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Abstract

An omnibus test for spherical symmetry in R? is proposed, employing
localized empirical likelihood. The thus obtained test statistic is distri-
bution-free under the null hypothesis. The asymptotic null distribution
is established and critical values for typical sample sizes, as well as the
asymptotic ones, are presented. In a simulation study, the good perfor-
mance of the test is demonstrated. Furthermore, a real data example is

presented.
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1 Introduction

Spherically symmetric distributions are an important class of distributions:
They are a generalization of the multivariate standard normal distribution and
include, amongst others, also multivariate Laplace and ¢ distributions. Further-

more, spherical symmetry is a distributional assumption which is associated
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with many statistical models, see [6]. For instance, only recently a relation-
ship between L; spherical symmetry and Archimedean copulas was discovered
in [11]. Another example is [9], where univariate general linear models are
considered with an error term that is spherically symmetric distributed. More
applications of spherically symmetric distributions in statistics, such as in min-
imax estimation or stochastic processes, are discussed in [3]. For a general
introduction to symmetry see [13]. Our focus is on spherical symmetry in R?.

There exist several approaches to test for spherical symmetry, cf. the sur-
vey papers [7] or [10] for a good overview. An often used basis, that is also
underlying this paper, is the stochastic representation: Let X = (X7, X5) be a
bivariate random vector. Define the radius S := \/m and the direction
Z = X/S. Then X is bivariate spherically symmetric (in the Le-norm) if and
only if S is independent of Z, and Z is uniformly distributed on the unit circle.
Other nonparametric tests based on this stochastic representation include [15]
and [1], whereas the test proposed in [8] uses multivariate distribution functions
(df’s) and a multivariate extension of quantile functions.

We will moreover use that uniform random variables on a circle which are
projected on a tangent to that circle are Cauchy distributed on that tangent
(see, amongst others, [16]). More precisely, set Y = X5/X;; (1,Y) is the
projection of Z on the tangent at (1,0). If Z is uniformly distributed on the
unit circle it follows that Y is standard Cauchy distributed. Since such a
projection cannot distinguish between (X, X5) and (—X;, —X3), we project
those (X7, Xs) with X; > 0 on the line x; = 1, whereas the (X, Xy) with
X, < 0 are projected on x; = —1. Denoting ¢ := sign(X;), both Y |0 = —1
and Y |§ = 1 are then also standard Cauchy distributed.

We wish to test

Hy : X is spherically symmetric around the origin

on the basis of (5,Y,9), but, for the first time, the test is developed in an
empirical likelihood framework. The empirical likelihood method has the nice
features which are known from parametric likelihood theory, but the data are
used directly, i.e. in a nonparametric manner (see the monograph [12]). By
localizing a functional equation, see [5], we create an omnibus test for spherical

symmetry. More precisely, a functional equation is ‘split up’ in infinitely many



pointwise equations and then standard empirical likelihood theory is used to
deal with these pointwise constraints. Finally the infinitely many likelihood
ratios are considered simultaneously as a stochastic process and an integral of
this stochastic process is taken.

In Section 2, we derive the test statistic and present its limiting behavior
under Hy,. The test is consistent against all alternatives. In Section 3, critical
values are computed, and in a simulation study we examine the performance
of the test by power calculations for normal distributions and by a comparison
to the test proposed in [8]. Furthermore, an application to a financial data set

is presented. The proof of the main result is deferred to Section 4.

2 Main result

Let (S,Y,d), as introduced in Section 1, have df F with marginals Fg, Fy,
and Fs. Define the subdistribution functions by F~(s,y) := F(s,y,—1) and
F*(s,y) == F(s,y,1) — F~(s,y) and denote their marginals with F§ and F;-.

Then the null hypothesis of spherical symmetry can be written as
Hy: F~(s,y) = F"(s,y) = 3Fs(s)G(y), forallseR* yeR,

with G' denoting the standard Cauchy df.

