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Abstract

In this paper we analyze sequencing situations under incomplete
information where agents have interdependent costs. We ..rst argue
why Vickrey-Clarke-Groves (or VCG) mechanism fails to implement a
simple sequencing problem in dominant strategies. Given this impossi-
bility, we try to implement simple sequencing problems in ex-post equi-
librium. We show that a simple sequencing problem is implementable
if and only if the mechanism is a ‘generalized VCG mechanism’. We
then show that for implementable n agent simple sequencing problems,
with polynomial cost function of order (n — 2) or less, one can achieve
..rst best implementability. Moreover, for the class of simple sequenc-
ing problems with “sudciently well behaved” cost function, this is the
only class of ..rst best implementable simple sequencing problems.
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gestions. The authors would also like to thank Debashish Goswami and Arunava Sen for
their helpful comments. Financial assistance from the German Research Foundation is
also gratefully acknowledged.



1 Introduction

In this paper we study sequencing situation under incomplete information
where agents have interdependent costs. In particular, we consider the prob-
lem of a planner who has to provide a facility to a ..nite group of agents.
Each agent has one job to process using this facility. It takes dicerent time
periods for dicerent agents to process their jobs. The facility can be used
by only one agent at a time. Therefore, the planner will have to order the
agents in a queue. Waiting in the queue is costly for each agent. The plan-
ner’s objective is to select an e€cient queue to minimize the aggregate cost.
Consider the situation where the planner knows how many agents require
the facility but she does not know the job processing time of the agents.
Moreover, if it is costly for the planner either to monitor the agents’ action
or to verify the true job processing time, then there is an incentive problem.
Agents, if asked, will announce their job processing time strategically. Given
the incentive problem we ask the following question: Can the planner design
a mechanism such that it is in the interest of the agents to reveal their true
processing time? We refer to such a problem as simple sequencing problem
with interdependent costs. We call this problem ‘simple’ because the form of
the cost function is assumed to be known and identical for all agents. Thus,
for a simple sequencing problem, we have mechanism design problem of a
social planner under interdependent cost where the signals (or processing
time of agents) are one dimensional.

Sequencing situations with interdependent cost can arise in many real
life scenario. A central agent providing access to telephone, for local as well
as long distance calls, to a set of individuals (in some locality) would be one
example.l Another example would be a college (or any institute) that has

1A good evidence that can be sited in this context is one of Noa Jahan Begum who
lives in the town of Bora, 20 miles from Bangladesh’s capital Dhaka. She bought a
cellular phone (by taking a loan from Gramin Bank) and began ozering it for a fee to
neighbours and other villagers who need to make calls. Sometimes there are 20 or 30 or
more, sometimes even 50 or 60 people waiting to make calls (see remarks by William E.
Kennard, Chairman, Federal Communications Commission to WIRELESS 98, Atlanta,
Ga. February 23, 1998).



only one computer. If a set of individuals (students and teachers) want to
use this computer to process their own data set then the college authorities
will have to provide access to this computer sequentially. Providing access of
one runway facility to aeroplanes, for landing and takeo=, is another example
of sequencing. In these sequencing situations, costs are interdependent since
the cost of an agent depends not only on her own processing time but also
on the processing time of all agents who precedes her in the queue.

Sequencing problems in the absence of interdependent cost was analyzed,
among others, by Suijs (1996) and Mitra (2001). In these papers the stan-
dard Vickrey-Clarke-Groves (or VCG) mechanisms (due to Vickrey (1961),
Clarke (1971) and Groves (1973)) are the only class of mechanisms that
lead to truthful revelation of private information in dominant strategies and
eCciency of decision. In these problems, the cost parameter is private infor-
mation to the agents and the job processing time, of each agent, is common
knowledge. For a simple sequencing problem with interdependent costs, the
standard VCG mechanisms fails to solve the incentive problem since the
job processing time is private information. Hence, our ..rst objective is to
identify the class of mechanisms that implement a simple sequencing prob-
lem in ex-post equilibrium. By implementability in ex-post equilibrium we
mean that one can ..nd mechanisms that are e€cient in terms of decision
and ex-post incentive compatible. A mechanism is ex-post incentive com-
patible if truth-telling is a best response of an agent whenever others’ are
truthful. We identify the complete class of mechanisms that implements
a simple sequencing problem in ex-post equilibrium. Our main and ..nal
objective is to identify the sub-class of ..rst best implementable simple se-
guencing problems. A simple sequencing problem is ..rst best implementable
if there exists a mechanism that implements it in ex-post equilibrium with
a transfer scheme that adds up to zero in all states. Our analysis is ‘similar’
to the analysis on ..rst best implementability with VCG mechanisms under
dicerent private values set up (see Green and Lacont (1979), Lacont and
Maskin (1982), Hurwicz and Walker (1990) and Walker (1980)).

We start our analysis on implementability of a simple sequencing prob-
lem by arguing why VCG mechanism fails to implement a simple sequencing



problem in dominant strategies using arguments from Radner and Williams
(1988). Given this impossibility, we try to implement simple sequencing
problems in ex-post equilibrium. We show that a simple sequencing prob-
lem with interdependent costs is implementable if and only if the mechanism
is a ‘generalized VCG mechanism’ as de..ned by Bergemann and Valimaki
(2000). For a simple sequencing problem, a generalized VCG mechanism is
such that each agent receives, as transfer, the sum of her own “maximum
possible incremental loss” and that of all agents who precedes her in the
queue, up to a constant. We then explore the possibility of ..rst best im-
plementability. We show that for implementable n agent simple sequencing
problems, with polynomial cost function of order (n — 2) or less, one can
achieve ..rst best implementability. Moreover, for the class of simple se-
quencing problems with “succiently well behaved” cost function (that is,
cost function with power series representation), this is the only class of ..rst
best implementable simple sequencing problems.

The paper is organized in the following way. We conclude this section
by relating our work to the existing literature. We then formalize simple
sequencing problems in section two. In section three we provide results on
implementability of simple sequencing problems. In section four we address
the issue of ..rst best implementability. We conclude our analysis in section
..ve. Most of the proofs are relegated in the appendix.

1.1 Related Literature

Mechanism design problems with interdependent valuation has been an-
alyzed extensively in the context of auctions (see Ausubel (1999), Das-
gupta and Maskin (2000), Jéhiel and Moldovanu (2001) and Perry and
Reny (1998)). Trading problems with interdependent values was analyzed
by Fieseler, Kittsteiner and Moldovanu (2001) and by Gresik (1991). In a
general mechanism design setting, Bergemann and Valimaki (2000) address
the issue of common (or interdependent) value by restricting signals to be
one dimensional. Radner and Williams (1988) showed the existence problem
of ‘dominant mechanisms’ when there exists a possibility of informational
externality. By dominant mechanisms they mean mechanisms that satisfy



dominant strategy incentive compatibility and e®ciency of decision.

In the literature on mechanism design problem under interdependent
valuations, ..nding mechanisms that implements a decision problem in ex-
post equilibrium is not new. In the context of auctions with interdependent
valuations and with one dimensional signals, the mechanisms provided in
Ausubel (1999), Dasgupta and Maskin (2000), Jéhiel and Moldovanu (2001)
and Perry and Reny (1998) are all ex-post incentive compatible. Ausubel
(1999), by assuming valuation functions are know to the agents and to the
auctioneer, de..ne a ‘generalized Vickrey auction’ for multiple identical ob-
jects and show that truth-telling is an ex-post equilibrium. Ausubel’s ‘gen-
eralized Vickrey auction’ is a generalization of the ‘modi..ed second price
auction’ of Maskin (1992). Dasgupta and Maskin (2000), by assuming that
valuation functions are know to the agents but not to the auctioneer, achieve
ex-post incentive compatibility via an indirect mechanism where agents use
bids that depends on the valuations of other agents. Dasgupta and Maskin
(2000) allow for objects to be non-identical. In the same informational
structure but with identical objects, Perry and Reny (1998) achieve ex-
post incentive compatibility in a two round bidding procedure. Jéhiel and
Moldovanu (2001) show that, with multi-dimensional signals, ex-post incen-
tive compatible direct mechanism do not exist in general. In the case of
one-dimensional signals, they provide a direct mechanism that achieves ex-
post incentive compatibility. In the trading context Fieseler, Kittsteiner and
Moldovanu (2001) provide a ‘generalized Groves mechanism’ which satis...es
ex-post incentive compatibility. The most related paper to our analysis
on implementability in ex-post equilibrium is the one by Bergemann and
Valiméaki (2000). They consider a mechanism design setting where agents
can acquire costly information, by receiving a noisy signal about the true
state, before participating in the mechanism. What is important for our
paper is their characterization results on implementability in ex-post equi-
librium. Thus, our analysis on implementability of a simple sequencing
problem in ex-post equilibrium can be considered as an application of the
general characterization results of Bergemann and Valimaki (2000).

