stability. Section 4 exam nes the
rel ati onship between the steady state rate of noney growth and
macr oeconom ¢ equilibrium paying special attention to the
effects on fertility, capital intensity, and consunption. Section
5 determnes the optinmal nonetary policy rule and section 6 draws
concl usi ons.

2. The model

3 See Orphani des-Sol ow (1990) and Dant hi ne (1992) for
conpr ehensi ve surveys.

“I'n Sidrauski's nodel, when violation of supernetrality
is introduced on the consunption-side, either by considering a
finite horizon for househol ds (see, anobng others, Drazen,
1981, and Van der Ploeg-Marini, 1988) or by nmaking the rate of
ti me preference endogenous (a la Uzawa; see, for exanple,
Hayakawa, 1992), the effect of anticipated inflation on
capital stock is positive. However, in the case of an
endogenous | abour- 1| ei sure choice (see, e.g., Wang-Yip, 1992),
the direction of non-superneutrality introduced, stemm ng
si mul t aneously from both the consunption and production sides,
becones in principle anbi guous.



Consi der a nonetary econony popul ated by identical agents
who are infinitely-lived, behave conpetitively and have perfect
foresight. This econony is closed. Production and consunption
activities are consolidated, so that the economc agent
simul taneously plays the double role of consuner and
entrepreneur. The paradi gm of the representative agent is used.
The total wealth of economc agents is divided between two
assets: noney and real capital.

The population size grows at an endogenously determ ned
rate of expansion. The introduction of a variable population
gromh by the insertion of the fertility rate into the utility
function of the representative agent allows fertility to be
endogenously chosen®. The fertility rate corresponds to
popul ati on growth because the nortality rate is zero and the
econony is closed (i.e. there is no inmgration fromthe rest of
t he worl d).

Money is introduced into the econony by introducing rea
bal ances into the utility function of econom c agents, since we
want to keep the analysis as close as possible to Sidrauski's
(1967)°.

We assune that the representative agent namkes consunpti on,
fertility, and savings decisions in order to naximze the

c‘;[u(c, n)+v(m)] ¢ dt

followng intertenporal utility function

1+hn)=1

subject to the tinme allocation constraint

> See, for the sane denographic structure, Wang-Yip-
Scotese (1994), Barro-Sala-i-Martin (1995), Palivos (1995),
and Yi p- Zhang (1997).

® The introduction of noney bal ances into the system
t hrough consunption "shopping costs" (see Feenstra, 1986)
woul d not change our qualitative results.



c+ri1+/€=fﬂc,l)+s-(n+p)m-nk
the fl ow budget constraint
and the initial condition k(0)=ko,
where c=per capita consunption; n=fertility rate; m=per capita
real noney bal ances; I=labor; h( )=time spent for child-rearing;
k=per capita capital stock; f( , )=per capita output; s=per
capita public lunp-sum transfers; p=actual inflation rate; and

d=rate of tinme preference (exogenous).

The instantaneous wutility function, which depends on
consunption, fertility, and real noney bal ances, is additively
separable on consunption and fertility, on the one hand, and
money hol di ngs, on the other’. W postulate that the sub-utility
function uis tw ce-continuously differentiable, increasing and
strictly concave in their argunents. c and n are assuned to be
normal goods. No special assunption on the sign of uc, i s made.
Regarding the sub-utility function v, we assune that it is twce-
continuously differentiable, strictly-concave and the nargi na

sgn [vem)] = sgn (m* -m)
utility of noney satisfies®
where m® gives the satiation | evel of real noney bal ances, as in
Fri edman (1969). Therefore, the marginal utility of noney is
positive (negative), if m <(>) ms
According to the tine allocation constraint (2), the fixed
ti me endowrent (normalized to one) can be divided between | abor

" The analysis is kept as sinple as possible in order to
focus on the specific source of non-superneutrality introduced
t hrough the hypot hesis of endogenous fertility. Therefore,
besi des the strong separability between consunption-fertility
and real noney bal ances in the instantaneous utility function
(1), labor supply is assuned to be inelastic.

8 See Turnovsky-Brock (1980) for an identical hypothesis.



and child-rearing® The function h(n) represents the time cost of
child-rearing, with h(0)=0 and h>0 for n>0, h">0, and h".<0%%°.

