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Abstract

We consider repeated games with private monitoring that are “close” to
repeated games with public/perfect monitoring. A private monitoring infor-
mation structure is close to a public monitoring information structure when
private signals can generate approximately the same distribution of the public
signal once they are aggregated into a public signal by some public coordination
device. A player’s informational size associated with the public coordination
device is the key to inducing truth-telling in nearby private monitoring games
when communication is possible. A player is informationally small given a pub-
lic coordination device if she believes that her signal is likely to have a small
impact on the public signal generated by the public coordinating device. We
show that a uniformly strict equilibrium with public monitoring is robust in a
certain sense: it remains an equilibrium in nearby private monitoring repeated
games when the associated public coordination device, which makes private
monitoring close to public monitoring, keeps every player informationally small
at the same time.

We also prove a new folk theorem for repeated games with private monitor-
ing and communication by exploiting the connection between public monitoring
games and private monitoring games via public coordination devices.

Keywords: Communication, Folk theorem, Informational size, Perfect mon-
itoring, Private monitoring, Public monitoring, Repeated games, Robustness

JEL Classifications: C72, C73, D82

1 Introduction

Cooperation within groups is an important and commonly observed social phenom-
enon, but the way in which cooperation arises is one of the least understood questions

*We are grateful to an associate editor and three anonymous referees for extensive comments.
We thank George Mailath for very helpful discussions and the audience in numerous conferences
and seminars for helpful comments. Postlewaite gratefully acknowledges support from National
Science Foundation grant SBR-9810693.



in economics. The theory of repeated games has improved our understanding by
showing how coordinated threats to punish can prevent deviations from coopera-
tive behavior, but much of the work in repeated games rests on very restrictive
assumption that all players share the same public information either perfectly or
imperfectly. For the case in which each player can observe all other players’ actions
directly (perfect monitoring), Aumann and Shapley [5] and Rubinstein [26] proved
a folk theorem without discounting, and Fudenberg and Maskin [12] proved a folk
theorem with discounting. For the case in which each player observes a noisy public
signal (imperfect public monitoring), Abreu, Pearce and Stacchetti [1] characterized
the set of pure strategy sequential equilibrium payoffs and Fudenberg, Levine and
Maskin [13] proved a folk theorem.

But a theory that rests on the assumption that there is common knowledge of a
sufficient statistic about all past behavior is, at best, incomplete. Such a theory is of
little help in understanding behavior in groups in which there are idiosyncratic errors
in individuals’ observations of outcomes.! For many problems, it is more realistic
to consider players who possess only partial information about the environment
and, most importantly, players may not know the information possessed by other
players. In such problems, players may communicate their partial information to
other players in order to build a “consensus” regarding the current situation, which
can be used to coordinate their future behavior. In this view, repeated games with
public information can be thought of as a reduced form of a more complex interaction
involving information sharing.

This point of view leads us to examine the robustness of equilibria with public
monitoring when monitoring is private, but “close” to public monitoring. For exam-
ple, one can think of a situation in which information contained in the public signal
is dispersed among the players in the form of noisy private signals. If the amount of
information contained in each player’s private signal is negligible, then it is tempting
to consider the game with such private signals and the underlying game with public
signals as being “close.” In this paper, we examine whether an equilibrium with
public monitoring remains an equilibrium with respect to a public signal generated
from private monitoring and communication, and whether (and how) players can be
induced to reveal their private information.

To make these ideas precise, consider a public monitoring game (G, 7) and a pri-
vate monitoring game (G’,p), where G and G’ are normal form games with public
monitoring and private monitoring respectively. In (G, 7), each action profile a gen-
erates a public signal y from a set Y with probability 7(y|a). In (G’ p), each action
profile a generates a private signal profile s = (s1, .., s,) with probability p(s|a). In
our analysis of the private monitoring game (G’, p), we will augment the model with
a “public coordination device” ¢ that chooses a public coordinating signal (possibly
randomly) from Y based on the reported profile of private signals. In this expanded

!For example, team production in which each individual observes the outcome with error lies
outside this framework.



game, players choose an action profile a, observe their private signals (s1, .., s,), and

/

publicly announce the (not necessarily honest) profile (s, ..,s},). A public coordi-
!/

nating signal y € Y is then selected with probability ¢ (y|s], .., s),). If the players
report their private signals truthfully, then the probability that the realized public
coordinating signal is y given a and ¢ is equal to p®(yla) = 3 . ¢(y|s)p(s|a). We
say that (G, ) and (G, p) are close when G and G’ are close in terms of payoffs and
there exists a public coordinating device ¢ such that 7(y|a) ~ p?(y|a). We call the
private monitoring repeated game augmented by such public coordinating devices
(which may change over time) a communication extension of the repeated game as-
sociated with (G’,p). We then ask the following question: for a given perfect public
equilibrium «o* of the repeated game with imperfect public monitoring associated
with (G, 7) and given the repeated game associated with any nearby private mon-
itoring game (G’,p), can we find a communication extension and an equilibrium
in which players (i) truthfully reveal their signals along the equilibrium path and
(ii) choose their actions as a function of the history of public coordinating signals
according to a*?

If revelation constraints can be ignored and players are assumed to announce
their private signals truthfully, then it is straightforward to show that a* is an
equilibrium with respect the public signal generated by ¢ as the game reduces to
a repeated game of public monitoring (G’,p¢). Since G’ is close to G and p? is
close to m, it is easy to show that o* remains an equilibrium of the repeated game
of public monitoring game (G’ , p¢) if it is a wniformly strict equilibrium of the
original repeated game of (G, 7). Hence our analysis is mainly concerned with
revelation constraints. The revelation of private information can be problematic,
as can be seen in a simple trigger strategy equilibrium to support collusion. For a
trigger strategy equilibrium to work, it is essential that every player reports “bad”
outcomes honestly. However it is clear that players will not want to reveal any
private information that may trigger mutual punishment.

We find that the following two concepts are the key to deal with the revelation
constraints: informational size and distributional variability. Roughly speaking,
player i is informationally small if for each action profile a, her private information
is unlikely to have a large effect on the distribution of the public coordinating signal
p®(-|a). Consequently, small informational size will imply that she will have little
incentive to misreport her private signal in order to manipulate the other players’
behavior to her advantage. Players are naturally informationally small in numerous
settings. Suppose, for example, that there are many players whose signals are noisy
observations of an underlying (but unobserved) common signal, and that these noisy
observations are conditionally i.i.d.. If ¢ maps each signal profile into the posterior
distribution of the unobserved signal, then each player is informationally small by
the law of large numbers. Alternatively, with the same function ¢, agents receiving
conditionally i.i.d. signals of the unobserved signal would be informationally small
if their signals are very precise, even if the number of players is small (but at least



three). Distributional variability is an index that measures a correlation between a
player’s private signal and the public coordinating signal which she would expect
when she reports her signal truthfully. If this index is large, that means that a
player’s conditional belief about the public coordinating signal varies widely with
respect to her private information. The larger this index is, the easier it is to
detect and punish a lie. With these concepts, our result can be stated as follows:
a uniformly strict equilibrium is robust when, for some public coordination device,
(1) (G',p) is close to (G,7) in the sense described above and (2) each player’s
informational size is small relative to her distributional variability.

The way to induce honest reporting is roughly as follows. If ¢ is employed in
every period, then p?(y|a) is always close to 7(y|a), but players may have an incentive
to send false reports. To address this, we employ different public coordinating
devices at different public histories {d)ht\ht eH }, where each ¢ is a perturbation
of ¢. When every player’s informational size is small relative to her distributional
variability, we can construct {¢ht|ht e } so that every revelation constraint is
satisfied on the equilibrium path (i.e. after they played the equilibrium action
in the same period), while keeping each perturbation small so that the incentive
constraints regarding the equilibrium actions of o* are not disturbed.

The second main result of this paper is a new folk theorem for repeated games
with private monitoring and communication. For the robustness result, we start
with a public monitoring game, then consider nearby private monitoring games to
check the robustness of equilibria for repeated games with public monitoring. For
the folk theorem, we take the opposite path: we start with a private monitoring
game, then generate public monitoring games via public coordinating devices. For
repeated games with imperfect public monitoring, there is a well known technique
to prove a folk theorem by Fudenberg, Levine and Maskin [13]. We exploit a con-
nection between private monitoring games and public monitoring games via public
coordination devices to import their technique into the domain of private monitor-
ing games and extend it to incorporate revelation constraints. Again it is important
for our result that every player is informationally small.

There are also a couple of technical contributions in this paper. First, we can
prove a uniformly strict folk theorem. That is, we prove a folk theorem by using
uniformly strict equilibria where every player would lose at least a certain amount
of payoffs by deviating from the equilibrium action at any history. As a special
case, this result implies a uniformly strict folk theorem for some class of repeated
games with imperfect public monitoring. Another technical contribution of the
paper, which might be of independent interest, is to prove the theorem corresponding
to Theorem 4.1 in [13] without relying on their smoothness condition, which is
commonly used to prove a folk theorem in the literature.

The model is described in Section 2 and the concepts of informational size and
distributional variability are introduced in Section 3. Section 4 states and proves our
robustness result. In Section 5, we prove a new folk theorem for repeated games with



private monitoring and communication. Section 6 discusses the related literature.
Some proofs are provided in the appendix (Section 7).

2 Preliminaries

2.1 Repeated Games with Public Monitoring

The set of players is N = {1,...,n}. Player i chooses an action from a finite set
A;. An action profile is denoted by a = (a1,...,a,) € I[;A; := A. Actions are
not publicly observable, but the players observe a public signal from a finite set Y.
The probability that y € Y is realized given a € A is denoted 7 (y|a) . We do not
assume full support. That is, the set {y € V|7 (y|a) > 0} can depend on a € A. This
allows for perfect monitoring (Y = A and 7 (yla) = 1 if y = a) as a special case.
Player i's stage game payoff is u; (a;,y) and player i’s expected stage game payoff
is g (a) = Zy u; (ai, y) 7 (yla). Consequently, players do not obtain any additional
information regarding the actions of other players from realized payoffs. This stage
game is denoted by (G, ), where G = (N, A, g). We normalize payoffs so that each
player’s pure strategy minmax payoff is 0. Note that the mixed minmax payoff may
be smaller than the pure strategy minmax payoff. The set of feasible payoff profiles
is V= co{g(a)|lac A} and V* = {v € V|v>> 0} is the set of feasible, strictly
individually rational payoff profiles.

A private history for player i at stage ¢ is denoted h! = (a?, ...,af_l) € H!
= A! while a public history is denoted h' = (yo, ...,yt_l) € H' = Y with HY =
H? := {(0}. A pure strategy for player i is a sequence a; = {af}zo, where o is
a mapping from H! x H' to A;. The set of pure strategies for player i is denoted
>;. We restrict ourselves to pure strategies throughout this paper, so we will simply
use the term strategy to refer to pure strategies when no confusion can arise. A
strategy profile is denoted a = {ai},cny € X := x;¥;. A pure strategy profile
induces a probability measure on A%. Player i's discounted expected payoff given
aand 6 € (0,1) is w™ = (1—6)3.2°,8'E [9i (@) |a] .2 We denote this repeated
game associated with (G, 7) by G° (0).

