View metadata, citation and similar papers at core.ac.uk

brought to you by jﬂ?CORE

provided by Research Papers in Economics

Penn
Ins b =m'ﬁjuu -1+ y=A

= rilo(xp] [1-0xp] L = [ st

(c=«(1, w, u) y r=r +3

University of Pennsylvania

. | 3718 Locust Walk
VA IR AL PRt DA 0100 627
C I,l'r, a '{ ':F t'da &= 4 B }i’ =A( http:/ /www.ccon.upenn.edu/pier

L =TI[o(xB] [1-9xp]L =
KB \ PR T IRA "

U (9=E [B1+r(t+1)) U (¢)

PIER Working Paper 08-004

“Efficiency of Simultaneous Search”

by

Philipp Kircher

http://sstn.com/abstract=1091427



https://core.ac.uk/display/6330526?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:pier@econ.upenn.edu
http://www.econ.upenn.edu/pier
http://ssrn.com/abstract=1091427

Efficiency of Simultaneous Search*

Philipp Kircher!

First Draft: September 2006
This Version: January 2008

Abstract

We analyze a labor search model in which workers choose their search intensity by
deciding how often and where to apply for jobs. They observe firms’ wage postings prior
to their decision. Due to coordination frictions a firm may not receive any applications;
otherwise it is able to hire unless all its applicants have better offers. We show that in
equilibrium the entry of firms, the search intensity and the number of filled vacancies
are constrained efficient. Wage dispersion creates an (endogenous) safety net against un-
employment that is essential for efficiency. As application costs vanish the equilibrium

becomes unconstrained efficient.

Keywords (JEL codes): simultaneous search, directed search, efficient wage dispersion, modified
Hosios condition, search with stable matchings (J64, C78, D85)

1 Introduction

Search models of the labor market are fraught with externalities. For instance, a new firm that

enters the market creates positive externalities for the workers who now have an easier time finding

*This paper circulated under the title “Efficiency of Simultaneous Directed Search with Recall”. The idea
for this paper grew out of earlier fruitful collaboration with Manolis Galenianos. I also thank Ken Burdett,
Jan Eeckhout, Stephan Lauermann, Wolfram Merzyn, Georg No6ldeke, Andrew Postlewaite and Randy Wright
for many helpful discussions. This paper benefitted from the input of seminar participants at a number of
conferences.

tUniversity of Pennsylvania. e-mail: kircher@econ.upenn.edu.



a job, and creates negative externalities for other firms that now have a more difficult time hiring.
In random search models in which firms meet workers by chance, this externality is in general not
internalized and inefficiencies prevail (see Hosios (1990)). This changes in directed search models in
which firms compete for labor through public wage announcements and workers subsequently apply
for jobs. Despite the frictions in the decentralized application process, the equilibrium price for labor
internalizes the market’s externalities and delivers a constrained efficient outcome (see e.g. Hosios
(1990), Montgomery (1991), Moen (1997), Shimer (1996, 2005), Acemoglu and Shimer (1999), Shi
(2001, 2002) and Mortensen and Wright (2002)).

The directed search literature has focused mainly on the one-sided externality of entry of firms.!
There is no “entry” dimension for workers, since by assumption the number of unemployed workers
is fixed and each worker is only allowed to send a single application. Yet frictions in the application
process leave some of them unemployed. This induces an incentive for the workers to apply for several
jobs in order to increase their employment prospects. This naturally introduces search intensity into
the model and acts like an entry externality, but on the workers’ side of the market: If a worker sends
a second application, he creates negative externalities for the other workers who might find it harder
to get a job and positive externalities for the firms who have an easier time hiring. This raises the
question if a single instrument — the wage — can internalize this additional externality.

Recent contributions provide a negative answer. Work by Albrecht, Gautier and Vroman (2006)
and Galenianos and Kircher (2006) shows that the equilibrium interaction is inefficient when workers
apply to more than one job. This suggests an efficiency role for labor market interventions, and ques-
tions the robustness of the efficiency results obtained in the earlier literature.? However, both papers,
while relaxing the restriction to a single application, impose another strong assumption. They restrict
firms to contact only one of their applicants. If that applicant rejects the offer, the firms remains
vacant even if several other workers applied for the job. This restriction exacerbates the negative
externality of a second application: the application might “block” other workers from obtaining a
job even if the applicant decides not to accept the job offer. It remains an open question whether
the inefficiencies are mainly due to this additional restriction, or whether they are a deeper feature
induced by the two-sided externality.

This paper investigates the efficiency of the market interaction once firms can contact all their
applicants. We propose a theory of market interaction based on the idea that communication leads to

a stable matching among the firms and their applicants. Stability means that a firm does not remain

!Some analyses such as Shi (2002) and Shimer (2005) also consider the sorting of workers to firms in a
model with heterogeneities. A sorting component that we term search efficiency is also important in our setting
despite homogeneity of agents, because multiple applications lead to endogenous sorting by risk levels.

2A minimum wage improves efficiency in Albrecht, Gautier and Vroman (2006). In Galenianos and Kircher
(2006) a uniform government-mandated wage or interventions that reduce workers’ tendency to apply for high-
wage jobs can reduce negative effects associated with wage dispersion.



vacant while one of its applicants starts to work at a lower wage or remains unemployed.? If this
would happen, both the firm and the worker would be better off by deviating and forming a match
amongst themselves. Stability arises naturally if firms offer their job sequentially to applicants, and
workers are free to reconsider their options. In such a process a high wage firm will entice a worker
away from lower wage competitors, and a firm remains vacant only if all its offers get rejected in favor
of better alternatives.* In our setup a firm can only communicate with those workers that applied to
the firm, and therefore our model naturally differs from the usual stability analysis that presume that
all agents in the economy communicate with one-another.

Our main result is that efficiency re-emerges as the equilibrium outcome in our setting. For
given market frictions the equilibrium is constrained efficient along the following operative margins.
Entry Efficiency: the constrained optimal number of firms enter. Efficiency of Search Intensity: the
number of applications that workers send is constrained efficient. Search Efficiency: workers send
their applications in a way that induces the optimal number of matches. Thus, even when workers can
intensify their search efforts by strategically choosing a set of firms to which they apply, market wages
are such that workers take the socially optimal application decisions and firms provide the socially
optimal number of jobs. Neither interventions that incentivize workers’ job search or subsidize firms’
entry or wage setting are warranted on efficiency grounds within this model.

The analysis of the efficiency properties of our model reveals two additional insights: First, wage
dispersion is crucial to achieve constrained efficiency when workers apply to more than one job — even
though workers and firms are homogeneous and risk neutral. Low wage jobs endogenously create a
safety net that provide relatively good hiring prospects for workers who happen to be unsuccessful
with their applications to high wage firms. We show that at a single market wage the absence of such
a safety net would lead to inefficiencies. The presence of multiple wage segments provides the right
incentives for workers to apply optimally. Efficient entry of firms arises because each wage segment is
governed by a modified version of Hosios’ (1990) condition for optimal entry of firms. The idea that
matching frictions induce wage dispersion even in settings where workers and firms are homogeneous
has been pursued in a large body of work (see e.g. Acemoglu and Shimer (2000); Albrecht, Gautier and
Vroman (2006); Burdett and Judd (1983); Burdett and Mortensen (1998); Butters (1977); Delacroix
and Shi (2005); Galenianos and Kircher (2006); Gaumont, Schindler and Wright (2006); Mortensen
(2003)), yet the insight that wage dispersion might arise as the optimal response of the market to deal
with the matching frictions in such a setting is as far as we know new to the literature.

Second, the paper also adds to the literature on asymptotic efficiency of search markets. We

3We treat wages as fixed in the matching stage. The implications and the applicability of this assumption
is discussed in section 4.4. This notion of stability has been successfully applied in many areas; see recently
Burlow and Levin (2006) who also deploy matching at fixed wages after non-cooperative wage setting stage but
assume that all workers apply to all firms.

4Such a sequential process is known as Deferred Acceptance Process pioneered by Gale and Shapley (1962).
For finite economies it converges in finite time; in our continuum economy we impose stability by assumption.



show that for vanishing application costs the equilibrium converges to the unconstrained efficient
outcome of a frictionless Walrasian economy. Such convergence results are novel for environments
with simultaneous (job) search. Asymptotic efficiency has been established in sequential search e.g. in
Gale (1987). For an overview and quite general specifications see Lauermann (2006). In simultaneous
search, Acemoglu and Shimer (2000) and Albrecht, Gautier and Vroman (2006) present limit results,
yet converge to some constrained efficient outcome where frictions are still present on the other market
side.

To our knowledge this is the first attempt to integrate the two-sided strategic considerations of
a search environment with stability concepts used in matching markets.> The paper draws on three
strands of literature. We use insights from the directed search literature (e.g. Peters (1984, 1991),
Burdett, Shi and Wright (2001)) to model the frictions and information flows in the market. With
multiple applications workers face a simultaneous portfolio choice. For this type of problem Chade and
Smith (2006) consider an individual agent’s choice and derive a simple characterization of the optimal
decision rule; Galenianos and Kircher (2006) derive implications in an equilibrium search framework.
For the final matching we apply the stability concept pioneered by Gale and Shapley (1962) to the
network that formed in the search process.

Since notation and exposition remain much more tractable when we consider at most two appli-
cations per worker, Sections 2 to 4 are restricted to this case. Section 2 presents the model. Section 3
characterizes the equilibrium. Section 4 establishes constrained efficiency. In this section we also high-
light the role of wage dispersion in achieving efficiency, relate our results to the literature, and discuss
the assumptions that lead to efficiency in our model. Section 5 lifts the restriction to two applications
per worker and, additionally, discusses convergence for vanishing application costs. Omitted proofs

are gathered in the appendix.

2 The Model

2.1 Environment and Strategies

The economy consists of a continuum of unemployed workers and a continuum of vacant firms. The
ratio of workers to firms, denoted v, is determined by free entry of firms.® Each firm has a single
vacancy. If it fills its vacancy, it produces one unit of output. All agents are risk neutral. Firms
maximize expected output minus wage and entry costs. Workers maximize expected wage payments
minus costs of applying for jobs.

The market interaction proceeds in three stages. First, firms decide whether to enter the market

SGautier and Moraga-Gonzdlez (2005) present a 3-player example with a similar concept for random search.
5Due to constant returns to scale in matching it turns out that only this ratio of workers to firms matters in
our analysis.



by posting a wage that they commit to pay when they hire a worker. A firm that enters incurs cost
K < 1 of setting up the job and advertising it to workers. Next, workers observe all wage postings.
Each worker decides on the number i of applications he wants to send at cost ¢(i), which subsumes
monetary as well as time and effort costs. A worker who does not send applications does not incur any
costs. The marginal costs ¢; = ¢(i) — ¢(i — 1) are assumed to be weakly increasing. The worker also
decides on the 7 active firms to which he applies. For now we restrict attention to i < 2 applications
per worker in order to present the basic ideas in the simplest possible context; later we generalize our
setup to i < N applications. After the applications are sent out they form the links in a network
between workers and firms: each worker is linked to the firms to which he applied and each firm is
linked to its applicants. In the final stage workers and firms form matches, the announced wage is
paid and matched pairs start production.

The matching is assumed to be stable on the network, i.e. matches form such that no firm remains
vacant while one of its applicants either remains unmatched or is matched to another firm at a lower
wage. This is motivated by the fact that otherwise both could deviate and be jointly better off. Our
stability notion presumes that firms cannot react to other firms’ offers and are committed to their
wage announcement at this final stage - an assumption that we discuss in detail when we point out
the forces leading to efficiency in Section 4.4.

The market is large and anonymous. To capture this in the spirit of the directed search literature we
consider equilibrium strategies that are symmetric and anonymous. This implies that firms use hiring
strategies that do not condition on the identity of the worker. All workers use the same application
strategies, and do not condition on the firms’ identities. These assumptions create the frictions in the
market: the use of identical and anonymous strategies by the workers implies that they sometimes
miscoordinate in the sense that several of them apply for the same job that only one of them can get.
This arises even when there are fewer workers than firms. Since workers’ strategies usually involve
some degree of randomization over jobs, they can only anticipate which jobs are more likely to have
many applicants but they cannot predict the exact realizations of applications at each vacancy and
therefore they cannot target those vacancies that in the end remain vacant.

A pure strategy for an active firm is a wage offer w € [0,1]. Let F' denote the wage distribution
and F its support. That is, F'(w) gives the proportion of firms that offer wages below w. A worker
observes the distribution of posted wages and then decides on the number of applications that he
wants to send. He also decides on the firm to which he wants to apply. Given our focus on anonymous
strategies, a worker applies with equal probability to all firms with the same wage.” Therefore we
can summarize his choice of firm by the wage to which he applies. A mixed strategy for a worker is

then given by the tuples v = (70,71,72) and G' = (G, G?), where ~; is the probability of sending i

"This is optimal if all other workers also follow anonymous strategies. At the expense of substantial additional
notation one can show that symmetry rather than anonymity of the workers’ strategy is sufficient to yield
identical hiring probabilities to firms with the same wage.



applications. G'(w) gives the probability that the worker sends his application to a wage below w if
he sends one application. G?(wy,ws) gives the probability that the worker applies to a wage below w;
with the first and below w9 with the second application when he sends out two applications, where we
assume we > wp throughout. In our large economy these probabilities also reflect the fraction of the

population that undertake a given action due our assumption that workers use symmetric strategies.

2.2 Expected Payoffs and Equilibrium Definition

To describe the expected payoffs, let n(w) denote the probability that a firm that posts wage w hires
a worker. Let p(w) be the probability that an applicant at wage w receives an offer given that he does
not obtain a job at a higher wage. These probabilities depend on the strategies, as we describe below.