Consider n independent random variables (X1, Xo1), ..., (Xip, Xo,) dis-
tributed as (X, Xy). Write (S;,Y;,0;), i = 1,...,n, for the transformed ran-
dom vectors and denote with F), their empirical df. Define the nonparametric
likelihood L(F) = [, P ({(S;,Y;,8:)}), where P is the probability measure
corresponding to F. Furthermore, define for fized (s,y) € RT x R the localized

empirical likelihood ratio

s {L(F)}
T

where sup* is the supremum taken under the constraints given by H, and the

(1)

corresponding marginal constraints:

F(s,y) = F5(s)G(y), Ft(s,y) = Fd(5)G(y),
Fy(y) = 3Gy, A (y) = 5G),
5 (s) = Fi(s) = 3Fs(s), 7(00,00) = F*(00,00) = 3,



and sup is the maximum over the unrestricted likelihood obtained at ' = F,,
i.e., giving each observation mass %
Define, for either choice of sign, the bivariate empirical subdistribution func-

tions

Ff(s,y) = %Z L10,8] x (—oo0y] x {213 (S5, Yi, ;).
=1

and write N := nF, (00,00). Observe that N is the number of data points
with X; <0.
Consider for (5;,Y;,6;), 1 =1,...,n, and either choice of sign, the regions

A3 = [0.8] x (y, 00) x {£1}, Af = (5,00) X (y,00) x {£1},

AT =10, 5] x (—o0,y] x {%1}, AF = (5,00) x (—00,y] x {£1}.
Denote with P, the empirical measure corresponding to F,,. Let F. gcn and Fjjfn
denote the respective marginal df’s of F=. Observe that

Po(A3) = Fg,(s) = Fi(s.y),  Pa(A7) = Fi(00,00) = Fi, (s) = Fg,(y)
+E 5 (s,y),
P (AT) = F;(s,y), Py (A3) = Fg,(y) — Fif (s, y)-

To maximize the numerator of (1), F should put equal mass p; , say, on
each observation in A; and mass p;-“ on each observation in Aj, jg=1,...,4.

Hence we need to maximize

under the constraints

nPn(Al_)pl_ = (nPn(Al_)pl + nPn(A??)pS ) G(y)u
nPn(Af)pf = (nPn(Af)pf + nPn(A:Jsr)p:Jsr) G(y),
nP,(A7)py +nP.(A7)p; = 5G(y),
nP,(AN)pl +nP.(A3)ps = 3G(y),
nPy(A7)pr +nPu(A3)ps = nPu.(A7)pf +nP.(A7)ps,
4
ij_npn(A]_) = %7
j=1
4
> w4 =1
j=1



This yields, for either choice of sign, the maximum empirical likelihood estima-

tors
At Fsn(s)(1-G(y)) st (1-Fsn(s)(1-G(y))
Ps P, (AT) Py 2nP, (AT) ’
st Fan(s)G(y) st (1=Fsn(5))G(y)
P1 = Sap,af) Py 2P (AT)

Define, for either choice of sign,

log R* (s,y) = nP, (A7) 1g% + nPy(AF) log 1 fﬁ:fjlﬁf(y)

@)
where 0log(a/0) = 0, then we have
log R(s,y) = log R~ (s,y) +log R" (s, y).
Consider the test statistic

T, — -2 /_ h /O " log B(s, y)dFsy(5)dG(y).

Clearly, T,, is distribution-free; selected critical values are provided in Table 1.

We now consider the limiting distribution of 7,,. In order to define the
limiting random variable, we denote with W a standard Wiener process on
[0,1]3, i.e. a centered Gaussian process with Cov (W (u,v,w), W (a,v,w)) =
(uAa)(vAv)(wAw), and with B(u,v,w) = W (u,v,w) — uvwW (1,1,1) the
standard trivariate Brownian bridge. We also define B~ (u, v) := B(u, v, ) and
B*t(u,v) := B(u,v,1) — B~ (u,v). Observe B~(1,1) = —B*(1,1). Further-
more, let, for either choice of sign, VVOjE be a four-sided tied-down “half” Wiener
process on [0, 1]? defined by W (u,v) := B*(u,v) — vB*(u,1) — uB*(1,v) +
wvB*(1,1). Finally write

Wy (u,v)? + Wy (u,v)?

K(u,v) = : + 4B7(1,1)

Tu(l —u)v(l —v)

N [B~(u,1) —uB~(1,1) — B*(u,1) + uB*(1,1)]

(B~ (Lv) —vB (L) + [B*(L,v) —vB* (L)

)
* 01 —v)




Theorem 2.1 Let Fs be continuous. Then, under Hy,

1
7, % //K(u,v) du dv.
o Jo

The proof of the theorem is given in Section 4.