A strategy is public if it only depends on H!. A profile of public strategies is
a perfect public equilibrium (PPE) if, after every public history, the continuation
(public) strategy profile constitutes a Nash equilibrium (Fudenberg, Levine, and
Maskin [13]). Note that a perfect public equilibrium is a subgame perfect equilibrium
when the stage game is one of perfect monitoring. Since we focus on perfect public
equilibrium, we will omit the dependence of strategies on private histories and write
al (ht) instead of o! (hﬁ, ht) 3

Given «, ¢ and history h'tt = (hf,y) € H*' = H' x Y, let w?’é (h',y) denote

2When z is a generic outcome of some random variable, we often use T to denote this random
variable.
3Thus we ignore private strategies (Kandori and Obara [17]).



player ¢’s continuation payoff from period t+ 1. We define n—uniformly strict perfect
public equilibrium (n—USPPE) as follows.

Definition 1 A pure strategy perfect public equilibrium o € 3 for GS° (0) is n—uniformly
strict if

(1—-10)g; ht +(5Z y]a w?’é(ht,y)—n
yey
> (1-0)gi(a},0l; (b)) +6 > 7 (ylaj, o, (B')) w™ (h',y)
yey

for all h* € H',t >0, a} # of (h') , and i € N.

This means that, at any public history, any player would lose at least n by
any unilateral one-shot deviation. This is stronger than requiring all incentive con-
straints to hold strictly. However, a strict PPE is n—uniformly strict for some n > 0
if it can be represented by a finite state automaton.

2.2 Repeated Game with Private Monitoring and Its Public Com-
munication Extension

Fix a stage game (G, 7) with public monitoring. Consider a private monitoring game
with the same set of players and the same action sets as GG. Player ¢ observes a private
signal s; from a finite set S; instead of the public signal. A private signal profile
is denoted s = (s1,..,8,) € II;S; := S. Player i's stage game payoff is v; (a;, s;)
and player i’s expected stage game payoff is ¢} (a) = >, vi(a;,s;)p(sla) where
the conditional distribution on S given a is denoted p (:|a). We assume that the
marginal distributions have full support, that is, p(sila) := >, = p(si,s—ila) > 0 for

all s; € S;, a € Aand i € N. Let p(s_;|a,s;) := % denote the conditional
probability of s_; € S_; given (a,s;). We denote this private monitoring stage
game by (G',p), where G’ = (N, A,¢'). Let V(G') and V*(G’) be the feasible
payoff set and the set of individually rational and feasible payoffs for G’. Discounted
average payoffs are defined as in the public monitoring case. Let G;,OO (6) be the
corresponding repeated game with private monitoring given § € (0,1).

Players communicate directly each period. At the end of each period, players
publicly announce a profile s € S. Then, a public coordinating device ¢ : S — A(Y)
generates public signal y € Y with probability ¢(y|s). A convex combination of two
public coordination devices ¢ and ¢’ is denoted by (1 — \) ¢ + A¢’, which is defined
by

(1= X) 6+ Ad) (gls) i= (1= \) 6 (yls) + Ad' (yls).

The distribution of the signal generated by ¢ given a with honest reporting is denoted

by
?(yla) == dlyls)p

SES
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We denote expectations with respect to p®(-|a) by E?[-|a]. Player i may not report
her signal truthfully. Player ¢’s reporting rule is a function p : .S; — S;. Let R; be
the set of all reporting rules for player ¢ and 7; € R; be the truth-telling rule defined
by 7;(s;) = s; for all s; € S;. When player i uses a reporting rule p; € R;, we will
abuse notation and define

® (yla, p) ==Y _ d(ylp; (si),5-:)p (s]a)

seS

as the distribution of the generated public signal given action profile a when ¢ uses
the reporting rule p, and the other players report their private signals truthfully.
We denote expectation with respect to p? (-|a, p;) by E?[|a, p;]. Assuming honest
reporting by players j # i, player i’s conditional belief regarding the realization of
the public coordinating signal given (a, s;) and report s} is given by

p? (yla, si, 57) : Z¢ ylsi s—i)p (s—ila, si) -

We often use p? (yla, s;) for p? (y|a, s, s;) to economize on notation.

This formulation of communication is very special. A more general communica-
tion structure would allow for a mediator who receives and sends confidential private
information from and to the players?. There are two reasons for not introducing
a mediator in this paper. First, a mediator plays no role in our robustness result
(Section 4). We ask when a perfect public equilibrium for G2° (0) remains a perfect
public equilibrium when players are engaged in a “close” private monitoring game
(G',p) augmented with communication. As part of our notion of “closeness,” we
require that private signals in (G’,p) can be aggregated so as to generate a pub-
lic coordinating signal whose distribution is close to 7. Since public strategies can
only depend on this public coordinating signal by definition, there is no role for
confidential announcements or confidential recommendations. Second, the lack of a
mediator only strengthens our folk theorem result (Section 5).

In the repeated game (G’, p) augmented with communication as described above,
a public history in period t consists of a sequence of realized public coordinating
signals h! € Y and a sequence of public announcements h%,/ € St. We allow different
coordinating devices to be employed at different h* € Y*. Given a private monitoring
game (G',p), a public communication device for (G’,p) is a collection ® = {¢y: :
ht € Yt t > 0,} where each ¢ : S — A(Y) is a public coordination device. Given
a private monitoring game (G’, p), a discount factor §, and a public communication
device @, let Gg’o (0, ®) denote the public communication extension of the repeated
game with private monitoring G>° (6) .

In G7° (6, ®), play proceeds in the following way. At the beginning of period
¢, player i chooses an action contingent on (hf, h',h%), where hf € Al x S!is a

*See Forges [10] and Myerson [22] for mediated communication in dynamic games.



sequence of her own private actions and private signals. If the resulting action
profile is a, then players receive private signals according to the distribution p(-|a).
Let s denote the realized signal profile. Then player ¢ makes a public announcement
s; contingent on (ht, h', hty, a;, s;). Of course, s, may differ from s;. Let s’ € S denote
the profile of announcements. Then a public coordinating signal is chosen according
to the probability measure ¢y:(-|s’). If s’ is announced and y is realized in period
t, then A% and h**! in period ¢ + 1 are defined as follows: hif! = (h%,s') and
pttl = (ht,y).

To describe a strategy in G;,OO (0,®), let H' = Y denote the set of histories of
realized public coordinating signals in period ¢, H: = S* denote the set of public
reporting histories, and H! = A!x S! denote the set of private histories for player i in
period t. Player i's (pure) strategy consists of two components, an “action strategy”
ol : H x H' x HY, — A; and a “reporting strategy” p! : H! x H' x H, x A; — R;.
Let a; = (a9, ad,...), 0 = (00, p},...), a0 = {aitien o = {pi}icn and let o = (a, p).
As in the repeated game without communication, pure strategies induce probability
measures on A*. Player i’ s discounted expected payoff in G}° (9, @) is wf’a (@) =
(1-06)>72,6"E [g] (a') |o, ®]. We usually drop ® when it is clear from the context
which public communication device is used.

A strategy o; = (a4, p;) for player i is truthful if player i reports her private
signal truthfully whenever she played according to «; in the same period, i.e.,
p;f (si\hg,ht,ht ,a§ (hﬁ,ht,h%)) = s; for every (h;f,ht,h%) and s;. Note that we
allow players to lie immediately after a deviation in action. That is, we do not
require that p! (si|h§, ht, Rt ,ai) =s; ifa; # ol (hf, ht, hﬁz). A strategy o; = (o, p;)
is public if o only depends on h' = (yo, ...,yt_l) € H' and p! depends only on
(ht, a’;). Since we focus on this class of strategies in the public communication ex-
tension, we will write o (ht) instead of o (hg, ht, h'}%) and pf (ht, al (ht)) instead of
ok (h’;i, ht, h’}%, al (h’;, ht, htR)). Notice that there is a natural one-to-one relationship
between public strategies in GS° (d) and the action strategy components of public
strategies in G;OO (6,®). Note also that we can ignore incentive constraints across
different (hﬁ, htR) in G7° (0, ®) when every player uses a public strategy, as we can
ignore incentive constraints across different h! with public strategies for G (4) .

We extend the standard definition of perfect public equilibrium to the public
communication extension as follows: a strategy profile o for the public communi-
cation extension is a perfect public equilibrium with communication (which we will
refer to as PPE from now on) if o is a profile of truthful public strategies and the con-
tinuation (public) strategy profile constitutes a Nash equilibrium at the beginning
of every period. A strategy profile o is n—uniformly strict perfect public equilibrium
with comminication if ¢ is a perfect public equilibrium and any player would lose
at least 1 in term of discounted average payoff at any moment when she deviates
from the equilibrium action.



3 Informational Size and Incentive Compatibility

3.1 Distance between Stage Games

We focus on public monitoring games and private monitoring games that are close
to each other. When we say “close”, it means that a public monitoring game (G, )
and a private monitoring game (G’,p) are close in two respects. First, g and ¢’ are
close. Second, there exists a public coordination device ¢ that can generate a public
signal distribution close to 7.

Definition 2 Let (G, p) be a private monitoring game and (G, ) be a public moni-
toring game. Given any public coordinating device ¢, we say that p® is an e—approximation
of m if max, HT(‘ (‘la) — p? (|a)H <eb (G, p, ) is an e—approximation of (G, ) if

p® is an e—approzimation of m and max; 4 |g; (a) — ¢! (a)| < e.

The following is a canonical example of e—approximation.

Example 1 Conditionally Independent Signals

Let y denote a random variable that can take the values y = 0 or y = 1 with
equal probability. There are n players (n odd). They do not observe the realization
of ¥ but each observes a noisy private signal correlated with . Specifically, if § = v,
then player i observes a private signal s; € S; = {0,1}, which agrees with y with
probability § € (%, 1] and differs from y with probability 1 — . These private signals
are conditionally independent. Suppose that all players report their private signals
(81, -, 8n) simultaneously and truthfully and ¢(1|s1,..,sn) = 1 if the majority of the
players announce 1 while ¢(0|s1, .., sp) = 0 if the majority of the players announce
0.5 Clearly the distribution on {0,1} generated this way is a good approxvimation of
the original distribution of y when [ is sufficiently close to 1 or when the number
of players is sufficiently large.

Since our notion of approximation is relatively loose, it may happen that two
seemingly different monitoring structures are close to each other. For example, Y
and S; can be be different sets. As an another example, consider the following
monitoring structure.

Example 2 Perfectly Complementary Information

Suppose that Y = {0,1} and S; = {0,1} and let 7 be the distribution of a hidden
signal on'Y. There are six players. The distribution p of private signals on S satisfies
the following. When the true value of the hidden signal is 1, the private signal profile
18 such that three players receive signal 0 and three players receive signal 1, and each

?|I-|I is Euclidean norm.
5The generated public signal is the maximum likelihood estimate of the true realization of 7 in
this example.



such profile of signals is equally likely. When the true value of the hidden signal
is 0, the private signal profile is either (1,1,1,1,1,1) or (0,0,0,0,0,0), each with
probability % Consider a public coordination mechanism ¢ such that ¢(0|s) = 0 if
at least five players announce the same signal and ¢(0|s) = 1 otherwise. Then p? is
a 0—approzimation of m.7

In this example, each player is equally likely to observe 0 or 1 for any realization
of the underlying signal. Hence her signal alone provides no information about the
true value of the underlying signal, yet the aggregated private signals completely
reveals the true underlying signal.

In this example (or Example 1 with § = 1 and n > 3), one player’s informa-
tion does not affect the generated public signal at all. Following Postlewaite and
Schmeidler [25], we say that a pair (p, ) is nonexclusive when p® (y|a, p;) = p? (y|a)
for any a, y, p; and 7.