The expected profit of a firm posting wage w - omitting entry costs - is

m(w) = n(w)(1 - w). (1)

The profits comprise the hiring probability multiplied by the profit margin if a worker is hired.
The utility of a worker who sends no application is Uy = 0. A worker who applies with one

application to wage w obtains utility
Ui(w) = p(w)w — ¢(1); (2)

i.e., the expected wage minus the cost of the application. A worker who applies to wages (w1, ws)

with we > w; obtains utility
Uz (w1, w2) = p(wa)wa + (1 — p(wz))p(wi)wr — ¢(2). (3)

The worker’s utility is given by the wage ws if he is hired at that wage, which happens with probability
p(wz). With the complementary probability 1 — p(ws) he does not receive an offer at the high wage
and his utility is w; if he gets an offer for his low wage application, which happens with probability

p(wy). He always incurs the cost for the two applications.

As in other directed search models, the endogenous probabilities p(w) and g(w) depend on the number
of applications relative to number of firms at a given wage. This ratio is called the gross queue length
because it describes the average queue of applications per job at wage w. We denote it by A(w). The
important novelty in our setup is that a firm might not be able to hire even if it obtains an application,
because the applicant might have applied to a higher wage job and is hired there. We call applications
“effective” if the applicant does not obtain a better job. Denote by ¢ (w) the fraction of applications

that are not effective in the sense that the applicant is unavailable for hiring due to better alternatives.



The ratio of effective applications to firms at wage w is given by

p(w) = (1 = ¢(w))A(w). (4)

We call pu(w) the effective queue length at w.

Due to the anonymity of the workers’ strategy the effective applications that are sent to firms with
wage w are uniformly distributed over the firms that offer this wage. Therefore, the number of effective
applications at any individual firm at this wage is random. If the number of effective applications and
firms at wage w were finite, the number of effective applications at a given firm would be Binomially
distributed. For our large economy where many firms offer each wage in the wage distribution, we
consider the limit when the number of both effective applications and firms tends to infinity while
retaining a ratio of u(w). In the limit the Binomial distribution converges to the much simpler Poisson
distribution with parameter p(w), and the probability that a firm receives no effective application is
e H() If the firm receives at least one effective application it is able to fill its vacancy, because once
a firm has a worker who is not employed at a better wage it won’t remain unemployed by our stability

assumption. Therefore the hiring probability for a firm is
n(w) =1— e H), (5)

Next, we consider the probability of getting a job at wage w for a worker who wants to obtain a job
at that wage, i.e. who is effective in the sense that he did not get a better job offer. The worker only
cares about those rival applicants that do not have a better offer either, i.e. that are effective. Given
that there are 1 — e~ #(®) matches per firm and p(w) effective applications per firm, the probability of

an effective application to yield a match is given by®

1 — efu(w)

plw) =~ (6)

with the convention that p(w) =1 if pu(w) = 0.

The hiring probabilities obviously depend on the strategies of the agents in the economy, since the
effective queue length depends on the ratio A(w) of gross applications to firms and the probability
(w) that a worker gets a better job. The gross queue length is in our large economy characterized

by the following condition that relates the measure of applications that workers send to the measure

8For a careful and intuitive derivation of the expressions for n(-) and p(-) as the limit of the interaction of a
finite number of agents at the same wage see Burdett, Shi and Wright (2001).



of applications that firms receive:*

G (w) + 12 G w) + 72 GE(w) = v /0 " A@) dF(@) Vw € [0,1], (7)

where G? is the marginal distribution of G2(wy,ws) with respect to w; and G% is the marginal
distribution with respect to we. The left hand side denotes the mass of applications that are sent to
wages up to w. It is given by the probability that workers who send one application send it to wages
up to w, and the probability that workers who send two applications send either their low or their
high application up to w. These are dispersed over the firms that offer wages up to wage w. The mass
of received applications is specified on the right hand side. It is given by the ratio of applications per
firm aggregated over all relevant wages, multiplied by the amount v of active firms in the market.
The probability ¥ (w) that an applicant is not available for hiring because he accepts some (weakly)
better offer is trivially zero if workers send only one application. Moreover, if no worker applies to
wage w then a firm cannot hire and ¢ (w) is irrelevant. Otherwise, consider some application sent
to wage w in the support of the wage offer distribution, and let G‘(u?\w) denote the probability that
the sender mailed a second application and sent it to a wage weakly lower then w. Let g(w|w) be
the probability that the sender mailed another application to the same wage.'® The applicant takes
a strictly better job if he applied to a strictly higher wage and receives an offer. This occurs with
probability fﬁl»w p(u?)d@(mw). The applicant takes another equally good offer if he applied to it, the
other firm also wants to hire him, and the applicant chooses the other firm over this firm. One can
think about workers that apply twice to the same wage as randomizing in advance about which offer
they would prefer to accept in case they get both offers. Since workers do not condition their choices
on the identities of firms, both firms have equal chances of attracting the worker, and therefore an
application is not effective with probability g(w|w)p(w)/2 due to offers from other equally good firms.
Then ¢ (w) is given by
1
vw) = [ plaaat) + 25 g0hw). ®
Since the specification allows firms to hire any worker that is not matched at higher or equally
high wages, the final matching is stable in the sense that no firm is vacant while one of its applicants
is matched at a strictly lower wage. Due to the indifference of the firms about which worker to hire, a

stable matching is clearly not unique. Our specification is based on the standard anonymity assump-

9We define A(-) on Ry U {oo} to account for the case that a zero measure of firms might receive a mass of
applications.

10The distribution G(w|w) depends on the equilibrium strategies as follows: There are v;dG'(w) single
applications, v2dG?(w) low applications and Y,dG3(w) high applications at w, adding to a total measure
T(w) = 11dGY (w) + 12dG3(w) + Y2dG3(w). Then G(b|w) = Z?zl[’deG?(w)/T(w)]G%j(Mw), where —j €
{1,2}/{j}. Moreover, §(w|w) = G(w|w) — limy_~4 G(b|w) is the size of a possible mass point of G(-|w) at .



tion that firms hire one of their effective applicants at random.

Given any specification yu(.) for the effective queue length, equations (1), (2), (3), (5) and (6) determine

the profits and utilities at all wages. We define an equilibrium as follows.

Definition 1 (Equilibrium) An equilibrium is a tuple {v, F,~v, G} such that there exists u(-) satis-
fying

1. Profit Mazimization and Free Entry:

(a) m(w) = m* = max,ycp 1) (W) for allw € F.

(b) ™ =K ifv>0, and 7" < K ifv=0.

2. Utility Mazimization for a Given Number of Applications and Optimal Choice of the Number of
Applications:

(a) For any i€ {1,2}: Ui(w) = U} = max,ycpqy: Ui(w') for all w € suppG".

(b) U = maxjeo1,2) US if vi > 0.

3. Consistency: pu(-) is consistent with (4) - (8).

Condition la) specifies that firms set only those wages that maximize their profits. Condition 1 b)
specifies a zero profit condition for free entry and ensures that firms only abstain from the market if
they cannot earn positive profits. Condition 2a) implies that workers who send 4 applications send
them optimally to the options available in the market. Condition 2b) ensures that workers send out the
optimal number of applications. Condition 3 reiterates the conditions on the effective queue length.
The distinction between a) and b) allows the discussion of an exogenous number of applications and/or

exogenous number of firms using the appropriate subset of conditions.

We conclude this section with a discussion of the off-equilibrium-path restrictions that are imbedded in
our equilibrium definition. The equilibrium definition allows firms to post any wage in [0, 1]. To know
the profitability of a wage offer, the firm needs to know the effective queue length. Yet conditions (7)
for the gross queue length and (8) for the probability that applicants take better jobs are informative
only at wages that are in the support of the firms’ wage offers. Off the equilibrium path, i.e. at wages
w ¢ F that no firm offers in equilibrium, firms have to form a belief about the reaction of workers.
Without any restrictions on these beliefs a multitude of equilibria can be sustained by postulating that
firms expect a zero queue length at off-equilibrium wages, i.e. expect not to be able to trade. Yet in
the subgame after the wages are announced, workers have an incentive to apply to a deviant if it offers

a high enough wage. The equilibrium definition indirectly embeds a notion of subgame perfection by



ensuring that the effective queue length at out-of-equilibrium wages cannot be too low. In particular,
condition 2a) specifies that at no wage (including off-equilibrium wages) the workers’ utility can be
higher than at those wages to which the workers apply on the equilibrium path. In particular this
rules out the belief that the queue length is zero at high wages, since workers would like to apply if
the queue length were indeed zero which would violate condition 2a).

A slightly more stringent concept is the Market Utility Assumption that is regularly applied in
directed search models to capture the idea of subgame perfection more precisely. It is based on the
idea that workers who can obtain the Market Utility U* in equilibrium would not settle for a lower
level of utility at any firm: Given some Market Utility level U* that workers obtain in equilibrium, the
effective queue length at any wage w is such that a worker who applies to w (and possibly to the most
suitable second wage w' € F) also achieves utility U*. If there is no queue length that achieves such
indifferent, the queue length at w is zero. For wages that are offered in equilibrium this is implied by
worker optimality. The Market Utility Assumption extends this to wages offered by deviating firms.
We discuss the connection to subgame perfection as well as the exact mathematical formulation in the
appendix. In some derivations it will be convenient to adopt this assumption, and therefore we will
adopt it throughout. We show in the appendix that the set of equilibria is not affected by imposing

this additional assumption.

3 Equilibrium Characterization

In this section we characterize the equilibrium properties of the model and show

Summary 1 An equilibrium exists. Generically the following hold: The equilibrium is unique; all
workers send the same number of applications; the number of offered wages equals the number of

applications that each worker sends; each worker applies with one application to each wage.

To establish this formally, we proceed in in three subsections. First, we analyze the workers’ search
behavior for a given distribution of wages and for a given number of applications that the workers
send. For this we follow the approach in Chade and Smith (2006) and Galenianos and Kircher (2006).
Then we analyze the distribution of wages that firms post. Finally, we determine the equilibrium

number of applications.

3.1 Workers’ Search Decision

Consider a single worker who observes all wages and — in equilibrium — knows the probability of
success at each wage. Equilibrium condition 2a) implies that workers apply optimally. For a worker

who sends one application, applying to wage w’ is optimal if and only if
p(w)w' = u; = max p(w)w. 9)
w

10



That is, u; is the highest expected return that a worker can generate with one application. If the
worker sends two applications, the analysis is a bit more involved. Let w be the highest wage that

delivers uy, i.e. w = sup{w € [0, 1]|p(w)w = u1 }.

Lemma 1 The optimal choice for a worker who sends two applications involves sending one applica-

tion to a wage weakly below w and one application to a wage weakly above w.

Proof: The worker who sends two applications maximizes

(ﬂiﬁ)p(“@)w? + (1 = p(w2))p(wr)ws, (10)
where we can omit the costs of sending the applications, since they are fixed for a worker who is
determined to send two applications. Note that we have set up problem (10) without the restriction
that w; < wsy. Nevertheless, it is immediate that a worker who has the choice between two wages
always accepts the higher wage over the lower wage. Therefore any solution to (10) has w; < ws.

Since w; is only exercised if wy failed, (10) immediately implies that the choice of w; only depends
on the expected return p(w;)w;. Therefore, the worker’s optimal decision resembles that of workers

with a single application and he chooses w; such that
p(wr)wy = ug. (11)
Taking this into account, any high wage ws is optimal if it fulfills
p(we)wa + (1 — p(we))u; = ug = rnuz}x{p(w)w + (1 —p(w))ur }, (12)

i.e. if it yields the highest payoff given that the low application was sent optimally. Clearly any w;
solving (11) combined with a ws solving (12) yields the highest possible payoff and provides a solution
to maximization problem (10). Since the optimal solution can never include w; > we, this implies
that any solution to (11) has to be weakly lower than any solution to (12). The proposition follows

since w was defined as the supremum of the wages that solve (11). Q.E.D.

Since all workers face the same maximization problem, the effective queue length p(w) and the corre-
sponding probability of being hired p(w) = (1—e~*(®)) /u(w) at any wage w are governed by either one
of three possibilities: Very low wages are unattractive and do not receive applications, and therefore
the effective queue length is zero. Wages in the intermediate range receive the low applications that
workers are only willing to send if optimality condition (11) for low wage applications holds, and high
wages receive high applications only if the optimality condition (12) for high wage applications is met.

We summarize this in the next proposition, which is formally proven in the appendix.

11



Proposition 1 (Workers’ Application Behavior) In any equilibrium in which some workers send
applications, i.e. 1 + 2 > 0, the following conditions for the job finding probability p(w) hold, which
by (6) also determine p(w):

plw) = 1 Ywe]l0,u] (13)
pww = wu ¥V w € [ug, min{w, 1}] (14)
p(w)w~+ (1 —p(w))uy = ug V w € [w,1], (15)

for some tuple (u1,uz) and w = u?/(2u1 —usa). If no workers apply twice, i.e. vo = 0, then ug = u3+ca.

The proposition includes specifications for at all wages, including those off the equilibrium path. By
the Market Utility Assumption workers are willing to apply to wages off the equilibrium path as long as
the wages are not too low, and therefore exactly the same logic applies as for wages on the equilibrium
path. It is worth pointing out that even if workers only send one application in equilibrium, if a firm
would offer a very high wage workers might be willing to send a second application there. Workers are
just willing to do this if the marginal utility of the second application is exactly equal to the additional
cost, i.e. ug —u; = co. This case will be relevant whenever w < 1, otherwise the interval [w,1] is
empty.

Proposition 1 is important for the subsequent derivations because it summarizes the schedule of
job finding probabilities p(-) uniquely by the two numbers (u1,us2) that represent the workers utility
from sending one and two applications (omitting application costs). These numbers will in equilibrium
be dependent on the wage distribution that firms offer. Since the effective queue length is related to
the probability of getting a job via p(w) = (1 — e #®))/u(w), also u(-) is uniquely determined by
(uy,uz).

