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Abstract

This paper investigates theempirical importance of allowing for multi-dimensional
sources of unobserved heterogeneity in auction models with private information. It in
turn develops the estimation procedure that recovers the distribution of private infor-
mation in the presence of two distinct sources of unobserved heterogeneity. It is shown
that this estimation procedure identifies components of the model and produces uni-
formly consistent estimators of these components. The estimation procedure is applied
to the data from highway procurement. The results of the estimation indicate that
allowing for two-dimensional unobserved heterogeneity may significantly affect the re-
sults of estimation as well as policy-relevant instruments derived from the estimated
distributions of bidders’ costs.
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1 Introduction

Auctions are extensively used by governments and private organizations as a price-setting
mechanism in markets with private information. However, the performance of a specific
auction mechanism as well as the choice of the optimal policy instruments (such as reserve
price) depend on the exact distribution of private information in a given auction environ-
ment. Thus, it is important in empirical auction analysis to be able to non-parametrically

identify the distribution of bidders’ private information from the available data.

A large literature on non-parametric identification of auction models has emerged to
provide a theoretical foundation for empirical analysis. In a seminal contribution, Guerre,
Perrigne and Vuong (2000) established that the first-order condition of bidder optimization
problem can be used to recover the distribution of private information from the distribution
of bids under independent symmetric private values. Subsequent literature extended this
result to settings with affiliated private values, asymmetric bidders and settings with risk-
averse bidders. An important assumption underlying this literature is that the researcher

has access to all the common information available to bidders.

When a researcher may not have access to all the common information incorporated
in bidding decisions, the environment is said to feature unobserved auction heterogeneity.
More recently, it has been shown that models with independent private values are iden-
tified in the presence of unobserved auction heterogeneity. Krasnokutskaya (2009) shows
identification and proposes an estimation procedure for the model with an unobserved het-
erogeneity factor that multiplicatively affects bidders’ costs. She shows that accounting for
unobserved heterogeneity has important implications for policy analysis. Hu, McAdams and
Shum (2008) obtain more general identification result that allows for a flexible relationship
between the distribution of bidders’ costs and the unobserved heterogeneity factor. These
papers, however, assume that the unobserved heterogeneity factor is one-dimensional and,
therefore, affects the moments of the distribution of bidders’ costs in a coordinated way.
The restriction of unobserved heterogeneity to be one-dimensional is potentially an impor-
tant one. However, the literature provides neither the identification results nor estimation
procedure in case of multi-dimensional unobserved heterogeneity. Consequently, little is

known about its empirical relevance. This paper attempts to fill this gap in the literature.

In particular, this paper extends the framework in Krasnokutskaya (2009) to allow
for two-dimensional unobserved heterogeneity so that independent factors may affect the
mean and the variance of the distribution of bidders’ costs. 1 prove that such a model is
identified from bid data and show how the identification argument can be translated into

an estimation procedure that produces uniformly consistent estimators. The latter step



involves significant modification of the argument developed in the one-dimensional case.
In the one-dimensional case the consistency argument relies in part on the results from
the classical measurement error literature developed by Li and Vuong (1998). However,
these results require that all the distributions should have bounded support. In the two-
dimensional case the intermediate steps of estimation procedure require working with the
distributions that violate this assumption. Therefore, an independent proof of consistency
has to be developed which exploits restrictions on the tail behavior of the distributions in

question.

I apply the proposed estimation procedure to the data from California highway pro-
curement auctions to investigate the empirical importance of allowing for multi-dimensional
unobserved heterogeneity. The results show that allowing for two-dimensional unobserved
heterogeneity may significantly affect the results of estimation as well as the choice of policy
relevant instruments derived from the estimated distributions of bidders’ costs. In particu-
lar, I study the data on auctions for (a) bituminous resurfacing and (b) small construction
projects. I recover the distributions of the private information and the unobserved hetero-
geneity under the two alternative assumptions on the structure of unobserved heterogeneity,
i.e. one- or two-dimensional. In the latter case two non-trivial components of unobserved
heterogeneity are recovered for both sets of projects. However, in the case of bituminous
resurfacing, the distribution of private information remains virtually the same under the
two specifications. In the case of small construction auctions, the variance of the private
cost component almost doubles when going from the model that allows for one-dimensional
unobserved heterogeneity to the model that allows for two-dimensional heterogeneity. Simi-
larly, I find only small differences in the mark-ups over the bidders’ costs and in the optimal
reserve price computed for the two specifications in the set of resurfacing projects. In con-
trast, for the set of small construction projects, the model that allows for two-dimensional
heterogeneity recovers mark-ups which are 30% higher then those recovered in the model
that allows for only one-dimensional heterogeneity. Similarly, the optimal reserve price de-
rived from the estimates obtained in the model with two-dimensional heterogeneity results
in a cost of procurement which is 15% lower relative to the costs that arise when the re-
serve price is computed on the basis of the estimates from the model with one-dimensional
heterogeneity. These finding indicate that allowing for a flexible relationship between the
distribution of bidders’ costs and unobserved heterogeneity may have important implica-

tions for policy variables and have a sizable economic impact.