Note that for fixed s and y, under Hy,
d d
—2log R(s,y) = K(Fs(s), G(y)) = x.

This is a special case of Owen’s [12] nonparametric version of the classical Wilks
theorem.

Also note that within the localized empirical likelihood framework a test
based directly on (S, Z) can be constructed as well, but such a test has typically

less power.

3 Simulation study and real data example

Table 1 provides selected critical values for the proposed test statistic 7},. The
values for n = 50, 100 and 200 are based on 100000 samples in each case.
For n = oo, the quantiles of the limiting distribution are given, also based on
100 000 repetitions.

Percentage points
n 90% 95% 97.5% 99%
50 8.83 10.01 11.23 12.81
100 8.83 9.99 11.20 12.80
200 877 996 11.17 12.74
00 8.61 9.83 11.02 12.66

Table 1: Critical values for the test for bivariate spherical symmetry.

To evaluate the power of the test (based on the critical values from Table 1),
we regard data from a bivariate normal distribution with means 0, variances
1, and correlation p. The calculations, which are presented in Table 2, are
based on 1000 replications. At the 5% significance level we see a high power
for p = 0.6 (n = 100), and for n = 200, p = 0.4 is already well detected.
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n =100 n = 200
Significance level

p | 10% 5% 25% 1% | 10% 5% 2.5% 1%
0.1 {0.10 0.05 0.03 0.01|0.17 0.08 0.04 0.02
0.2 {020 0.11 0.07 0.03]0.37 0.22 0.12 0.06
0.31038 024 0.14 0.06 | 0.68 0.54 041 0.24
041061 046 031 0.17]094 086 0.78 0.60
0.5]0.86 0.75 0.62 0.44 | 1.00 099 098 0.93
0.6 098 095 090 0.75|1.00 1.00 1.00 1.00
0.7 | 1.00 1.00 0.99 097|100 1.00 1.00 1.00
0.8 1.00 1.00 1.00 1.00 | 1.00 1.00 1.00 1.00

Table 2: Power of the test for bivariate normal distributions with different corre-

lations for sample sizes n = 100 and n = 200.

Next, we compare the performance of our localized empirical likelihood
(LEL-) test with the test proposed in [8] (KL-test), see Table 3. It needs to
be pointed out that the null hypothesis in [8] is broader: There the center is
unknown. Therefore the powers cannot be likened directly: A positive compar-
ison for the LEL-test can be seen as an advise to use that test in case a center

is given. We consider all the alternatives introduced in [8]:

Hfl): Xy, ~ Ezp(l) and Xy ~ Ezp(2), X; and X, independent, with Exp(\)

the exponential distribution with mean 1/A;
H{Q): X7 ~ N(0,1) and Xy ~ Exp(1), X; and X, independent;

Hl(g): Mixture (with parameter 1/2) of two normal distributions with identity

covariance matrices and with means (—1.5,0) and (1.5,0);
H 1(4): Uniform distribution on an equilateral triangle, centered at the origin.

Especially H fl) and H 1(2) are clearly visible as non-symmetric by the naked
eye and should therefore lead to a high power. To center the data around
the origin, we transform the data of Hl(l) and H1(2) by subtracting the medians,
hence we consider (X; —med(X;), Xo—med(X5)). This is in line with [8], where

the empirical spatial median is chosen to estimate the center. The results are



Significance level
Distribution n 10% 5% 1%
LEL KL LEL KL LEL KL
100 1.00 0.23 1.00 0.16 1.00 0.04

H(l)

1 200 1.00 094 1.00 086 1.00 0.55
O 100 097 092 089 090 046 0.52
1 200 1.00 1.00 1.00 092 1.00 0.63
O 100 093 0.14 0.83 0.11 0.39 0.02
! 200 1.00 092 1.00 0.83 099 0.44
@ 100 0.73 0.47 0.53 021 0.21 0.07
Hl

200 099 081 097 057 0.78 0.19

Table 3: Powers of the localized empirical likelihood (LEL) test and the test in [8]
(KL).

again based on 1000 repetitions of the LEL-test, whereas the results for the KL-
test are taken from [8] (100 repetitions). The LEL-test outperforms the KL-test
in nearly every setting and typically performs even considerably better. For
the alternative hypotheses Hfl), Hf?’), and H1(4), the LEL-test has for n = 100
already about the same power as the KL-test for n = 200. Only for Hl(z),
n = 100, both tests have comparable power.