For given utility numbers we can illustrate the relationship between the effective queue length and
the wage in the two-dimensional plane of Figure 1. The curve ICy; — IC describes the indifference
curve of workers for their low wage application, i.e. it describes all combinations of queue length and
wage that fulfill equation (14). The curve ICy — ICy describes the workers indifference curve over the
high applications as given in equation (15). IC5 is steeper than IC; because of the fallback option
due to the low application, which induces workers to give up more of their employment chances for
an increase in the wage when the high wage is concerned than when the low wage is concerned. At
any wage the realized queue length has to lie on one of the two curves, because some worker has to be
willing to send either his low or his high application to that wage. Moreover, the realized queue length
can never be below either of the two curves as otherwise workers would have a profitable deviation.
Therefore, the queue length has to lie on the upper contour of the IC} and the ICs curve, which is
indicated by the dashed line.
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Figure 1: Illustration of market interaction for given (ui,us). ICy and ICs: Worker’s indifference curve for the
low and high wage applications, respectively. I Py: Isoprofit curve when all firms post the same wage.
IP;: Isoprofit curve in an equilibrium with two wages. Note that the tuple (u1,u2) and, thus, ICy
and IC5 will in general change when a positive measure of firms change their wage.

3.2 Firms’ Wage Setting

We now turn to the firms’ problem. Their iso-profit curves (1 — e #)(1 — w) = 7* are smooth convex
functions. The iso-profit curves are illustrated by curves 1P, — IP; and I P> — I P in Figure 1, where
1P, is the curve with the higher profit level. Since an individual firm cannot influence the workers
utility levels (u1,u2), an individual firm knows that the effective queue length that it will obtain is
given by the workers response, i.e. by the dashed line in Figure 1. The individual firm tries to find
the point on the dashed line that maximizes its profit. From the figure, we can obtain three insights
that we will subsequently verify analytically.

First, if some workers send two applications, then there has to be wage dispersion in equilibrium.
If firms would offer the same wage, the dashed line will adjust exactly such that the kink is at the
offered wage because only at the kink are workers willing to send both their applications to this wage.
The firms obtain the expected profit level associated with w and g and their iso-profit curve is I F,.

Since the iso-profit curve is smooth but the dashed curve is kinked because workers treat high and

13



low wages differently, a deviant firm can move to higher profits along the dashed line. In the figure
both higher and lower wages are profitable deviations. This is not generally the case, yet one direction
always remains profitable.

Second, the figure illustrates that a single wage leads to an inefficient outcome when some workers
send two applications. The area between the workers indifference curves and the firms’ iso-profit curve
is an area of mutual benefit for workers and firms. We explore the reasons for the inefficiency at a
single wage in Section 4, yet note here that the firms’ incentives to exploit the unrealized gains is
exactly what rules out the single-wage equilibrium. A way to achieve efficiency is to have two market
wages such that the iso-profit curve is tangent to the dashed (combined) indifference curve. This is
illustrated by iso-profit curve IP;.1

Third, we see that two wages can indeed constitute an equilibrium: since the isoprofit curve is
tangent to both of the workers’ indifference curves, a deviation that places a firm at any other point

of the worker’s indifference curves moves the deviant to a strictly lower level of profits.

In the following we will establish these three insights analytically. We start out by considering some
tuple (u1, u2) and associated cutoff wage w which characterize the workers’ application behavior by
Proposition 1. We call firms that offer wages below w low wage firms, and those offering wage above w
high wage firms. The problem for each individual firm is to maximize profits m(w) = (1—e~#®))(1-w),
given that u(w) is governed by the application behavior of the workers summarized in equations
(13), (14) and (15). Using these equations to substitute out the wage and recalling that p(w) =
(1 — e #®))/pu(w), we can write the firm’s maximization problem in terms of the effective queue

length

m(p) = 1—e*—puu Ve |0, al, (16)
m(p) = (L=e )1 —w)—plug —w) Vpeppl), (17)

where i = p(w). In this formulation, the firm decides on the effective queue length it wants to obtain.
Each queue lengths is associated with a unique wage that the firm has to pay in order to obtain it.
Therefore each queue length is associated with well defined expected profits. In terms of Figure 1,
the dashed curve tells the firm which wage it has to pay for given queue length. Using this way of
describing the individual firm’s profits we can show that any equilibrium features wage dispersion

when at least some workers apply twice:

Proposition 2 (Wage Dispersion) In any equilibrium with vo > 0 the set of offered wages F

cannot be a singleton.

Tn general the workers’ indifference curves IC; and ICs change when the wage distribution changes because
utilities (u1, ug) will change. Under special conditions (i.e. particular choices of wages and the number of entering
firms) the utility levels remain constant, and we use this special case for easier graphical representation.
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The proof in the appendix follows the logic presented above: Assume there is a pooling wage that all
firms offer, and assume that it is not profitable to locally deviate to a lower wage. Due to the kink in
the workers’ response we show that a deviation to a higher wage has to be profitable for an individual
firm, yielding the desired contradiction. We note that this reasoning differs from most other work
on wage dispersion among homogeneous agents, which usually relies on a profit discontinuity of the
following kind: If all firms offer the same wage, sometimes a firm cannot hire because its applicant
accepts some other equally good alternative, and so a deviation to a slightly higher wage yields a jump
in profits because now every applicant prefers this firm.'? In our setting the workers understand that
better hiring chances for the deviant mean lower chances for themselves, and they adjust their ap-
plication behavior accordingly. Therefore profits are continuous. Dispersion arises nevertheless since
workers trade off wage and acceptance probability differently for upward deviations than for downward
deviations due to the availability of the fallback option at high wages, which leads to discontinuity in

the derivative of the profit function. This suffices to induces wage dispersion.

Next we show that in an equilibrium in which some workers send two applications exactly two wages
are offered: one strictly below and one strictly above w. This immediately implies that workers with
one application send it to the low wage, and workers with two applications send one to each of the

wages.

Proposition 3 (Discrete Set of Offered Wages) In any equilibrium with 73 > 0 ezactly two dis-

tinct wages are offered, i.e. F = {wj, w3}, and wi < w < wj.

Proof: Since wage dispersion implies that not all wages are zero, us > u; > 0. Individual firms take
u1, us and w as given. For low wage firms we can write profits as a function of the queue length as in
(16). The function is strictly concave on [0, i]. Therefore all low wage firms choose the same queue
length and, thus, the same wage. For high wage firms profits can be written as in (17), which is strictly
concave on [fi, u(1)]. Therefore all high wage firms choose the same queue length and, thus, the same
wage. Finally, assume one group, say low wage firms, choose queue length i1 with associated wage w.
Since there is wage dispersion, high wage firms offer w3 > w at queue length p3 > fi. But since their
problem is strictly concave on [f, 1], they make strictly higher profits than firms at i, which yields

the desired contradiction. A similar argument rules out that f is chosen by high wage firms. Q.FE.D.

Given that only two wages are offered in equilibrium, it will be convenient for the subsequent deriva-

tions to simplify notation by indexing variables that refer to low wage firms by I and those that

12This logic applies e.g. in Burdett and Judd (1983), Burdett and Mortensen (1998), Acemoglu and Shimer
(2000), Gautier and Moraga-Gonzalez (2004) and Galenianos and Kircher (2006).
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refer to high wage firms by 2.3 Let p be the equilibrium fraction of firms offering the high wage.
Then ps = p and p; = 1 — p are the fractions offering each of the two wages, and v; = vp; is the
measure of firms at the respective wage. Equation (7) implies gross queue lengths Ao = 2 /vy and
A1 = (71 + 72)/v1, where each expression reflects the measure of applications at the respective wage
divided by the number of firms that offer that wage. Workers that apply to the high wage ws ac-
cept an offer for sure and therefore all gross applications are also effective applications, i.e. o = As.
Therefore, the probability of obtaining a job at the high wage py = (1 — e™#2)/us is fully specified
by 72 and vy. At the low wage, a fraction /(71 + 2) of the applicants also applies to wy and are
unavailable for hiring if they get the better job. So by (8) a fraction 12 = paya/(71 + 72) of applicants
cannot be hired due to better offers. Therefore the effective number of applications per firm at the
low wage is p1 = (1 — p2y2/(71 + 72)) A1, which then defines the probability p; = (1 — e #1)/u; of
getting a job at the low wage as a function of 71,72, v1 and vo. With these definitions we can express

equilibrium profits and wages:

Corollary 1 In an equilibrium with o > 0 profits and wages for high and low wage firms, respectively,

are uniquely determined by v1,7v2,v1 and va as

o= 1l—e M — e h, (18)
wi = e M/(1—e™), (19)
m = (1—e " — e M) (1—eH), and (20)
wy = pge M1l —e M) /(1 —eH2) +eH. (21)

Proof: We know that neither low wage nor high wage firms are constrained by the boundaries of their
maximization problem, because the equilibrium wages are different from w and it is easy to see that
wy > 0 (otherwise workers would not apply) and wy < 1 (otherwise high wage firms would make less
profits than low wage firms). Therefore, for low wage firms the first order condition of their profits

(16) with respect to u is necessary for optimality. It yields immediately
up =e M =eH, (22)

The second equality follows since in equilibrium all low wage firms choose the same queue length, or
rather the wage associated with it. When substituted into (16) this leads to the expression for the
profits. By (14) we know that w] = w;/p; and we immediately get the corresponding wage. For high

13That is, let m; be the profit, w; the wage, \; the gross queue length, y; the effective queue length, 7; the
hiring probability, p; the probability of getting an offer when applying at a type-i firm, and v; the probability
that a worker accepts another offer, where ¢ = 1 when we refer to low wage firms and ¢ = 2 when we refer to
high wage firms.
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wage firms, the first order condition of profits (17) with respect to p implies
ug —up =e (1 —wup) =e (1 —e ). (23)

Substitution back into (17) yields the expression for the profits. By (15) we know that wi =
(ug — u1)/p2 + u1, and substitution leads to the expression for the high wage. Q.E.D.

If workers no workers send two applications, then the arguments above easily establish that only one
wage is offered (vy = 0). The determination of the wage is identical to the low wage in the previous
corollary, i.e. it is determined by (19) and induces profits given by (18). Given that workers only
apply once any offer leads to a hire, and therefore y; = A1 and the distinction between effective and
gross queue length disappears. Therefore, for v = 0 we get the standard result from one-application
models such as Burdett, Shi and Wright (2001). The introduction of a second application changes the

equilibrium and essentially generates two markets. The profits in each are given by
mi=(1—e " — e ") (1 —u_q). (24)

In the low wage market ug is identical to the workers’ true outside option of zero, but there is some
connection to the high market induced by the strictly positive probability that an offer is rejected.
In the high wage market the rejection probability is zero, but u; is greater than zero as it reflects
the workers’ endogenous outside option induced by the presence of the low market. Apart from these

spillovers, each market operates essentially as a single one-application market.

3.3 Equilibrium Outcome

In this section we show existence and uniqueness of the equilibrium. Before we turn to the full
equilibrium, it is instructive to consider the case with exogenous search intensity v. We show existence

and uniqueness of an equilibrium with and without free entry.

Lemma 2 For given search intensity (yo,v1,v2) with v1 + 2 > 0 it holds that

1. for given entryv > 0 there exists unique (F, G) that fulfills the appropriate equilibrium conditions
la), 2a) and 3;

2. with free entry there exists unique (v, F, G) that fulfills the appropriate equilibrium conditions
la), 1b), 2a) and 3.

Proof: We show part 2 here; part 1 is relegated to the appendix. The effective queue length p; at the
low market wage is given by the zero profit condition, which by (18) yields

l—e ™ — e " =K. (25)
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The left hand side of (25) is strictly increasing in 1, is zero for p; = 0 and one for ;3 — oo. Therefore,
1 is uniquely determined. This yields w; by (19).
If 5 > 0, the profits for high wage firms is given by (20) and free entry implies

(1—e " —pge™)(1—e M) =K. (26)

Since py is unique, po is unique. The high wage is given by (21). Since pj = (71 + 72 — 72p2)/n1
and (5 = v2/v2, both v; and v are uniquely determined. Workers send send their low application to
the low wage, and if they have a second application they send it to the high wage. By construction
there are not profitable deviations from this profile: firms are willing to offer these wages since the
wages were determined by the appropriate first order conditions and in each region the maximization
problem is concave. Workers are willing to apply in this fashion because we used their indifference
conditions (14) and (15) to construct the profits. Q.E.D.

Now we turn to the analysis of the equilibrium when the fraction of agents that send zero, one or
two applications is endogenous. The free entry conditions (25) and (22) determine the effective queue
lengths at the high and low wage solely as a function of the exogenous entry cost K, which in turn
determine the utility gain that workers can get by sending an additional application by (22) and (23).
In analogy to these conditions, we can define the following four numbers p7, 3, uj and uj recursively
as follows: Let uj be the queue length that solves equation (25) for free entry at low wages. Given
this number, the utility that a worker can obtain with one application is (by the first order condition
(22)) represented by number u} = e"#i. Let p} be the queue length that solves equation (26) for
entry at the high wage when p is replaced by number pj. This represents the queue length at the
high wage if such wage is offered, and the worker obtains (by first order condition (23)) an additional
utility gain represented by number u5 — u] = e M2 (1 — u}) when he sends a second application. The
numbers u] and uj — uj represent the only candidates for the marginal utility gain for workers for
the first and second application. They are independent of the exact structure of search intensity ~.
It turns out that the equilibrium is determined by comparing these marginal gains with the marginal
costs of sending the application. The following proposition is a stronger version of Summary 1 with

which we started the Section 3.