Hu, McAdams and Shum (2009) provide a very general identification result allowing
for a flexible relationship between the the distribution of bidders’ costs and the unobserved

heterogeneity factor in the setting with one-dimensional unobserved heterogeneity. They



introduce an unobserved project heterogeneity as a factor conditional on which bidders’ val-
uations are independent. The authors require that a functional should exist that extracts
the realization of unobserved heterogeneity in a given auction from the auction-specific dis-
tribution of bids. They show that if such functional exists then the distribution of valuations
conditional on unobserved heterogeneity and the distribution of unobserved heterogeneity
are identified. It seems that their argument may be extended to allow for multi-dimensional
unobserved heterogeneity. However, the estimation strategy based on this identification re-
sult has not yet been developed and, therefore, cannot be used to empirically assess the

importance of multi-dimensional unobserved heterogeneity in the data.

The rest of the paper is organized as follows: The remainder of this section discusses
the prior literature. Section 2 describes the model with two-dimensional unobserved het-
erogeneity. Section 3 outlines and proves the identification result. Section 4 describes an
estimation algorithm and analyzes statistical properties of the estimation procedure. Sec-
tion 5 describes the market for highway procurement projects and presents results of the

estimation and policy analysis. Section 6 concludes.

1.1 Literature

This paper relates to several strands of the empirical auction literature. The first strand
concerns estimation of auction models with private information. These are some of the
most influencial papers in this literature. Donald and Paarsch (1993, 1996) and Laffont,
Ossard and Vuong (1995) develop parametric methods to recover the distribution of costs
from the observed distribution of bids. Guerre, Perrigne and Vuong (2000) study identi-
fication of the first price auction model with symmetric bidders and propose a uniformly
consistent estimation procedure. Li, Perrigne and Vuong (2000, 2002) extend the result
to the affiliated private values and the conditionally independent private values models.
Campo, Perrigne and Vuong (2003) prove identification and develop a uniformly consistent
estimation procedure for first price auctions with asymmetric bidders and affiliated private

values.

The second strand concerns the literature that studies unobserved auction hetero-
geneity. Campo, Perrigne and Vuong (2003) as well as Bajari and Ye (2003) rely on the
assumption that the number of bidders can serve as a sufficient statistic for unobserved
auction heterogeneity. Haile, Hong and Shum (2003) appeal to the instrumental variables
approach to control for the variation generated by unobserved factors. Hong and Shum
(2002) account for unobserved auction heterogeneity by modeling the median of the bid

distribution as a normal random variable with a mean that depends on the number of



bidders. Athey and Haile (2001) study identification of auction models with unobserved
auction heterogeneity in the context of second price and English auctions. Chakraborty and
Deltas (1998) assume that the distribution of bidders’ valuations belongs to a two-parameter
distribution family. They use this assumption to derive small sample estimates for the cor-
responding parameters of the auction-specific valuation distributions. The estimates are
later regressed on observable auction characteristics to determine the percentage of values
variation that is due to unobserved auction heterogeneity. Hu, McAdams and Shum (2009),
Krasnokutskaya (2009), Guerre, Perrigne, Vuong (2009), Roberts (2008) propose alternative

methods to identify auction model with one-dimensional unobserved heterogeneity.

Highway procurement auctions have been extensively studied in the literature. Porter
and Zona (1993) find evidence of collusion in Long Island highway procurement auctions.
Hong and Shum (2002) find some evidence of common values in bidders’ costs in the case
of New Jersey highway construction auctions. Bajari and Ye (2003) reject the hypothesis
of collusive behavior in procurement auctions conducted in Minnesota, North Dakota and
South Dakota. Jofre-Bonet and Pesendorfer (2003) find evidence of capacity constraints in
California highway procurement auctions. Bajari and Tadelis (2001) and Bajari, Houghton
and Tadelis (2004) study the implications of the incompleteness of procurement contracts.
Decarolis (2008) studies Italian highway procurement auctions where the average bid is used

to determine the winner.

2 Model

This section describes the first-price procurement auction model under unobserved auction

heterogeneity and summarizes properties of the equilibrium bidding strategies.

The seller offers a single project for sale to m bidders. Bidder i’s cost is equal to
C;=Y + YQXZ‘j (1)

where Y7 and Y5 represent common cost components known to all bidders; X; is an individual
cost component and private information of bidder 4. I use capital letters to denote random
variables summarizing the common and individual cost components. The small letters y, yo

and x denote realizations of common components and the vector of individual components.

The random variables (Y7, Y2, X) are distributed on their respective supports
SM) = [y, Ty SO%) = [y, By S(X) = [,7]"™, y, > 0, z > 0, according to the probabil-
ity distribution functions Fy,, Fy,, Fx.



Asymmetries between bidders: 1 assume that there are two groups of bidders; my
bidders are from group 1, and mgy bidders, mo = (m — my), are from group 2. Thus, the
vector of independent cost components is given by X = (X11, .., X1y, Xo(m41)s - Xom)-
The model and all the results can easily be extended to the case of m groups. I focus on
the case of two groups for the sake of expositional clarity. Groups are defined from the

observable characteristics of bidders.
Assumptions (D) — (Dy4) are maintained throughout the paper.
(D1) Y1, Y2 and X’s are mutually independent.