3.2 Informational Size, Distributional Variability, and One-Shot
Revelation Game

We turn to the issue of truthful revelation of private information in this subsection.
Although our main interest is in repeated games, it is useful to consider the follow-
ing simple one-shot information revelation game first. Fix any private monitoring
game (G',p). For any public coordination device ¢, any profile of payoff functions
w:Y — R" and any a € A, the one-shot information revelation game (G', p, ¢, w, a)
is defined as follows. Player i observes a private signal s;, which is distributed ac-
cording to p (s|a). Players report ', then a public coordinating signal y is generated
with probability ¢ (y|s). Finally, player i receives payoff w; (y) if the realized value
of the public signal is y. In the context of repeated games, this payoff will be inter-
preted as player i’s continuation payoff. Consequently, (G', p, ¢, w, a) defines a game
of incomplete information in which a strategy for player ¢ is a function p; : S; — 5;
and truthful reporting is an equilibrium if for each ¢,

Do D wiy)eWlsis—i)p(s-ilas) > Y > wiy)e (ylsh 5-i) p(s-ila,s:)

S_;ES_; yeYy S_;ES_; yeYy

for each s;, ) € S;.

When do players have incentive to report their private signals truthfully in this
game? To fix ideas, consider the extreme case in which (p, ¢) is nonexclusive. Then
no player has an incentive to lie because what she reports is irrelevant and does not
affect the generated public signal at all. Hence truth-telling can be implemented

"We need six players for this example. Suppose that there are only five players. Either
(1,1,1,1,1) or (0,0,0,0,0) is observed with probability % given y = 0, and every signal profile
at least two 0 and 1 is observed with equal probability given y = 1. In this case, when (1,1,1,1,0)
is observed, we cannot tell whether one of the first four players is lying given y = 1 or the last
player is lying given y = 0.
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in a one-shot revelation game for any specification of the payoff function and any
action when (p, ¢) is nonexclusive.

We wish to generalize this simple observation. In general, it should become
“easier” to induce truth-telling as each player’s influence on the public coordinating
signal becomes “smaller.” The following index measures the size of this influence for
each player.

Definition 3 (Informational Size)
Player i's informational size vf (si,a) given ¢ and (s;,a) € S; x A is the smallest
€ satisfying

rpaxPr(HqS(~\si,'§_i) — ¢ (|8}, 5-) || > €lsi,a) < e
SiESi

This means that, conditional on (s;,a), player ¢ believes that the probability of

her being able to manipulate the public signal distribution by more than v? (siya)

is at most fu? (si,a). For example, each player’s informational size is 0 in Example

2. We say a player is informationally small when her informational size is small.

Note that there may be a trade-off between keeping each player’s informational
size small and approximating a particular public signal distribution. Suppose that
only player 1 is perfectly informed regarding the realization of § in Example 1, i.e.
f1 =1and 5; = € (1/2,1) for all ¢ # 1. If the goal is to replicate the true
value of y from private signals, then ¢ should assign probability one to the element
of Y = {0,1} that coincides with player 1’s private signal. However, this makes
player 1 informationally large. In such a case, it may be preferable to aggregate the
private signals of all players, including player 1, using the majority rule. Although
this majority rule ¢ is informationally inferior to the former ¢, it makes every player
informationally small and p? (-|a) still remains a good approximation of 7 (-|a).

Of course, a player’s informational size alone is not enough to induce honest
reporting. Since players may still have incentive to misreport their signals, however
small it is, we need to introduce some scheme to punish dishonest reporting. So we
consider the following mechanism design problem: given that a € A is played, find a
public coordination device ¢’ that generates approximately the same distribution as
p? (-|a) and makes truthful reporting a Bayesian Nash equilibrium for the one-shot
revelation game (G’ D, ¢ ,w,a). For this purpose, we construct a certain scoring
rule that relies on a player’s distributional variability.

Definition 4 (Distributional Variability of player ¢ given ¢)
2

p¢ ("a7 Si) B pd) ("av S;)

Ip? (la, si)ll - [lp? (-la, s7)l]

AY (si,a) = m;n

This measures the extent to which player i’s conditional (normalized) beliefs
regarding the public coordinating signal are different given different private signals
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(assuming honest reporting by others). This is close to 1 in Example 1 and equal
to 0 in Example 2. We use this variation of player ¢’s beliefs to induce her to report
her private signals truthfully.®,”

Intuitively, it must be easier to induce players to report their private signals
truthfully when the first index is smaller and the second index is larger. It turns
out that what is important for truthful revelation is the ratio of these two indexes.

Definition 5 The measure p® is y—reqular for ¢ if v? (si,a) < 'yA? (si,a) for all
s; €8;,a€ A, andi € N.

For example, p? is 0—regular if (p, ¢) is nonexclusive. We can now prove the
following theorem.

Theorem 1 For any private monitoring game (G',p) and any X € (0,1), there
exists a v > 0 such that the following holds: if p® is y—reqular for some ¢, then for
any a € A and any payoff function w : Y — R", there exists a public coordination
device ¢y, ,, = S — A (Y) such that truthful reporting is a Bayesian Nash equilibrium
for the one-shot information revelation game (G',p, 1-=No+ )\qbﬁl,w, w, a) .

Proof. See Appendix B. m

This theorem means that honest reporting can be induced for any one-shot
revelation game by perturbing ¢ slightly. The smaller v is, the smaller the size of
the required perturbation. Note that v depends on A but is independent of the
payoff function and the underlying action. These properties will be important when
this result is applied to repeated games. It is natural that + is independent of a,
since y—regularity requires a certain property across all actions. Observe that the
choice of 7 is also independent of w. We construct a punishment by perturbing ¢

8Suppose that player i flips a coin after observing s; and let her new private signal be (si,w)

€ S; x {face,down} . This change of information structure should not affect our result. However

player #’s distributional variability is 0 given either (s;, face) or (si,down). To deal with this

problem, we could have introduced a more elaborate definition of distributional variability. Let x;

be a mapping from S; to player i’s message space M;. Then define distributional variability for each
AP (sia) = mi lassi) _ p° (la,s1)

X; as fOHOWS:
2
i #xi (s H ( ’
{é/‘l’i(‘sll) 1()} Hp ('|a’87')“ Hp (’|a781)”

Then we can keep the distributional variability invariant with respect to such extrinsic private
information by using x;, which maps (s;, face) and (s;, down) into the same m;.

90ur distributional variability is similar, but different from the condition with the same name in
McLean and Postlewaite [21]. Our condition measures the distance between a player’s conditional
belief regarding the aggregated public signal, whereas their condition measures the distance between

@

p(1s})

a player’s conditional belief about the other players’s private signals, i.e. Hig:}:’f;” )]

(there is no action in [21]).
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slightly so that the distribution of the generated signal remains similar, but truth-
telling is a BNE. Hence, when w is large, the temptation to deviate may be high,
but the size of punishments is large in the same proportion.

This theorem is similar to Theorem 1 in McLean and Postlewaite[21]. However,
notice that there is a difference between this result and the result in [21]. In [21], each
player’s preference is given by w; (x,0), where 6 is an unobservable payoff relevant
parameter and z is an allocation, so it is important that the true 6 is recovered
almost surely (“negligible uncertainty”) to implement any allocation function z : 6
— x (). We do not need that the true public signal y is recovered.

When is p? likely to be y—regular? Consider a more general version of example
with conditionally independent signals.

Definition 6 A private monitoring game (G',p) is called a B—perturbation of the
public monitoring game (G,x) if S; = Y for all i, v;(ai,y) = u;(a;,y) for all
(a,y) and i, and there exists q;(-|ly) € A(S;) for all y and i such that p(sla) =
> yev 1L di(sily)m (yla) and qi(yly) = B for any y and i.

Suppose that (G',p) is a S—perturbation of (G, 7). Let ¢,; be the “majority
rule”, which is a public coordination device that chooses y reported by the largest
number of players (with some tie-breaking rule). Then

P (yla) = Y Sulyls)p (sla)

seS
= Y oulls) Y. [H i <8z‘\y>] ™ (yla)
scS yeYy Li=1

and p®M can generate almost the same signal distribution as 7 as § — 1. It follows

that (G’,p) is an e—approximation of (G, ) for any given ¢ if 5 is close enough
to zero. Furthermore, each player’s informational size converges to 0 as long as
n > 3 and distributional variability converges to a positive constant as § — 1. The
following proposition summarizes this observation.

Proposition 1 Fiz a public monitoring game (G, ) with n > 3. For any ¢ > 0 and
~v > 0, there ezists 5 € (0,1) and a public coordination device ¢ such that, for every
B-perturbation (G',p) of (G,7), (G',p,d) is an e—approvimation of (G,n) and p®
18 y—regular.

4 Robustness of PPE

Consider any (G, ). Suppose that (G',p) is an e—approximation of (G, ). In this
section, we ask the following question: can a PPE a* of G2° (§) be a part of a PPE
of G° (0, ®) with the help of some public communication device ®?

13



The answer is again simple in some extreme cases. Let ¢ be a public coordination
device for which p? is an e—approximation of 7. Suppose that (p, ¢) is nonexclusive
and let ® be the public communication device where ¢ is used after every public
history, i.e., ¢« = ¢ for all ¢ and all ht. In this case, we can disregard revelation
constraints completely. Then essentially we just have another repeated game with
public monitoring where the stage game payoffs and the public signal distribution
are slightly perturbed. Therefore every n—uniformly strict PPE of (G,7) is an
7' —uniformly strict PPE of G}° (0, ®) for some positive 7’ as long as ¢ is small
enough. This follows from the observation (which is formally demonstrated in the
proof of Theorem 2) that continuation payoffs in G}° (0, @) converge to continuation
payoffs in G$° (4) uniformly across all public histories and all public strategies as
e — 0.

Our robustness result generalizes this observation by relaxing nonexclusivity. It
says that every n—uniformly strict PPE of G2° (0) is an n/—uniformly strict PPE
of Gg’o (0,®) for some public communication device ® and some positive 7 if, for
some public coordinating device ¢, (G',p, ¢) is a very good approximation of (G, 7)
and each player’s informational size is relatively small given p? (i.e. p? is y-regular
for enough small 7).

Definition 7 An n— uniformly strict perfect public equilibrium o* of G () is
strictly robust with respect to (G',p) if there exists a public communication device
®* and a reporting strategy p* such that o* = (a*,p*) is an n'—uniformly strict
truthful PPE of Gi°(8,®*) for some n/ > 0.

Theorem 2 Fiz § € (0,1) and a public monitoring game (G, 7). For any n > 0,
there exist y,e > 0 such that every n—uniformly strict PPE of G2°(6) is strictly
robust with respect to any (G',p) for which there exists ¢ such that (G',p, ) is an
e-approzimation of (G, ) and p® is y-regular.

Proof. See Appendix C. m

Note that v and € only depend on 7, but not on a particular equilibrium strat-
egy. To get an idea behind our proof, suppose that private signals are converted
into a public coordinating signal by ¢ in every period, i.e., let ® be the public com-
munication device where ¢,: = ¢ for all t and all h*. Furthermore, suppose that
players truthfully reveal their signals so that information revelation constraints are
not present. If o* is an n—uniformly strict PPE of G3°(9), then one-shot devia-
tions from o are not profitable in G° (4, ®) as long as ¢ is small because, as we
mentioned, continuation payoffs in G}>° (J, ®) are close to the continuation payoffs
in G9°(4) uniformly across all public histories and all public strategies. Hence, the
action strategy a* defines an equilibrium in G° (6, ®) if players report their private
signals truthfully. This step is based only on the idea of e-approximation.
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How can truthful reporting be induced? First focus on the revelation constraint
in the first period on the equilibrium path (i.e. after the first period equilibrium
action is played). We use both informational smallness and distributional variability
in this step. Note that this continuation game can be regard as a one-shot revelation
game where the action profile is given by the equilibrium action profile a* = o* (ho)
and w is given by the continuation payoffs from the second period on. Here we can
apply Theorem 1 to perturb ¢ slightly to induce honest reporting: for any A € (0,1),
there exists a v > 0 such that, if p® is y—regular, then truthful reporting is optimal
for every player in a one-shot revelation game (G’,p, 1-=No+ Aqbg*’w, w, a*) for
some ¢« . Of course, we need to make sure to keep perturbation small so that the
strict incentive to play a* is preserved. So we choose small enough A (with small
enough v needed for Theorem 1) and ¢ so that p(lf)‘)(b“‘(b;*vw is a good approximation
of p?, hence a good approximation of 7, independent of the specification of gbﬁmw
if players report their signals truthfully. Then the strict incentive to play a* is
preserved in G7° (0, @) given truth-telling.