The main contribution of our paper is the characterization result on



..rst best implementability of a simple sequencing problem in ex-post equi-
librium. Analysis in this direction, in an interdependent value set up, is
relatively scarce. In the context of auctions with interdependent values,
budget balancedness is automatically satis..ed as the seller is the residual
claimant. In the partnership context, Fieseler, Kittsteiner and Moldovanu
(2001) argue that, with their ‘generalized Groves mechanism’, it is possible
to apply expected externality payments (a la Arrow (1979) and d’Aspremont
Gérard-Varet (1979)) to achieve (ex-post) budget balancedness. They point
out that, for the expected externality mechanism, truth-telling is a Bayesian
but not an ex-post equilibrium. In this paper, we look for mechanisms that
satisfy e€ciency of decision, ex-post budget balancedness and ex-post in-
centive compatibility.

2 Simple Sequencing Problems

Let N = {1,2,...,n} be the set of agents in need of the facility provided
by the planner. Each agent j € N takes s; € (0,5 € R, units of time
to process her own job. Since the facility can be used by only one agent
at a time, the planner will have to provide the facility to the agents in a
queue. By means of a permutation o = (o1, ...,0,) on N, one can describe
the position of each agent in the queue. Let X be the set of all possible
permutations of N. Therefore, a queue o is a mapping from the set of
agents N to X. Let Pj(0) = {p e N—{j} | op < o;} be the predecessor set
of jino and Sj(0) = {g € N—{j} | 0; < o4} be the successor set of j in o.
Let F'(S;) measure the cost of agent j € N if her job processing is complete
at time point S; € R,,. Therefore, the cost of an agent is a mapping
F: R,y — Ry. We assume that F' is continuous and strictly increasing
in S;. Given a processing time vector s = (s1,...,s,) and a queue o, the
cost of agent j € N is F'(S;(0;s)), where Sj(05s) = 3 ep,(s) Sp + 85 The
utility of agent j, in state s = (sq,...,s,) and in the queue o is U;(o,t;5) =
vj — F(S;j(o;s)) +t; where v; is the gross bene..t, derived by agent j, from
the facility and ¢; is the transfer that she receives.

Aqueue o* € X, given s, ise€cientif o* € argmin, ey > en F(55(05 9))-



For a state s = (s1,...,5,), @ queue o* is e€cient if and only if (1) for all
pairs of agents {j, 7} such that s; < s;, o7 < o7 and (2) for all pairs of agents
{4, i} such that s; = s;, either o7 < of or of > of. For example, consider
the case where n = 3 and a state s = (s, s2, s3) such that s3 < s; = so. For
the state s = (s, s2,s3), the queue o = (01 = 2,02 = 3,03 = 1) and the
queue 6 = (61 = 3,02 = 2,53 = 1) are both e¢cient. Therefore, we have an
eCciency correspondence. An e€cient rule is a single valued selection from
the e¢ciency correspondence. One can always select an e€cient rule from
the e¢ciency correspondence by selecting an appropriate tie breaking rule.
In this paper we will consider the following tie breaking rule: if s; = s; then
o7 <ojifi<j.

It is natural to assume that agents have private information about their
own job processing time.? If the processing time vector s = (si,...,sy) is
private information, the planner’s problem is to design a mechanism that
will elicit this information truthfully. In this paper, we restrict our attention
to direct mechanisms where each agent reports her own processing time (or
type) and based on this report, the planner decides on the queue and the
transfer vector for the set of agents. Formally, a direct mechanism M is
a pair (o,t), where o : (0,5]" — X and t = (t1,...,t,) : (0,5 — R™
We represent a simple sequencing problem with interdependent cost by I' =
(N, F, (0,3]), where N is the number of agents, F' is the common cost func-

ZA person in need for the computer (telephone) has private information about how
much time she will take to process her data (to make the call). The airport authority
has little knowledge about how long an aeroplane will occupy its runway. If the planner
wants to provide the facility in an e¢cient way then she will have to know the processing
time of the agents before starting to provide the facility. This means that the planner will
have to rely on the agents’ announced processing time. It may be costly for the planner
to monitor the actions of the agents. Moreover, it may be costly to verify whether the
agent is truthful or not. For example, the college authorities (the central agent providing
the telephone facility) may ..nd it dic¢cult to punish a teacher (an infuential individual
of the locality) for misreporting. Similarly, the airport authorities may ..nd it dic¢cult
to punish an airline for misreporting because the airlines company might have paid a
substantial amount for the maintenance of the facilities at the runway. Therefore, with
either monitoring cost or veri..cation cost there is an incentive problem as agents have an
incentive to report strategically.



tion and (0, 5] is the interval of job processing time. Under M = (o, t), given
an announcement s = (51,...,5,) € (0,3]" in state s = (s1,...,s,) € (0,3]",
the utility of agent j is given by U; (0 (5),t;(5); s) = vj—F(S;(c(8); s))+1;(8).
Note that the e¢cient queue is determined by the planner based on the an-
nounced processing cost of all agents and the cost that each agent incurs
depends on the actual cost of her own predecessors in the queue as well as her
own processing cost. We conclude this section by de..ning implementable in
ex-post equilibrium and ..rst best implementability of a simple sequencing
problem.

DEFINITION 2.1 A simple sequencing problem with interdependent cost
I' = (N, F, (0,3]), is implementable in ex-post equilibrium, if there exists an
eCcient queue o* : (0,35]" — X and a mechanism M = (¢*, t) such that, for
all j € N, for all (sj,s;-) € (0,35)% and for all true processing time vectors
55 €(0,3]" 71, Uj(0*(s), tj(s); 8) > Uj(0™ (s}, 5-5), (55, 5-5); 8)-

DEFINITION 2.2 A simple sequencing problem I' is said to be ..rst best
implementable (in ex-post equilibrium) if there exists a mechanism M =
(o*,t) that implements it in ex-post equilibrium with a budget balancing
transfer.

3 Implementability in Ex-post Equilibrium

We start this section by providing the reason for the failure of VCG mecha-
nisms to achieve e¢ciency of decision and dominant strategy incentive com-
patibility. A VCG mechanism means that each agent pays the cost of all
other agents in the queue, up to a constant. A VCG mechanism leads to
eCciency of decision as well as dominant strategy incentive compatibility
only if it satis..es the ‘independence property’ (see ‘Independence Property
111" in Radner and Williams (1988)). In a simple sequencing problem this
‘independence property’ would mean the following: consider two true states

s = (sj,s—;) and s’ = (s},s_;) that dicer by the processing time (or type)



of only one agent j € N.> Moreover, let the queue position of agent j
remain unchanged in the two states, that is let o7 (s) = oj(s’). ‘Indepen-
dence property’ requires that in such a situation the aggregate cost of all
but agent ; must remain unchanged in both the states. Observe that if
agent j is not served last, that is if o7 (s) = o}(s') # n, then S;(c*(s)) =
Sj(c*(s")) # ¢. For all agents ¢ € S;(c*(s)) = S;(c*(s’)), the cost in
states s and s’ are not the same, that is F'(S;(c*(s);s)) # F(Sq(o*(s); ")),
since j € Py(0*(s)) = Py(o*(s')) and s; # ). If 0%(s) = o7 (s') = n then
F(Si(c*(s);8)) = F(Si(c*(s');§')) since Sj(c*(s)) = Sj(c*(s’)) = ¢. Hence
‘independence property’ does not hold unless agent j has the last queue
position. Thus, the VCG mechanism fails to meet the desired objectives.
Given this impossibility, we try to implement a simple sequencing problem
in ex-post equilibrium.