Proposition 4 (Equilibrium Outcomes) An equilibrium ezists. Furthermore

1. For ¢ > uj in the unique equilibrium no firm enters and no application is sent.

2. For c; < uj and ca > uy — uj, in the unique equilibrium all workers send one application and

one wage 1is offered.

3. For c; < uj and ca < u3 —uj, in the unique equilibrium all workers send two applications, two

wages are offered, and each worker applies to each wage.
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The key reason for uniqueness is that firms anticipate that workers will send additional applications
when they offer high wages (this is captured by the Market Utility Assumption). Even if in (a
candidate) equilibrium only one wage is offered and workers only send one application, a firm that
deviates and offers a sufficiently high wage expects that workers will send a second application to this
very high wage. It is this feature that leads to a high queue length for a deviant with a high wage and
makes such a deviation profitable whenever the marginal cost ¢y is below the marginal benefit uj —uj.

For completeness we note that in the case where ¢; = u] we have a continuum of equilibria: for any
~v1 € [0,1] and 79 = 1 — 71 an equilibrium exists, and workers are exactly indifferent between applying
once and not applying at all. If co = u5 —u] an equilibrium exists in which workers randomize between

one and two applications, i.e. for any v2 € [0,1] and 73 = 1 — 72 an equilibrium exists.

4 Efficiency

To discuss the efficiency properties of the equilibria just characterized, we follow Pissarides (2000)
and others. We restrict the planner to the same frictions as the market; i.e., we assume that the
planner can only assign symmetric strategies to workers, who are then matched according to the same
stable assignment process that we applied to the decentralized economy. We call an outcome efficient
if it yields the highest output in the economy, taking into account the costs of entry and the costs of
sending applications.

While in equilibrium at most two wages are offered, a planner could potentially specify any number
of wages in the pursuit of an optimal way by which workers apply to firms. To avoid some technical
complications, we restrict attention to finite sets of wages over which the planner maximizes. Let W
contain all finite sets of wages W = {w1, we, ..., wps} with 0 < w; < w;11 < 1. Wages themselves do not
enter the efficiency notion directly since they only affect the division of the surplus. They only enter
the problem indirectly as they define the rank-order of the firms for the stable matching. Denote by
<I>ZW the set of cumulative distribution functions with support on the set W*. The planner can use any
finite set of wages W € W, and assigns some level of entry v € R4 and some wage distribution F' € @‘fv.
The planner also assigns the probability of sending zero, one or two applications and determines where
these applications are sent. That is, he chooses « in the three dimensional probability simplex Ag
and G € ®V x ®}'. We denote the planners choice set by PW.

In the following formal definition of efficiency let M (v, F,v,G) =v fol n(w)dF denote the number
of matches when 7(w) is determined by (4) - (8) under tuple {v, F,~,G}. The constrained efficient

outcome maximizes the number of matches minus entry and application costs:

Definition 2 (Constrained Efficiency) Tuple {v,F,~,G} € PV, W € W, is constrained efficient
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M(Uv F7 Y, G) —vK — ’716(1) - 726(2)
> M(vlv F/7’717 G/) - UIK - 710(1) - Véc(z) (27)

for any {v/, F',~',G'} € PV with W' e W.

The model has three margins of efficiency. 1. The number of matches that are achieved. 2. The
entry by firms. 3. The search intensity. We show that the economy achieves efficiency along all
three dimensions, which implies that interventions in the labor market are not warranted on efficiency

grounds unless they tackle the underlying frictions.
Proposition 5 (Efficiency) The equilibrium is constrained efficient.

We prove the proposition in the next three subsections. We first show that the number of matches
is optimal under the appropriate subset of equilibrium conditions even if the number of firms and
the search intensity are fixed. Then we additionally analyze entry by including the appropriate free
entry condition and show that also entry is optimal. Finally, we also consider the endogenous search
intensity and show that the entire equilibrium is constrained efficient. We discuss the assumptions

that lead to efficiency and the difference to models without stable assignment in the forth subsection.

4.1 Search Efficiency

For a given vector of search intensity v = (70, 71,72) and given entry of firms v, we show that the way
workers apply for jobs as characterized in the first part of Lemma 2 is constrained efficient.

We start by analyzing a narrow concept that we call two-group-efficiency. In analogy to the
decentralized outcome first assume that the planner uses only two wages W = {wy, w2} and assigns
application strategies such that workers with one application apply to the low wage and those with
two applications apply to both wages.!'4 This restricts the planner to use only two groups of firms, one
that receives high and one that receives low or single applications. Throughout the efficiency analysis
we will adopt the same notation that we used for the analysis of equilibrium play in connection with
Corollary 1. The planners’ only choice variable under these restrictions is the fraction of firms that
offers each of the two wages. We say that the search process is two-group-efficient if the fraction p of
the high wage firms is chosen to maximize the number of matches given the assumptions just made

about the workers’ application strategy.

Lemma 3 For a given v > 0 and v = (v0,71,72) with v > 0, the strategy combination implied by

equilibrium conditions 1a), 2a) and 3) yields two-group-efficiency.

M That is, suppG! = {w1}, suppG? = {w,} and suppG3 = {ws}
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Proof: Two-group-efficiency is obtained as a solution to

Jnax M(p) = pv(l =€) + (1= p)o(l —e™ ), (28)

where the first term reflects the size of high wage firms times their matching probability. Similarly,

the second term accounts for the low wage firms. Recalling the notation, we have p; = (1 — e ™) /u;

with o = Ay = v2/(vp), p1 = (L—2p2/(71+72)) A1 and Ay = (71 +72)/(v(1—p)). The first derivative
of (28) is

-1
=l ey e T

d
dpz
dp VA1

dp

dA
—Y2A1 (m+v7— 72?2)1] }U

dp
The third term equals —A2e~*? and the forth term equals e ™#1[—(1 —e ™2 — Age™*2) 4 p1]. This yields

65\511) =(l—e™—doe ™)1 —e )= (1—e ™ —pje ") =0, (29)
where the last equality gives the first order condition. (29) coincides with the equal profit condition be-
tween high and low wage firms. By the proof of Lemma 2 part 1 we know that this uniquely determines
the measure of firms in each of the groups. Therefore, the number of high wage firms in equilibrium
coincides with the number of high wage firms that a planner would choose. Optimality is ensured by
global concavity since d2M/dp? = —v[Mie ?2(1—e ) /p+e M (1 —e 22 — e ™2 — 111)2/(1—p)] < 0.
Q.E.D.

Next we show that the search outcome is constrained efficient without a priori restricting the planner
to use two wages. The proof in the appendix relies on a variational argument that establishes that

any search strategy can be weakly improved upon by the two-group-efficient one.

Proposition 6 (Search Efficiency) For given entry v and given search intensity ~y, the search pro-

cess is constrained efficient, i.e. it holds that

M(v,F,v,G) > max M, F',~v,G"),
FreolV arealV xolV’

for any W' € W when {F, G} conform to equilibrium conditions la), 2a) and 3.

Finally, we show that differences in hiring probabilities between different firms are indeed necessary
to obtain the efficient solution when some workers send two applications. Differences in wages induce
workers to search in a way that implements these differences in hiring probabilities. If only a single
wage were offered, i.e. if wage offer distribution has support F = {w} for some w, then all firms would

have the same hiring probability, which we show to be inefficient.
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Proposition 7 (Inefficiencies without Wage Dispersion) If some workers send two applications,
identical hiring probabilities for all firms cannot be constrained efficient. In specific, a single wage at
which all firms face the same effective queue length is not constrained efficient. Formally, given
v and v with v2 > 0, if F and G are such that n(w) = 7 for all w € F then M(v,F,~v,G) <

max cow’ M(v, F',~v,G") when W' has at least two elements.
2

FrealV’ arealV’

In the proof we show that even when we use two wages (instead of e.g. one wage) and have all workers
send their high application to the high wage and their low or single application to the low wage, we
can replicate a situation in which all firms have identical hiring probabilities. This can be achieved
by placing the appropriate fraction of firms at each wage. Then we show that such arrangement is
not optimal because too few firms offer the low wage. The reasoning is the following: Workers that
end up taking jobs with low wage firms were unsuccessful with their high wage applications. The low
wage firms are their last chance to avoid unemployment. On the other hand those workers that take
a job at high wage firms might have gotten a job at a firm in the low wage group. Increasing workers’
matching probability at the low wage at the cost of decreasing their matching probability at high wage
firms improves matching for those workers for whom it is the last option to avoid unemployment. This
benefit outweighs the expense of a lower matching probability for those who still might have another
option.

Wage dispersion decentralizes the efficient outcome by attracting fewer applications per firm at the
low wage. This provides an endogenous safety net at low wage jobs because they are relatively easy to
obtain. Without wage dispersion workers equalize the queue length at all firms and a safety net would
not be possible, rendering efficiency unattainable.!®> This result is surprising because with a single
application different hiring probabilities are only warranted when there are productivity differences.
Here the source for different hiring probabilities is a sorting externality: Different hiring probabilities
help to distinguish between workers who might be able to obtain some other job and workers who have
no other options. Figure 1 illustrates that two wages enable a situation without efficiency gains since
the iso-profit and the indifference curves are tangent.!” With only one wage, areas for improvement
always arise because workers want to obtain ”insurance” with their low applications, while they do not
mind to take more ”risk” with the other application as they internalize that the low application acts

as a fall-back option. The workers’ interest is consistent with the social benefit of matching agents

5 Our assumption of anonymity trivially induces equal hiring probabilities at firms with the same wage. Even
if we only impose symmetric application strategies it is clear that the queue length at all firms with the same
wage has to be equal, otherwise workers would prefer to change their behavior and apply to the firms with the
lower effective queues.

16Shimer (2005) analyzes productivity differences when only one application is possible. If workers and firms
are homogenous an identical hiring probability among all firms and all workers, respectively, is efficient (similar
to our case for ;3 > 0 = 2), and only with heterogeneities differences in hiring probabilities are efficient.

17 In models where firms only make one offer as in Albrecht, Gautier and Vroman (2006) and Galenianos and
Kircher (2006) such a figure would look very differently: next to the wage both the gross queue length \(-) and
the retention probability (-) remain separately important in such models, and three dimensions are needed.
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with higher probability at their low application, yet a single wage does not allow such a distinction in

matching probabilities.

4.2 Entry efficiency

We now add the entry decision to our efficiency analysis. The intuition for the following efficiency
result can be gained by considering equation (24) that describes the equilibrium profits of firms in each
interval of wages. The social benefit that is created by a match is 1 — u;, i.e. the excess productivity
over the expected output at the next lower wage.'® The share of this benefit that accrues to the firm
is 1 — e H — py;e ", which coincides with the elasticity of the matching function. This share takes
into account that workers might obtain jobs at higher wages. Hosios’ (1990) well-known efficiency
condition for models with one application requires such a split of the surplus for efficient entry. Since
this modified version of the Hosios’ condition is satisfied for each wage segment, the efficient measure
of firms enters each segment.

Let M*(v,~) be the number of matches given search intensity - and entry v when search behavior
is constrained efficient as analyzed in the preceding subsection. For given v we have determined the

unique level of entry in the second part of Lemma 2. Here we show:

Proposition 8 (Entry Efficiency) Given search intensity «y, entry is constrained efficient. That is
M*(v,7) —vK:%}g%(M*(v’,'y) — V'K, (30)

where v arises when equilibrium conditions 1a), 1b), 2a) and 3 are fulfilled.

Proof: The number of matches is given by M*(v,v) =1 — v [[-_,(1 — pi) — 7(1 — p1), where p; and
po are the probabilities of getting a job at low wage and high wage firms, respectively, under efficient
search. If 79 = 1, then v = 0 arises and is clearly optimal. If vy < 1, clearly v = 0 is not optimal
given K < 1. v — oo is also not optimal since the number of matches is bounded by the measure of

workers but costs would grow unboundedly. The first order condition to the problem is

K

Yaldp1/dv](1 — pa) + ya[dp2/dv](1 — p1) + v1[dp1/dv]
[dp1/dv](y1 + v2)(1 = 1) + [dpa/dv](1 — p1). (31)

p; depends on v directly since the measure pv of high wage firms depends on v directly. It also depends
on v indirectly since the two-group-efficient fraction p of high wage firms is a function of v. Since
this fraction maximizes the number of matches given v, by the envelop theorem the indirect effect is
zero. Consider the first term on the right hand side first. We can write dpi/dv = [dp1/dp1][dur /dv].

18Under free entry firms obtain no surplus, and the workers utility u; indeed reflects productivity.
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One can show that [du1/dv](y1 + 72)(1 — 1) = —(1 — p)u? — You1[dpa/dv]. Noting that dp;/dv =
—[(1 = e — pne™) /pd][dpa fdv] = —[(p1 — e7#*)/m][dp1 /dv] we obtain

[dp1/dv](1 —p2) = (1 = p)(1 —e " — pe”™) +ya(p1 — e ') [dp2/dv].
Then (31) reduces to

K = (1-p)(1—e™ —pe™)+ (1 — e )[dpa/dv]
= (I-p)(I—e —pme™)+p(l—e ™)1 —e " — pse )

= 1l—e ™ —pje ¥,

where the second line follows by taking the appropriate derivative and the last line follows as a
consequence of efficient search (see (29)). The last line also denotes the profits of low wage firms
in equilibrium. Applying (29) again yields a condition equal to the profits of high wage firms. The
first order condition is unique by the same argument that established that there is a unique entry v
that implies zero profits (Lemma 2, part 2). Therefore, the entry implied by equilibrium conditions
la), 1b), 2a) and 3 coincides with the entry implied by the first order condition. Since the first order

condition is unique and boundary solutions are not optimal, it describes the global optimum. Q.F.D.

4.3 Efficiency of Search Intensity

The number of applications that workers send in equilibrium is also constrained efficient. We account
for the associated entry of firms and the search outcome, and therefore also immediately establish the
overall constrained efficiency of the equilibrium. This proves Proposition 5.