Finally we present a real data application. The bivariate data are the
daily exchange rate log-returns of the Yen to the Dollar and the Pound to
the Euro from January 2nd, 2009, to December 31st, 2009. The data set has
size n = 251 and is available from http://wrds-web.wharton.upenn.edu,
see Figure 1. The returns are known to be centered at the origin; this is
affirmed by an estimated spatial median of (—3.3-107%, —3.0-107*). We want
to test whether these data are spherically symmetric and find 7}, = 6.84, which
is clearly below the asymptotic critical value at the 10% significance level.
Therefore the null hypothesis is not rejected. As a consequence, a further
statistical analysis of these data leads to more accurate inference, since it can
be performed assuming spherical symmetry.

As an example, consider the estimation of the probability p that X; and
X, are both positive (gains for Dollar and Euro) and that the radius S (the

size of the gains) is above a certain threshold sy. In general, we can estimate
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0.04

Pound/Euro
0

-0.04

-0.04 0 0.04
Yen/Dollar

Figure 1: Daily exchange rate log-returns of Yen-Dollar and Pound-Euro, from
January 2, 2009 to December 31, 2009.

this with the empirical probability p, but under the null hypothesis we can
estimate it with §p,,, with py, the empirical probability of {(z1,2) : # + 23 >
st}. For sp = 0.015 this leads to an asymptotic 95% confidence interval of
(0.0303,0.0534), whereas the confidence interval based on p is more than double
as wide: (0.0214,0.0742).

4 Proof of Theorem 2.1

Write Qg, @ for the quantile functions corresponding to Fs, G, set U; = Fs(S;)
and V; = G(Y;), and let T',, be the empirical df of the (U;, V;, F5(9;)) and T'sy,
I'y,, and T's, the corresponding marginals. Furthermore, write ', (u,v) :=
I, (u,v,3), hence ', is the empirical subdistribution function of the (U;, Vi),
for which ¢; = —1, with marginals I'g, and I'y,, and note that I'; (1,1) = %
Define '}l similarly.

Let 0 <e < % It suffices to show that, as n — oo,

Q(l—e) pQs(l—e¢)
Ti = -2 / / log R(s, y) dFsn(u) dG(y)
(e)
1—e 1— ES
—>/ K(u,v) du dv, (3)

9



and
T2n - Tn - Tln - OP(\/E) (4)

uniformly in ¢; see [2] (Theorem 4.2).
First, consider 713,, and decompose it further to

. — _9 / h / " log B (Qs(u), Q) dT sy ()
9 / o / g R (Qs(0). QW) dTs(u) dv = T 4 T

Because of symmetry, we will first only consider 77, . From (2), applying a
Taylor expansion of log(1+x), it follows that, uniformly in s € [Qs(g), Qs(1 — €)]
and y € [Q(¢), Q(1 - ¢)],

2

log R (s,y) = oy (Fsn(s)G(y) — 2P (Ay))

2 8 Pn<_1_)
(1= Fsu()) G(v) =2Pu(A7))"  (Fouls) (1 = Clw)) = 2P(45))”
P.(A3) Po(A3)
(1= Fou(s)) (1 = G(y)) — 2Pu(A7))”
Po(A})

+ Op(l)

oo

00
o0 §\§33|2§33|2

+2

10



Observe that

v (Fsu(s)G(y) — 2P (A7)
= V1 (Fsn(s) = Fs(s)) G(y) — 2vn (Pa(A7) — 5Fs(s)G(y)) ,

Vi (1= Fsals)) G(y) = 2Pa(47))
= =2v/n (Fr,,(y) — 5G(y)) — vVn (Fsu(s)G(y) — 2P, (A7),
and
Vi (Fg,(s) = Fg,(s)) = Vn (F§,(s) = F§(s)) = vn (Fg,(s) — F5 () -
It follows from the Glivenko-Cantelli theorem that

P
—

sup = — — = op(1),
Qs(e)<s<Qs(1—2) | 8Pa(A) Pa(Ag)  4Fs(s)G(y) (1 - G(y)) ‘
Q(e)<y<Q(1—¢)