(D2) The probability density functions of the individual cost components, fx, and

fx,, are continuously differentiable and strictly positive on the interior of [z, Z].
(Dg) Eifl =0 and Ele =1.
(D4) (a) The number of bidders is common knowledge
(b) There is no binding reservation price.

The assumption (D) ensures the existence and uniqueness of the equilibrium in
the auction game; (Dp) and (D3) provide a basis for the identification argument; assump-
tion (Ds3) is used to fix the locations of the common components; and (D4) summarizes

miscellaneous assumptions about the auction environment.

The auction environment can be described as a collection of auction games indexed
by the different values of common components. An auction game corresponding to the

common components values y1 € [y,, 7], y2 € [y,, Vo] is analyzed below.

In this game, the cost realizations of bidder ¢ are given by y1 +yox;, for the realization
of the individual cost component z;. The bidding strategy of bidder i is a real-valued

function defined on [z, T]

Bi(-ly1,y2) © [z, 7] — [0, 00].

Small Greek letter g with subscript ¢ is used to denote the strategy of bidder ¢ as a
function of the individual cost components and a small Roman letter b to denote the value

of this function at a particular realization x.

Ezpected profit. The profit realization of bidder i, m;(b;, b_;, x;|y1,y2), equals (b; —
y1 — yox;) if bidder i wins the project and zero if he loses. The symbol b; denotes the bid
submitted by bidder i, and the symbol b_; denotes the vector of bids submitted by bidders

Note that the model does not assume that the number of bidders is exogenous. All the results in
this paper are valid if the number of bidders is endogenous and depends on the realization of unobserved
heterogeneity. For the details of the model with endogenous participation see Krasnokutskaya and Seim
(2009).



other than i. At the time of bidding, bidder ¢ knows (y1,y2) and x; but not b_;. The bidder
who submits the lowest bid wins the project. The interim expected profit of bidder ¢ is

given by

Elmi| Xs = 23, Y = yi] = (bi — y1 — y2wi) Pr(b; < b;,Vj #i|X; = 23, Y; = y1).
A Bayesian Nash equilibrium is then characterized by a vector of functions

By, y2) = {B1(y1,y2)s - B (|y1, y2) } such that by, o0 = Bi(xi|y1,y2) maximizes
E[TI—Z|X = xi7}/l = yl]) when byl,yz;j = ,BJ($J|?/17?/2)7 ] # iu j = 17"7m;

for every i =1,..,m and for every realization of X;.

McAdams (2003) and others establish that, under assumptions (D;)— (Dz2), a vector

of equilibrium bidding strategies 5(.|y1,y2) = {B1(-ly1,y2), -, B (-|y1,92)} exists and is
unique. The strategies are strictly monotone and differentiable.

Next, I characterize a simple property of the equilibrium bidding strategies.
Proposition 1

If (a1(.), .oy (L)) is a vector of equilibrium bidding strategies in the game with
y1 = 0 and yo = 1, then the vector of equilibrium bidding strategies in the game with
(y1,92), yi € [y, W1l is given by Bi(y1,y2) = {Br(y1,92), .-, B ([y1,y2)}, such that
Bi(xilyr, y2) = y1 + yaci(zi), i = 1,...,m.

The proposition shows that the bid function has a factor structure similar to costs
with the individual bid component given by «;(.). The proof of this proposition is based
on the comparison of two sets of first-order conditions and follows immediately from the
assumption that the factor structure of bidders’ costs and the common components are

known to all bidders.

The equilibrium inverse individual bid function for a group “k” bidder is denoted by
&k Since the function ay(.) is strictly monotone and differentiable, the function &x(.) is well-
defined and differentiable. The necessary first-order conditions for the set of equilibrium

strategies when y; = 0,y2 = 1 are then given by

1 - (m o 1) ka(i) (é-k(i)(a))éi;(i)(a) I fok(i) (f,k(i)(a))fl_k(i)(a)
a—&ayla) k(D) 1= Fx, ., (§kiy(a) RO Fx_y Ergpy (@) 7

(2)

where & (.) denotes the derivative of &(.).



Equation () characterizes the equilibrium inverse individual bid function when
y1 = 0 and yo = 1. It describes a trade-off the bidder faces when choosing a bid: an increase
in the mark-up over the cost may lead to a higher ex-post profit if bidder ¢ wins, but it
reduces the probability of winning. The bid a is chosen in such a way that the marginal
effects of an infinitesimal change in a bid on the winner’s profit and the probability of

winning sum to zero.

3 Identification

I assume that the econometrician has access to bid data, based on n independent draws
from the joint distribution of (Y1,Y5, X). The observable data are in the form {b;;}, where
i denotes the identity of the bidder, ¢ = 1,..,m; and j denotes project, 7 = 1,....,n. If
data represent equilibrium outcomes of the model with two-dimensional unobserved auction

heterogeneity, then
bij = Bre) (Tijly1s, y2;) (3)

(i.e., b;j is a value of bidder i’s equilibrium bidding strategy corresponding to (yi;,%2;)

evaluated at the point z;;).