To gain intuition for the efficiency of the number of applications, consider the case where two wages
are offered and a worker contemplates whether he should send two applications rather than one. The
second application has by (23) a private marginal benefit of e™#2(1 — e™#1). Private marginal costs
are —co. Additional production arises only if the high firm does not have another effective applicant
but the low firm does, which has probability e #2(1 — e#1). Social and private benefits coincide.
Note that the marginal benefit is independent of the economy wide vector of search intensity -y, and
therefore the decisions of other workers summarized in « provide no externality on the individual.
This is due to the optimal entry of firms, which absorbs any such externalities.

Let v(7y) be the entry for a given vector of search intensity 4 as implied by equilibrium conditions
la), 1b), 2a) and 3. Then M**(vy) = M*(v(y),~) denotes optimal number of matches for a given
vector « of applications given optimal entry and optimal search decisions as analyzed in the preceding

subsection.

Proposition 9 (Efficiency of Search Intensity and Overall Efficiency)
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The equilibrium vector of search intensity ~ is constrained efficient, i.e. ~y solves the program maxcn, M**(~")—
Ko(y') = 71e(1) = 75¢(2).

Proof: For a given v we know that equilibrium conditions la), 1b), 2a) and 3 yield the optimal
entry and the optimal number of matches. Moreover, under these conditions firms always receive zero
profits and all surplus accrues to workers. Comparing different -, it is immediate that each worker
always attains a marginal utility of u] — ¢; for his first application, and u5 — u] — ¢ for his second
application. The efficient search intensity is, therefore, given when workers send applications whenever
their marginal benefit is larger than their marginal cost. Proposition 4 specify such socially optimal
behavior. For the case where ¢; = u} (or co2 = uj — uj) the privat and social benefits of the first
(or second) application are zero, and therefore every equilibrium for this case is constrained efficient.
Q.E.D.

4.4 Discussion of the Efficiency Properties

Efficiency in our model arises because firms can “price” the good they are interested in: the queue
of effective applications. The pricing works through the reaction by workers. Workers care only
about rival applicants that are effective, i.e. they care about rival applicants that do not get jobs at
higher wages. Only such applicants make it difficult to get a job at any wage. Applicants that are
not effective because they accept better jobs do not prevent other workers from getting a job. If a
firm changes its wage, workers react by changing the queue of effective applications until they are
indifferent between this wage and the other wages offered in the market. This allows firms to price
the effective applications at marginal cost and achieve efficiency.

In models without a stable assignment as in Albrecht, Gautier and Vroman (2006) and Galenianos
and Kircher (2006) firms cannot price the good they are interested in. If each firm can only make
a single offer and remains vacant if that offer gets rejected even when the firm has other applicants,
then workers care about all rival applicants. Any applicant that applies for a job might receive an
offer and blocks that job even if he decides to take a different position. Therefore, when a firm raises
its wage workers respond by raising the queue of total (gross) applications to a new level at which
they are indifferent this job and the other options in the market. This may not, however, result in
more effective applications. If workers change their application behavior to other firms such that they
get higher wage jobs more easily, the effective number of applications may actually go down. Firms
cannot price the queue of effective applications that they are interested in, and efficiency does not
obtain.

This distinction between gross and effective applications has not been considered in the literature
because in models in which workers only have one application the two notions coincide: With one

application no worker rejects an offer, and every application is effective.!” Our model encompasses the

9This also holds for models that incorporate search intensity in a more reduced-form way through a scalar
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one application case when the cost of the first application is small while the cost for two applications
is prohibitively high (¢(1) — 0 and ¢(2) — o0). When we allow for general cost structures, the model
extends to more applications and more wages, but within each wage segment the interaction remains
similar to the one application model. In particular, the Hosios (1990) condition that ties the division of
the match surplus to the elasticity of the matching function and ensures that private and social surplus
in the market coincide holds per wage segment once the appropriate notion of effective applications is
applied. Therefore, earlier results on efficient entry in one-application models naturally extend to our
setup, and efficiency even carries over to the additional margins of number of applications and where
to send the various applications.

The efficiency property of this model relies on the combination of wage commitments and stability.
Wage commitments are important because they determine the terms of trade in a competitive manner
before the market splits into small groups in which market forces do not lead to efficient outcomes.
Weakening commitment by introducing methods for adjusting the terms of trade after the applica-
tions are sent might therefore change the results regarding efficiency.?? In the theoretical analysis
wage commitments have the additional advantage of allowing for a particularly tractable notion of
stability that allows us to study the earlier stages of firm entry, wage setting and application behavior
analytically. The assumption of wage commitments might be particularly applicable in markets in
which large firms apply hiring policies uniformly to the entire organization. It seems also reason-
able when the “wage” offers are interpreted more broadly as investments into prestige or amenities
which are valued by the workers but cannot easily be adapted to the specific bargaining situation. It
also applies when working conditions including wages are specified in advance of the application and
matching process, as e.g. in the US market for medical residents.?! Since other environments might
not feature full commitment, it would be interesting to investigate forms of adjustments of the wage
announcement in the final stage according to the application conditions that each firm and worker
faces. This introduces strategic elements into the last step whose feedbacks to earlier stages render

such analysis beyond the scope of this paper.

that increases the matching probability but yields at most one job at a time (see e.g. Moen (1995)).

20In Albrecht, Gautier and Vroman (2006) firms’ wage announcements are not complete commitments, but
firms bid the wage up to the worker’s marginal product if two firms make an offer to the same worker. This
has the effect that workers are mainly interested in two offers even if the announced wages are very low, which
contributes to depressed wages and excessive entry.

21Ross (1984, p. 995-996) points out that in this market hospitals specify the job requirements and wages,
then residents have to apply and interview with hospitals, and finally both sides of the market submit rankings
of those partners with whom they have interviewed for a stable matching. While this paper is targeted to general
job markets and might not reflect the details of this specific market — in particular we neglect heterogeneities
here — it highlights the efficiency properties even of the decentralized application procedure.

26



5 Generalization to N > 2 applications

In this section we dispense with the restriction that workers cannot send more than two applications.
Understanding the general case is important for several reasons. First, it allows us to assess the scope
of the results of the earlier sections. The analysis reveals that the number of applications and the
corresponding number of wages increase as the costs of applying decrease, and thus is not endogenously
limited to the search for at most two alternatives as in other simultaneous search models (see e.g.
Burdett and Judd (1983), Acemoglu and Shimer (2000)). Second, it has been argued that explicit
forms of search intensity based on simultaneous search can be useful to understand the response of
workers to varying labor market conditions (see Shimer (2004)), and we will see that the formulation in
a directed search framework like ours remains particularly tractable and is, thus, potentially useful for
the study of such wider questions. Finally, the general case allows us to study the market interaction
as applications costs vanish, and we show that this induces convergence to the unconstrained efficient
Walrasian outcome.

We consider the case where workers can send any number i € INg of applications, at a cost ¢(3).
We retain the assumption that ¢(0) = 0 and that marginal costs ¢; = ¢(i) — c¢(i — 1) are weakly
increasing. We also assume ¢(i) > 0 for some i € IN. Together with increasing marginal costs this
implies a largest integer N such that ¢(IN) < 1. Clearly, it is neither individually nor socially optimal
to send more than N applications because application costs would exceed the value created in a match.
Thus, the number of applications per individual remains bounded. Apart from the larger number of
possible applications that each worker is allowed to send the model remains unchanged. The formal
adjustments that are necessary to extend the setup to more than two applications are presented in
the appendix.

The characterization of the equilibrium extends by analogy to the previous section. Again, the
free entry condition defines the effective queue length in the various wage segments that arises in

equilibrium. In particular
(1= ¥ = e )1 = uf_y) = K
and
uf = e 7M1= uiy) +uiy

recursively define the effective queue length ¥ at the i'h highest wage as a function of entry cost K,
given initial condition uj = 0.22 Equation (32) equates the competitive profits to the entry cost in
analogy to equations (25) and (26), while equation (32) captures the outside option that lower wage

segments induce for higher wage segments in analogy to equations (22) and (23). Note that u} —u}

22 Associated wages are w; = (ufe i /(1 — e H))(1 —ul_ ) +ul ;.
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is strictly decreasing in ¢, while ¢; is weakly increasing. In the appendix we show

Proposition 10 (Generalized Equilibrium Properties) An equilibrium exists. It is constrained
efficient. Generically it is unique: if ci < uj —ui_y and i1 > uj  q — ujs, every workers sends i*

applications, i* wages are offered, and every worker applies to each wage.

The proof relies essentially on an induction of the arguments presented in Sections 3 and 4 to higher
numbers of applications, and is relegated to the appendix. The workers again partition the wages
into intervals related to each of their applications. The equilibrium interaction in each interval cor-
responds to that in the one application case, again with the adjustment that the workers “outside
option” incorporates the expected utility that can be obtained at lower wages, while the queue length
incorporates the fact that some applicants are lost to higher wage firms. Efficiency obtains again for
similar reasons, only that now ¢* wages are necessary to obtain the optimal allocation in the search

process.

5.1 Convergence to the Competitive Outcome

We now show that the equilibrium allocation converges to the unconstrained efficient allocation of
a competitive economy when application costs become small. A competitive economy achieves the
following allocation: Since entry costs are below the productivity of a match firms enter until the
measure of firms equals the measure of workers. All workers and all firms get matched. Since free
entry places firms on the long side of the market, firms are just compensated for their entry cost K.
The market wage is then 1 — K and coincides with the utility of each worker.

We consider a sequence of cost functions such that the marginal cost of the i’th application
converges to zero for all ¢ € IN. Rather than looking at these of functions directly, it is convenient
to simply consider the associated equilibrium number i* of applications that each worker sends.?
Vanishing costs amounts to i* — oco. Let v(i*) denote the equilibrium measure of active firms, while
n(i*) = [n(w)dF and o(i*) = v(i*)n(i*) denote the average probability of being matched for a firm
and a worker in the economy. Let w(i*) denote the average wage conditional on being matched and
U*(i*) = u} — ¢ (i*) the equilibrium utility when i* applications are sent, where ¢’ (-) denotes some

cost function that supports an equilibrium with ¢* applications per worker. We show that

Proposition 11 (Convergence) The equilibrium outcome converges to the competitive outcome,
i.e., limix oo v(7%) = 1, limyx oo (1*) = limi oo 0(3%) = 1 and lim oo w(i*) = limy«_0o U (3*) =
1-K.

23For the case of multiple equilibria, consider for simplicity the case where all workers send the same number
of applications.
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The structure of the proof uses the intuition for the competitive economy: For a given measure v of
active firms the competitive economy implies that (only) the long side of the market gets rationed
and the short side appropriates all surplus. We show that for small frictions (i* large) this still holds
approximately. Then it trivially follows that v(i*) — 1 because otherwise the firms either generate
to much or too little profits to cover entry. Since nearly all agents get matched, zero profits imply a
wage of 1 — K. Despite the fact that workers send more applications, the costs vanish faster than the

increase in the number of applications and therefore their utility equals the wage of 1 — K in the limit.

5.2 Conclusion

This paper incorporates a micro-foundation for search intensity into a directed search framework.
In this setting directed search can be interpreted as strategic but frictional link formation between

24 Search intensity can be viewed as a choice on the number of links by the

workers and firms.
worker. We consider a stable allocation on the network. Firms’ wage announcements price the network
efficiently, given the workers’ coordination problem. Equilibrium wage dispersion turns out to be the
optimal response of the market to the presence of frictions, since it allows for a network structure that
minimizes coordination failure by providing an endogenous safety net at low wages for applicants that
were unsuccessful at obtaining high wage jobs. The stable resolution of the final matching problem
allows the wage to endogenize all other externalities that are present in earlier stages.

An interesting avenue for future work is the integration of a time dimension into the hiring process
that allows workers to apply again if they fail to secure a job. Simultaneous applications to multiple
jobs are likely to be important when the time delay between the application process and the final
hiring decision is non-trivial. Delays might be pronounced in many occupations, especially in the high
skill sector. Delays are obviously severe when institutional restrictions confine hiring to designated
dates, as in occupations with annual job markets. Another area for future research is the incorporation
of heterogeneity into the model, which would yield additional insights into the interplay between the

final matching stage and the earlier application stage.

6 Appendix

Definition and Discussion of the Market Utility Assumption:
Subgame perfection cannot be straightforwardly applied to large directed search economies for a
technical reason: The restriction to symmetric strategies by workers implies that all workers have to

24The large literature in network formation usually deploys solution concepts that eliminate any randomness
on which a frictional nature of unemployment could be based because they require that no (pair of) individ-
uals would choose links differently after the network has been realized (see e.g. Dutta and Jackson (2000),
Jackson (2005)). Our equilibrium notion requires ex-ante optimality before applications are sent out and uses
miscoordination to retain frictions in the spirit of the search literature on unemployment.

29



apply with equal probability to a deviant. With a continuum of workers each one of them assigns
negligible probability to the deviant that cannot be well specified.

The standard approach in the literature to capture the idea of subgame perfection is the Market
Utility Assumption. In our multiple application case, workers can obtain utility U = max,,e i U;j(w)
from sending ¢ applications to non-deviant firms. By choosing the number ¢ € I of applications, they
can obtain a Market Utility of Uy = max;cr U;. Now consider some deviant firm with wage w ¢ F and
assume his queue length were p(w) € [0, o0], which defines the workers’ probability p(w) of getting an
offer as in (6). At this queue length a worker who applies there with one application obtains utility
U, = U, (w) given by (2). A workers who applies to w and to some wage offered by another firm
obtains at best Uy = max{supgc 7 Ua (10, ), supge 7 Uz (0, w) }, where the two expressions in the outer
maximization operator distinguish the case where the other firm offers a lower wage from the case
where the other firm offers a higher wage. The maximum utility from applying to the deviant is then
U[ = maxX;cy UZ-, where Uo =0.