We ..rst de..ne ‘set convexity’ of a simple sequencing problem which
is a necessary condition for implementability in ex-post equilibrium (see
Bergemann and Valimaki (2000)). Consider a simple sequencing problem
I'. Fix the true processing time of all but agent j at s_; € (0,5]" 1. Given
s_j, consider the set S% = {s; € (0,3] | 0*(sj,5—;) = 0 = (0; = k,0_;)}.
Therefore, the set Sf is the set of types for agent j that gives her the kth
queue position. It is important to note that given s_;, e@ciency of decision
implies that for all types of agent j, that keeps her queue position unchanged,
the queue position of the remaining set of agents also remains unchanged.
This is due to the common cost function of each agent. Therefore, sets
{Skn_| forms a partition of (0,5] for agent j. The collection {S¥}n_,
satis..es set convexity if for all queue positions k € {1,...,n}, s; € Sf and
s € Sk = Xsj+(1—N)s; € Sk forall A € [0,1]. Thus, set convexity requires
that given the types of all but agent j, the set of types of agent j, that keeps
her e¢cient queue position unchanged, must be convex. Moreover, this
must be true for all queue positions of agent j and for all agents j € N.
It is quite easy to verify that all simple sequencing problems satisfy set

®Here s_; is of the form (si,...,5j-1,8j+1,...,5,) and hence s = (sj,5_;) =

(S15-++,8j=1,55,8j41,---,8n), 8" = (8j,5-5) = (S1,...,8j-1,85,8j41,-..,5n) and s; # sj.



convexity.* Set convexity is not enough to implement a simple sequencing
problem. The following proposition provides the other necessary condition
for implementability of a simple sequencing problem. Before stating the
Proposition, we de..ne the ..rst order incremental loss of amount A at x as
A(h)F(z) = F(x + h) — F(z).

PROPOSITION 3.1 A simple sequencing problem I' is implementable in
ex-post equilibrium only if the cost function F' is weakly concave.

The proof of this Proposition is provided in the Appendix. The require-
ment of weak concavity of the cost function is due to the nature of the
incentive constraint in a simple sequencing problem. To meet the incentive
constraint, the planner will have to compensate an agent j for her aggregate
incremental loss in the queue o. The aggregate incremental loss of agent j
in the queue o is the dicerence between her actual cost in ¢ and her own
job processing time, (that is A(Y cp, (o) Sp)F(s;) = F(5j(035)) — F(s;))-
Since for implementability it is necessary that this aggregate incremental
loss must be non-increasing, we need weak concavity of the cost function.

We restrict our attention to the class of simple sequencing problems for
which the cost function is weakly concave and derive our implementability
result. To do that we de..ne the generalized VCG mechanisms, following
Bergemann and Valimaki (2000). Let C_;(0*(s);s") = >2;.; F(Si(0*(s); 8))
be the aggregate cost of all but agent j in state s’ and in the queue o*(s).
For a simple sequencing problem T', a mechanism M = (o*, t) is said to be
a generalized VCG mechanism if, for all j € N and for all announcement
vectors §_; € (0,51, the following two conditions are satis..ed:

(i) For announcements (3, 5%) € (0, 8] x (0, 5] such that o7 (3) = 07 (8}, 5-;),
t5(85, 8-5) =t;(3).

(i) For announcements (3;,3}) € (0, 3] x (0, 5] with o7 (38) = o7 (s},

Al oA A */A\. = A x(al A L~ oA
tj(85,8-5) —t;(8) = C_;(07(5); 85,5-5) — C—j(07(8},8-5); 5;,5—;) (3.1)
4Consider the true type of all but agent 1 to be s_; such that sy < s3 < ... < Sn.

Given s_1, from the eccient rule it follows that S} = (0,s2], ST = (sk,sk+1] for all
ke{2,...n—1} and S = (sn, 5]. Now one can easily verify that given s_1, the collection

{SF}r_, satis..es set convexity since each S is an interval. This argument can be easily
be generalized to verify that a simple sequencing problem satis..es set convexity.

§-4)—1,




where (35, 5_;) is the state for which both o*(3) and o7 (8}, 5—;) are eccient,
that is 30;cn F/(Si(0%(8); 85, 8-5)) = Zien F(Si(0™(8},5-5); 55, 5-5)). Using
conditions (i) and (ii), we derive the form of the class of generalized VCG
mechanisms in the next Proposition.

PROPOSITION 3.2 For a simple sequencing problem I', a mechanism

M = (o*,t) is a generalized VCG mechanism if and only if for all an-
nounced processing time vectors s € (0,5]™ and for all j € N,
S Vpl8) i) i o3(3) #£1

tj(8) = pePi(0*(s)) 3.2
h;(5-5) if o7(5) =1

where V,,(8) = A(8,)F(Sp(a*(8); 8)).

The proof of Proposition 3.2 is provided in the Appendix. The impor-
tance of the class of generalized VCG mechanism in implementing a simple
sequencing problem is captured in the next Proposition.

PROPOSITION 3.3 All simple sequencing problems with weakly con-
cave cost functions are implementable in ex-post equilibrium. Moreover, a
simple sequencing problem T" is implementable in ex-post equilibrium if and
only if the mechanism is a generalized VCG mechanism.

Observe that to prove Proposition 3.3, it is enough to prove the second
statement in the Proposition, using weak concavity of the cost function.
We provide the proof of Proposition 3.3 in the Appendix. Here we try to
provide the reason behind implementability property of the generalized VCG
mechanism. Let j(p) be the immediate predecessor of agent j in the queue
o, that is j(p) = {i € Pj(0) | 0s = 0; — 1}. We de..ne the incremental loss
of agent j, in state s and in queue o, as

A(sip))F oo osqt+si | ifoi(s) #£1
V](O-’ 8) = /@) (qEPj(p)(a) 7 ]) ¢

0 otherwise

Thus, the incremental loss of agent j is the additional cost that j incurs due
to the presence of her immediate predecessor j(p) in the queue o. Consider

10



a state s and an eCcient queue o*(s). For the state s, the incremental loss
of agent j is V;(c*(s); s) = A(sj(p))F(quﬁj(m(a*(s)) sqts;)ifoi(s) =k #1
and s < s; and V;(o*(s); s) = 0 otherwise. Consider all types s € Sf of
agent j and de..ne her maximum possible incremental loss as Vi (0™ (s); s) =
mal‘sgegf)}j(g*(sg, s—;j); 85, 8—;). Due to weak concavity of the cost function
F, it follows that

‘/](p) (8) If 0‘;(8) 75 1
0 otherwise

Vi(o®(s);s) = {

Therefore, the maximum possible incremental loss of an agent ;7 € N, in
queue position o7 (s) = k # 1, is the ..rst order dicerence of amount s;,
at time point S;,,)(o(s);s) and it is 0 if o7(s) = 1. Why is the maximum
possible incremental loss important? Consider a state s € (0, 5]”, an e¢cient
queue o*(s) and an agent j with processing time s;. Assume that all agents
have reported truthfully. Simplifying the aggregate incremental loss of agent
J We get A ,ep; o+ (s)) 5p)E(85) = 2opep; (o (s)) Al5p) F(Sp(a™(s);s) + 57)-°
Using weak concavity of F' we get 3= cp (o= (s)) A(sp) F(Sp(0™(s); s) + 55) <
Y opeP;(o+(s) Alsp) F(Sp(07(5); 8)) = Y opep; (o+(s)) Vo(s). The last inequality
states that in state s, the aggregate incremental loss of an agent j, in an
eccient queue o*(s), is no more than the sum of maximum possible incre-
mental loss of her own and that of all her predecessors in the queue. The
transfer of an agent ;5 in a generalized VCG mechanism is the maximum
possible incremental loss of agent j and that of all her predecessors in the
queue, up to a constant. Thus, the generalized VCG transfer is enough
to compensate an agent j for her aggregate incremental loss in the queue.
However, one can verify that truth-telling is not a dominant strategy. This
point will be more explicit from the following example.

EXAMPLE 3.1 Consider the simple sequencing problem with the cost
function FZ(z) = z, that is consider I' = (N, F'L, (0,3]). Since the cost

®Observe that we can always write A(b+c)F(a) = Fla+b+c) — F(a) = F(a +b+
¢)—F(a+b)+ F(a+b) — F(a) = A(c)F(a + b) + A(b)F(a). By applying this relation
repeatedly in the appropriate order we get the required simpli..cation.