Per capita output is obtained by using capital and |abor as
i nputs. The production function, f( ), is assuned to have the
usual neocl assical properties of positive, but dimnishing,
mar gi nal products, exhibits constant returns to scale and satisfy
the Inada conditions: >0, F>0, Fu<0, F1<0, FufFi=Fua.
Therefore, capital and | abor are Edgeworth conpl enents: T>0.
Capital is assuned not to depreciate.

Savings can take the form of both noney and capital
accunul ation. Al capital accunul ation (or decumul ati on) occurs
at a continuous rate and does not incur adjustnent costs. Total

°® W fol |l ow Wang- Yi p- Scot ese (1994) and Palivos (1995) on
using a tine allocation constraint where the fertility rate
indirectly enters. Alternatively, Barro-Sala-i-Martin (1995)
consider explicitly a child-rearing cost function (dependi ng
directly on n and k) in the budget constraint of the
representative consunmer. None of our results woul d change
under the Barro-Sal a-i-Mrtin approach.

10 When h"<0, there are econonies of scale in child-
rearing; see Palivos (1995) for a discussion.



i ncone avail able for consunption and savings takes into account
the inflation tax on noney holdings and the popul ation growh
rate, which reduces per capita wealth, and nust include
governnment |unp-sumtransfers. Since perfect foresight has been
assuned, the expected inflation rate in equation (3) has been
replaced with the actual one.

After inserting the tinme constraint (2) into the production
function for 1, the present value Ham Itonian for the dynamc

H=u(c,n)+v(m)+| {flk,1-h(n)] +s-(m+p )m-nk-c}
optim zation programof the representative agent is given by

where | is the co-state variable representing the shadow val ue
of wealth in the form of real noney balances and physical
capital

The first-order conditions for the consuner's optim zation
probl em are

uc(c,n)=1
us(en)=V{ f [k 1-h(n)]h&n)+k +m)

-+ gt AP~ + D Jm - nk

lim!me®=[im!ke”=0

t® ¥ t®¥

In addition, the conventional transversality conditions nust be
respect ed:

The first two equations (4a)-(4b) are the static efficiency
conditions. According to equation (4a), the marginal utility of
consunption nust equal the marginal utility of wealth. Equation
(4b) asserts that the marginal rate of substitution of
consunption for fertility nust equal the opportunity cost of one
unit of fertility in output terns, given by the marginal product



of | abour tines the marginal tine-cost of child-rearing plus the
per capita stock of total wealth

Equations (4c) and (4d) derive fromintertenporal arbitrage
rel ati onships, which inplicitly state that in equilibrium the
rate of return on consunption, given by d_, /I, has to be equa
to the real return on each asset, which are given by v' (m)/I-

(p+n), for real noney bal ances, and fi[k, 1-h(n)]-n, for capital '

Conditions (4) are necessary, but not sufficient for the
opti mum since the production function f , ) in the budget
constraint (3) may no | onger be concave because of the external
effect of n. The sufficient condition for a unique nmaxi mum

1 Joint consideration of equations (4c) and (4d) leads to
the equalization of the marginal rate of substitution between
consunption and real balances to the marginal product of
capital plus the inflation rate:

Install Equation Editor and double-

click hereto view equation. Equation (4c') represents the inplicit
nmoney demand equati on.



requires that the Hessian of H is negative definite. This
condition is satisfied if the instantaneous utility function and
the production function are strictly concave in their argunents
(as postulated) and if the opportunity cost of children in terns
of output is strictly increasing in n, i.e. fi(h")? fih"<0. W
assune that the latter condition holds throughout.

The goods market equilibrium condition assures that full
enpl oynent output always equals consunption, ¢, plus total

STk, 1-h(n)] = c+k+nk
i nvestnment, k, +nk:
where the tine allocation constraint (2) has been used.

m=m(q-p-n

s=(0gm
We assune that the nonetary authority allows the nom nal
nmoney supply to grow at a constant rate, given by q. Therefore,

the evolution of real noney bal ances per capita is

ulte)m) =4 [ IRt + ke +m)

Finally, the seigniorage fromnoney creation is transferred
to the private sector in a |unp-sum fashion

3. Stability analysis

The general macroeconom ¢ equilibrium -obtained by
conbining the optimality conditions (4) together wth equations
(5), (6) and (7)- is given by the follow ng set of equations
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I'=1{d+n-f, [kI1-h®n)]}
m=m(q-p-n)
fIk1-h(n)] = c+k+nk

s =Qqm
together with the transversality conditions (4f).