Definition 3 (Market Utility Assumption)
For any w € [0,1], the expected queue u(w) > 0 of effective applicants is such that applicants obtain
the Market Utility, i.e. Uy = Ur(w). If Uf < Ur(w) for all p(w) > 0, then p(w) = 0.

The assumption specifies that workers obtain the Market Utility not only at offered wages, but also at
wages offered by deviating firms. This is based on the idea that if the queue length were higher workers
would want to withdraw applications and thus decrease the queue length, while they would like to
send more if the queue were lower and thus increase the queue length.?> Throughout our analysis we
impose the Market Utility Assumption. The set of application choices is I = {1, 2} for Sections 3 and
4 and I = {1,..., N} for section 5. In the special case of lemma 2 where we analyze the interaction for
an exogenously fixed vector of applications {7, v1,72} we restrict I for logical consistency to include
only those indexes ¢ with v; > 0, since no workers are allowed to pursue other options. To impose the
Market Utility Assumption beyond the equilibrium requirements does not change the set of equilibria:

Lemma 4 Any equilibrium {v, F,~, G} can be sustained with a belief according to the Market Utility
Assumption.

Proof: Consider any equilibrium {v, F,«, G} which is supported by belief p(-). Consider first positive
entry v > 0. Observe that u(w) conforms by equilibrium condition 2a) to the Market Utility Assump-
tion at all wages w € G = suppG' U suppG? U suppG3 to which workers apply. If F ¢ G then by
(7) some firms have zero queue length and make zero profits, and then by equilibrium condition 1 all
firms do, which means v = 0 and thus a contradiction. Therefore, 7 C G, and u(w) conforms to the
market utility assumption at all w € F.

Now define a different belief fi(-) that conforms to the Market Utility Assumption at all w € [0, 1].
On F the trade-offs for all agents remain unchanged. Under fi(-) workers are indifferent to applying
to wages in [0, 1] by construction, and so condition 2a) is not violated. Now observe that fi(w) < p(w)
for all w € [0, 1]\F. To see this, assume ji(w) > p(w) at some w € [0, 1]\F. Since under fi(w) workers

25While the arguments presented here only intuitively appeal to ”reasonable” responses of workers to deviating
wage offers, papers by Peters (1991, 1997, 2000) and Burdett, Shi and Wright (2001) rigorously establish
equivalence of the Market Utility Assumption and the subgame perfect response in (a limit of) finite economies
in which workers send one application. Multiple applications induce additional complications in finite economies
that only disappear in the limit, since success at one application is revealing about the success of the other in
finite environments (see Albrecht et al. (2005)).
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are indifferent to applying to the off-equilibrium wage w, they strictly prefer the off-equilibrium w
under p(w) over the wages in the support of their randomization. This violates 2a) and u(-) cannot
have sustained the equilibrium. Since fi(w) < p(w) for all w € [0, 1]/F, deviations by firms are weakly
less attractive under ji(w) than under p(w), and equilibrium condition 1 is also fulfilled.

Now consider v = 0. Then 2b) and 3 imply 79 = 1. By 2b) u(w) has to be such that p(w)w
The Market Utility Assumption yields effective queue length fi(w) such that p(w)w = ¢ if j(w)
By construction no worker wants to change his behavior. Moreover, p(w) > p(w) implies ji(w) < p(w)
and firms are less willing to enter under . Q.E.D.

C1.

Proof of Proposition 1:

At any wage w < wuj the Market Utility cannot be obtained, yielding p(w) = 0 by the Market
Utility Assumption. Also at wage w = uy, p(w) > 0 would imply that the Market Utility cannot be
reached. Wages strictly above u; have pu(w) > 0, as otherwise p(w)w = w > u; and workers would
receive more than the Market Utility when applying there. We have shown that it is optimal to send
low applications to wages below @, which implies that (11) has to hold for all wages in (u1, @] in order
to provide the Market Utility.

For v > 0, it is optimal to apply with the high application to wages above w, and the effective
queue length is therefore governed by (12). The effective queue length has to be continuous at w, as
otherwise the job finding probability p(w) for workers would be discontinuous and some wage in the
neighborhood of w would offer a utility different from the Market Utility. Therefore w is determined
as the wage where both (11) and (12) hold.

Even when v9 = 0 the workers might prefer to send a second application if a high wage were
offered. Assume the queue length would be governed by (11) for all wages in (u1,1]. If p(w)w + (1 —
p(w))uy — ca > uy, workers would strictly like to send a second application, which contradicts with
equilibrium condition 2a). In this case at higher wages the queue length is again governed by (12),
only that us = uy + c2 ensures that workers are indifferent between sending two or one application in
accordance with the Market Utility Assumption. Q.E.D.

Proof of Proposition 2:

Consider a (candidate) equilibrium in which all active firms offer wage w* € (0,1). Almost all
applications are sent to w* because of (7) and equilibrium condition 2a) on worker optimality. w* > 0
then implies u; = p(w*)w* > 0. Moreover w* = w. If not, i.e. @ > w* or w < w*, then a mass
of applications would be sent strictly above or below the offered wage, which leads by (7) to a zero
probability of getting a job and violates workers optimality 2b). Then profits for wages above w* are
given by (17), for wages in [p(w*)w*, w*] by (16), and for wages below p(w*)w* profits are zero.

The left derivative of the profits with respect to the queue length at g = p(w*) is obtained by the
differentiating (16) to get m' (&i) = e # — wuy, and the right derivative by differentiating (17) which
yields 7/, (1) = e #(1 — u1) — (u2 — u1). In equilibrium it needs to hold that firms neither want to
increase their wage nor decrease their wage. This leads to 7/, (z) < 0 < #’_(). But 7/ (1) < 7’ (R)
implies

—e Fuy — (ug —uyp) < —uy. (32)

1—e H

P We can therefore write

For a single market wage it holds that uy = u; 4+ (1 — p)u; with p =
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ug —up = (1 — p)uy. Then (32) reduces to

(1—e " —pe Mu <0. (33)

We know that u; > 0 since w* > 0. Since workers send a strictly positive measure of applications we
have i > 0, and it is easily shown that the term in brackets is strictly positive in this case, yielding
the desired contradiction.

For the extremes, consider w* = 1 first. At w* = 1 firms make zero profits. Since the effective
queue length at wages close to 1 is positive by (14), wages below one provide profitable deviations.
Now consider w* = 0. Equilibrium profits are strictly smaller than one because not all firms get
matched. (15) implies that at wages w’ > 0 firms can hire for sure, i.e. the effective queue length at
wages above zero is infinity. Therefore, small increases in the wage are profitable. Q.E.D.

Proof of Lemma 2, part 1:
Instead of equations (25) and (26), we now have

, (34)
, (35)

>

l—e ™ — e =
(1—e M — pge )1 —e ™) =

>

for some endogenous profit 7. Consider 7 as a free parameter. For a given 7 (34) and (35) uniquely
determine the measure 07 and v of firms in the low and high group. That is, 7 is supported by a
unique measure 0 = 01 + 09 of firms. We want to show that there is only a single 7 that is supported
by © = v, which then establishes uniqueness v; and v (and thus of F' as in part 2). By (34) p strictly
increases in 7. Equal profits at high and low wage firms implies

1—e™ —pge™ =1— e M /(1 —e M), (36)

which implies that g is strictly increasing in 7, since pje "1 /(1 — e H1) is strictly decreasing in p;.
Since pg = 72/092, U9 is strictly decreasing in 7. We have proven the lemma if we can show that
also 01 + 0y is decreasing in 7. Since p; = (71 + Y2 — Y2p2)/01 we get dpy/di = —[u1/01)[d01/d7] —
(1/01)(1 — e #2 — pge=#2)[dvg/di]. By the prior argument this derivative has to be strictly positive,
which together with p1 > 1—e 2 — uge™#2 implies doy /dt +dve /dit < 0. pp > 1—e "2 — pge™H2 holds
because it is by (36) equivalent to p; > 1—pje 1 /(1—e™#1), which is equivalent to 1 > (1—e ") /p;.
The latter is true for all 3 > 0. Since for # — 0 we have ¥ — oo and for @ — 1 we have ¥ — 0, there
is exactly one 7 supported by a measure ¢ = v of firms. Q.F.D.

Proof of Proposition 4:

We first show that an equilibrium without entry exists if ¢; > u], while it does not exist if ¢; < uj.
Consider some (candidate) equilibrium without entry, i.e. v = 0, sustained by some function u(.)
for the effective queue length. Then by equilibrium conditions 2a) and 2b) the conjecture about the
queue that would prevail under entry cannot be so low that workers would like to send applications.
In particular, it has to hold that

1 — el—m(w)

'u(w) w < (37)

for all w € [0,1], and (37) has to hold with equality for all pu(w) > 0 by the Market Utility As-
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sumption.?® Substitution into the firm’s profit function and taking first order conditions implies
that the highest profit for an entering firm is at wage w’ such that e #(®") = ¢,  yielding profits
m(w') =1 —e M) — p(w)e *®), Note that ¢; < u} implies e #*) < e or p(w') > p*, while
¢1 > uj conversely implies p(w') < pi.

In case 1 we have ¢; > u} and therefore w(w') = 1—e #(®) — y(w')e= ) < 1—e M —pte M = K,
where the inequality follows since 1 — e ™ — pe™* is increasing in p on IRy. Therefore, v = 0 does not
violate equilibrium condition 1b). Since positive entry would result in marginal benefits u < ¢; that
would not sustain any application behavior, there cannot be any equilibria with entry.

In cases 2 and 3 we have ¢; < u} and thus 7(w') =1 —e# — ple ™ > 1 —e M — pfe M = K.
Therefore v = 0 cannot be an equilibrium as a firm that would enter would make strictly positive
profits, violating equilibrium condition 1b). Therefore, assume an equilibrium with with v > 0 exists
(as we will show in the following). Since uj is the marginal utility at the low wage under firms free
entry condition, all workers will apply at least once since u] > ¢;. The question is whether also a high
wage will be offered. Let’s assume only one wage is offered and workers only send one application.
Workers do not want to deviate if it is not profitable to send another application to the offered wage
(because at other wages the queue length is determined by their indifference by the Market Utility
Assumption). It can be shown that a worker would only deviate if co < e H1(uf —1+e7#1)/uf, which
is stronger than ca < uy — uj. So in case 1 equilibrium conditions 2a) and 2b) will be fulfilled, and
even for some parameters in case 2 workers would not start sending additional applications even if all
firms offered only one wage.

Firms would deviate from the only candidate for a single wage wi = [ufe #1]/[1 — e #1] (see (19))
despite the fact that this candidate wage is determined by their first order condition. At high (not
offered) wages the queue length might increase fast because workers would send their high application
if these high wages were offered, which happens in region [w, 1] according Proposition 1. Since by
construction the wage w is optimal on [u;,w], a firm that is looking for a profitable deviation has
to find the optimal wage in the interior of [w,1]. Since us = ¢3 4+ uy according to Proposition 1, we
have by (17) the profit 7(u) = (1 — e #)(1 — e #1) — ucy for a deviant that offers a wage in (w,1). If
there is a profitable deviation, it must be profitable to deviate to [i given by the first order condition
e #(1 — e7") = ¢y, which implies /i < p} in case 2 and i > 3 in case 3. Substitution leads to an
optimal deviation profit of

m(i) = (1—e * — e M) (1 —e#). (38)

Comparing (38) with (26) establishes that (/) is strictly smaller than K in case 2, making a deviation
unprofitable, and strictly larger than K in case 3, yielding a strictly profitable deviation (the wage
associated with [ is indeed above w in case 3). Therefore an equilibrium with one wage exists in case
2 [and entry is such that v = 1/uj], and not in case 3.

Finally, it is immediate that in case 2 an equilibrium with two wages cannot exist because
by u5 — u] < cp the marginal utility of the second application is too low, while an equilibrium
with two wages exists in case 3 since uj — uj > co [with entry v = v; + vg, v2 = 1/p3 and
v; = (1 — (1 — e #2)/u3)/ut]. Therefore in case 2 everyone sends one application to the unique
wage, while in case 3 every worker sends two applications, one to each of the two wages. Uniqueness
is then ensured by Lemma 2. Q.E.D.

26This captures the idea of subgame perfection similar to the Market Utility Assumption: workers are indif-
ferent between applying to the deviant that entered and not applying at all, which is the prerequisite for having
some workers apply while other do not.
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Proof of Proposition 6:

For 79 = 1 or v = 0, the result is trivial since matches are always zero. When workers send
one application (y2 = 0), one group of firms with equal hiring probability as in the decentralized
equilibrium is indeed optimal because of strict concavity of the firms’ matching probability 1 — ™.
This is proven, e.g., in Shimer (2005).

For 7o > 0, we first note that for any {F,G} € ®]" x ®}V x &Y on W = {wy,ws,...,wp}
the effective queue length p(w;) and its components A(w;) and 1 — ¥ (w;) are uniquely defined by
equations (4) to (8) at all wages that are offered.2” We prove the result using a variational argument.
Let {F,G} € <I>Il/V X <I>11/V X (IDgV be some possibly optimal wage setting and application behavior on
W = {wy,ws, ...,wpr} with 0 < w; < wiy1 < 1, and define wy = 0 for notational convenience.?® We
will show that we can find a two-group efficient matching (with two wages) that weakly improves
on {F,G}. The proof is structured into two steps. First, we show that for each wage in W we can
decompose the application process such that some firms only receive high and others only receive low
applications without changing the overall matches in the economy. In the second part of the argument
we apply the decomposition from step 1 successively to all wages and rearrange wages. This leaves
us with some firms at high wages that only receive the high application of any worker who sends two
applications, and some firms at low wages that only receive the low (or single) application of every
worker. We then show that it weakly improves the matching if workers send the applications that go to
low wage firms randomly, and send the applications that go to high wage firms randomly. Therefore,
we only need one high and one low wage to generate the optimal matching, and two-group-efficiency
is indeed the best possible outcome.