11



function F” is linear, A(x) FL(y) = x for all z and y. Therefore, the transfer
given by condition (3.2) is
> Spthi(sy) ifoj(s) A1
t:(3) = { »pePi(* (&)
h;(5—;)  otherwise

for all s = (81,...,5,) € (0,5]". Consider a state s = (s,..., s,) such that
81 < 83 < ... < syn. Let the announced processing vector of all but agent 1 be
$-1=1(82,...,8,) such that s, < sy and §; = s; forall i € N —{1,2}. Thus,
in the set N — {j}, all but agent 2 are truthful. The utility of agent 1, if she
announces truthfully, is Uy (c*(s1, S2, 5—1-2), t1(s1, 82, S—1-2); 8) = v1 —(s1+
$2)+ 82+ hi1(82,s_1-2) (since for agent 1, o7 (s1, $2,s—1-2) = 2 and for agent
2, 05(s1,82,8-1-2) = 1). What is crucial here is that the eCcient queue is
calculated on the basis of the announcement (si, $2,s_1-2) and the cost of
agent 1, in the e¢cient queue, depends on her own processing time s; and the
actual processing time s2 (and not announced processing time $o) of agent 2.
Now suppose that agent 1 announces $; (< §3) instead of her true processing
time S1- Then her Utlllty is Ul(O'*(gl,§2,8_1_2),t1(§1,§2,8_1_2); S) = V1 —
s1+ h1(82, s—1-2) since o7 (81, S2,5-1-2) = 1. Observe that the bene..t from
misreporting is ss — 33 > 0. Thus, truth-telling is not a dominant strategy
for agent 1.

REMARK 3.1 Linearity of the cost function is not crucial for the impos-
sibility argument in Example 3.1. Consider a simple sequencing problem
I' = (N, F, (0, s]) with a strictly increasing and weakly concave cost func-
tion F' and consider the same construction as in Example 3.1. What we
require for this impossibility argument to work is that there exists a selec-
tion 0 < $3 < s1 < s2 < § such that A(s2)F(s1) > A(S2)F(82). Since
the cost function is strictly increasing, by selecting su¢ciently small posi-
tive numbers 35 and sp, satisfying $o < s1, and by selecting a su¢ciently
large positive number so(< s), one can always obtain the required inequality.
Moreover, for all implementable simple sequencing problems with |N| > 2,
the impossibility argument is valid.
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4  First Best Implementability

Consider any generalized VCG mechanism for an implementable simple se-
quencing problem. Observe that for each state s € (0, s]", if we add up
the generalized VCG transfer (3.2) for all agents and set it to zero, we get
V(s)+2ien hi(s—i) = 0 where V(s) = 3" ,cn(n—07(s))Vj(s) is the weighted
aggregate maximum possible incremental loss in state s. The implication
of the budget balancedness condition (that is V(s) + > ;cn hi(s—i) = 0)
can be summarized by the Cubical Array Lemma which is due to Walker
(1980). Before stating the Lemma we provide some more notations. Con-
sider two pro..les s = (s1,...,s,) and s’ = (s},...,s],). For P C N, de-
.ne a type s;(P) = s; if j ¢ P and s;(P) = s; if j € P. Therefore,
s(P) = (s1(P),...,sp(P)) for all P C N.

LEMMA 4.1 A simple sequencing problem I" is ..rst best implementable
only if for all {s,s'} € (0,5 x (0,3]", X pen(—1)FIV(s(P)) = 0.5

Walker (1980) proved Lemma 4.1 for VCG mechanisms where it is necessary
that the total surplus, in each state, is (n — 1) type separable. Like the total
surplus of a VCG mechanism, the weighted aggregate maximum possible
incremental loss for a generalized VCG mechanism, in the context of simple
sequencing problems, depends on the type of all agents and hence the Lemma
applies for simple sequencing problems as well. Lemma 4.1 will be used in
proving our main Theorem. Before stating our main Theorem, we provide
two relevant de..nitions. The second de..nition will be used in our main
Theorem.

DEFINITION 4.3 A function f is said to be well behaved if it is in..nitely
dizerentiable in it’s open domain.

®For any set X, let |X| denote the cardinality of X. Observe that for two agents, budget
balancedness implies that for all {s = (s1, s2),s" = (s1,55)}, V(s) —V(s1,52) —V(s1,85)+
V(s') = 0. Similarly, for three agents, it implies that for all {s = (s1,s2,s3),s" =
(51,5, 55)}, V()= V (s}, 52, 83) = V (51, 5b, 83)— V (51, 52, 85) + V (5}, 85, 83)+ V (s}, 52, 85) +
V(s1, s3,83) — V(s') =0. This Lemma is a generalization of this condition for n agents.
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DEFINITION 4.4 A function f is said to be succiently well behaved
if it has a power series representation in it’s entire open domain, that is
there exists yg in it’s open domain such that the function f has the form

) =0 aly —yo).

A succiently well behaved function is well behaved but the converse
is not true. In our main Theorem, we provide a necessary condition by
restricting the cost function to be succiently well behaved.

THEOREM 4.1 A simple sequencing problem is ..rst best implementable
if the cost function F' is a polynomial of order (n — 2) or less. Moreover,
a simple sequencing problem with succiently well behaved cost function is
..rst best implementable only if F'is a polynomial of order (n — 2) or less.

The proof of Theorem 4.1 is provided in the Appendix. Here we ..rst state
and prove another Lemma that will also be used in proving Theorem 4.1 and
then provide the idea of the proof of Theorem 4.1. We de..ne the second
order cross-partial dicerence at = of amounts (a1, a2) as A(a1)A(a2)F(z) =
A(a)[F(z + az) — F(z)] = F(x + a1 + a2) — F(x + a2) — F(x + a1) —
F(x). Similarly, we de..ne third order cross-partial dicerence at = of amounts
(a1,a2,a3) as A(ar)A(a2)A(as)F(x) = A(a;)A(az)[A(as)F(x)] and so on.
In general the mth order cross-partial dicerence at = of amount (ay, ..., am)
is given by TI™;A(a;)F(x). Observe that for a linear function F!(z) =
bo + b1z, the second order cross partial dicerence of amounts (a1, a2) at y
is zero, that is A(a;)A(ag)F!(y) = 0. Similarly, for a polynomial function
F? of order two (that is for F2(x) = by + bix + bex?), it is easy to verify
that A(a;)A(az)A(a3)F?(y) = 0. The next Lemma is a generalization of
this idea.

LEMMA 4.2 If F is a polynomial function of order m(= 0,1,...), then
for any set of numbers {ai, ..., ams1,2}, T Aa,)F(z) = 0.

PROOF: For a polynomial function of order m or less, any cross-partial
dizerence of order m + 1 is zero. Hence the result. [
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Idea of the proof of Theorem 4.1: To prove the ..rst part of the Theorem, we
construct a generalized VCG mechanism for a simple sequencing problem I
with a polynomial cost function F' of order (n—2) and show that it is budget
balancing. Let M* = (o*, t*) be the generalized VCG mechanism such that
forall j € N and for all s_; € (0,5]""1, hi(s—j) = — > iz; 9ij(s—;) where

af(s—j) 1) =)= (g% (s_) — 1\ (n — o*(s_.) — 1)!
R o E S ELTES CH B

= (n—r—-1)

(4.3)

Zir(5—j) = Z A(s;))F ( Z Sq+ si> (4.4)
Pir—1(0*(5-5))CPi(c*(s—;5)) 4€Pi,r—1(0*(s—5))

Pia(c*(s—;)) is a subset of P;(c*(s—;)) of size a and o*(s—;) is the eC-
cient queue in the absence of agent j.” Using Lemma 4.2 we prove that
S jen—giy is(5—) = (n — 0F())A(si)) F*(Si(0*(); ). Using this result
we get V(s) + X ;enhj(s—;) = 0. This proves that the generalized VCG
mechanism M* is budget balancing.?

For the other part of the Theorem, we ..rst construct two states s =
(s1 =x,80=2x,...,8, =nz) € (0,5" and s’ = (s} = nx,sh =x,...,s =
(n—1)z) € (0,5]™ and apply Lemma 4.1. This gives the following condition:

A" (@) F(wi (n)e) = A" (@) F(wa(n)a) + A" (@) F(ws(n)a)  (45)
where A™(2)F(y) = A(e)... A@)F(y) = So(~)™"(Z) Fly + 1)

is the mth order partial diugnrence of amount x at time point y, wi(n) =
(2 ln -y (n) = B=10E2) gng qpy(n) = 2ED - Condition (4.5) is a general
necessary condition for ..rst best implementability of a simple sequencing
problem. From condition (4.5) we get the result using the fact that the cost

function is succiently well behaved.