Qs(e)<s<Qs1-2) | 8Pu(A2) Pu(Ay) - 4(1 = Fs(s)) G(y) (1 = G(y))

sup — ‘ = op(1),
Q(e)<y<Q(1—¢)

X Fr.(y) 1
sup n_ _Tn\o/ = op(1),
Qs(e)<s<Qs(1—e) | 8Pu(A3) Pu(Ay)  4Fs(s) (1 — Fs(s)) (1 = G(y))
Q(e)<y<Q(1—¢)
1 1 ' (1)
sup — — = op(1),
Qs(0)<s<Qs(1—) | 8Pu(Ay)  4Fs(s) (1 — G(y))
Q(e)<y<Q(1—e)
1 1
sup — ’ = op(1). (5)

Qs(e)<s<Qs(1—e) | SPu(Ay)  4(1 = Fs(s)) (1 - G(y))
Q(e)<y<Q(1—e¢)

Writing a;, (u,v) := /n (I}, (u,v) — 3uv), o5 (u,v) == /n (T} (v, v) — uv),
and o, (u,v) := «, (u,v) 4+ a;f (u,v), we have, using (5) uniformly for ¢ < u,v <

11



log R~ (Qs(u), Q(v))
n [V (D) = w) v — 2/ (T, (u,0) — buv)]?
2 duv(l —v)
[2v/n Ty, (v) = 2v) + /i (D (u) — w)v — 2¢/n (T, (u,v) — %uv)f
41 —u)v(l —v)

[V (5, (0) = ju) = Vi1 (U5, (0) = 30)]* [V (0,1 1) = 3)]°
du(l —u)(1 —v) (1 —u)(l—v)
—\/E(F;(l’l)_%) n (UL (u) — tu) —v/n (Tg, (v) — tu
(l—u)(l—v) [\/_(an( ) 2 ) \/_(F8n< ) 2 )

—2vn (Ty,(v) — 2v) — v/n (Csn(u) — u) v + 2¢/n (T}, (u,v) — suv)]
n (T8, (u —%u —+/n (g, (u —%u
+ Vi (L )2u(1_)u)(\{__(v) ) ) [V (Csn(u) —u)v
—2v/n (T, (u,v) — uv) + 2uv/n (Ty, (v) — 30)] + op(1)
_ " N [von (u, 1) — 2a; (u, v)]? 205, (1,0) +van(u, 1) — 200 (u,v)]?
2 duv(l — o) 41 —u)v(l —v)
_ [af{(u,l) _a;<u71)]2 a;(171)2

du(1l — u)(1 — o) (1 —u)(1—v)

4 _oz,;()l(llz . [osf (u, 1) — o, (u, 1) — 20, (1,0) — va,(u, 1) + 20, (u,v)]

OZI(U» 1) — O‘;(uv 1) — _
T =) en( D) 4 2uai (1) = 20 (w,0)] 4 op(1). (6)

Applying
 [van(u,1) = 2a;, (u, v)]> 20, (1,0) + vay(u, 1) — 20, (u,v)]?
duv(l —v) 4(1 — u)v(l —v)
 [van(u, 1) = 20, (u, v)]? (L) oo (1) — %0 (w0
o —0) = we( oy lvon(w D) =205 (w,)]
B a; (1,v)?
(1 —u)v(l —wv)’
an(u,1) = 205 (o) o (ul) —ap (w, D) e (u1) —ag (u, 1))
duv(l —v)(1 — u) du(l —u)(1 —v) du(l — u)
o [Ua;<u7 1) _ a;(UﬂU)]Q _ O‘:(uv 1) — a;(u, 1) va. (u — 20~ (u.v
uw(l —u)v(l —v) 2u(1 — u)(1 — ) [veen (24, 1) = 20, (u, 0)]

12



o) -0 (@) e (L) an(Lv)
(=00 —u) om0 = 20w =g L)
[vay (u,1) = oy (u,0) + oy (L) ag (1,0)?
w(l —u)v(l — o) v(l—wv)’

—a,, (u, v)} —

[wag (u, 1) = ay (u,v) + uag (1, v)]> a, (1,1)?