Step 1: Restrict W to consist only of those wages w that are offered by firms, i.e. w € F, and to
which some workers apply, i.e. w € suppG! U suppG? U suppG3. All other wages do not contribute
to the matching in the market and can be removed from W. This immediately implies that at each
remaining wage w € W we have A\(w) € (0,00). {F, G} can be completely described by the measure
f(w;) of firms offering wage w;, the measure g'(w;) of workers that send a single application and
send it to w; and the measure g*(w;, w;) of workers that apply to the combination of wages (w;, w;),
i < j.29 By construction gQ(wi,wj) = (0 if ¢ > j. The measure of workers that send two applications
and send their low application to w; is then given by the marginal g7 (w;) = > 9(wi, w;), while the
measure that send their high application to w; is given by g3(w;) = Y, g(w;, w;).

Consider some wage w; € W that receives both high as well as low (or single) applications by
agents, i.e. g3(w;) > 0 and either g3(w;) > 0 or g'(w;) > 0. Let A\p(w;) = g%(wﬁ—_M be the

flw;)
gross queue of high applications to firms at w;, excluding the applications from agents that sent both
91(w¢)+gf((wi))fg(wi,wi)
f(w;

applications to the same wage. Let \j(w;) = be the gross queue of low or single

2T\(w;) is simply the measure of applications sent to w; divided by the measure of firms offering this wage.
Y(w;) is determined as a fixed point to (8) since p(w;) = (1 — e #@)) /u(w;) and p(w;) = (1 — ¥ (w;))A(w;).
Since fuit>w1- p(0)dG(w|w) =: A is exclusively determined at higher wages and G(w;|w;) =: B is determined by
G, both independent of ¢ (w;), we have a fixed point 1 (w;) = A+ (B/2)(1—e~T=Y@DA®)) /[(1—ah(w;))M(w;)].
The left hand side is linear in ¢ (w;), the right hand side strictly convex in 4 (w;), which can be used to show
existence of a unique fixed point. The system can be solved recursively starting at the highest wage.

28Gtrict inequalities at the boundaries does not restrict optimality, as the only purpose of the wages is to
determine the rank in the matching, and it facilitates the specification of a larger grid in the later exposition.

#That is, f(w;) = v(F(w;) — F(wi—1)), 9" (w;) = 71 (GH(wi) — GM(wi-1)) and g?(w;, wy) = 12[G? (w;, w;) —
G*(wi—1,w;) — G*(wi, wj—1) + G (wi—1, wj—1)]-
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applications to firms at w;, again excluding agents that sent both applications to the same wage.
Let Ap(w;) = g(w;, w;)/f(w;) be the ratio of workers that send both applications to w; to firms
offering that wage. Each of these latter workers sends two applications to this wage, and therefore
Mw;) = Ap(w;) + N(w;) + 2Am(w;). Let 1; be the average probability that someone who applied to
w; and to a strictly higher wage obtains an offer at the high wage.

We want to show that we can achieve the same number of matches by introducing an additional
wage wL € (w;, w;—1) and have all high wage applications still be sent to w; while all low (or single)
applications are now sent to w , while neither changing the application behavior nor the measure
of firms at higher or lower wages. That is, we assign new strategies F’ and G’ on W U {wlL} with
associated f’ and ¢’.3° Only the measure of firms at w; and w is not determined by this specification,
i.e. we are free to choose f'(w;) and f/(wl) as long as they add to the original measure f(w;).

We first notice that the effective queue length ' (w;) under the new strategies coincides with p(w;)
for all w; > w;, as we did not change the application behavior at higher wages and the matching rates
at higher wages are not influenced by changes at lower wages. Therefore, the average probability that
somebody who sends his application to w and to a wage strictly above w; gets the high wage offer
remains 1);. Next, we observe that we can find assign measure f’(w;) and f'(wl) adding to f(w;)
such that p/(w;) = p'(wk), i.e. the effective queue length at both wages is equahzed. Let pp(p) and
pn(p) denote the effective queue length at w; and wl, respectively, given that a fraction p of the f(w;)
M because all applications are effective.

_ (1—1;))\1(’[1)1) + —e —hkp(p) Am(wz)
T 1-p pn(p) 1-p
wn(p) > wi(p), while for p close to 1 pp(p) < wi(p). By the 1ntermed1ate value theorem it is possible

to equalize both at some p’ € (0,1). Let f'(w;) = p'f(w;) and f'(wF) = (1 — p) f(w;).

Note that the effective queue length p/(w;) under the new strategies is identical to u(w;) under
the original strategies. Assume not, e.g. u'(w;) = p/(wF) > p(w;). That means that under ' strictly
more of the measure f(w;) of firms get matched then under y at wages w; and w!”. On the other hand
it becomes strictly harder for workers to get an offer, and since we did not change the application
behavior at other wages, strictly less workers get matched at these wages. Since workers and firms are
matched in pairs, we cannot obtain more matches for firms than for workers. Similarly u/(w;) < p(w;)
can be ruled out. Therefore, p/(w;) = p(w}r) = p(w;) and we have not changed the overall matching
probabilities at any of the wages, because firms at wages below sz face exactly the same probabilities
that their workers take other jobs than under the original strategy.

Step 2: Repeating step 1 successively for each w; € W leaves us with a set of low application wages
{wF,...,wl} and a set of high application wages {w1, ..., wy} with effective queue lengths u'(w;) =
' (wF) = p(w;) and measures of firms f'(w;) + f'(wF) = f(w;), and since the firms still face the same
effective queue length we have an unchanged number of matches in the economy. Now we can rearrange
the wages such that any wiL wage is below any w; wage without changing the number of matches,
since any pair of wages (wF,w;) with ¢’(wk,w;) > 0 already has by construction w; > w’. That is,
we can use a new set of Wages W = {1, ..., Wopsr} such that 0 < w; < ... < wopr < 1, a mapping
k that ass1gns k(w;) = whifi < M and k(w;) = wi—pr if ¢ > M, and strategles f(w) = f(k(wy)),
G (w;) = gY(k(w;)) and §'(w;, w;) = g (k(W;), k(w;)) that leave the overall matching unchanged.

The next step is to show that it is sufficient to have only one low wage and one high wage. We say
that we “collapse” two wages W and @' into one if we assign new strategies f and § that are identical

firms offers the higher of the two wages. un(p) =

For those firms in the second group it is w;(p) . For p close to zero

0f(w) = f(w) and g "(w) = g'(w) for all w € W/{wz}, 9% (Wa,wy) = g*(wa,wp) for all (we,wy) €
(W/H{wi})?, g"(wf) = g (wz) and g"(w;) = 0, g*(wf,wp) = g*(wi,wy) for wy, € W/{w;}, g% (wa,w;) =
G (wq, w;) for w, € W/{w;}, g% (wk, w;) = gz(w“wl) and % (wa,wy) = 0 for all other (w,,wy) € W'2.
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to the strategies f and § except that all firms that offered @’ now also offer w and all applications
that were sent to @’ are now sent to w.3! We will show that by collapsing all low wages and collapsing
all high wages we weakly improve the number of matches.

Consider first two low wages w and @' in {1, ..., W}, i.e. wages at which firms only receive low
(or single) applications. At the former the matching probability for a firm is given by 1 — e~ (1=¥)A
for the appropriate average ¥ and average gross queue length A under f and g, while the matching
probability is 1 — e~ (1=%)X at the latter. We show that in an optimal allocation firms at either wage
have the same queue length by shifting firms from one group to the other while leaving the applications
that each group receives the same. That is, we retain f and §, except for f(w) and f(u&’) for which
we retain the overall measure v = f (w) + f (@) but assign a fraction p to w and the remainder to w’
so as to get to optimal number of matches. Let v and + denote the gross measure of applications at
w and w'. We consider v,~,v strictly positive, as otherwise at least one wage does not contribute to
the number of matches and can be dropped form the analysis. Then the number of matches across
both groups is given by

a
vp

V(1= e 0T+ (1= p)(1 = ) (39)

Since both subgroups have a strictly positive measures of applications, it cannot be optimal to place
all firms in only one subgroup (as otherwise few firms placed in the other would be matched nearly
for certain). Therefore, to achieve optimal matching p is characterized by the first order condition

V(L= e ) = (1—e ) = pe ¥ 4 ple ] =0, (40)

where p = (1 — w)ulp and p/ = (1 — ¢/ ),,({Yip)- Since 1 — e " — pe™H is strictly increasing in p (and
similar for p'), we have p = p/ in the optimal allocation of firms. That means that in the optimal
allocation both groups have the same hiring probability, and by collapsing the two wages they remain
to have the same hiring probabilities (which is identical to the case prior to the collapsing as otherwise
one would match a different measure of firms than workers — as outlined in the last paragraph of step
1). Therefore the overall matching is unchanged. Repeating this argument, we can collapse all wages
in {1, ...,wys} to a single wage.

By this construction, for low and single application firms only the average matching probability at
high application firms matters. If we keep the measure of low and single application firms constant and
leave the gross queue length for them unchanged, but match more workers already at high wage firms,
this clearly improves the matching (despite some negative externality on the low or single application
firms). Therefore, we consider next the set of high application wages {wns1, ..., Wops} and maximize
the number of matches there. At high wages the gross and the effective queue length coincide. By
the strict concavity of 1 — e~ the average matching probability at high wage firms is maximized if
the gross queue length (and thus the effective queue length) is identical for all of them. This result is
well known, see e.g. Shimer (2005). Since the queue length at all high length firms is identical in the
optimal matching, we can collapse them successively to a single wage without changing the number
of matches in the economy.

~ 31That is, f and g coincide at all wage (combinations) with f and ¢ that do not involve w or @’ and have
(w) = ()+f(w)f(w) , gH(w) = gt (w)+g" (w'), g (w )—09(, )=9(ww)+g( ') +g* (0, 0),

?Q(wtf) = g*(w, W) + g* (@', 0p) when wp ¢ {w,w'}, and §°(Wa, W) = §*(Wa, )+92(wa, w') when W, ¢
w, W
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This leaves us with two wages, one that attracts only low (and single) applications and one that
attracts only high applications, and we have either not changed the number of matches compared
to those arising from {F, G} or we have improved upon them. Our analysis of two-group efficiency
revealed that the equilibrium achieves the highest number of matches in this two-wage environment,
which means that the equilibrium weakly improves upon {F, G}. Q.E.D.

Proof of Proposition 7:

Given v and v with y2 > 0, consider two tuples {F’, G’} and {F”,G"} that lead to equal hiring
probabilities 1’ respectively n” for all firms. Similar to the argument in the proof of Proposition
6 n' = n”, since otherwise one tuple would match more workers but fewer firms than the other.
Therefore, all strategies that have identical matching probabilities for all firms achieve the same
measure of matches vny'.

Assume we have a grid W at our disposal that has at least two elements w; and ws > wi. We
use a strategy that assigns some firms to w; and all others to ws, and all workers send their high
application to the second and their low or single application to the first wage. Let p be the frac-
tion of firms at the high wage. We have us = X2 = v2/(vp) and p; = [1 — yap2/(71 + 72)]M1 =
[y1 4+ 72 — 72(1 — e™*2) /Ag]/(v(1 — p)). Since for p ~ 0 clearly us > p1 and for p ~ 1 s < g, there
exists a p such that effective queue length and thus the hiring probability of both groups is equalized.
It is easy to show that p; — po is strictly increasing in p around po =~ p1, so that p is unique. This
two-group process has p; = g, but the optimal two group process fulfills (29), which requires p; < pa,
i.e. a strictly smaller fraction of firms at the high wage compared to the assignment that equalizes
matching probabilities at both wages. Q.E.D.

Extended Setup for Section 5:

We generalize the setting to the case where workers can send any number ¢ € INj of applications,
at a cost ¢(i). We have ¢(0) = 0, increasing marginal costs ¢; = ¢(i) — ¢(i — 1), and largest integer N
such that ¢(N) < 1. Since many arguments are straightforward generalizations of that special case,
we focus mainly on the changes that are necessary to adapt the prior setup.

The extension requires mainly adaptations of the workers’ setup, while it remains essentially
unchanged for firms. The workers’ strategy is now a tuple (v, G), where v = (70,71, .., 7n) € AN
and G = (G1,G?,...,GN) € x¥ @', where Ay is the N-dimensional unit simplex and ®° the set of
cumulative distribution functions of [0, 1]*. v; denotes the probability of sending i applications, and
G® denotes the cumulative distribution function over [0, 1]* that describes the application behavior.
Let (w1, ..., w;) satisfy w; < wy < ... < w; and let G; denote the marginal distribution of G* over w.
A worker who applies to (wy, ..., w;) attains in analogy to (3) the utility

Uitun o) = 3| TT (1=t |t - <t )
j=1te=j+1
A worker who applies nowhere attains Uy = 0. Instead of (7) the relevant condition is now

i[vijzi;c;;(w)} = /0 ’ Aab) dF (). (7")

=1

To specify ¥(w) in the extended setup, consider a firm at wage w that receives an application and let
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G (W|w) denote probability that the sender applied with his other N — 1 applications to wages weakly
below w. If the sender only sent ¢ < N — 1 other applications, then we code (only for this definition)
the additional N —1—1 applications as going to wage —1. So W = (11, ..., Wx_1) € ([0, 1JU{-1})N 1.
Let h(w|w) count the number of applications sent to wage w when the worker applies to w and w.
Replacing (8) we now specify

(1 — plaw)) ) A
v = [ [1—1 “( p(w)) Hu—pw»]}damw). (®)

p(w)h(wlw)

wji>w

The product Hmj>w[1 — p(w;)] describes the probability that the applicant does not take a job at
a strictly better wage. Its multiplier gives the probability that a worker does not turn down a job
offer because of a job at another firm with the same wage, conditional on failing at higher wages (see
e.g. Burdett, Shi and Wright (2001), equation (6)). Then the integrand gives the probability that the
worker takes the job at a different firm.