Equations (8a)-(8c) may be solved for ¢, n and p in terns

= |, ’k, :_<0; m:' cn?’. = _ cn?;
c=c(l ,mk), ¢ s c 7 a s
= |, ,k’ :__<0’. = cc<0; — cc<0;
n=n(l ,mk), n S =g "
|_ & + + " +—2
p=p(l.,mk, p =- Suh (d Q)S<0; pm_v S+ fklhq:ucc<0;
S s
pk: _I_fkks_l ijkth/Vua,?;

of the endogenous dynam c variables (I, m Kk) in the form
where overbar variables denote the |long-run equilibrium val ues
and the various conbinations of paranmeters enployed in the
partial derivatives of these functions are defined in the
appendi Xx.

Substituting the short-run solutions for ¢, n and p, given
by equations (9), in the arbitrage condition (8d), the evol ution
of real noney bal ances (8e) and the product market equilibrium

=i+ R(1 1, K) = ¥\ kt-Rhin(1 m, )]}
condition (8f), we obtain the follow ng autononobus dynamc
syst emt?:

2 Lunp-sumtransfers are onitted fromthe general
equi librium since they can be sol ved residually.

11



k= fik1-hin(l ,mk)]}-c(l ,mk)-n(l ,mkk

Linearizing the sub-system (10) around the [|ong-run

él u éﬂ'u h, h13l;| el -1 u
éu ;¢ u€ _H
qﬂl}zgng/ h,, h,,u gm-m U
e.u ¢ lﬁ'é — G
ekxu 313/ h,, h;H é k-k 0

equilibrium the dynam c nodel nmay be witten in matrix form as

h,=-1YW<0; h,=1"Wy,<0; h,=I(1 Wue.-Sf,)%

>();

21

_m{IYWH([,4P)S] _ L m(y" S+ W)
I e ]
h23:_%(rwucc_sfkk)?;

h,=GY -X>0; h,=1 (u,-Gu.)? h,,=dS+I Wu,,-Gu..)?.
wher e!®

Since the econony has two junp variables, | and m -i.e. 1(0)
and m(0) are free determ ned-, and one predeterm ned vari abl e,
k -i.e. Kk(0)=ko-, saddle-point stability requires that the matrix
of the coefficients of the short-run dynam c nodel (10) nust have
a negative determnant, since it nmust admt two positive and one

negati ve eigenvalues. Thus for this requisite to be satisfied,
it is required that

D=-v"[Y (W-G [y )+ X [ -l W]+ (£, +P )L f 14 (tcn-Guee) + Wz ] >0

The negative determ nant condition (12) does not guarantee
that we have two positive characteristic roots and a negative
one, as it could be also satisfied with three negative roots
leading to a globally stable econony instead of a saddl e-poi nt

13 See the appendi x for the conbinations of parameters
used.
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equilibrium Since the trace of the state matrix in (10) is
unanbi guously positive'*, we are ensured that, once condition
(12) holds, the dynam c systemis saddl e-point stable.

4. Long-run effects of the money supply growth rate
In the steady state equilibrium where , =m, =k, =0, the

MC(C,I’Z):
”"(f”_"):fl[%,z-h(ﬁ)]hckﬁ)%%
uc(c,n

v%ﬁ2=d+ﬁ+5
uc(c,n)

fo [k 1-h(n)]=d+n
p=q-n
Tk, 1-h(n)] =c+nk

s=qm

nmodel is described by the follow ng system

¥ 91n fact the trace of the matrix of the coefficients in
(10) is
Install Equation Editor and double-
click here to view equation.
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There are sone special features of this long-run
equi | i brium nodel (13) that nust be enphasized. First, according
to equation (13e), the endogeneity of the popul ation growth nmakes
the inflation rate endogenous, breaking its one-to-one
correspondence wth the noney supply growh rate (which is a
typical feature of nodels with constant popul ation growth and
exogenous econom c growh). Second, equation (13d), i.e. the
nodi fied golden rule, no |onger determnes capital intensity by
itself, but establishes an inverse rel ationship between capital
intensity and population gromh rate. Third, if no exogenous
shocks occur, per capita variables -like output, capital and
consunption- remain constant in the |long-run, while aggregate
vari ables (nanely variables in levels) grow at rate n, which is
endogenously determ ned. Finally, the demands for fertility,
derived from equation (13b), and for real balances, given by
equation (13c), are strictly interconnected with the rest of the
econony. These are the elenents, as we shall see in a nonent,
t hat viol ate noney superneutrality.