wo(l —v)(1 —u) (1 —u)(1—-v)

o vag (u,1) +uag (1, v) — ag (u,v) —uwag, (1, 1)]? 1=
B uwv(l —v)(1 —u) (1 )

& i”i)l(’ll)j 0 2(1 iy’;gl(’llz 2 [vay, (u, 1) + uay, (1,0) — a;, (u,v)],

a; (1,v)? wva, (1,1)? [a; (1,v) —va; (1,1)]°

v(l—v)  (Q1—uw(l-v) v(1 =)

a (1Lv) _
oo\ )0 =(1.1
+ 1_U Oén( ’ >+

e
[ (u, 1) — o (u, 1) 4 2ua;, (1,1)] N uar, (1,1)2

4u(l — u) l—u '

to the right-hand side of (6) yields

log R™(Qs(u), Q(v))
vy, (u, 1) + ua, (1,v) — a, (u,v) — uvey, (1, 1)]2

- §_N_ w(l —v)(1 —u) — o (L1)°
[O&;(l, U) B UO[,;(]_, 1)]2 [a'rer(ua 1) - a;(u, 1) + QUOéi(]_, 1)]2
a v(1 — ) a 4u(l — u) + or(l).

Because of symmetry we obtain a similar expression for log Rt (Qg(u), Q(v)).

13



Hence we find

—2log R(Qs(u ) Q(v))
_ [, (u,v) — ( 1) — uay, (1,v) + uwva, (1,1)]
su(l - ) (1 —v)
( 1) — uet (1,0) + wvaj (1,1)]°
tu(l —u)v(l —v)

[ (u, )—w

oy, (Lv) —voy (LD)* | [ (1,0) — vaf (1, 1)) N a, (1,1)°
51}(1 —0) %v(l —0) }1
N [af (u, 1) — uaf{(l,izl—_ag)(u, 1) 4+ ua;, (1,1)] + op(1),

Standard empirical process theory and the Skorohod construction (but keeping

the same notation), yield, for either choice of sign,

sup {af(u,v) - Bi(u,v)‘ — 0 as.
0<u,v<1

Hence T},, can be replaced by

/gl_a /:_E K (u,v) dv dl g, (u).

Because the integrand is uniformly continuous, this implies (3) by the Helly-
Bray theorem.
To show (4), we only consider integration over the L-shaped region

Ce={(u,v) €(0,1)*: 0<u<e, 0<v<io0<u<i 0<v<e},
because of symmetry arguments. Consider the following five regions
Corn = {(u,v) € (0,1)?: 0<u<n ™5 n ¥ <v <Y
Cenp={(u,v) € (0,1)*: 3/8<ugé,0<v<n3/5},
Cep = {(u,v) € (0,n=3/%)2 },
Cezn={(u,v) € (0,1)*: nP <u<e n <v<i}
067372 = {(U,U) S (071)2 : n_3/8 <u< %, n_3/5 <v < E},

which cover C.. We will use the following bound: For any n > 0 there exists

a positive constant M,, such that

P(Tsn(u) < uMy, Dyp(u) < ubl,, forall0 <u<1) > 1-—1n, (7)

14



see [14], p. 419.

For C.11, C. 12, and C.5 we only consider log R™, log R' is treated simi-
larly. We regard the four terms of (2) separately. For C.;; and C. - we get,
with (7) and if P,(A]) > L, j =1,... 4, with probability 1 — 7,

o)

Ly (u)v
22U (u, v)

n

nl (u,v)log

< nlg,(u)log (; v

2M,
< M,unlog (n Y ”) < M,unlog(2M,n),

1
n

and

n (Ug,(w) = I (u,v)) log o (Tg,(u) — Ty (u,v))

2(1 - FYn(U))
< nlsn(u)log (n v Dsa(u)(1—v)

and, with |log(1 + )| < 2]z| for x > —0.5, with probability 1 — 7,

5T ()T (o) £ T (1 - Ton(u)) (1 =)
U Tl = O ) o8 o ) 5, 0+ T ) ‘

<n|(1 =Tsp(u)) (1 —v) =28 4 2I'g (u) + 2Ty, (v) — 2T, (u, v)]