I use B; to denote the random variable that describes the bid of bidder i of group
k(i) with distribution function G By, and the associated probability density function g, ;
b;; denotes the realization of this variable in auction j. The econometrician observes the

joint distribution function of (B;,,.., B;,) for all subsets (i1, ...,4;) of (1,...,m

As was shown in the previous section, b;; depends on the realizations of the com-
mon and individual cost components as well as on the distributions of the individual cost
components. This section examines under what conditions on available data there exists a
unique tuple {{z;;}, Fy,, Fy,, Fx } that satisfies ([3]), i.e., under what conditions the model

from a previous section is identified.

Proposition 1 establishes that
bij = y15 + Y2545,

where a;; is a hypothetical bid that would have been submitted by bidder ¢ if y; were equal
to zero and yo were equal to one. I use A; to denote the random variable with realizations
equal to a;j. The associated distribution function is denoted by G Agy With the probability

density function 9A,. - Notice that the econometrician does not observe (y1;,y2;) and

2In fact, it is not necessary to observe joint distribution for all subsets. For details, see the formulation
of Theorem 1.



neither therefore a;;. The distribution of A; is latent.

The following theorem is the main result of this section. It formulates sufficient

identification conditions for the model with two dimensional unobserved heterogeneity.
Theorem 1

If conditions (D1)—(Dy) are satisfied, then the probability density functions fy,, fv,
are uniquely identified from the joint distribution of four arbitrary bids (B;,, Bi,, Big, Bi,)-
The probability density functions fx;, j = 1,2, are also uniquely identified from the joint
distribution of four arbitrary bids (B;,, Bi,, Biy, Bi,) if k(iy) = j for some | =1,...,4. .

The proof of Theorem 1 relies on a statistical result by Kotlarski (1966)E which es-
tablishes that the marginal distributions of mutually independent random variables (Z1, Zo, Z3)

are identified from the joint distribution of random variables (Wy, W3) such that
Wi =21+ 23, Wo= 21+ Zs.

This result requires that the characteristic functions of Z1, Zs, Z3 should be non-vanishing.
Under these conditions it is possible to solve for the characteristic functions of Z/s from the
joint characteristic function of (Wi, Ws). More specifically, let W(.,.) and ¥;(.,.) denote
the joint characteristic function of (W7, W) and the partial derivative of this characteristic
function with respect to the first component respectively. Also, let ®z,(.) denote character-

istic functions of Z/s . Then,

Br(t) = expl / %duQ—itE[Zl]), (@)
0

(I)Z1(t) = g;i’((z;a

vul) = Fo

Once characteristic functions of 71, Zs, Z3 are known the probability density functions of
Z!s can be recovered using inverse Fourier transformation. In fact, since there is a one-to-
one distribution between characteristic and density functions, the distribution of random

variable is identified if the characteristic function of this distribution can be recovered.

3Therefore, at least four bids are needed to identify the model with two-dimensional unobserved hetero-
geneity.
“See Rao (1992).



Proof

Lemma 1 (see Appendix) establishes that all the random variables considered in
this proof have non-vanishing characteristic functions. The rest of the proof is organized in

3 steps.
Step 1

First, I form the pair-wise bid differences for two pairs of distinct bids:
Wi, = Bi, — By, and Wy, ;, = B;, — B;,. The identification of the probability density
function fy, is established by applying Kotlarski’s argument to the joint distribution of
(log Wi, 4y, log Wi, ;,) conditional on (W;, ;, > 0, W;, ;, > 0). The later condition is equiv-
alent to (A4;, — A;, > 0,4;, — A;, > 0). Since there is no special rule according to
which indexes (i1,12,173,44) are fixed, then log(A;, — A;,) and log(A;; — A;,) conditional
on (4;, —A;, > 0,A4;, — A;, > 0) are independent of each other and of log(Y2). There-
fore, conditions of Kotlarski’s theorem are satisfied. At this point I impose normalization

Ellog(Y2)] = 0. I will re-adjust recovered distributions later so as to satisfy condition (Ds).
Step 2

(a) The joint characteristic function of Wj, ;, and W;, ;, conditional on
Wiis > 0, Wi, > 0 together with the characteristic function of Y5 (identified in (a))
identifies the joint characteristic functions and therefore joint distributions of
(Ai, — Aiy, A, —A;,) conditional on (A;, —A;, >0, Aj, — Aj; > 0). The joint distributions
of (Ai; — Aiy, Ai, — Ajy) conditional on (A;, — A, >0, A;, — Ai, <0),
(A, — A, <0, Ay, — A, >0), (A4, — A, <0, A, — A, <0) are identified in a similar way.
The probabilities of observing (A4;, — Ai, > 0, A;,— A, > 0), (Ai; — A, >0, A, — A, <0),
(Ai;, — Aiy, <0, A, —Ajy, >0) or (4;, — A, <0, A, — Ai, < 0) are identified from the
data. Therefore, the joint distribution of (A;, — A;,, Ai, — Ai,) is also identified.

(b)The Kotlarski argument, then, is applied to the joint distribution of
(A; — Ay, Ay — Aiy) to identify the probability density functions of A;,, A;, and A;, under
normalization that E[A4; | = 0.