The steady state effects of the noney supply growh rate are

ﬁ:_H/V—un<0;
dq D

dq D
described by the following nultipliers:

dn:_l fkkun>0’.

This is the exact opposite of Malthus's prediction (see,
e.g., Barro-Sala-i-Martin, 1995, and Yip-Zhang, 1997).

The demands for fertility and real noney bal ances can
inplicitly be stated as:
Install Equation Editor and double- Install Equation Editor and double-
click here to view equation. click here to view equation.
Money demand depends on the popul ation growh rate as
well as the usual variables (i.e. consunption and the nom nal
interest rate). If n were exogenous, we would have m, ,=0.

14



de_ | (AW-Gfyu, _

dq D

dm _ [Y(AW-Gf )+ X[, -1 W/ <0

dq D ’

ﬂzl_un (uccG-ucn)fkk-d uch>0;

dq D

d(k/l):_lun<0;

dq D

ds — dm — .

— =m+q—=m(I-|e, <0.

4 m qdq m(1-|enq!)

i - -%[Y(dW- Gf )+ X fo-I WI+(d +q)ucc[fkk(zw -G)+dW] +u, £,

= = cc >();

dq D

An increase in the rate of nonetary growth raises the

inmplicit cost of holding noney -i.e. ftp=d+g- and hence reduces

real noney bal ances, which in turn stinmulates, for a given |eve
of consunption, fertility, because the opportunity cost of one
unit of fertility in output ternms, nanely Fih"+k+m, di m nishes
(for a given capital stock). The latter effect generates, through
the nodified golden rule, a decline in the demand for capita
that brings about a reduction of per <capita output and
consunption. The nonetary shock also reduces the |abor effort
(even if inelastically supplied), since the rise in fertility
inplies a larger consunption of tinme for child-rearing which
lowers the time that can be devoted to work. As the capital-Iabor
rati o decl i nes because | abor dimnishes in percentage terns | ess

15



than capital, the marginal product of capital, which in

equilibriumis equal to d+n, , increases.

Inflation is increased by the shock, but less than the rise
in q because of the higher fertility rate. Since the real
interest rate is augnented, the Fisher relation is invalidated.
The nom nal interest rate foll ows one-to-one the increase of the
nmoney supply growh, even if it has risen nore than the inflation
rate.

The effects on seigniorage are unclear, since they depend
on whether the elasticity of real noney bal ances with respect to

g, taken in absolute value, is |less or greater than one.

Moreover, it is easy to show that the noney supply growth
rate unanbi guously |owers steady state welfare, that is, the
negati ve consequences on consunption and real noney bal ances
overconpensate the positive effect exerted on fertility.

Finally, it is worth noticing that while a higher noney
growh rate lowers capital intensity -i.e. a reverse Tobin effect
in per capita terns occurs- and leaves its long-run rate of
expansi on unaffected, it increases the growh rate of capital and
output levels, that is, we have a sort of Tobin effect in growth
termns.

4. Optimal monetary growth rule

Determ nation of steady state optinmal nonetary growth is
based on the assunption that the government seeks to nmaxi m ze the
wel fare function of the representative agent subject to the nodel
of the econony, given by system (13) as a constraint.

W can make sone sinplifications. |If we express the
popul ation growh rate (enploying equation 13d) and consunption

Note that in principle the inflation rate could also be
reduced if the increase in n were higher than the increase in
g. We consider this case a rather inplausible event according
to the paraneters of the linearization involved in the
inflation nmultiplier.

16



(using sinultaneously the nodified golden rule and the resources
constraint) as inplicit functions of capital stock -namely n,
=n,” (k, ) and c, =c, (k, ) respectively- and capital stock as a
function of real noney bal ances (using equations 13b, 13d, and

13f) -i.e. k, =k,”(m, )-, the determ nation of the optinmal g can
max {ulc(k).i(k)] +v(m)}
k,mq

be found by solving the follow ng probl em

k=k(m)

subj ect to

VvEm)=(d+q )u.[e(k),A(k)]

. _dw- Gfkk fkk(n ;o= l_W <1
%%%%_‘qu@uc[c(k)Wk )] TX-GY ) fy WY -Tw)
and
wher e

The first order conditions for the optinum are
where m is the Lagrange nultiplier associated with constraint
(14b) and asterisks denote the socially optinal steady state