We also need to consider a joint deviation in action and reporting within the first
period. This is where informational smallness plays another role. Observe that each
player cannot manipulate ¢ much when ¢ is small. Hence, p(l_k)(ﬂ/\%*’w is a good
approximation of m whether a player lies or not as long as she is informationally
small. Therefore it remains unprofitable to deviate from «* in the first period when
(1 =X) &+ Adys ,, is used instead of ¢ when (A, e, 7) are kept small.

Now let us take into account the revelation constraints in all periods. This is
the most delicate step in the proof. To illustrate the problem, focus on some public
history h'. We may proceed as we did before in the first period: we use the same \.
We can choose the same ¢ because of the uniform convergence result stated above.
Then we choose v and construct ¢/ . (ht)w(ht,) SO that playing o (k') and truth-
ful reporting is optimal given the continuation equilibrium payoff function w (ht, )
Furthermore, we can use the same 7 as before across all public histories because ~y
can be chosen independent of the equilibrium action or continuation payoffs thanks
to Theorem 1. However, observe that ¢/a*(ht),w(ht,-) depends on the continuation
payoffs, and the continuation payoffs depend on the choice of ¢Ia*(hs),w(h3,-) at every
continuation history h® with s > t. Consequently, we cannot pick a public coordi-
nation device for history h! that is independent of all public coordination devices in
the future.

We apply a fixed point theorem to address this problem as follows. First assign
an arbitrary public coordination device to every public history, i.e. we pick some set
of public coordination devices {¢}:,h' € H}. Consider the public communication
device ' = {(1 —\) ¢+ A}, h' € H}, where X is chosen so that the incentive
constraints in actions will be satisfied independent of the choice of {qﬁ%t, hte H }
as long as the players are reporting truthfully and € is chosen small enough. Now
compute the continuation payoffs w’ (ht, ) at every public history h! given this ®.
Next we choose small v so that Theorem 1 can be applied. Again Theorem 1 is
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playing a critical role to allow us to choose the same ~y at every ht € H. Then we

can construct {(]ﬁix*( ht)w! (ht,)? hte H }so that the revelation constraints are satisfied

given such continuation payoffs w’ (h',) and {(1 - Ao+ A(b:l*(ht%w/(ht’.), ht € H}
Indeed, we can construct a (compact) set of such public coordination devices at
every public history. This defines a well-behaved correspondence from the space of
sequences of public coordination devices {gb;lt : ht € H' t > 0} to itself. Since {gb;ﬁ :
ht € H',t > 0} is an infinite dimensional space, we can apply Fan-Glicksberg fixed
point theorem to obtain a fixed point {¢}, : h* € H',t > 0}. Then all the revelation
constraints are satisfied on the equilibrium path with respect to the continuation
payoffs that are based on correct public coordination devices {¢}, : b € H',t > 0}.

What exactly does this result say about the robustness of PPE in G3° (4)? To
make the idea precise, let (G, 7) be a game with public monitoring and define the
e-perturbation class A (G, ) of (G, m) as follows:

A(G,m) ={(G",p)|3¢ s.t. (G',p,) is an e-approximation of (G, )}

As a consequence of Proposition 1, it follows that A.(G,7) # @ for all € if n > 3.
We will say that a PPE o* of G () is e—robust if for every (G',p, ¢) € A(G, 1),
there exists a public communication device ®* and a truthful reporting strategy
p* such that o* = (a*,p*) is a PPE of G)°(5,®*). In terms of e-robustness, a
stronger continuity result would be stated as follows: for every n > 0, there exists an
¢ > 0 such that every n-uniformly strict PPE of G2° (9) is e-robust. The statement
of our Theorem 2 is close to, but not quite the same as, this stronger notion of
robustness. To show that every n-uniformly strict PPE of G5° (0) remains a part
of PPE of G (d,®) for some public communication device ®, we require that
some coordination mechanism ¢ by which (G, ) is approximated also satisfies an
additional condition: the informational size must be enough small relative to the
distributional variability given ¢, i.e. p® is y—regular.

A simpler robustness result can be obtained with respect to S—perturbations
of public monitoring games. We record the result whose proof is an immediate
consequence of Proposition 1 and Theorem 2.

Corollary 1 Fiz a public monitoring game (G, 7) with n > 3 and 6 € (0,1). For
every n > 0, there exists B > 0 and i’ € (0,n) such that, every n—uniformly strict
perfect public equilibrium of GS°(6) is strictly robust with respect to any f— perturbation
of (G,m).

Finally we like to mention another interpretation of our theorem. The existence
of a nontrivial equilibrium in repeated games with private monitoring is a difficult
problem. An ostensibly easier problem is that of the existence of correlated or
communication equilibrium. Our theorem says that, under certain circumstances,
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we can construct a certain type of communication equilibrium for a repeated game
with private monitoring if it is “close” to a game with public monitoring in a certain
sense.

5 Folk Theorem

The previous section focuses on the robustness of PPE in public monitoring games
and touches upon private monitoring games mainly as their approximations. In this
section, our main target is the repeated game with private monitoring itself; we
prove a new folk theorem for repeated games with private monitoring and commu-
nication when players are informationally small. We exploit a connection between
public monitoring games and private monitoring games and adapt some standard
techniques for a public-monitoring folk theorem to the domain of private monitoring
games.

Our folk theorem asserts the following. Suppose that for some public coordina-
tion device ¢ for (G', p) the associated p? satisfies a certain condition that guarantees
a folk theorem in the repeated game with public monitoring game (G’,p?). Then
there exists a v > 0 such that a folk theorem is also obtained for a communication
extension of the repeated game with private monitoring game G;oo(é, ®) for some
public communication device ® when p? is y-regular. Furthermore, our folk theorem
is a uniformly strict folk theorem, i.e., a folk theorem with n—uniformly strict PPE
for some 1 > 0.

To state the theorem more precisely, we need to clarify the “certain condition”
to which we have alluded in the previous paragraph. Given any public signal distri-
bution m, let T7 (a) C RIY| be defined as

T7 (a) = co{7r (-!a;,a—i) —(la):a;# ai}

and let ff (a) = co{TT (a) U {0}} .19 The set T (a) consists of those distributional

changes that player ¢ can induce by choosing a strategy different from a; when the
remaining players choose a_;. The set f{r (a) consists of all feasible distributional
changes that player ¢ can induce. We say that a public signal distribution 7 satisfies
distinguishability at a € A if for each pair of distinct players ¢ and j, the following
conditions are satisfied:

0¢ T7 (a) UT] (@) (1)
T7 (@) N 17 (a) = {0) (2)
(-7 (@) N7} (a) = {0} (3)

We say that 7 satisfies distinguishability if it satisfies distinguishability at every
a € A. (1) means that a unilateral deviation by player i or player j must be

0coX denote the convex hull of X in R™.
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statistically detectable. (2) and (3) are conditions regarding the distinguishability
of player i’s deviation and player j’s deviation. It is known that these conditions
are sufficient for a folk theorem for repeated games with public monitoring.!!

Now we can state our folk theorem. Let E (0, ®,n) C R™ be the set of n—uniformly
strict PPE payoff profiles of G}° (0, ®) given ¢ and ®.

Theorem 3 Fiz any private monitoring game (G',p). Suppose that intV*(G') # &
and there exists ¢ such that p® is distinguishable. Then there exists a v > 0 such
that, if p? is y—regular, then the following holds: for each v € intV*(G'), there
exists ann > 0 and a § € (0,1) such that, for each 6 € (8,1), there exists a public
communication device ® and a (1 — &) n—uniformly strict truthful PPE of G;° (6, ®)
with payoff v.

Proof. See Appendix D. m

Note that v depends only on the underlying stage game (G’,p) but not on v.
On the other hand, 7 depends on v, while ® depends on both v and 4.2

Remark.

e The assumption intV*(G") # @ requires that V*(G’) is full dimensional. When
V*(G') is not full-dimensional, we may strengthen the distinguishability con-
dition to prove the same result. To prove this theorem, for each a € A and
q € R™ such that ||¢|| = 1 and |g;| < 1 for all 4, we construct z : Y — R™ that
satisfies E?[z;]a] > E®[x;|a}, a_;] for all @} # a; and all i. If V*(G") is not full
dimensional, the range of x needs to be the affine space that contains V*(G'),
instead of R™. This additional restriction can be addressed by strengthening
the distinguishability condition. The bottom line is that every proof goes
through if we restrict our attention to the affine space that contains V*(G").!3
See Fudenberg, Levine and Takahashi [14] for the characterization of the limit
equilibrium payoff when V*(G’) is not full dimensional.

e Is a folk theorem obvious given our robustness result? Take any private moni-
toring game (G’,p) for which there exists ¢ such that p? satisfies distinguisha-
bility. Why not prove a folk theorem with n—uniformly strict PPE for some
n > 0 for the public monitoring repeated game with (G’ ,p¢) (which is not

"' These conditions guarantee that the incentive constraints of player i and j are satisfied si-
multaneously by using appropriate transfers (=continuation payoffs) even when their transfers are
required to lie on any hyperplane. They are parallel to (A2) and (A3) in Kandori and Matsushima
[16].

2However, 5 can be chosen independent of v for generic stage games, namely when the solution
for maxaeca ¢i (@) and mingea g; (a) is unique for every .

131n particular, we need to state Lemma 9 with respect affine spaces and in terms of relative
interior.
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difficult to do) and apply our robustness result? However, this approach is
not satisfactory because we need to tailor the informational size to each target
equilibrium payoff profile and given discount factor to do so, i.e. = depends
on both v and . The strength of the above folk theorem is that we can find
a fized size of informational smallness for which the folk theorem is obtained,
rather than including v as a parameter that depends on each payoff profile in
the statement of the folk theorem.

5.1 Overview of Proof

We prove our folk theorem in several steps. Some proofs are provided in the appen-
dix.

Self Decomposability with Private Monitoring and Public Coordinat-
ing Device

In the following, a private monitoring game (G’, p) is fixed. Rather than analyz-
ing the repeated game directly, we begin by decomposing discounted average payoffs
of a repeated game into current payoffs and continuation payoffs, and then analyze
a collection of one-shot revelation games.

For a public monitoring game (G, ), an action profile a € A is said to be
enforceable with respect to W C R™ and § € (0, 1) if there exists a function w : ¥ —
W such that

(1=0) g (a) + 0E[w; (-) a] = (1 = 6) gi (a5, ai) + 0E[w; (-) |ai, a—i]
for all a] # a; and ¢ € N.

Ifv=(1-9)g(a)+dE[w/-)]|a] for some enforceable action @ and w : Y — W, then
we say that v is decomposable with respect to W and 4. Let B (4, W) be the set of
payoff profiles that are decomposable with respect to W and §. It is a known result
that, if any bounded set W' is self decomposable i.e. W' C B (§, W'), then every
payoff in B (9, W) (hence in W') can be supported by a PPE (Abreu, Pearce and
Stacchetti [1]).