The definitions for all other variables, i.e. u, p and n and 7 remain unchanged. With these ad-
justments the equilibrium definition extends to this section.

Proof of Proposition 10:
Consider some (candidate) equilibrium with some - that we fix for the moment. Denote by ¢ the
highest integer for which v; > 0. By straightforward generalization of Proposition 1 we have

p(w) = 1 Yw € [0, wp], and (41)
p(w)w + (1 —p(w))ui—1 = w Yw € [wi—1,w;] Vie{l,..,N}, (42)

where u; = max,¢(o 1) p(w)w + (1 — p(w))u;—y for all i € {1,2, .4}, ug = 0, Wy = uy. The Market
Utility Assumption implies that workers cannot receive more than the Market Utility, which implies
that u; — uj_1 = ¢; for i > 4. Indifference then yields @; = u;_1 + [u; —wi—1)?/(w; — g — ciy1). If
this is in [0, 1] then this gives the appropriate boundary, otherwise [w;, w;11] is empty.

Using (42), we can rewrite the profit function for a firm who offers a wage w € [w;_1,w;] with
w;—1 < 1 as

m(p) = (1= e )1 — i) = plui — vi-1), (43)

where 1t = p(w). The logic is similar to (17). If w;_; = 1 the profit is trivially zero. Proposition 2,
stating that there exists no equilibrium in which only one wage is offered, can now easily be shown
with similar techniques whenever v; > 0 for some ¢ > 1. By a similar argument it is straightforward
that at least ¢ wages have to be offered in equilibrium whenever v; > 0. Given that (43) is strictly
concave, it is also immediate that all firms within the same interval offer the same wage, yielding
exactly ¢ wages when some workers send 7 applications.

We call the group of firms that ends up offering the ’th highest wage as group ¢ and index all
their variables accordingly. It is convenient to denote by I'; = 2221 v the fraction of workers who
apply to at least ¢ firms. Then at wage ¢ the probability of retaining an applicant is (1 — ;) =
Z;:l %[ i:i 4+1(1 = pg)], since a fraction ~;/I"; of applicants sends j applications and does not get
a better job with probability H?ﬂ:z +1(1 = pg). The effective queue length at wage i is given by
wi = (1 — ;)\, where \; = T';/v; is the gross queue length. For i < i the unique offered wage in
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[W;—1,w;] is obtained by the first-order-conditions of (43), which are given by
w; —ui—p = e P (1 —ui_q). (44)
Therefore (43) can be rewritten as
mi=1—e " —pie ") (1 —ui_q). (45)

Free entry implies that m; = K, which together with (44) implies that p; = p and u; = u] as defined
in the main body. By a similar argument as for (25) and (26) the condition 7; = K defines for a given
vector « of applications the unique measure v; of firms in each group. Existence and — except for the
case where ¢;+ = u; — u;_; — uniqueness follow by similar arguments as in the case of at most two
applications.

To show constrained efficiency, we first consider search efficiency for given ~ and v. Let ¢ still denote
the maximum number of applications that workers send. We first consider a planner that only uses ¢
wages and, thus, i groups of firms, with p;v firms in each groups. That is, a worker who applies to i
firms applies once to each of the lowest i wages and accepts an offer from a higher wage firm over an
offer from a lower wage firm. We call an allocation of firms across groups that leads to the maximum
number of matches i-group-efficient. Compare two adjacent groups of firms i and i — 1 with total
measure v = v; + v;—1. We show that the only efficient way of dividing this measure up between the
two groups is the equilibrium division. The maximal total number of matches within these groups is
given by

max M(p) =vp(l—e ") +v(l—p)(1—e 1. (46)
p€[0,1]
It can be shown that a boundary solution cannot be optimal, as it means that one application is
waisted. Noting that (1 —1—1) = vi—1/Ti—1 + (1 — ) (1 — py)T/Ti—1 we can write p; = (1 — ;)\
and Mi—1 = [vi,l/Fi,l + (1 — QJZ)Z)(l — pi)Fi/Fifl])\ifl. The first derivative is then

dM(p) 1 o o L dX;
- = 1= Hi 1— Hi—1 Hi 1— i) ——
T e (L ) (1 - )
L dAi_l Fz dpi
Pim1(1 — 1—,_ — 1— ii)\i—
e =) (=) S = = u) P
We can use similar substitutions as for (29), with the adjustment that now du;/dp = —p;/p =

—vp?/[(1 — 4;)Ty], to show that the last term in the first line equals —pu;e i, and the second line
reduces to e #i=1[p;_1 — (1 — e " — e Hi]. Therefore we obtain the following first order condition

dM (p)
vdp

= (1 — e M ,U«ieiui)(l — e*/tiq) _ (1 — e Mi-1 _ ui_le*uz‘ﬂ) =0. (47)

For given v this uniquely characterizes the optimal interior p, since similar substitutions as above yield
d*M/dp? = —v[p3e "2 (1—e M) /p+e P (1—eH2 —pge "2 —puy1)?/(1—p)] < 0. A similar construction
as in the proof of Proposition 6 shows that ¢ groups are sufficient to achieve the constrained optimal
outcome.

Next, we establish that the overall entry of firms and the measure of firms in each group under
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equilibrium conditions la), 1b), 2a) and 3) yields optimal entry and optimal application decisions
simultaneously, taking v as given. Let p(v) = (p1(v), p2(v), .., p;(v)) be the fraction of firms in each
of the 7 groups under constrained optimal search given v and ~. Again let M*(, v, p(v)) denote the
constrained efficient number of matches given v and «. Similar to (30) the objective function is given
by max,>o0 M*(v,v, p(v)) — vK. When ¢ > 0, then K < 1 ensures that the optimal solution is in
the interior of [0,V]. We show that the first order condition uniquely determines the solution and
corresponds to the free entry condition.

By the envelope theorem the impact of a change of the fraction p;(v) of firms in each group on
the measure of matches can be neglected, i.e. %‘2’; i — () at the i-group-efficient p;. We get as first
order condition

dM*(y,v,p)/dv = K, (48)

where p = p(v). Writing M*(v,v,p) = [1 — Zizl[% H;zl(l — pj)] we have

e S S ] - len] o

i=1 L =1 k<i i=1 k<i
k#j

where the equality line is obtained by rearranging the terms for each dp;/dv. To simplify notation,
define the partial sum

N
dp;
& = [T —w) [T - p)l. (50)
>4 k<i
Since p; = (1 —e™#i)/p; we have dp;/dv = —(1/u?)(1 —e M — e M) (dp; /dv). Since p; = v;/(p;v),

we have dy;/dv = —v;/(p;v?) = —p;p:/7;. So we get dp;/dv = —p;(1 — e #i — pize i) /~;. Noting that
I':(1 —%);) = v;, we have established that

&=p(1—e i — e ) TJ(1 = pa). (51)
k<
By induction we can establish the following lemma, which we prove subsequently because it would

distract from the argument at this point.

Lemma A1l For all i it holds that

N
&= )1 —e — e ) T](1 = i) (52)

k=t 7<i

This implies that & = 1 — et — uje #1. The first order condition & = K uniquely defines uq, and
corresponds to the free entry condition of the lowest wage firms. By (47) it also determines u; uniquely
for all i € 2, ..., 7, which in turn determines v; uniquely for all i € 1,...,7. Thus equilibrium entry and
search is constrained optimal given ~.

Finally, when we endogenize ~, again note that the number of applications of other workers in
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equilibrium is not important for the marginal benefits of each individual worker, which are always
u; — u;_;. Therefore again the decision on the number of applications is constrained efficient, estab-
lishing constrained efficiency overall. Q.E.D.

Proof of Lemma Al: K
We are left to show that the following holds for all i € {1,...,72 — 1}:

7

G = (32 p— e — e ) T (1=, (5)

k=i+1 k<it1
It clearly holds for i =4 — 1 by (51). Now assume it holds for some i. We consider &. We know that
& = &it1 +Fi(1—¢i)@H(1—Pk)' (54)
dv k<i
(2

The second summand can be written as

dp; 1—e ™ — pje ™ du,
%H(l —pr) = — 2 = [T =m0 (55)

k<i k<i

Since p; = \i(1—1;) = /\Z(ZEZZ %(Hiziﬂ(l —pg))) we can write the term in square brackets in (55)
as

dpi Ai i1 Ta(l =) Ai §it1 pilty
(1 —pr) = - (1 —pr) = - - (1 —pr).
dv IE Li(1 = pi) piv? g Li(1—pi)  Ta(l— ) g

Observing that %(1 —e M — e M) =p; —e M, we can substitute the prior equation into (55) and
multiply by I';(1 — ;) to get

dp; pi — e hi o -
I(1 - wz-)df; H(l — k) = ﬁ&ﬂ +pi(1 — e — pe” 1) H(l — D).
k<i k<i
We can substitute this into (54), and use (53) and the property of i-group-efficient search in (47) to
obtain

N
&= )1 —e ™ — e ) [[(1 = pr). (56)
k=1 k<t

Q.E.D.
Proof of Proposition 11:

First we show that for i* — oo the (weakly) shorter side of the market gets matched with prob-
ability approaching 1. Since equilibrium search is always more efficient than a process of random
applications and acceptances (as would happen if all firms offered the same wage), we show this for
the latter. As i* — oo it cannot happen that workers and firms both are matched with probabilities
bounded away from one. If that were the case, than some fraction a > 0 of firms would always remain
unmatched. But then the chance that a worker applies to such a firm with any given application is «,
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so that the probability that he applies to such a firm with at least one of his applications converges
to 1, yielding a contradiction. With unequal sizes it is obviously the shorter side whose probability
of being matched converges to one; with equal sizes the probability of being matched is the same and
agents from both sides get matched with probability converging to one.

For the next arguments, recall that the marginal utility gain (excluding the marginal application
cost) of the i*'th application, given by u}. — u’_;, converges to zero as i* — oo. We will use this
to establish the limit for the average wage if firms are either on the long or on the short side of the
market.

Case 1: We show that w(i*) — 0 if firms are strictly on the short side of the market. Assume there
exists a subsequence of i*’s such that v(i*) < 1—e for all i* and some € > 0. That implies o(i*) < « for
some o < 1. If w(i*) - 0, then there exists a subsequence such that w(i*) — w > 0 and 7(i*) - 1 —w
(since n(i*) — 1). Now consider a deviant firm that always offers wage w’ = w/2. As workers send
more applications, the hiring probability for the deviant has to converge to 1. This is due to the fact
that for workers the marginal utility of sending the last application converges to zero, which implies
that the probability of getting the job at the deviant firm has to become negligible as otherwise each
worker would like to send his last application there to insure against the 1 — « probability of not being
hired. With the hiring probability approaching 1 the profit of the deviant converges to 1 — w/2, i.e.
the deviation is profitable. Thus it has hold that w(i*) — 0.

Case 2: We show that w(i*) — 1 if firms are strictly on the long side of the market. Assume there
exists a subsequence of i*’s such that v(i*) > 1 + ¢ for all +* and some ¢ > 0. In this case n(i*) < «
for some o < 1 and all i*. If w(:*) - 1, then there exists a subsequence such that w(i*) — w < 1 and
7(i*) — m < a(l —w). Consider a firm that always offers wage w’ € (w, 1) such that 1 —w’ > a(1 —w).
Again the hiring probability of the deviant converges to 1, because if there were a non-negligible
chance of getting the job at w’ worker’s would rather send there last application to this higher than
average wage. But then the deviant’s profit converges to 1 — w’ and the deviation is profitable. So
w(i*) — 1.

This immediately implies that v(i*) — 1. Otherwise a subsequence of i*’s according either to case
1 or to case 2 has to exist, but in case 1 profits are above entry costs and in case 2 they are below
entry costs, violating the free entry condition. Finally, since v(i*) — 1 and firms get matched with
probability close to one, 7 = K implies that the average paid wage w(i*) has to converge to 1 — K.
This directly implies that v} — 1 — K.

To show that the individual search costs converges to zero, i.e. that also U*(i*) = u} — ¢ (i*) —
1—K, rewrite the workers’ utility as U*(i*) = 2221[@_“:_1_02*] =3, [u;‘—uz‘_l—cf*]—FZé;Hl[uj—
ul | — &' for some I < i*, where ¢} = ¢ (i) — ¢ (i — 1) again denotes marginal cost. For a given i
the difference u} — u}_; is simply a number independent of ¢* (and the associated cost function). It
converges to zero for large ¢, which entails that w}. —u}._; —i*—o0 0. Due to increasing marginal costs
and optimality of sending i* applications we have cﬁ* < c§ < wui —uj_; for all 4 <4, which which
together with w}. — wjs_; — oo 0 only restates that that we consider changing cost functions with

cﬁ* —i*—00 0. Therefore the partial sum lezl[uj —u - cﬁ*] —i* 00 Z{;l[uf — uj_y] for any fixed
I € N. On the other hand we have 0 < Z;;Hl[uj —uf =l <32 lup =l ], but >0, [uf —
ul 1] —r1—00 0 since > 2, [uf —uf 4] < 1. Therefore lim_oo U(4*) = lims_o0 limi*qoo[zilzl[ x

*
i— u; —
1 Cm + Z;:Hl[u;k —ui_y — C?H = Zi’il[ui‘ —u_ 4] =lmpoui =1 - K. Q.E.D.

u
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