(c) The argument developed in Laffont and Vuong (1996) and used in Krasnokut-
skaya (2009) establishes identification of the probability density functions of X;,, X;,, X,
from the probability distributions of A4;,, A;, and A;,.

(d) Let ey, and ey, denote the expectations of Y2 and X under above normalization,
then the random variables 172 = 2/—5, Xl =eyX; —eyex, +1 and Xg =ey Xy —eyex, +1
represent components of the model that corresponds to the normalization postulated in
(Ds).



Step 3

The probability density functions g4, , fy, uniquely determine the probability dis-
tribution and thus the characteristic function of Y5 - A;,, which allows unique identification

of the probability distribution of Y] from the characteristic function of B;,. End of proof.

Thus, fvy, fvs, fxi, fx, are identified from the joint distribution of four arbitrary
bids. Similar to the one-dimensional case, the exact realizations of y1;, y2; and {x;;} are

not uniquely identified.

4 Estimation

The econometrician has data for n auctions. For each auction j, (m;, {bij}zsz,zj) are
observed, where m; is the number of bidders in the auction j, with m;; bidders of group 1
j

and mjo bidders of group 2; {b”}zzn is a vector of bids submitted in the auction j; and

zj is a vector of auction characteristics.

In the estimation procedure which follows the observable covariates could be handled
in two ways. An index assumption could be made, i.e. ¢;; = pj + 0j(y1; + y2;xi;) where
pj = zjoc and o = zjy. From Proposition 1 it follows that b;; = uj +0;(y1; +y2jbgj). Then,
in the first step the indices p; and o; are estimated conditional on the number of bidders
and normalized bids are formed: b?j = (bjj — pj)/oj. The remaining steps of estimation
procedure are applied to the normalized bids. I follow this procedure in the empirical part
of this paper. Alternatively, the estimation steps below could be implemented conditional
on the observable project characteristics. More specifically, the researcher should condition

on discrete attributes and use kernel smoothing over the continuous attributes.

The steps of the estimation procedure closely follow the steps of identification ar-
gument. I assume that at least four bids, (B;1, By, Bis, Bi4) are available per project. For
the convenience of exposition it is assumed that index i1 corresponds to the bids submitted
by the bidders from the group 1 whereas all other bids are submitted by the bidders from
the group 2. It is straightforward to adjust the steps of estimation procedure if the config-
uration of bidder set is different. Finally, I use Ay ;X to denote the difference between the
observations of variable X subscripted i; and i, i.e. Ay X = X;, — X3 LA X denotes
logarithm of Ay X.

Step 1

1. First, the researcher selects a subsample such that (B;, — B;,) > 0, (B, — B;,) > 0.

Let us denote the number of projects in this subsample by ng;. This subsample is

10



used to estimate the joint characteristic function of (log(B;, — Bi,), log(Bi; — Bi,))

as

no1

1 .
W (L(A12B),L(As4B)) (t1, t2) Z exp(ity log(B;, — Bi,) + itz log(Bi, — Bi,))
] 1

and the derivative of U(.,.) with respect to the first argument, ¥y(.,.), by

no1

@1,(L(A1,2B),L(A3,4B (t1,t2) = Zzlog —B;,) exp(it1 log(B;, — By, ) +ita log(Bi, —By,)).

The researcher should average over all possible quadruples to enhance efficiency. If
bidders are symmetric, the efficiency could be further improved by using
(_(Bil — BZ'Q), _(Big — Bi4)) for Bil — Bz‘Q <0, Bi3 — Bi4 < 0.

. The characteristic function of log(Y3) is estimated as

e

t

1,(L(A12B),L(As.4B)) (0, u2) .

Gy, (1) = exp / (L(21,2B),L(A3,4B)) dus — it Ellog(By, — Bi,))).
0 (L (A1,2B),L(As3, 43))(0 u2

Here I adopt normalization FE[log(Y2)] = 0. As in the identification argument the

researcher would re-normalize all the variables in the later steps.

. Next, I use inversion formula to estimate fry,(.).

T
fiv(y) = % /eXp(—ity)‘i’LYz (t)dt
2

for y € S(log Y2), where T' is a smoothing parameter.

. Finally, T obtain fy,(.) as

frv,(log(y))

fYQ( ) Y

for y € S(Y3).
Step 2

. Tuse ¢ry,(t) to estimate the joint characteristic function of

(log(Ai;, —Aiy), log(A;, —A;,)) from the subsample with (B;, —B;, > 0, B;,—B;, > 0)

11



and, therefore, (4;, — A;; >0, A;; — Ai; > 0)

~

U (L(A2B),L(As4B)) (t1, t2)

" t 7t2 - =
PL(A15A),L(A254) (T15T2) Gt + 1)

Similarly, I obtain

From subsample with (A; 3B <0, Ay3B < 0):

U(r(-ay2m),0(-ag 48 (t1:t2)
Sy, (t1+t2) )
from subsample with (A 3B <0, Ag3B > 0):

PL(=A13A),L(—Ass4) (T, t2) =

V((—ay,8),0(a548) (1,12)
PrLy, (t1+t2) '
from subsample with (A 3B >0, Ap3B <0):