We now extend these ideas to the private monitoring game (G’,p) with public
coordination devices. Recall that, given action profile a € A, E®[-|a] denotes
expectation with respect to p?(-|a), E?[-|a, p;] denotes expectation with respect to
p? (:|la, p;) and 7; : S; — S; denotes the honest reporting rule for player i defined by
T (Sz) = g; for all s; € 5;.

Definition 8 An action profile a € A is n—enforceable with respect to W C R™ and
9 € (0,1) if there exists a public coordinating device ¢ : S — A(Y) andw : Y — W
such that for all i € N,

(i) (1= 6) g; (a) +6E®[w; (-) |a] =1 = (1 = 8) g} (a}, a—i) + 6 E[w; ()| (af, a—s) , pi]
for all al; # a;, p; = S; — S;

(i) (1 = 8) g; (@) +0E®[w; () |a] = (1 - ) g} (a) +0E%(w; () |a, p;] for all p; # 7.
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The inequality (i) means that a player would lose more than  when deviating
from a. Inequality (ii) means that dishonest reporting is not profitable after a is
played. If a € A is n—enforceable with respect to W and § with some vand w and
v=(1-106)g.(a)+ 5E®[w;(-)|a], then we say that the triple (a, $,w) n—enforces v
with respect to W and §. We say that v is n—decomposable with respect to W and
0 when there exists a triple (a, ¢, w) that n—enforces v with respect to W and 6.

Next define the set of n—decomposable payoffs with respect to W and § as
follows.

B (6,W,n) := {v € R"|v is n — decomposable with respect to W and 4}.

We say that W is n—self decomposable with respect to § € (0,1) if W C B (6, W,n).

It is easy to see that a “uniformly strict” version of Theorem 1 in Abreu, Pearce,
and Stacchetti [1] holds here when n > 0: if W is n—self decomposable with respect
to d, then every v € W can be supported by a n—uniformly strict PPE of Gg’o (6,D)
for some public communication device ®. Note that each payoff profile may need
to be supported by using a different public coordinating device. Hence different
public coordinating devices need to be used at different public histories. Since the
following lemma is a straightforward implication of the result in Abreu, Pearce and
Stacchetti [1], its proof is omitted.

Lemma 1 IfW C R" is bounded and n—self decomposable with respect to § € (0,1),
then for any v € W, there exists ® such that v € E (§,®,n).

Local Decomposability is Enough

Fudenberg, Levine, and Maskin [13] showed that local self decomposability is
sufficient for self decomposability of any convex, compact set for large 6. Here
we prove the corresponding lemma in our setting. First, we prove a lemma that
establishes a certain monotonicity property of B. The Lemma implies that, if W is
n—self decomposable with respect to § € (0,1), then W is %n—self decomposable
for every §' € (6,1).

Lemma 2 IfW C R" is convex and C C B (6, W,n)NW, then C C B <5’, W, %n)
for every &' € (6,1).
Proof. Suppose that v € C. Since v € B (§, W,n), v is n—decomposable with

respect to W and §, there exists a triple (a, ¢, w) that n—enforces v. For any §’ > 4,
define w® : Y — W as the following convex combination of v and w:

0= §(1-4")
—va-o'Tra-av W

w® (y)
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Clearly, w? (y) € W for each y € Y since W is convex. Furthermore, we can show
that, for every 6’ € (6,1), the triple (a, @, w‘y) ﬁ%‘gn—enforces v with respect to W
and §". To see this, note that, for every &' € (§,1), a € A, and i € N,

(1-19") g (a +5’wa p (s]a)

1—5' 5 -4
= (1-4)d(a) Zw, (sla)—kli(svi

- 11__((55 {(1 —0)gi (a) + 5§wz(y)¢(y|8)p(8|a)} + i :gvi.

Consequently,

=(1-4)g —i—é’Zw p(s]a)

and conditions (i) and (i) of Definition 8 hold for w® when 7 is replaced with
11%%’17. Therefore, the triple (a, (;S,w‘sl) %n—enforces v with respect to W and §

implying that v is %n—self decomposable with respect to W and ¢ .Therefore
CCB (5',VV, 11%%/77) for every &' € (6,1). m

Now we show that local self decomposability implies self decomposability. A set
W C R™ is locally strictly self-decomposable if, for any v € W, there exists n > 0,
9 € (0,1) and an open set U containing v such that UNW C B (5, W,n).

Lemma 3 If W C R" is compact, convex, and locally strictly self decomposable,
then there exists 1 > 0 and 0 € (0,1) such that W is (1 — ) n—self decomposable
with respect to § for any 6 € (,1).

Proof. Choose v € W. Since W is locally strictly self decomposable, there exists
d, € (0,1), n, > 0, and an open ball U, around v such that

Uy, "W C B (6, W,1,).

Since W is compact, there exists a finite subcollection {ka}é(:l that covers W.
Define § = maxy=1, g {0, } and n = ming—1 g {77%}. Then

ka ﬁ W g B (5vk7m771}k) g B(5Uk7W777) .

Lemma 2 and the convexity of W imply that

1_
U, "W CB 5,W,( %)
1— 6,

21



for any ¢ € (J,1) and for k = 1, ..., K. Consequently,

W= Ui, (Uy, NW) C B(5, W, (1—6)7).

Proving Local Decomposability

Given Lemma 1 and Lemma 3, the proof of Theorem 3 will be complete if, for
every individually rational and feasible payoff profile v € intV*(G’), we can find a
compact, convex, locally self decomposable set that contains it. We call a set in
R™ smooth if it is closed and convex with an interior point in R™ and there exists
the unique tangent hyperplane at every boundary point.'4 Since any such v can be
contained in some smooth set in intV*(G’), we are done if we can show that every
smooth set in intV*(G’) is locally self decomposable. Hence the following lemma
completes the proof of Theorem 3.

Lemma 4 Fiz a private monitoring game (G',p) . Suppose that there exists ¢ such
that p® is distinguishable. Then there exists a v > 0 such that, if p® is y—regular,
then every smooth set W C intV* (GQ) is locally strictly self decomposable.

Proof. See appendix D. m

To prove this, we follow the argument of Fudenberg, Levine and Maskin [13] in
Theorem 4.1. Suppose that we can induce players to report their private signals
truthfully. Then the stage game is essentially a public monitoring game (G’ ,p¢) .
In this case, we can show that almost every boundary point v on a smooth set
W C intV* (G) is decomposable with respect to the hyperplane that is parallel to
the tangent hyperplane at v if p? satisfies distinguishability. Since we need to induce
truthful reporting at the same time, we need to strengthen this requirement and show
that every such boundary point v is strictly decomposable. We then perturb ¢ and
continuation payoffs slightly as in the previous section so that these boundary points
remain strictly decomposable and every player has an incentive to report honestly.
This can be done when every player is informationally small.

A few comments are in order. First, it may be of some technical interest that we
prove this step using some smoothness condition that is weaker than the one in [13],
which is commonly invoked to prove a folk theorem in the literature. Second, we
choose v independent of the target payoff profiles as we emphasized. Third, it may
not possible to obtain strict decomposability when the continuation payoffs lie on
the tangent hyperplane that is not “regular” (i.e. it is “vertical” or “horizontal”; all
the coefficients except one are 0) because the continuation payoffs are constant for

14 This notion of smoothness is slightly more general than the one in [13] in the sense that the
surface does not need to be twice continuously differentiable.
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some player. In this case, we obtain strict decomposability by choosing continuation
payoffs from a half space bounded away from the target payoff profile. Finally, our
result clearly implies that a uniformly strict folk theorem is obtained for repeated
games with imperfect public monitoring when distinguishability is satisfied, because
there is no incentive constraint regarding the revelation of private information in
this case.

6 Related Literature and Discussion

There is a large literature on repeated games with private monitoring and com-
munication. Most papers in the literature focus on a folk theorem rather than
robustness. Our approach is similar to Ben-Porath and Kahneman [6]. They prove
a folk theorem when a player’s action is perfectly observed by at least two other
players. For each individually rational and feasible payoff profile, they fix a strategy
to support it with perfect monitoring, then augment it with a reporting strategy to
support the same payoff profile with direct communication. Their strategies employ
draconian punishments when a player’s announcement is inconsistent with others’
announcements (“shoot the deviator”). Our paper differs from their paper in many
respects. Firstly, our paper uses not only perfect monitoring but also imperfect
public monitoring as a benchmark. Secondly, private signals can be noisy in our
paper.

Compte [8] and Kandori and Matsushima [16] consider communication in re-
peated games with private monitoring and provide sufficient conditions on the pri-
vate monitoring structure to obtain a folk theorem. Our sufficient conditions are
different from their conditions. Compte [8] assumes that players’ private signals
are independent conditional on action profiles.”® Example 1 does not satisfy this
condition, but we can prove a folk theorem in such environments by combining
Proposition 1 and Theorem 3. Kandori and Matsushima [16] assume that, among
others, a deviation by one player and a deviation by another player can be statis-
tically distinguished based on the private signals of the remaining players. Note
that this condition is similar to, but different from our condition (2) and (3). Their
condition and our condition impose the same restriction on the set of probability
measures, but they impose it on the marginal distributions of private signals for
each subset of n — 2 players, whereas we impose it on the public signal distribution
that is approximated by the private signal distribution via some public coordination
device.

Mailath and Morris [18] study robustness of PPE when a public monitoring
structure is perturbed slightly, but without any communication. One of the assump-
tions they need for robustness is that private monitoring is almost public. Private
monitoring is almost public if S; = Y for all ¢ and |Pr(s = (y,...,y) |a) — 7 (y|a)|

»Obara [23] extends Compte [8]’s result to the case where private signals are correlated.
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is small for all @ and y. In a subsequent work, Mailath and Morris [20] intro-
duced a weaker notion of approximation called e-closeness, which does not as-
sume S; = Y. Their definition of e-closeness (see Definition 2 in [20]) implies that
max,y |Pr(Vi, fi(si) =yla) — 7 (yla)] < € for all a and y given some f; : S; —
Y x {0},i € N, which map private signals to a public signal. While we allow com-
munication to prove the robustness of PPE, our notion of closeness is weaker. In
Example 2, p? is a 0—approximation of 7 and is O—regular, but it is not close to 7
in their sense. Furthermore, we can show that, when p is e—close to 7 in their sense,
there exists a public coordination device ¢ such that p? is £(]Y |+ 1) —approximation
of .16 They show that a certain class of PPE without bounded recall is not robust
to small perturbations of public monitoring. Since there exist uniformly strict PPE
within this class that are robust in our sense with respect to more general pertur-
bations, our result suggests that communication is essential for the robustness of a
certain class of PPE.

Fudenberg and Levine [11] prove a folk theorem for repeated games with private
monitoring and communication when private monitoring is almost perfect messag-
ing. Our folk theorem allows for more general perturbations because almost perfect
messaging is similar to the above weak version of e-closeness in Mailath and Morris
[18]. On the other hand, their result can be applied to two player games, whereas
we need at least three players to guarantee every player is informationally small.

Aoyagi [4] proves a Nash-threat folk theorem in a setting similar to Ben-Porath
and Kahneman [6], but with noisy private monitoring. In his paper, each player is
monitored by a subset of players. Private signals are noisy and reflect the action

16T see this, let

S(y) := {s|fi(si) =y for all i}

and define
o(yls) = 1ifse S(y) for someyeY
1
= — for all y € Y otherwise.
Y|
Since .
?(yla) = Z<¢> yls)p(sla) = > p(sla) + w > p(sla).

s€S(y) sZ€Uy S(y)
it follows that

|rCla) = Cla)|| < Z\ (yla) = p* (yla)|
< me 3 (\a>|+ﬁz S p(sla)]
seS(y) Yy s¢S(y)
< s|Y|+|Y|s|Y|
= e¢(|Y|+1).
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of the monitored player very accurately when they are jointly evaluated. That is,
private monitoring is jointly almost perfect. In his paper, players have access to a
more general communication device than ours, namely, mediated communication.