"Let 3 be the set of all possible permutations of the set {1,...,n—1} and consider the
mapping o : (0,3]""! — ¥. Thus, for all j € N and for all s_; € (0,3, the eCGcient
queue in the absence of agent j is o™ (s—;) € argmin, 5 quNi{j} F(Sq(0;8q))-

8From now on we refer to M* = (o*,t*) as the ..rst best mechanism.
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We try to argue why polynomial cost of order (n—2) is important for ..rst
best implementability of a simple sequencing problem. Consider two true
states s = (s1,82 = a,...,8, = a) € (0,8" and § = (s1,82 = b,...,8, =
b) € (0,5]™ where b < s; < a. Note that in state s, o] (s) = 1 and the cost of
agent 1 is F'(s1) and in state s, o(8) = n and her cost is F'((n — 1)b + s1).
Starting from the state s, consider a state s(P) where actual processing time
of any P(C N — {1}) agents changes from « to b. While moving from state
s to state s(P), the queue position of agent 1 changes from o7 (s) = 1 to
o¥(s(P)) = |P| 41 and hence her cost changes from F(s;) to F(|P|b+ s1).°
This increase in agent 1’s cost is due to the negative externality imposed
by agents of the set P on agent 1. Since we can select a group of size |P|
from the set N — {1} in (}5) ways, (j5))F(|P[b+ s1) is the total cost
that can result for agent 1 if we consider negative externality, imposed on
her, by all possible groups from the set N — {1} of size |P|. Therefore,
> pen—{13 (=DFI([5) F(IP[b+ 1) is the weighted aggregate negative group
externality, that can be imposed on agent 1 by all possible groups of dicerent
sizes (from the set N — {1}), while moving from state s to §. Here the
weights are 1 if the group size is even and are —1 if the group size is odd.
If the cost function is a polynomial of order (n — 2) then this weighted
negative group externality is zero, that is Zpng{l}(—l)‘P‘(’f;‘l)F(\P\b +
s1) = A" L) F(s1) = T4 A(8)F(s1) = 0.1° Observe that this group
externality condition guarantees that the general necessary condition (given
by condition (4.5)) is satis..ed. Using Lemma 4.2, it is easy to verify that,
in general, for all j € N and for all pairs of states s’ = (s},s" ;) and &' =
(57,8~ ;), such that o7 (s') = 1 and 0}(3') = n, we get I1;2;A(8) F(s}) =
0 if the cost function is a polynomial order (n — 2). This condition was
used to show that the mechanism M* is indeed budget balancing. Thus, a
polynomial of order (n — 2) guarantees that the weighted aggregate negative
group externality that can be imposed on any agent j, by all other agents and

with all possible groups, while moving from a state where agent 5 is ..rst in

°Note that s(P) = s if P = ¢ and s(P) = § if P = N — {1}.
10Note that these weights (that is 1 if group size is even and —1 if the group size is odd)
is due to Lemma 4.1 which is a necessary condition for ..rst best implementability.
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the queue to a state where she is last in the queue, must add up to zero. It is
this group externality condition that guarantees ..rst best implementability
of a simple sequencing problem (in ex-post equilibrium) and hence justi..es
the need for a polynomial cost of order (n — 2).

REMARK 4.2 Without restricting the class of cost functions to be su¢-
ciently well behaved one can prove, using condition (4.5), that any imple-
mentable simple sequencing problem with two agents is not ..rst best imple-
mentable. Simplifying condition (4.5) for n = 2 we get F(4z) — F(2z) =
F(2z) — F(x) for all z € (0,%]. This condition holds only if F' is a con-
stant function and hence we have a violation of the fact that F is strictly
increasing.

From Remark 4.2 it follows that none of the simple sequencing problems
with two agents are ..rst best implementable. With three agents, all simple
sequencing problems with linear cost function are ..rst best implementable.
For four agents, consider the class of simple sequencing problems I'* = (N =
{1,2,3,4}, F*,(0,3]) where F*(x) = a1x + as2? for all = € (0,n3] and only
one of the following two conditions holds: (1) a; > 0 and as = 0 and (2)
a1 >0, as < 0,3 < oo and a; > —2nas3. It is easy to verify that this class
is ..rst best implementable. One can similarly obtain the class of ..rst best
implementable simple sequencing problems with more than four agents.

We conclude this section by providing one example where we consider
the class of all linear cost simple sequencing problems. For a linear cost
function F!, the ..rst order dicerence at some point = of amount y, that is
A(y)F!(x), depends only on y and not on x. This property of the linear
cost makes the transfer scheme very transparent. It is easy to see that this
property does not hold for any non-linear cost function.

EXAMPLE 4.2 Consider I'" = (N, F',(0,5]) where |N| > 3, Fl(z) =
aiz for all z > 0 and a; > 0. Consider the ..rst best mechanism M* =
(o*,t*) and a state s = (s1,...,s,) € (0,5]". Observe that from (4.4)
we get 24 .(s_;) = al(af(f,jl)_l)si since A(s;)F (qupiyril(o*(sij)) Sq+ si) =
a1s; due to linearity. By substituting zér(s,j) in expression (4.3) and then
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simplifying it we get g};(s ;) = a ("5 ) 5,10 Given hj(s ;) =

n—of(s_;)—1

— Yinj 45 (5-5), We Qet R (s—j) = —a1 X ( e ) si. Observe that
from the ecciency criterion it follows that o} (s_;) = o7 (s) if i € Pj(0*(s))

)

and o (s—;) = of(s) — 1 if i € S;(0*(s)). Using this observation we get,

gond (A7)0 5 (25).)

pEP; (o* qGSj(O'* (s

Thus, the transfer of an agent j is the weighted sum of the processing cost
of all other agents. The weights are positive for all agents who belong to the
predecessor set of agent j and the weights are negative for all agents who
belong to the successor set of j. It is quite easy to verify using (4.6) that
Yjenti(s) =0 forall s € (0,3]".

5 Conclusion

In this paper we have analyzed the merit of ex-post equilibrium in imple-
menting and ..rst best implementing simple sequencing problems with inter-
dependent costs. We showed that the class of generalized VCG mechanism
(due to Bergemann and Valiméaki (2000)) are the unique class of mecha-
nisms that implements simple sequencing problem in ex-post equilibrium.
A mechanism is a generalized VCG mechanism if each agent is paid the
maximum possible incremental loss of her own and that of all agents who

1By substituting z.,(s—;) in expression (4.3) we get
o':(s_]‘) .
gi(s—) =ar—t— Y. (-1 (s—j)—r (Z:f)sz
(a;‘(s_]‘)—l) r=1
. (L) =1 of(s—j) s
N g DT —1(n-2)_.
or gij(s—J) = a1 ( (n—2) ) Z (_1)7" (T71)81
o’? s_j —1 r=1

(71)6:(57]')—1 i (s—j)_l

or géj(s—]') = alﬁ

* -
oy (s—j)—1

(*1)’6(”22)81'
k=0
. (-1 2(0’?(s_j)71) ne3
or g;;(s—j) = . ;
sisla) =y )

n—o’(s_;)—1

or gﬁj(s_]-) = a1 < —— ) si;. The penultimate step follows from the mathematical

m

identity > (=1)*(7) = (=1)™(™."). One can easily prove this identity by applying
k=0

induction on m.

18



precedes her in the queue, up to constant. Maximum possible incremental
loss of an agent is the incremental loss that she incurs due to the presence of
her immediate predecessor in the queue. We proved that a simple sequenc-
ing problem is ..rst best implementable if the cost function is a polynomial
of order (n — 2) or less. Moreover, for the class of simple sequencing prob-
lems with suc@ciently well behaved cost function, this is the only ..rst best
implementable class. A polynomial cost of order (n — 2) guarantees that
the weighted aggregate negative group externality that can be imposed on
any agent j, with a given processing time, by all other agents and with all
possible groups, while moving from a state where 5 is ..rst in the queue to a
state where she is last, must add up to zero. This group externality condi-
tion guarantees ..rst best implementability of a simple sequencing problem.
How will the results change in a more general sequencing set up is still an
open guestion.
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6 APPENDIX

PROOF OF PROPOSITION 3.1:We ..rst consider two states that dif-
fer only by the type of agent j € N. We then apply the implementability
conditions to get the result. We consider any ..ve numbers (a, Sj,Si,S;-, b)
all belonging to (0,3] such that a < s; < s; < s;- < b. Using these numbers
we construct the states s = (s;,s—;) and s’ = (s}, s—;), where s, = a for all
pe PPCN—{j,i}and s, =bforall g € " =N—-P —{j,i}. From the con-
struction and from the e€ciency criterion, it follows that o7 (s) = [P| +1 <
of(s) =|P'|+2and o;(s') = |P'| +2 > o] (s') = |P'| + 1. Therefore, we are
considering two states s = (s;,s—;) and s’ = (s}, s—;) such that agent i is
the immediate successor of agent j in state s and is the immediate predeces-
sor of agent j in state s’. Applying the implementability condition in states
s = (sj,5—j) and s’ = (s},s—;), for agent j, we get U;(o*(s),t;(s);s) >
Uj(o*(s'),tj(s');s) and Uj(o*(s'),tj(s');s") > Uj(o*(s),t;(s);s’). Simpli-
fying these two conditions we get that the dizerence ;(s},s—;) — t;(s)
must lie in the closed interval [A(s;) F'(a|P'| +5}), A(s;) F(a| P'| + s;)] where
a|P'| = 3 pep, (o= (s)) Sp- Therefore, it is necessary that A(s;) F'(a|P'| +s)) <
A(s;)F(a|P'| + s;). The last inequality implies weak concavity of F' since