(
PL(=A13A),L(Az34) (t1,12)
(

V(L(ay 9B),L(~A5 4B)) (t1,t2)

PL(A13A),L(=Az34) (t1,12)

Ly, (t1+t2)
2. T use the inversion formula to obtain
T
fL(Al 3 A),L(As 3 A) (u1,u2) = (27, / f exp(—it1ur — itau)Pr(A, 5 A),L(As54) (t1, t2)dE
’ ’ -7 —

conditional on (Al’gA > 0, A273A > 0), for uq € S(LA1’3A|A173A > 0),
U € S(LA273A|A273A > 0),

T T
~(9 . . .
l(/()*Al,sA)JJ(*AQ,sA) (ul’ u2) - (2— ;41 Jj‘j exp —itiug — Zt2u2)(‘OL(*ALSA)’L(*AZSA) (tl’ tQ)dt

conditional on (A173A <0, A273A < 0), for u; € S(L(—AL?,A)‘AL?,A < 0),
U € S( (—AQ 3A)‘A273A < 0),
T

f( A1 3A),L (A23A)(u17u2) (gﬂ) / feXp —it1ur — itaU2)Pr(— A, 5 A),L(As5A) (T1, t2)dE
: “rlr

conditional on (Al’gA < 0, A273A > 0), for uq € S(L(—A173A)|A173A < 0),
U € S(LA273A|A273A > 0),
T T . A~
fL(Al 3A),L(—As SA) (ul, ’LL2) = —(2 f f exp itlul — /Lt2u2)@L(ALgA),L(*AQ,gA) (tl, tg)dt
’ ’ 1
conditional on (Al’gA > 0, A273A < 0), for uq € S(LA1’3A|A173A > 0),

Ug € S(L(—A273A)‘A273A < 0).
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3. Next, I derive

(1
— f]E()A1,3A),L(A2,3A)(1Og(u1)’log(w))
fA1 3AAs, 3A(u1,uQ) = uU1,U2

conditional on (ALgA > 0, A2,3A > 0), for uy € S(LA1’3A|A173A > 0),
U € S(LAQ 3A|A273A > 0),

2) TEC a1501- 2,54 (08(1) Jog(u2))
f*A1,3A7*A2,3A(u]"u2) u1,u2

conditional on (A173A <0, A273A < 0), for u; € S(L(—AL?,A)’AL?,A < 0),
Ug € S(L(—AQ 3A)‘A2 3A < 0)

7(3)
#(3) L(—Aq 3A4),L(Ag 54)l08(u1) log(u2))
f Al 3A AQ 3A(u1’u2) L Qu?’ug
conditional on (A173A <0, A273A > 0), for u; € S(L(—AL?,A)’AL?,A < 0),
Ug € S(LAQQ,A‘AQ:,A > 0),
7(4)
(log(u1),log(uz))
L(A1 3A),L(~Ag 3A)
fAl 3A,—Ao, 3A(u1’u2) = = Qu?,uz

conditional on (ALgA > 0, A2,3A < 0), for uy € S(LA1’3A|A173A > 0),
U € S(L(—A273A)|A273A < O)

4. T use frequency estimatorsEl

no1

R 1
PTOb(ALgB >0, Ay 3B > O ” Z I Al 3B > 0, A273.B > 0),
01

no2

R 1
PTOb(ALgB <0, Ay 3B < 0 ZI Al 3B <0, AQ:,B < 0)7
nOQ

103

R 1
PTOb(ALgB <0, Ay 3B > O ZI Al 3B <0, A273.B > 0),
nOS

no4

R 1
PTOb(ALgB > 0, Ay 3B < 0 . Z[ Al 3B > 0, AQ:,B < 0)7
04

to obtain the probability density function of the unconditional distribution of

"Here no2 is the number of projects with (A1 3B < 0, Az 3B < 0), nos is the number of projects with
(A1,3B <0, Ag3B > 0), nosa is the number of projects with (A13B >0, Az 3B < 0).
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(Ail - Aisv Aiz - Ais):

fAl,gA,AQ,BA(uhuQ) = fgl)’SA’AQ’SA(Ul,UQ)P;Ob(ALgB >0, Ay3B>0)+
fizgl,gA,ng,gA(—ula —uz)Prob(Ay 3B < 0, Ag3B < 0) +
f£3gl!3A7A2’3A(_uluUQ)P":Ob(Al,SB < O, Ag,gB > O) +

f(Aéll),gA,—Ag,gA(u17 —UQ)P;Ob(ALgB > 0, Ang < 0).

5. This allows us to construct

Dp, A A galt o) = //eXp(it1u1 + itous) fay 54,804 (U1, uz)dur dus

D1 Ay 4a 8054t t2) = //Zul exp(itiur + itaus) fa, 44,00 54 (u1, uz)duy dus.

6. The characteristic functions of the individual bid components A;, , k = 1,3, are esti-
mated as

[N
R Wi AL 34,A054(0,u2 ‘
Pa,, (t) = exp( / = )dug—ztE[Ail]),
0

¢1A1,3A7A2,3A(07 uQ)

X VA, 340, 5a(t0)
(pAik (t) = Sy
(I)Aig (t)

for k =1,2.