Anderlini and Lagunoff [3] consider dynastic repeated games with communica-
tion where short-lived players care about their offsprings. As in our paper, players
may have an incentive to conceal bad information so that future generations do not
suffer from mutual punishments. Their model is based on perfect monitoring and
their focus is on characterizing the equilibrium payoff set rather than establishing
the robustness of equilibria or proving a folk theorem.

There is an extensive literature dealing with repeated games with private moni-
toring and without communication, starting with Sekiguchi [27]. Many folk theorems
have been obtained in this domain by imposing strong assumptions on the private
monitoring structure. Bhaskar and Obara [7], Ely and Viliméki [9], Piccioni [24]
prove a folk theorem for a repeated prisoner’s dilemma game with private almost-
perfect monitoring. Matsushima [19] proves a folk theorem for a repeated prisoner’s
dilemma game with conditionally independent private monitoring. Mailath and
Morris [18] prove a folk theorem for general repeated games with almost-perfect
and almost-public private monitoring. Horner and Olszewski [15] prove a folk the-
orem for general repeated games with private almost-perfect monitoring.
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7 Appendix
A. Preliminary Lemma

Here we prove several useful lemmas. First we derive a few upper bounds on
player #’s ability to manipulate the distribution of a public coordinating signal.

Lemma 5 ||p? (|a,s;) — p® (|a,si,s})|| < (1+ \f) (si,a) for all s, s; € Si, a €
A and i€ N.

Proof.

Hp¢ (‘|a, s;) —p? (-]a, si,s;) ’ E [Hqﬁ o(-|st, s )H |a, si] (Jensen’s inequality)
< (1=2f (s, ) )) v (siva) + 0 (siva) - max e = d
< ( + \/§> Slaa)

[ |

Lemma 6 |[p? (-|a) — p? (:|a, p;)|| < (1 + f) (si,a) for all p;, a € A and i € N.

Proof.
% Cla) = 1% Cla, )| < 32 plsila) [0 Classi) = b Classispy ()|
$;€5%
< (14v2) o/ (s,0)
[ |
The next lemma provides an upper bound on player ¢’s distributional variability.
Lemma 7

¢ (la,si) - p? (‘]a, 57)
A? (siya) < 2<1— P i % 7 >
Ip? (-la, si) [l 1p? (-l s7)|
# s;, a€ Aandi€ N.

/
for all s;, s;

Proof.

2
A? (si,a)

IN

H p? (|a, si) p? (-|a, })
192 (la, sl lp? (-la, s})]

v <-|a,si>-p¢<ora,s;>
- 2<1 W Clas)l up¢<~|a,s;>||>
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B. Proof of Theorem 1

Proof. Fix a private monitoring game (G’,p) and A € (0,1). Pick any payoff
function w : Y — R™ and a € A. Without loss of generality, we will assume that
mingey w;i(y) = 0 for all i € N. First we define a public coordination device ¢:1,w‘
To begin, define the following function ¢, : A x S — [0,1] for each i € N

_N P les)
Yilas)i= 30 g5l ls)

yey

Next, for any pair of probability distributions 7, B, € A(Y), let
Do i, WIS) =T (¥) ¥ (a,8) + 1, (y) (1 — 5 (a, 9))

Z?:l ¢;aﬁ- I .
and define ¢, = —— =" as the average of ¢}, ,,i = 1,..,n, where
sk Yy

(ﬁa H) = (ﬁl?ﬁla 7ﬁn7ﬁn> :
Next let 7z; ,, and p, ~be any pair of probability distributions on Y that satisfy

H; ., € arg max q(y)w; (y)
qeA(Y) Jey

and

. € arg min w; .
s gqumy a(y)wi (y)

That is 7, ,, is a distribution on Y that maximizes player i’s expected value of w;
and p. - is a distribution that minimizes player 1’s expected value of w;. Finally,

define ¢, ,, == B, i, and let

Do w = (1= X) &+ AP, -

We prove the following claim. Note that this completes the proof of Theorem 1
because vy is chosen independent of w and a.

Claim: Suppose that
1 A
(=2 VIVT+2) 1+ v2) 2VIYIn

0<y<

If p® is y—regular, then truthful reporting is a Bayesian Nash equilibrium in the
one-shot information revelation game (G’ , D, qﬁéw w, a) .
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Proof of Claim: We will prove that, if v satisfies the condition of the claim
and if p® is y—regular, then

Z Z wz { y|57,7 z) ¢2,w(y|5/i7S—i)}p(s—i‘avsi) >0
s_;€S_; yey

for each i € N and each s;, s, € S;. Let w; = maxycy w;(y) and note w; > 0 since
mingey w;(y) = 0.

We prove this claim in four steps. Fix player ¢ and suppose that player i’s true
signal is s;, but she dishonestly reports s.

Step 1: In this step, we show that

Z sz {%uw,u (y|8i73—i)—%,ﬁiﬂu,ﬁiw(y|3273—i)}P(S—i’a78i)

S_;€ES_; yeY

5 (s,
> wi<A2\(/|?) (1+f) (si, ))

To see this, note that

S Y wi){ g W) =0 Olshsi) pp(s_ia.s)

s_;€S_; yeY
= w; Z (%(%5)—% (aa(Sé,S—i)))P(S—i’a,Si)
S_;ES_;
— y|a 5;) ’
= |y 2 ?(yla,si) — > o p? (yla, i, s7)
xare ¢> ¢
Z 7 Clasoll” Lo ||p |a,s |
_ (yla,si)  p°(yla,s}) > @
= W p? (yla, si)
zg(% ¢ (fa, ) Hp¢(|a,si)H '
(

(o) /
— p? (yla, s7) <¢ @ /)
—w; p\yla,s;) —p" \Y|a, Si, S;
2 T Clay s (V1) =2 (vl 0. 5)
(1= 2 o)
1p? (la, sl [p? (-la, s7)l]

¢ (yla, s/
—; Z M (p¢ (yla, s:) —p? (yla, s, 82))

p? (-|a, s)

?5 si,
wA2(Y|) (1+f) (55, )

where the final inequality follows from Lemmas 5 and 7 and the Cauchy-Schwartz
inequality.
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Step 2: We claim that

S Y wiw) {6 wlshs ) — o s} p(s-ila,si) <@V 1 (1+v2) o] (s:,0).

5_;€S_; yeY

To see this, note that

S wi(y) {6 (ylsiys-i) — o (yls)} p (s-ila, 50)

S_;ES_; yeYy
= sz ( |a’ 81782) _pd) (y‘a7 S’L))
yey

IN

Jwi O [p? (Ja si. ) = b (la s1)

< E¢m<1+\[> (si,a)

where the final inequality follows from Lemma 5.
Step 3: We claim that, if j # ¢, then

S Y wiw {Shm Wlshs) = bz @I} p(silass) < (14 V2) 0] (s100).

S_;ES_; yeYy

To see this, note that

IN

IN

IN

<

S S wi W) { S Wlshs) =0z W19} (silass)

S_;€S_; yeYy
S Y wi) (5 W) -, ) @ (@ (s55-2)) = v (a,9) ps-ila, 1)
S_;ES_; yeY
Swi) () -, )| Do (W (@ (shs-i) = 5 (a,9) p(s-ila, )
yey s_i€8_;
Wi Z Z ||p¢ y‘Sl,S_) ¢(y|s))p(3—i|a7 Si)
S_;ES_; yeY

wi Z ||p¢) (p¢ (y|(l7 Si, S;) - p¢ (y|a, SZ))

yey

ws )p ‘|CL,81, ) p |a Sz

w; <1+ ﬁ) (si,a)

where the final inequality follows from Lemma 5.
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Step 4: Combining Steps 1-3, it follows that

S S wi ) { G wlsis-i) — Ohuylsiy s} p(s-ila s)

S_;€S_; yeYy
? (s, _
> 2w<“|y|) (14 v2) of (s >)—<1—A>wim( +V2) o (51,0)
)\(nn )w, (1+\[) (si, )
_ 210(/‘;(/5‘7)) (1+\f)w (i, a) [(1—»\/@“}.

Finally, note that

%m- (Aj(;%) - (1 + \/§> wv? (si,a) [(1 VIV + A] >0

if ) \
v? (si,a) <

- ((1—/\)m+)\> (1+v2) 2V Y n

It follows immediately that

S wi ) {@hulsis-i) — X (lsh s fp(s-ila,s) > 0

S_;€ES_; yeY

A? (Si, a) .

if p? is y—regular for any ~y satisfying
1 A

(=2 VIVT+2) (1+v2) 2V IV

0<y<

C. Proof of Theorem 2

Proof. Let (G, 7) and (G’,p) be a public monitoring game and a private moni-
toring game respectively. Define  as follows

" e @

The discount factor ¢ is fixed throughout the proof.

Step 1: Continuation payoffs are close with truthful reporting when
stage games are uniformly close.
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Claim: Suppose that o € ¥ is a public strategy in G (§), ® = {¢,: : ht €
Yt ¢t > 0} is a public communication device, ¢ = (a, p) is a truthful strategy in
G’ (6,®), and (G',p, ¢p:) is an e—approximation of (G, ) for every ¢ € . We
claim that

sup w0 (1) — wf (1) < (1 + 2 '_’;'“) :

2

where (abusing notation)

w (h') = (1= 8)g; (a(hl)) +5Zw 7 (yla(hh)

denotes player i’s continuation payoffs after h* in G2 (§) given a and

wf (k') = (1—3d)g; (a(h) +5ZZw L y)one (yls) p (sla(hh))
= (1—-20)g; (")) +5§:w )prt (yla(h'))

denotes player i’s continuation payoffs after h! in G'* (8, ®) given o.

Proof: Suppose that o € X is a public strategy in G° (), ® is a public
communication device and o = (a, p) is a truthful strategy in G’ (d, ®). Choose
any ¢ > 0 and suppose that (G',p, ¢;:) is an e—approximation of (G, ) for each
¢pr € @. Let B = sup; p ‘wf‘ (ht) —wy (ht)‘ < oo. For each public history hf, we
obtain

Jwi® (') —wf (1]

< (1-8)e+8 > w (B y)m (yla (b)) — 3 wf (h',y) p* (yla (')
< (1=0)e+ 8|3 up (Wy) {7 (sl (n)) = ™ (vler (")) }
+6 |3 {wf ('y) —wf (W' y) } % (yla (1))
< (@=d)e+dful (1) |7 (o (1)) = p* (la ()] + 9B
< (1-08)e+8y/|V]|ke +6B.