< n|Tsn(u)v — 2L, (u,v)| + n |20y, (v) = v| +n |Csp(u) — 2T, (u)|
+n|l -2

< n (Tsn(u) + 2T, (u,v)) + n|2Ty,(v) = v| +n (Csn(u) + 2T, (u))
+n |1 — 2%‘

< 6nM,u + 2n|Ty,(v) — $v| + 2n |0, (1,1) — 4

= 6nM,u + 2n'/? |y, (1,0)| + 2nt/? |y, (1,1)] . (8)

T, (u)(1 — v) ‘

) < M,unlog(4n),

Furthermore, for C. o, we have, with probability 1 — n,
(1 =Tgu(u))v

2 (Ty,(v) = Ty (u,v))

and for C, 1 1, employing the Taylor expansion as in (8), with probability 1 —n,
_ ( FSn( ))

r -I, 1
<n|(1—Tgu(u))v—2Iy n(v) + 20 (u, v)! < 3nM,u + 2n |F;n(v) — %v|
= 3nM,u + 2n'/? |y, (1,0)] .

n (F;n(v) - F;L (U, U)) lOg < Mn'U nlog(QMnn),

n
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Combining the above, we have that with probability 1 — 2n

// log R~ (Qs(u),Q(v))| dlsp(u)dv < // M,un (log(2M,n)

+ 10g(4n)) +9nMnu+4n1/2 o, (1,0)] + 2n'/? }an 1,1)| dlsp(u)dv

< (2M n2/510g(4M n) + 9M,n*° + 4n'/? sup o, (1,0) ‘+2n1/2 o, (1 1)|>

0<v<1
/ / dFSn Yydv — 0,
—3/8

// {logR (Qs(u v))| dlgp(u) dv < / (Myu + M,v)nlog(2M,n)
C£2 Cs2
+ M,unlog(4n) +6nMnu+2n1/2 oy, (1,0)| + ont/? |y, (1,1)] dlgp(u) dv

< (SMnn5/8 log(4M,n) + 6 M,n*® 4+ 2n'/? sup oy, (1,0)] + 2nt/? oy, (1, 1)|)

0<v<1
n—3/8  .p—3/8
. / / dlg,(u)dv — 0.
0 0

The region C. ;2 can be treated in a similar way as C; ;1.

For C.3; and C. 35 we use |log(1 + x) — z| < 2%, for z > —0.5, and the
convergence in probability of P, /P uniform over certain rectangles (the A;t)
to 1. This follows from, e.g., [4], Inequality 2.9 or Theorem 3.3. Then, with
probability tending to 1,
vay, (u, 1) —wve,, (1,1) — o, (u,v) + ua,, (1,0 2
log R(Qs(u), Q)| < LD Zvanll ) 2 fu 0] u0, 1, v)

su(l —u)v(l —wv)
[UO&:L_(U,, 1) B U’UO(:(L 1) B Oé;“t(uv U) + UOé;JL_(l, U)]z
su(l —u)o(l —v)
o, (1,0) —vay, (LD [ogt (1,0) — waf (1,1)]°
su(1—v) tv(l—w)
[Oé;,_(u7]‘> _u&I(Ll) n( )+u04 (171>]
_.I_
u(l —u)
a (u,v)? + vy, (u,1)? + v, (1,0)% + uv?a;, (1,1)3
tu(l —u)v(l =)
ot (u,v)? + v (u, 1) + vt (1,0)? + w?v?a;f (1,1)?
1

su(l —u)o(l —v)

+ 4o, (1,1)2

<4”

+4
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2an (1,v)* + v, (1,1)? N 204{(1,”0)2 +v2a;f(1,1)2

+2a:t(1,1)2
sv(1 —v) su(1—v)
+ 12 2 +112 — 12 —11
u(l —u)
- 2 + 2 - 2 + 2
< 3 a;, (u,v)* + ot (u,v) +an(u, 1)+ ot (u, 1)
uv U
—(1.v)? (1
an( 7U) +an( 7U) + 20{ (1 1)
v

Theorem 3.1 in [4] yields, for either choice of sign,

at(u,v
sup % = Op(1).
o<uw<l  (uv)

Hence we find

// log R(Qs (), Q(v))] dT's, () do

Ce,3,1UC 3,2
,3,1UCe 3,2
- / / (W) = Op(V2)
Ce,3,1UC: 3,2
uniformly in €, because of (7). This completes the proof of (4). O
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