Here I use normalization that F[A;,] = 0. I re-normalize all the variables in the later
steps.

7. The inversion formula is used to estimate densities gAik’ k=1,3,

T
_ 1 .
Fa(w) = o= [ exp(-itu)ba, a(t)ir
-T

8. The individual inverse bid function at a point a € S(Ay) is estimated as

Epnla) =a— _ (1 - ﬁiAl,n(a)) (1 - FA%@(“)) )
) (mk - 1) . fAk,n(a) . (1 — FA_k,n(a)) +m_yp - fA—kyn(a) . (1 _ FAk,n(a))

14



where

FAkn /fAkn

and a,, is an estimate of the lower bound of the support of f4, (.), which corresponds to
the normalizations E[log Y] = 0 and E[A;,] = 0 (see the Appendix for the discussion

of the support estimation).

9. Here the re-normalization should be performed as described in step 2 of the identifi-

cation argument.
Step 3

L. Iestimate fy,4, (.) as

Fraa, (2) / fAz1 “) fra(y) dy

2. I then estimate py, 4, (t) and ¢y, () as

ron, (1) = / exp(itu) frya, (u)du
S(Y2A;,)
éBil (t)

Py (t) = ——=
' PY2A;, (t)

1 n
=— E exp(itB;, ).
n “
J=1

, Where

3. The inversion formula is used to estimate the density fyl
T
; 1 N s
M) =5 / exp(—ity) ¢y, (t)dt.
-T

5 Properties of the Estimators

The estimation procedure yields uniformly consistent estimators of the relevant distribu-
tions. This result is derived under the following restrictions on the tail behavior of charac-

teristic functions.
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EDE)) The characteristic functions ¢ry,, ¥vi, ¢ra,, ¥4, and @y,a, are ordinary-

smooth

This property holds, for example, when cumulative probability functions of cost
components admit up to R, R > 1 continuous derivatives on the support interior such that
M of them, 1 < M < R, can be continuously extended to the real line.

Theorem 2 summarizes properties of the estimator.

Theorem 2

If conditions (D1)—(Ds) are satisfied, then fy,, fy, and ka are uniformly consistent
estimators of fv,, fv, and fx,, k = 1,2, respectively.

Notice that in this setting I cannot directly apply results obtained in Li and Vuong
(1998) on the uniform consistency of the estimators derived from the Kotlarski’s theorem.
This is because their results require that all the random variables involved have bounded
k=1,.,3,

have the same support. As a result the support of (A4;, — A;,) contains zero and the support

support. This property does not hold in this setting. The random variables A;, ,
of log(A;, — A;,) conditional on A;, — A;, > 0 is given by (—oo, M] for some M > 0. In
order to derive the uniform convergence of estimators in the case with unbounded support
I will exploit the tail behavior of log(A;, — A;,) which is established in Lemma 3 (in the
Appendix).

6 Application

I apply the methodology presented in Section 4 to data from highway procurement auctions.
I use data provided by the California Department of Transportation (CalTrans), which
is responsible for construction and maintenance of roads and highways within California.
CalTrans allocates the work which needs to be done to companies in the form of projects
through a first price sealed bid auction. The project usually involves a small number of

tasks, such as resurfacing or replacing the base or filling in cracks.

Projects are advertised four weeks prior to the letting date. Companies interested
in the project can obtain a detailed description from CalTrans. CalTrans constructs a cost
estimate for every project. This estimate is based on the engineer’s assessment of the work
required to perform each task and prices derived from the winning bids for similar projects

let in the past. The costs are then adjusted through a price deflator. The reserve price,

®Following Fan (1991): The distribution of random variable Z is ordinary-smooth of order s if its
characteristic function ®.(t) satisfies do|t|™ < |®.(¢)] < di]t|™ as t— oo for some positive constants
do,d1,c.with 2 > 1.
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while formally present, is not enforced.

It is unclear if the auction participants have a good idea about the number of
their competitors. The existing literature on highway procurement auctions tends to argue
that this is a small market where participants are well informed about each other and can
accurately predict the identities of auction participantsEl I follow this tradition and assume

that the number of actual bidders is known to auction participants.

I allow for cost asymmetries between bidders. In particular, I distinguish between
two types of bidders: regular (large) bidders and fringe bidders. The set of regular bidders
is defined to include companies that consistently won at least $10 million in projects during

each year in my data set and have at least 100 employees.

The analysis focuses on two types of projects: (1) bituminous resurfacing and (2)
small construction projects. The projects in the first set involve stripping the old surface
off, correcting the road base and laying out new surface. These projects are quite similar
and well defined. After I control for the size of the project, time allocated, location and
type of road, the remaining variation (not observed in the data) is associated with possible
curvature, incline or elevation of the road, ground conditions, etc. In comparison, small
construction projects usually involve building small parking lots, culverts and small bridges.
The projects in this set are less homogeneous and may have substantial amount of project-
specific variation which is difficult to summarize in the data. Such projects usually involve
excavation, levering the ground, laying the base, building a stand alone structure, etc. They
are much simpler than projects in the construction category because they involve building
simple objects according to known and well-defined blueprints. The completion of such
project does not require a lot of time and therefore is not associated with long-run risks,

planning and commitments.