Computing the supremum of the left hand side, we obtain B < (1 — §) e+d+/|Y |ke+
0B from which it follows that

WY |k
<
B_(l—i— 1_5>5
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and the proof of the claim is complete.
Step 2: Constructing the public communication device

Claim: Choose any A € (0,1) . If v satisfies (4) and if ¢ is a public coordinating
device for which p? is y—regular, then for any pure strategy PPE o* of G°(6),
there exists a collection of public coordinating devices {¢ : A € Y, t > 0}, a public
communication device ®* = {(1—\)¢+A¢y,: : bt € Y, t > 0} and a truthful strategy
profile o* = ((af, p}), -, (o, py,)) for G°(6, ®*) such that, for each public history
ht, truthful reporting is a Bayesian Nash equilibrium in the one-shot information
revelation game

(G,7p7 (1 - >‘)¢ + Aqshtvw(htv ')’ a*(ht))
where {w(h') : ht € Y, > 0} is the collection of continuation payoffs in Gj>° (4, ®*)
generated by the truthful strategy profile o*.
Proof: As in the proof of Theorem 1, let

(yla, si)
)= ¥ e ol

yey

and for any pair of probability distributions fz;, B, € A(Y), let
G, (W15) =T (¥) ¥; (a, ) + p, (W) (1 = ¥; (a, 5))

z:il ¢{Laﬂ'
. =1 %4,a,1;,p,
and gba AT L

Let K = (A(Y) x A(Y))" and let M denote the product of countably many
copies of K indexed by the elements of H := U;>oY". Suppose that o* is a PPE in
G2°(0). For each

= (0 ) ey = (00 (B) sy (B)), s G () s, (B1))) €M

hteH

where
(1) = iy (B) sy (B)), o G () o1y, (1)) € B2,

define a public communication device as follows:
D(p, )\) = {(1 -\ o+ >‘¢a* ht)i(ht),u(ht) ht e Yt,t > 0}.

For each i, choose a reporting strategy p! so that o = (af, p}) is truthful. Then
the strategy profile o* and the public communication device ®(u, \) define contin-
uation payoffs in the game G77°(d, ®(p, A)) at every public history. For each p € M,
let wf* (ht; I )\) denote player i’s continuation payoff in G}>°(d, ®(u, A)) at public
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history h'. Next, define for each u € M a subset I' (1) C M as follows: p’ € T (u) if
and only if

7 (h') € arg max wf* T ENTIDY
fii(h') gqu(Y)yeyq(y) (R y)i 1, A)

and
1 (h') € arg min > " q(y)wf ((A',y);p )
q€A(Y)
yey
for all ! € Y! and i € N. We will now show that the correspondence I : M — M
has a fixed point by applying the Fan-Glicksberg fixed point theorem.

First, let X denote the Cartesian product of countably many copies of
indexed by H := Up>oY". Since R?"IY1 is a locally convex topological vector space,
it follows that X is a locally convex topological vector space with respect to the
product topology. (Theorem 5.1 and Lemma 5.54 in Aliprantis and Border [2]).
Since K C R?"Y| is nonempty, convex and compact, we conclude that M is a
nonempty, convex, compact subset of X in the product topology.

Clearly I' is nonempty, convex valued, and compact valued. So we need only ver-
ify that I' is upper hemicontinuous. Upper hemicontinuity will follow from Berge’s
Theorem if we can establish that p — w{ i ((ht7 Y); iy )\) is a continuous real valued
function on M for each ¢t and h! € Y since the product of upper hemicontinuous
correspondences from M to K is upper hemicontinuous with respect to the product
topology on X (to prove the last assertion, modify the argument of Theorem 16.28
in [2]). To see that g — w? ((h,y);u, \) is continuous, first define

R2n|Y|

e = (1= X) &+ ABee (1) g1(nt) u(nt)
and let d; denote the 1 metric on R2IY] Note that
Bt (yls) — @ (y]s)]

5 (I (1) () = T () @l (00, 8) + o, (1) () = 1, (6) @I = (* (010, 9)])

IN

< 25 (7 (1) )~ 7 () )+, (1) () — 2, () ()
=1

so that
PP o (1) = % wlat (W) = 300 uls) — ol (ls) p(slac* (1))
< zsjwzt(y\s)—%i(yrsn
yey
< D (n) i (1))

33



Therefore,
o5 Gl ) = % 0 | < 2/ ) o (1)

Next, note that the product topology on X is metrizable (recall that X is a
countable product) with well known metric d as defined, for example, in Theorem
3.24 of [2]. For this metric d, the following condition holds: for each £ > 0 and each
t, there exists a ¢ > 0 (depending on £ and ¢) such that for each s < ¢t and each
h? e Y?, )

d(p, 1) < ¢ = di(p (R), 1 (R*)) < €.

That is, we can make p (h®) and p’ (h®) as close with respect to d; as we wish for all
i € N and for any h® with 0 < s <t by making p and u’ close enough with respect
to d. Since

sup |w?” (R, M) | < o0

i,ht,
and we use a discounted average payoff criterion, we conclude that p +— wf* ((ht, Y); 1, )\)
is a continuous real valued function on M for each h! € H. Therefore, we conclude
that I' : M — M is nonempty valued, convex valued, compact valued and up-
per hemicontinuous. Applying the Fan-Glicksberg fixed point theorem, there exists
w* € M such that p* € T'(u*).

Since
*

T t q* t Lok
i (h') € argqénAa();)y a(y)wy ((h',y); 1", )

and
ay)wi ((h'y); ", A) -
for every hy € H and i € N, we can apply the claim in the proof of Theorem 1: if

1 A
((1f>\)\/W+A) (1++v2) 2V[YIn

0<y<

and if p? is y—regular, then truthful reporting is a Bayesian Nash equilibrium in
the one-shot information revelation game

(G/,p7 (1 — )\) o+ )\(ﬁa*(ht)ﬁ*(ht)’ﬁ*(ht), w® ((ht7 _); M*7 )\)) ,a*<ht))

for every h; € H.
Deﬁning tht = QZSO‘*(ht)’ﬁ*(ht)’H*(ht) and

O = {(1 = X) 6 + Ao () e () vty W €Y' 8 2 0}

completes the proof of the claim.
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Step 3: Checking all one-period deviations.

Fix any 5 > 0. In this step, we find € > 0 and v > 0 that have the property
stated in the theorem: if (G/,p, ¢) is e—approximation of (G, ) and p? is y—regular
for ¢, then for any n—uniformly strict PPE a* of G2°(§), there exists a public
communication device ® and a truthful reporting strategy p* such that o* = (a*, p*)
is a PPE of G°(6, ®).

Choose A € (0,1),& > 0, and v > 0 such that (4) and the following strict
inequality are satisfied

2\/371<c(6+(1+ﬁ>7>+2<1+m)6+4Am<77 (5)

1—9 3

Suppose that (G’,p, ¢) is an e—approximation of (G, 7) and p? is y—regular for
¢. Furthermore, suppose that o* is an n—uniformly strict PPE of G2°(§). Using (4)
and applying step 2, there exists a collection {¢y: : ht € Y' t > 0} and a public
communication device ®* = {7, : bt € Y, 1 > 0}, where ¢7; = (1—A)p-+ Ay, such
that truthful reporting is optimal in G7>°(d, @) given o*. Next, define a reporting
strategy p* as follows:'” for h! € H, a; € A;, 5; € S;,

N s; if a; = a(ht
p (Si’ht’ a,-) - { any optimal report 1f( ai);«é af(ht)

We will show that ¢* = (a*, p*) is a truthful PPE of the public communica-
tion extension Gg’o(d, ®M). Tt is clearly truthful by definition. To verify sequential
rationality constraints, we apply the principle of optimality and check one-period
deviations at every public history h! € H at the beginning of each period. We must
check two types of deviations: those which involve a deviation at the action stage
and those that do not. By construction of pu*, honest reporting is optimal when the
equilibrium action is played within the same period, i.e. when a*(h?) is played given
public history hf. Consequently, the second type of deviation is not profitable. To
complete the argument, we must show that, for any h' € H and any i € N, player
¢ cannot profitably deviate by first choosing an action a; different from a; (ht) and
then choosing any report p including the optimal one p*.

Abusing notation, let

E [wf‘*(ht,-ﬂai,a* } Zw 7 (ylai, o™ (h')) .

Since o* is n—uniformly strict, at every h' and for every i € N, the following
inequality must be satisfied for every a; # o (ht)

(1= 6) (i (ai,0*; (")) = gi (@(h"))) + (6)
< 5{E [wg (', ") la*(ht)}—E[w?*( ag, o (ht)}}

1"We do not derive the optimal reporting strategy off the equilibrium path explicitly, as it is not
needed for our proof.
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We compare the left hand side and the right hand of this inequality with the corre-
sponding terms in G;OO (5 , <I>A) . In particular, we will show that

9 (ai, o (1)) = g (o (h)) = gi (ai, oZ; (h')) = gi (" (h"))

for any h! and a; and that

B [ (1) o (B)] = 2 [w” (0. o 7 (1)
~ B o (1) o” ()] - B9 [uf (oo (1)
for any h, a; # o (h), and p; : S; — S;.

To begin, note that (4) implies that 2 < 7. Since (G, p, ¢) is e—approximation
of (G, ), it follows that

9: (ai,aZ; (b)) = gi ("(1)) < gi (ai, a2y (W) = gi (@ (h))) + 2 (7)

< gi (ai,a®; (b)) = gi (a*(BY)) + g

Next, we show that
Ewt[w (B, ) o (h1)] = Bt fwf™ (,-) las, 0% (h) , p

Efuwi” (W) o™ ()] = Blwf” (W) lai, 0 (n')] - §

To see this, note that player i’s expected loss at A in G;oo((s, ®*) satisfies, for any
a; # o (h') and p;,

B fuwf” (B,) o ()] = E%fuf” () las, " (1) .o

(1= Elwy (B, ) |o* ()] = (1= A) Elwf” (R',) |ai, a; (A) , pi] — 22k
ECwy” (1) o (h)] = E?[w{” (h',") |ai, o’y (h')  p,] — 4\

ELwp” (k') o (h')] = EC[wi” (k') |ai, o (h') , pi

Y
-2 (1 + oV ’H) e —4Xk (By Step 1)

AVARLVARLV]

1-96
{29 (b, |o* ()] — B¥lut” (', ) as. 0 (1)}
(B () s ()] = Bt (14,)fasa” (1) 0]}
—9 (1 + 6\/mﬁ) e —4Ak

1-0
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The first term of this expression can be bounded below as follows:
ECwi” (h,) [ (h')] = BCwi” (B, ) lai, " (k)]
= S wf (i) ( “yla” (1) = 7 (ylo* (1))

3w () (x (vla” () — (sl (1)
FYuE (i (W, () = ol o (1))

v

Efwi” (h,) o (h)] = Blwi” (b, ") |ai,o”; (h)]
wf” (1, )] Hw la* (') = 7 (-la” ()|
()| 7 Claas () = pPClas o (1)
> [i ( »-)\a( O = Elwf” (h',-) lai, o (b)) = 2eVY k
For the second term, we have
E?fwf” (') lai, oy ()] = E®fwi” (k') lai, 0% ('), pi]
> wf” (1) (P Glasos (1) = p° (vlasa™; (1) . py))

yey
> = ot () o Clas ot (1) = Gl (). )
> —( —l—\f) \Ffwi (siya) (by Lemma 6)
>

-2 (1 + \/§> VY kv (by 4-regularity and Lemma 7).
Therefore player i’s expected loss at h' in G}°(0, ®*) is bounded from below by
E[wf” (h',) [a* ()] = B[wf" (') |ai, a*; (h)] (8)
N (e+ (1+\f2) v) —9 <1+ 5{;”) e — 4k

> Blwf” (B) o (b)) = Blug” (b',-) [ai,a%; (b)) = 2 (by (5)).
Combining (6), (7) and (8), we conclude that
(1) (4 (air 0% () = g} (o () + 3
< o (B [wf” () la* (B)] = % [wf” (R, ) las, 0, (), pi])

for every p;, every ht and every i € N. Let n/ = g Then we can conclude that the
suggested strategy o* = (a*, p*) is a ' —uniformly strict truthful PPE of G;>°(d, ).
This completes the proof of the theorem. m
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D. Proof of Theorem 3

Let Q@ = {g € R"|||q|| = 1} and ¢’ = (0,0,..,1,...,0)" € Q with the ith coordi-
nate equal to 1. First we prove two lemmata to prove Lemma 4.