—_—k

val ues. The endogenous vari abl es of system (15) are k, , m,
m and Q.
Substituting relationships (15a), (15b) and (15c) into

equation (15d), the optinmal nonetary growth rate can be expressed
as

The maxi m zation problem (14) admts another necessary

condi tion, nanely muc.=0, where m is the Lagrange multiplier
associated with constraint (14c). This condition inplies m=0,
and has been included in system (15). The alternative case
contained in such a condition, i.e. uc.=0, is not possible
since it would inply fromnodel (13) that uc=u,=v"=0, which
yi el ds optimal val ues for c, , n, ., m, , and (through the
nodi fied golden rule) k, inconsistent with the resources
constraint (13f).

17



g 10 N, 0 k), o >
S RN A TR (W Ju) g <
[Y(AW-Gf, )+ X f -1 W] [Y(AW-Gf )+ X f-T W]

From equation (15d'), we see that in our context the
Friedman full liquidity rule -i.e. gqF'=-d or fi+p=0- is not
optimal, since the noney supply growth rate affects the fertility
choice, which distorts the long-run capital intensity. The
optimal nonetary policy rule requires a balancing for the partial
effects exerted by the population growh on both the net and the
gross return on capital. These effects are negative, but enter
equation (15d') with both positive and negative signs. The rule
specified in (15d') can prescribe either a contraction or an
expansion rate of noney supply. Accordingly, the nom nal interest
rate corresponding to q can be negative or positive. If d+q” is
negative (positive), the optimumquantity of noney bal ances nust
be pushed beyond (kept below) the satiation |evel -since v™< (>)
0, i.e. m > (<) m% raising the utility of agents

correspondi ngly.

5. Concluding remarks

Thi s paper has exam ned the steady state consequences of the
nmoney supply growh rate in an optimzing nonetary nodel of
capi tal accunul ati on with endogenous popul ati on. The econony is
characterized by infinitely-lived agents, with a fixed di scount
rate, an inelastic |abor supply and noney bal ances -together wth

When there is an endogenous | abor-1eisure choice with
proportional inconme taxation and exogenous popul ati on growt h,
as in Turnovsky-Brock (1980), the optinmal nonetary policy,
which is a "distorted" Friedman rule, requires that the direct
effect of noney in the utility function nust be balanced with
the indirect effect resulting fromits interaction with
consunption and |l eisure. Thus, it is possible to have either
an optimal inflation tax or an optinmal inflation subsidy.

18



the fertility rate and consunption- inserted into the utility
function. This paper is an attenpt to understand a source of non-
superneutrality not studi ed before.

The analysis carried out in the paper proves that, when an
endogenous population growmh rate 1is incorporated into
Sidrauski's nonetary growth nodel, the nodified golden rule is
i ncapabl e of fully determning the capital-labor ratio (a basic
feature of the Sidrauski's analysis), since capital intensity
becones i nterdepedent with other variables of the nodel because
of the endogenous fertility choice. By reducing the real bal ances
hol di ngs, the higher nonetary growh rate dimnishes the
opportunity cost of one wunit of fertility, which in turn
stinul ates people to increase fertility and hence results in a
reduction of the capital intensity. This inverse relation between
per capita capital stock and population growmh is the crucial
element at the root of the non-superneutrality of noney
di scovered in the present context. The reverse Tobin effect on
per capita output and capital is matched by an increase in
aggregate output and capital growth rates.

In this framework, the optimal nonetary growth rule, which
must take into account the effect of fertility on the net and the
gross return of capital and corresponds to a nodified Friednman
full liquidity rule, can call for either a contraction or an
expansi on of noney supply. If the optimal rule is inplenmented,
the nomnal interest rate can be either positive or negative,
therefore inplying that the optimum quantity of noney attained
can be lower or greater than the satiation |evel.

Appendix
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A. Conbi nations of paraneters

X:unn_ﬂucn_uc[f]h”_fﬂ(hq:)zj <0; Y :ucn_ﬂucc>0;

u Uc

W=I1+h8f,,>0; S=Xuy.-Y u,>0; G=f,hCk>0;

D=v"[Y(AW-Gf )+ X f -1 W+ (£ 4P )] 1 (ten~Guuee) +dWar ] > 0.
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