) !
55 < 8. u

PROOF OF PROPOSITION 3.2: To prove the necessity part of the
Proposition we derive the explicit form of the transfer satisfying conditions
(i) and (ii). Consider two states s = (s;,5-;) and s’ = (s},3_;) such that
07(8) = 0;(5') — 1 and s; # s;. From ecciency it follows that there exists

J J
an agent p such that s; < 5, < s;. From ecciency it also follows that

at 5; = 8p, 2ien F(Si(07(5); 85, 8—5)) = Lien F'(Si(07(5'); 55, 5-5)). Using
these observations and simplifying (3.1) we get

t5(5) = £5(8) = A(3p) F(Sp(07(5); 5)) (= Vp(5)) (6.7)

Using condition (i) we write ¢;(3) = h;(3_;) for o7(8) = 1. Solving (6.7)
recursively, by using t;(3) = h;(5_;) for o7(3) = 1, we get the transfer given
by condition (3.2). The su€ciency part of the Proposition is obvious. [
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PROOF OF PROPOSITION 3.3: We start by proving the necessity of
the Proposition. Consider a simple sequencing problem I' = (N, F' (0,3]).
Let M = (¢o*,t) be the mechanism that implements I'. We assume (with-
out loss of generality) that the implementable transfer is of the follow-
ing form: t;(s) = 3 pep,(o+(s)) Alsp) F'(Sp(0™(s); sp)) + hj(s). To prove
the necessity part of the Proposition, we prove that for all ; € N and
for all true s_; € (0,3]"", hy(sj,s—j) = hj(s},s—;) for all s; and s} in
(0,3]. Consider ..rst the case where s; and s} are such that o*(s;,s—;) =
o*(s},s-;). From the implementability requirement for agent j € N in
states s = (sj,s—;) and s' = (s},s—;) it follows that U;(o™(s),t;(s); sj) >
Uj(o*(s),t;(s");85) and Uj(o*(s'),t(s"); s5) > Uj(0™*(s),t(s);s;). Simpli-
fying, the two inequalities using o*(s;, s—;) = 0*(s},5—5), Pj(0*(sj,5-5)) =
Pj(o*(s},s—5)) and using the general transfer ¢;(.), speci..ed above, we get
0 < hj(sj,s—5) — hj(s},s—;) < 0. Therefore, if s; and s} are such that
0*(sj,5-5) = 0*(s},5-5), then hj(sj,s—;) = h;(s;,s—;). Now we con-
sider the case where s; and s; are such that o*(s;,s—;) # o*(s},5-;),
|07 (s5,5-5) =07 (s}, 5-5)] = 1 and hence [P;(c™(s;, s—;)) = P;(07 (s}, s—5))| =
1. We have two possible sub-cases-(i) P;(c™(s},s-;)) — Pj(0*(sj,5-5)) =
{d'} where s; < sy < s} (with at least one strict inequality) and (ii)
Pi(0*(sj,5-5)) — Pj(0*(s},5-5)) = {p'} where s} < sy < s; (with at least
one strict inequality). We ..rst consider sub-case (i). Applying the imple-
mentability requirement for agent ;7 € IN and simplifying it, using the condi-
tions in sub-case (i), we get h; (s}, s—;) — h;(sj, s—;) € [A(s]), A(s;)] where
A(x) = Alsq ) F (X pep; (o7 (s;,5-5)) SpH8) = A(8g ) E (X pep; (o7 (s5,5_5)) Sp5')-
Note that A(z) is non-increasing in x € [s;, s;] due to weak concavity of F.
Moreover, A(s;) < 0, A(sj) > 0 and A(sy) = 0. For all 55 € [sj,s4),
hj(55,5—5) = hj(sj,s—;) since o*(sj,s—_j) = 0*(55,s—;). Similarly, for all
5 € (s¢,85], hj(85,5-5) = hj(s},s—;) since o*(s},s—;) = 0*(55,5-5). At
5j = sy, depending on the tie breaking rule, either o*(s;,s—;) = 0*(5;, s—)
or o*(sj,s—j) = 0*(85,s—;). In either case, h;(s},s—;) — hj(sj,s—;) =
A(sy) = 0. Therefore, h;(s},s—;) = hj(s;j,s—j). We now consider sub-case
(ii). Like sub-case (i) we get h;(s}, s—;) — hj(s;j,s—;) € [B(s}), B(s;)] where
B(x) = Alsp ) F(Xpep; (0+(s/,5-5)) Sp150) =A(5p ) F (X pep; (o (s),55) Sp17)-
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Note that B(z) is non-decreasing in z € [s}, s;] due to weak concavity of
F'. Moreover, B(s}) < 0, B(sj) > 0 and B(sy) = 0. Thus, like sub-case
(i) we get h;(s},s—;) — hj(sj,s—;) = B(sy) = 0 and hence, h;(s},s—;) =
hj(sj,s—;). For &; and & such that [o7(3;,s-;) — o7(8), s_])] =k €
{2,...,n — 1} we apply the argument |07 (sj,5—;) — o (s},5-5)| = 1 in-
ductively to get the result.

We now prove the su@ciency part of the Proposition. Let s_; be the true
processing time of all agents except j. We de..ne the bene..t of agent j € N,
when she reports s , given her true type s; as B(s s;j) which is given by
B(sjs3) = U0 (), 15():) — Uy(0"(5), 5(s); ). Here s = (s, 5_) and
s' = (s},5-;). To prove the Proposition we will prove that for all s’ € (0,3]
and for all s; € (0,3], B(s},s;) < 0. There are two possible sub-cases: (a)
Pi(c*(s")) C Pj(o*(s)) and (b) Pj(c*(s)) C Pj(c*(s")). For sub-case (a),
oi(s) > oj(s') and B(s},s;) = A(qupj Sq>F<Z[)EP]'(O'*(S’)) Sp+8j> -
Sgep; Alsg) F <Zrepq(a*(s)) Sy +sq>.12 By repeatedly applying the rela-
tion A(hy + he)F(z) = A(h)F(x + hg) + A(he)F(x) on the ..rst term of
B(s}, s;) and simplifying it we get A (zqe 3 sq) F (zpepj(a*(s/)) Sp + sj) _
> qep, Alsq) (Zrepq(a*(s)) sr+ sj). Thus, agent j’s bene..t is B(s}, s;) =
gep, Alsq) [F (Srepyor(oy 5+ 85) = F (z_repq(a*(s)) sr+5¢)]. Clearly,
B(s},s5) < 0 since s, < s; for all ¢ € P; and F is weakly concave.