Lemma 8 Suppose that p® is distinguishable for some public coordinating device .
Then there exists v > 0 such that, if p? is y—regular, then for any g € Q and a € A,
there exists £ ' Y — R™ and another public coordinating device ¢’ that satisfy the
following conditions:
(i)
EY [£j|a] =0forj=1,...n (9)
(ii) if 0 < |qi| < 1 for each i € N, then

EY [€;]a] > EY &;1a), a5, p;] for all (a},p;) with o, # a; and for all j € N (10)
E? [€;]a] > E¢[§j|a,pj] for all p; and for all j € N (11)
qg-w(y) =0 forallyeY (12)

(73) if |g;| = 1 for some i € N (hence q; =0 for every j # i), then

E¢,[§j|a] > E¢,[£j|a9,a,j,pj] for all (a},pj) with a}; # a; and for all j € N (13)
E¢/[§j|a] > E¢[§j|a,pj] for all p; and for all j € N (14)

Proof. Step 1: For each a € A and each pair (i,7) with ¢ # j, there exist

functions 5’ o+ b7 Y S R satisfying the following conditions

E?zz9%|a) > E°[zal9%|al, a_] for all ) # a; for z = +, —

E®[zb9%a) > E‘i’[xflvjvzya;., a_j] for all a; # a; for z = 4, —

and
lzg? |l =1 = [|lz5" .
Such functions 247" and 2’ exist as a consequence of (1)-(3) and an application
of the separating hyperplane theorem.
Step 2: We first consider the case of (ii). Take any ¢ € @ such that |¢;| < 1 for
any j. This ¢ is fixed throughout step 1-4. Let i be a player such that |g;| > |q;| for
all j. If ¢; < 0, then define z(*9 : Y — R™ as follows: for each y € Y,

xga’q) (y) : =aLit(y)ifg; >0andj#i
m§a’Q) (y) : =2t (y)ifg <0and j#i
a, q; (a,
f ) == )
JF
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If ¢; > 0, then define 2(%9 : Y — R" as follows: for each y € Y,

x§a’Q) (y) : =2 (y)ifg >0and j#i
xg-a’q)(y) D= abi Ty )iqu<0andj7éi
xga,q) (v) Z 95 (a q)

J#l

From these definitions, it follows that ¢-z(*9 (y) = 0 for all y € Y so that condition
(12) is satisfied.
Step 3: For each s € S and a € A, let

yla $i)
yey p

as in the proof of Theorem 1. Define d);,x(avq) S —>A(Y) as

n /
E]:l ¢j7a,x(a»Q)

/
¢a7x(”ﬂ‘Z) = n

where
) aton (8) = ¥ (a:8) T+ (1= ¢ (a,9))
and 71 (Ej) is a probability measure on Y that assigns probability zero to any y

not a member of arg max,/cy $§a’q) (y') (arg ming ey a:( a.4) (v')). Finally, let

B pa) = (L= A) S+ A, 0

for some A € (0,1).

Let
N = min{E¢[sz;j’Z|a] — E‘b[zxfl’j’z a;,a—g) : for all 4,5, a,a; # a; and 2z = +, -},
Ny = min{E‘i’[mfl’j’ﬂa] — E‘b[:vfl’j’ﬂa;-, a_;] for all 4, 4, a, a;- #ajand z =+, —}
and define

7 = min{ny, 1}

Note that n > 0 and it is defined independent of a or q.
Step 4: In this step, we prove that condition (10) hold for (@9 .Y — R if p?
is y—regular and the following condition is satisfied for v and A.

n—2(1+v2)y-42>0(x)
We need to show the following for all j :

E¢3’w[x§a’q)]a] > Efae [xi.a’q)|a;-, a_j, pj] for all (af, pf) with @} # a;
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To accomplish this, suppose that ¢; < 0 and let z = 2(%9 for notational ease. The

case with ¢; > 0 is similar, thus omitted. First consider j # ¢ for which ¢; > 0 so
that x; := 24" For any a; # aj and pj,

A A
E¢G’T[$]’a] — E¢a,m ["I/'j‘a;u a—j? pj]

= (1= N [Bli? ] - BV |aj, a5

X | Ehalald o] = E%alald o, p

E‘b[xfl’j’ﬂa] — E‘z’[xé’j’ﬂa;,a_j,pj] — 4\ (because Hxéjﬂ‘ =1)
= BOite] — Bt a),a )

+E¢[xi’j’+]a}, a—;| — Ed’[xfl’j’ﬂa;-,a_j,pj] — 4\

> o [ Claap) — o) -
> - (1+\/§) vf (si,a) — 4

> 77_2(1+\/§)7—4A

> 0

We can use the exactly same proof for player j # ¢ with ¢; < 0 (so that z; := :Bﬁ'{j’f)

to show that
Es(zjla] — E%=[njla),ajp) > n—2(1+v2)y— 4\
> 0

for any a; # a; and p;.
Finally for player 4, the same proof implies that
B[zl ?a] — E% [l aip] = n—2(14V2)y -4
> 0

for any j,z = 4+, —, and a;. Hence, whenever ¢; # 0, we obtain
A A
E%lqia® (y) o] — E%=[g;a{"? (y) |}, a—i, pi] > 0.

Observe that ¢; # 0 for some j # % and ¢; < 0 by assumption. Therefore it follows
that

A a, A a,
E%s [\ (y)|a] — E®= [ (y) |a}, as, p]

A q k] A q I
= B0 L (y) o] — B 30 L (y) a0 p)
i# g
> 0.
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Step 5: In this step, we prove that condition (11) holds for 2@ .Yy — R"if
p? is y—regular and the following condition is satisfied for v and X :

1 A
((1—A)\/W+A) (1+v2) 2V Y In -

If (xx) is satisfied, it follows directly from Theorem 1 that truthful reporting is a
Bayesian Nash equilibrium in the one-shot information revelation game (G’, D, gba\’x, x, a)
for any = and a. Hence we obtain

0<y<

E%s[z;]a) > E%<[zj|a, o] for all

for any a € A.

Step 6: Next consider the case of (iii). Take any ¢ € @ such that |¢;| = 1 for
any ¢. Then it immediately follows from Step 1 and Step 3-5 that we can construct
z(®9 Y — R" that satisfy (13) and (14) in this case. This is because condition
(12), which requires payoff profiles to be on a certain hyperplane, is not imposed
this time.

Step 7: Finally, choose A and - small enough so that (%) and (*x) are satisfied
in each case. Observe that we can choose A and v independent of a and q. For each
a € Aand q € Q, define ¢/ := ¢}, and ¢ = (@) — E¥[2(®9|q]. Then ¢ and ¢’
satisfy (9) in addition to (10)-(12) in the case of (ii) and (13)-(14) in the case of
(iii). Therefore the lemma is proved. m

We need one more lemma to prove Lemma 4.

Lemma 9 Let M C R™ be a closed and convex set with an interior point in R™.
Suppose that each boundary point v € M is associated with the unique supporting
hyperplane and the unique normal vector A\, (£ 0) € R™ such that Ay -v > Ay - T
for all x € M. Then for any point y € R™ such that A, - v > A\, -y, there exists
a* € (0,1) such that (1 — a)v + ay is in the interior of M for any o € (0,a*).

Proof. Suppose that this is not the case, i.e. there does not exist such a* > 0.
Let W ={z e R"3a € [0,1],2 = (1 — o) v+ ay}.

We first show W NintM = @. First v is not an interior point of M by definition.
If (1 - o')v+ 'y is an interior point for any o/ € (0,1]. Then (1 — &) v + ay is an
interior point of M for every a € (0,a’) as it is a strictly positive combination of
ve M and (1 —d)v+ 'y €intM. This is a contradiction. Hence W NintM = &.

Since W NintM = &, we can apply the separating hyperplane theorem for each
To = (1 — @) v+ ay € W, obtaining A\, (# 0) € R™ such that (a) Ay - zq > Ay - @ for
all z € M. Normalize them so that |[Ao|| = 1. Since A\, - zo > Ay - v, it also follows
that (b) Ao -y > Aq - v for every a > 0 by the definition of z, = (1 — a) v + ay.
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Take a sequence of A\, such that a,, > 0 converges to 0 and A, converges to
some \* (#£0) € R™. Then A*-v > \* -z for all x € M (from (a)) and \* -y > \* v
(from (b)) by continuity.

Finally A\* # A, follows from A, -v > A, -y. Hence A* and A, are different normal
vectors that separate v from M. This is a contradiction. m

We now prove Lemma 4, thus completing the proof of Theorem 3.

Proof of Lemma 4

Proof. Choose v > 0 satisfying the conditions of Lemma 8 and let W C
intV*(G) be a smooth set.We will show that, for any v € W, there exists n > 0,
d € (0,1) and an open set U containing v such that UNW C B (5, W,n).

Step 1: Suppose that v is a boundary point of W. Let ¢* € @ be the vector
of utility weights such that v = argmaxcy ¢* - v' and a* = argmaxgeca¢* - g (a).
We first show that v is strictly enforceable for some wf§ : Y — R”™ such that ¢* - v >
q* - wj (y) for any y.

Let £ : Y — R"™ and ¢’ be the payoff function and public coordinating device as
defined in the conditions of Lemma 8 given ¢ and a*. Note that, by (ii), we can find
¢ > 0 and n' > 0 such that

9i (") + B [gila] =1 > g; (aj,a%;) + cE? [€;]d},a* 5, p)] (15)

for all (a},p;) with a’ # af and for all j € N.

Let u (0) € R™ be the payoff vector to satisfy v = (1 —¢) g (a*) + du (d) for each
0 €(0,1). Define wj : Y — R™ as follows.

wh(y) = (0) + et (v).

Then (a*,¢',w}) clearly (1 — ) n'-enforces the payoff profile v for every § € (0,1)
(by (15) and (iii)).
Since W is in the interior of the feasible set,

¢ -g(@)>q-v=q"-[(1-0)g(a")+du(d)].

Hence ¢* - g (a*) > ¢* - u () for any § € (0,1). Since ¢* - £ (y) = 0 by construction,
this implies the desired inequality:

¢ v>q - u(d) =g wi(y) forally €Y.

Step 2: We show that wj : Y — intW for large enough ¢. Fix any §. Since
v=(1-09)g(a*)+du(d), ws(y) can be represented by

wh(y) = LU= T ey,
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Then for any &' € (§,1),we can represent wg,(y) as a positive convex combination
of v and w§(y) as follows.

(1 —0')0 )
’U):;/(y) = mwg(y) + m’l} for any y S Y.
Since Y is a finite set and ¢*-v > ¢*-w} (y) by step 1, it directly follows from Lemma
9 that wj takes a value in the interior of W for large enough discount factor.

Step 3: Next suppose that v is an interior point of W. In this case, it is clear
that v is strictly enforceable with some wj : Y — R™ and furthermore wj (y) is in
the interior of W for any y € Y if § is close enough to 1.

Step 4: We have shown that, for any v € M, there exists &' € (0,1), a* € A,
n >0, ¢and wyy : Y — intW such that (a*,¢',wf) (1 —0')n-enforces v. We
can now choose ¢ > 0 so that v € U = {z € R¥|||z — v|| < ¢} implies that
wh (y) + ”/67” € intW for each y. Then it follows that each v' € WNU is (1 —¢§")n'-
enforced by (a*, ¢, wg, + ”/57”) with respect to W and ¢’. Hence each v' € WNU is
(1 — ¢")n’-decomposable with respect to W and §'. Define n by n := (1 —¢")n’. Then
we have WNU C B(§',W,n), i.e. the local strict self decomposability is established.
[ ]
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