For sub-case (b), oj(s) < oj(s’) and the bene.t of agent j from mis-

reporting is given by B(s,s;) = quﬁj A(sq)F (Zrepq(a*(s/)) Sy +sq> -
A (quﬁj sq> F (Zpepj(a*(s)) sp+ sj) 13 By repeatedly applying the rela-
tion A(hy + he)F(x) = A(h1)F(x 4 he) + A(hg)F(x) on the ..rst term of
B(s};,s;) and simplifying it we get A <qupj sq> F <Zpepj(a*(s)) sp+ sj> =
quﬁj A(sq)F (ZTGP(I(U*(S,)) Sp + sj). Thus, the bene..t of agent j € N, by
deviating from her true processing time s; to s} is given by B(s},s;) =
qupj A(Sq) [F <Zr€73q(0'*(5)) Sy + Sq> - F <Zr€73q(0'*(s)) Sr + SJ>:| . Clearly,
B(s},s5) < 0since s; < s, forall g € P; and F is weakly concave. u

Here P; = P;(0"(s)) — PJ (0" ().
P Here P; = P;(o"(s")) — P;i(0"(5))-
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PROOF OF THEOREM 4.1: We ..rst prove the ..rst part of the Theo-
rem. To do that we construct a particular VCG mechanism for a simple
sequencing problem with polynomial cost function of order (n — 2) and
show that the transfers add up to zero for all possible processing time
vectors. For an implementable simple sequencing problem with a polyno-
mial cost of order (n — 2) or less, consider the implementable mechanism
M* = (o*,t*) where for all j € N and for all s_;, k7 (s—;) = — >2,2; gi(5—5),
where gi;(sj) = Yyt ) (—1)ei (i) { L)t o) 2Dt 4 (),

n—r—1)!
2ir(8-3) = 2Py s (o (s ) Pilo (5-3) A gepy, i (o (s ) S0+ 50) and
Pia(0*(s—;)) is an a-element subset of P;(c*(s—;)). We ..rst prove that
Yjen—{iy 9ii(s-j) = (n — 07 (s))A(s:) F(Si(0™(5); 5)) for all o7 (s) # n.
Since 3 jen—{iy 9ij(5—5) = zjmﬁ?s_p) 9i5(5-3) + Xjepi(o(s_;)) 9ii (5—5)s
we simplify each of these two sums in separate steps. We ..rst consider
the sum - LA gij(s—;). Observe that from the e€cient rule we get
of(s—j) = ajg* ; U f(;;JaII agents j & {P;(c*(s)) U{i}}. Also observe that each
set P; ,_1(0*(s)) occurs (n— o (s)) times in the sum Y~ ;4 N Gij(5—5).

3gP;i (o™ (s_;
Using these two observations, we get

o (s)

> gl = 3y (SO £y

JF#i
JEPi(e*(s_ )
(6.8)
where L(r,5) = Sp, (o () Pta () A (Sgem, s oo 0 + 51) and
Pia(c*(s)) is an a-element subset of P;(c*(s)). We now consider the other
SUM 3 cp, (o= (s_,)) i (5—;). Observe ..rst that from e@ciency condition we
get o7 (s—;) = of(s) — 1 for all j € P;(c*(s)). Secondly, observe that each
set P;,—1(0™(s)) appears (o7 (s) —r) times in 3 cp, e (s_)) 9i(5—;). Using
these two observations we get

or(s)—1

> gyl = 3 (FpmeT <(Uz(8)(; i)i«(i_l)(!j;(S))!) L(r,s)

J€Pi(0*(s—5)) r=1

(6.9)
By adding the sums given by conditions (6.8) and (6.9) and then simplifying
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it, using (—1)7 )" 4 (=1)7i (9)=7=1 = 0, we get

Y gi(s—j) = (n—of(s)A(si) F ( > s+ Si) (6.10)
jEN—{i} JEPi(0*(s))

Therefore, from condition (6.10) it follows that the sum > ;g3 9i(5—5) =
(n—0}(s))A(s;)F(S;(c*(s);s)) for all i € N such that o} (s) # n. Now we
consider 3~ cn_ ;) 9ii(s—;) for agent i with o7 (s) = n and show that it is
equal to zero. For any j # i we get o;(s_;) = n — 1 since o/ (s) = n.
Moreover, for any such j # i, gij(s—;) = 3P (—=1)" 1"z, (s_;). Since the
term zir(s—j) = op, 1 (0*(s_y))CPi(o*(s_y)) D (i) F (ZqEPir(a*(s—j)) sq + sl-),
we get g;;(s—;) = IL.;A(s;) F'(s;). This step means that the term g;;(s—;) is
equal to the (n — 1)th order cross-partial dicerence of amount {s;},.; at s;.
Since F is a polynomial of order (n—2), from Lemma 4.2 we get g;;(s—;) = 0.
Therefore, for an agent i such that o7 (s) = n, 3;en—g4} 9i5(s—5) = 0. Thus,
we get 3o en i) 9ij(5—5) = (n — 07 (s))A(s:) F(Si(0*(s); s)) for all i € N.
Finally, we consider the sum -, -n hj(s—;) and show that it is equal to
—V(s). Since >=;en hj(s—j) = — Xien—gy} 9i5(5—j), We get

> hj(sfj):— > > }gij(sfj):_ > gij(sfj)

JEN JENieN—{j 1€EN jeN—{i}
or 3 hj(s—;) = — 3 (n—07(s))A(si) F(Si(0" (s); 5))
JEN €N
or ZjEN hj(S,j) = —V(S).
The last step guarantees budget balancedness of the transfer in M* for any
state s € (0, s]™.

We now prove the second part of the Theorem. The ..rst step will be
to construct a pair of states and then apply Lemma 4.1 to get a general
necessary condition. The ..nal step will be to apply the fact that the cost
function is su€ciently well behaved and derive the result using this general
necessary condition. Consider an implementable simple sequencing problem
I" with su¢ciently well behaved cost function.

STEP 1: Consider two states s and s’, both belonging to (0,3]"™, such that
s=(s1=z,80=2x,...,8p, =nz)and s’ = (s} =nx,shb=u,...,8 = (n—
1)z). For this pair {s,s'}, we consider the sum 3" pcn(—1)IF1V(s(P)). The
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construction of the pair {s, s'} is such that 3" pcn(—1)F1V(s(P)) is indepen-
dent of all the virtual marginal surplus terms with weights (n — o7 (s(P))) €
{2,3,...,n—1}. Hence, 3" pcn(—1)PIV(s(P)) includes all virtual marginal
surplus terms with weights (n — o7 (s(P))) = 1 for all P C N. By col-
lecting all these terms and simplifying it we get 3" pcn(—1)FIV(s(P)) =
Sra (=R (A {A e — 2)F(a(k)x — ) — A(nz) F(a(k)z)} where a(k) =
("—_IM — k. Simplifying this condition using the relation A(ax)F(fz) =
A((a = Dx)F((8+ 1)x) + A(z)F(Bz) recursively and then by substituting

Y pen(—DIPIV(s(P)) = 0 from Lemma 4.1, we get condition (4.5), that is

A" (@) F(wi (n)x) = A" (@) F(ws(n)z) + A" (@) F(ws(n)z)  (6.11)

where wi(n) = (”—_2% wa(n) = ﬁ”—_lén—*% and ws(n) = M;“Q Condition
(6.11) is a general necessary condition for ..rst best implementability of any
implementable simple sequencing problem.

STEP 2: Using the restriction that the cost function F is su€ciently well
behaved, we ..rst try to simplify a term of the form A”~1(2) F(wx). The rea-
son for doing this is that all terms in the general necessary condition (6.11)
are of this form. Observe that A"~} (2)F(wz) = Y3y (1)L (72 F((w +
k—1)z) where F((w+k—1)z) = X2 a((w+k—1)z—yo) = X d a((w+
k—1Dx—yo) + 302, s c((w+k—1)x —yo)!. Therefore, we have re-written
A" (2)F(wz) as the sum two polynomials. The ..rst one is a polynomial
of order (n — 2), that is S7_,(—1)*1(*~}) {z;gg a((w+k— 1)z — yo)l}
and the second sum is a polynomial with all higher order terms, that is
S (DR ) {Z;’in,l a((w+k—-1)z - yo)l}. We ..rst consider the
sum SR, (=P () {Z?;OQ a((w+k—1)z — yo)l} and show that it is
equal to zero. By substituting d(wz) = wz — yo and by writing ((w +
k— 1z —yo) as (d(wz) + (k — 1)z)! and then taking it’s Binomial expan-
sion in the sum, we get 7 (—1)F1(77)) {Z?;OQ a((w+k—1)z — yo)l} =
PR (751) (d(wx))'=™x™§(m) where the term §(m) is of the form
§(m) = Sp_4 (=1)* (371 (k — 1)™. From Euler’s identity we know that
§(m) = 0 for all integers m € {1,...,n—2}.1* Therefore, the ..rst polynomial

13
MEuler’s identity: > (—1)?(})q" =0forall 0 <r <t
q=0
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of order (n—2), that is S_7_; (—1)* ' (37)) {1 a((w + k — Dz — yo)'} =
0 for any set of real numbers {co,...,c,_2}. Thus, A" !(z)F(wz) is equal
to the other polynomial with all higher order terms, that is A"~ (2) F(wx) =
et~V G2 { T al(w+ k= Do — o). By writing a(uw,m) =
ZQZI(—l)k*(z:})(w + k — 1)™ after taking the Binomial expansion of the
term ((w +k — 1)x — yo)! in the sum and then simplifying it we get the fol-
lowing expression: S7_;(—1)*1(37)) {Zi’in_1 al(w+k—1)z — yo)l} =
S a o (L) (—yo)™a(w, m)z™. We now try to evaluate the value
of a(w,m). By taking the Binomial expansion of (w + (k — 1))™ we get

a(w,m) = 30 o (e )w™ 08(mg). From Euler’s identity we know that
6(mo) = 0for all mg < n—2. Hence, a(w,m) = 300 _, 1 (e )w™ ™06(mp).

Now we calculate the value of the term §(mg) = S5, (—1)* 1 (7]) (k—1)™°
for mg > n — 1. Expanding (k — 1)™o, using Stirling number of the second
kind and then simplifying it, we get 6(mg) = (=1)""1(n — 1)!S(mo,n —
1).> Hence, we have obtained a(w,m) = (—=1)""}(n — 1)!G(w, m) where
G(w,m) =30 1 ()W 08 (mo, n — 1). Therefore,
A" Y z)F(wz) = (=1)" 1 (n —1)! a >y, (m) (—y0)" "G (w, m)z™
l=n—1 m=n—1

(6.12)

By substituting condition (6.12) in condition (6.11) and simplifying it, using

(=D)" M = DU # 0, we get 5%,y a1 Y1 (i) (—30) " B(m)a™ = 0,
where the term G(m) is given by 8(m) = G(w2, m)+G (w3, m)—G (w1, m) =

15 A stirling number of the second kind S(my, q), is de..ned as the coedcient of [z], =

mo

z(x —1)...(z — ¢+ 1) in the expansion of z™°, that is, 2™° = 3 S(mo, ¢)[z], for every
q=0

real number x and, more importantly, for every natural number mg. Stirling number of

the second kind are such that S(mo,1) = S(mo, mo) = 1. Moreover, these numbers are
unimodal i.e. they satisfy one of the following formulae:
1. 1= S(mo,l) < S(mo,?) < o< S(mo,M(mo)) > S(mo,M(mo) — 1) > L0 >
S(mo,mo) =1or
2. 1 = S(mo,1) < S(mo,2) < ... < S(mo, M(mo) — 1) = S(mo, M(mg)) > ... >
S(mo,mo) =1
and M(mo+ 1) = M(mo) or M(mo +1) = M(mo) + 1 where M(mo) = max{q | S(mo,q)
is maximum; 1 < g < mo}. For a better understanding see Tomescu (1985).
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m (M) (wy' ™™ g0 —w("™) S (mp, n—1). Note that 5(m) > 0

mo=n—1

mo

since 0 < wy < wy < wsz, m—mg > 0 forall my=n-—1,...,m and since
S(mg,n—1) > 1 for all integers mo > n—1. Therefore, using these results we
0ot 5, 1 &1 X (1) (—90) " B(m)a™ = 332, Ana” = 0 where each

coeccient A, = 35°, (1) (—yo)!""B(r). The equation 322, | A,.a" = 0
implies that A, = 0 for all r =n — 1,n,...,00. Therefore, using 5(r) > 0,
we get B, (= 45) = Y%, ¢ (1) (~yo)-" = 0forall 7 = n—1,n,...,00. Using
the identity (') + (,/,) = (:}) and simplifying D, = B, + (—yo) B41(= 0)

we get D, = > 72, cl(iill)(—yo)l*T =0forall r =n—1,n,...,00. Since

(iﬁ) = %(i) r+1+#0and B, =0, we get 72, ley (1) (—yo)" " = 0 for
allr=n—1,n,...,00. Similarly, by considering D, = D, + (—y0)Dy+1 =0
and using 302, le; (1) (—yo) " =0and B, =0 forall r =n—1,n,..., 00, we
get >°72, I%q (f«)(—yo)lﬂ" =0forall r=n—1,n,...,00. By continuing this
way recursively, we get, for any p = 0,1,...,00, 352, 1Pc;() (—yo)" = 0

forall r=n—1,n,...,00. Thus, given any p=0,1,..., 00, we also get

S -y (l> (—y0)" " =0 (6.13)
I=r
forall r =n—1,n,...,00 and for any h. Using Stirling number of the ..rst
kind, consider E, = >%° ¢(}) {Zéjo s(l —r,p)(1 —r)p} (—yo)t=", for all
r=n—1,n,...,00.'% From condition (6.13) it follows that £, = 0 for all r,
since E, can be written as £, = Zﬁ,‘:’;} s(l—r,p) {Zf; a(h) - r)P(—yo)l—’"}
and the second sum is zero. Simplifying the sum in the original expression
of E, we get E, = 4 372 lle(—yo)! ™" =0forall r =n—1,n,...,00 since
by applying the properties of Stirling number of the ..rst kind we know that
Zé_:% s(l —r,p)(I —7)P = (I —7r)!. Thus, we get T, = 37° Ilc;(—yo) " =0
for all r = n—1,n,...,00. Observe that T, = rle, + (—yo)Tr+1 = rley
since T.+1 = 0. Moreover, since 7, = 0 and r! > 0, we get ¢. = 0 for all
r=n-—1,n,...,00. Hence, the general necessary condition (6.11) holds, for
a cost function F of the form F(y) = 3%, c(y — vo)!, for any selection of

{co,...,cno}andonlyif¢g=0foralll=n—-1,n,...,00. [

ea Stirling number of the ..rst kind, s(m, ¢), is the coe@®cient of z? in the expansion of
[@)m =z(z—1)...(x —m+1), thatis [z], = > s(m,p)z? (See Tomescu (1985)).

q=1

27



REFERENCES

Arrow, K. (1979). “The Property Rights Doctrine and Demand Revelation
under Incomplete Information,” in Economics and Human Welfare, Aca-
demic Press.

Ausubel, L. M. (1999). “ A Generalized Vickrey Auction”, mimeo Depart-
ment of Economics, University of Maryland, September.

Bergemann, D. and Valiméki, J. (2000). “Information Acquisition and Ef-
..cient Mechanism Design”, Discussion Paper # 1248, Yale University.
Clarke, E. H. (1971). “Multi-part Pricing of Public Goods,” Public Choice
11, 17-33.

Dasgupta, P. and Maskin, E. (2000). “Ed¢cient Auctions,” The Quarterly
Journal of Economics 115, 341-388.

d’Aspremont, C. and Gérard-Varet L. A. (1979). “Incentives and Incomplete
Information,” Journal of Public Economics 11, 25-45.

Fieseler, Kittsteiner and Moldovanu (2000). “Partnerships, Lemons and
Eccient Trade,” SFB 504 Discussion paper 01-18, University of Mannheim.

Green, J. and Lacont, J. J. (1979). Incentives in public decision making.
North Holland Publication, Amsterdam.

Gresik, T. A. (1991). “Ex-Ante Incentive E¢cient Trading Mechanisms
without the Private Valuation Restriction,” Journal of Economic Theory
55, 41-63.

Groves, T. (1973). “Incentives in Teams,” Econometrica 41, 617-631.

Hurwicz, L. and Walker, M. (1990). “On the Generic Non-optimality of
Dominant Strategy Allocation Mechanisms: A General Theorem that in-
cludes Pure Exchange Economies,” Econometrica 58, 683-704.

Jéhiel, P. and Moldovanu, B. (2001). “E¢cient Design with Interdependent
Valuations,” forthcoming in Econometrica.

Lacont J. J. and Maskin E. (1982). “The theory of incentives: an overview”
in W. Hildenbrand edited, Advances in Economic Theory.

28



Maskin, E. (1992). “Auctions and Privatization,” in Horst Siebert edited,
Privatization: Symposium in Honor of Herbert Giersch.

Mitra, M. (2001). “Achieving the First Best in Sequencing Problems,” forth-
coming in Review of Economic Design.

Perry, M. and Reny, P. J. (1999). “An Ex-Post E¢cient Auction,” Working
Paper, Hebrew University and University of Chicago.

Radner, R., and Williams, S. R. (1988). “Informational Externalities and
the Scope of E€cient Dominant Strategy Mechanisms,” Discussion Paper
# 761, Northwestern University.

Suijs, J. (1996). “On Incentive Compatibility and Budget Balancedness in
Public Decision Making,” Economic Design 2, 193-209.

Tomescu, 1. (1985). Problems in combinatorics and graph theory. Trans-
lated by R.A. Melter, A Wiley-Interscience Publication.

Vickrey, W.(1961) “Counterspeculation, Auctions and Competitive Sealed
Tenders,” Journal of Finance 16, 8-37.

Walker, M. (1980) “On the Non-Existence of Dominant Strategy Mecha-
nisms for Making Optimal Public Decisions,” Econometrica 48, 1521-1540.

29