Table [3 provides summary statistics for the two sets of projects. I focus on the
medium-size projects in both categories so that engineer’s estimates are similar across the
two sets. The small construction projects are allowed longer duration (on average 25%
longer than the duration of resurfacing projects) and tend to have a higher number of
tasks.

Table [2 reports the estimates from the OLS regression of the logs of the bids on
the project characteristics for the two sets of projects used in the estimation. The results
indicate that observable characteristics explain a higher portion of variation in log-bids in
the case of bituminous resurfacing. In additional, the engineer’s estimate plays a more

important role in the case of bituminous resurfacing. This indicates that this measurement

"See, for example, Bajari and Ye (2003).
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Table 1: Summary Statistics

Variables Bituminous Small
Resurfacing Construction

Engineer’s estimate 6.05 6.0
(hundreds of thousands) (1.6) (1.2)
Duration (days) 69.5 44.1
(15.1) (25.3)
Tasks 4.2 9.4
(1.32) (4.46)
[nregulam nfTinge] [4; O] [47 0]
Number of projects 252 270

Note: The standard deviations are shown in the parenthesis.

is more precise for resurfacing projects.

Table 2: Log-Bid Regression

Variables Bituminous Small
Resurfacing Construction
Constant 0.273 -0.0061
(0.087) (0.002)
Engineer’s estimate 0.903 1.013
(0.024) (0.012)
Duration 0.0011 0.0003
(0.0002) (0.0001)
Tasks 0.0008 0.0006
(0.0002) (0.0001)
Other controls: year, month and district dummy variables.
R? 0.91 0.82

Note: The standard errors are shown in the parenthesis.

To account for the observable project characteristics I assume that
log(bi;j) = ;3 + log y + log Bij
for the specification with one-dimensional unobserved heterogeneity and
log(bij) = 238 + log(y1 + yabi;)

for the specification with two-dimensional unobserved heterogeneity. That is, I extract

observable project variation by using OLS projection of bids on observable project charac-
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teristics and use residuals from this regression in further estimation.

Figures [Il and 2] depict the estimated densities of the costs components under one-
and two-dimensional unobserved heterogeneity, and for the two sets of projects. Table
summarizes the results of the estimation. For both groups of projects the estimation under
the assumption of two-dimensional unobserved heterogeneity recovers three non-trivial cost
components. In both cases, the variance of the scaling component (Y3) is smaller under
two-dimensional specification relative to one-dimensional specification. The variance of the
distribution of the individual cost component is very similar across specifications in the
case of bituminous resurfacing and increases substantially in the case of small construction
projects. Similarly, the estimated markups over the bidders’ costs differ very little across
specifications in the case of resurfacing projects whereas they increase from 7% (under one-
dimensional specification) to 9.3% (under two-dimensional specification) in the case of small

construction projects.

The results of estimation, thus, underscore the potential for misspecification bias.
The model with two-dimensional heterogeneity mitigates the bias by allowing for greater

flexibility in estimation.

Figure 1: Bituminous Resurfacing

Note: The top panel shows the estimated densities of the unobserved auction heterogeneity components.
The lower panel reports the estimated density of bidder private information. The solid line corresponds to
the case of one-dimensional unobserved heterogeneity while the line with a cross-marker depicts the density
estimated under two-dimensional unobserved heterogeneity. Dotted lines represent 5% - 95% quantiles of

pointwise density estimators.
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Figure 2: Small Construction Projects

Note: The top panel shows the estimated densities of the unobserved auction heterogeneity components.
The lower panel reports the estimated density of bidder private information. The solid line corresponds to
the case of one-dimensional unobserved heterogeneity while the line with a cross-marker depicts the density
estimated under two-dimensional unobserved heterogeneity. Dotted lines represent 5% - 95% quantiles of

pointwise density estimators.

Further, I study the importance of allowing for greater flexibility in the specification
of the model with unobserved heterogeneity by comparing the optimal reserve price derived
from the estimates obtained under the assumption of (a) one-dimensional and (b) two-

dimensional unobserved heterogeneity.

The government chooses a reserve price to minimize the expected cost of procure-
ment, which consists of two parts: the expected cost of not allocating the job today and
the expected cost of completing the work today given the reserve price r. Let us denote
the first component c¢y. It represents the sum of the cost of waiting another period and
the expected cost at which the project can be completed in the future. Then the objective

function of the government is therefore given by

r

C = coPr(byy > r, i=1,..n) —|—/bn(1 — Fu(b))" fa(b)db.

1S

I do not have data on the magnitude of ¢y. Therefore, I use a plausible value for ¢

and derive an optimal reserve price for this value.
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Table 3: Estimation Results

One Factor Two Factor
Model Model
Bituminous resurfacing
032,2 0.12 0.062
(0.11, 0.128]  [0.053, 0.068]
o2 0.11 0.124
0.102, 0.125]  [0.11,0.132]
o3, - 0.11
[0.106, 0.118]
avrg. mark-up 6.6% ™%
[6.3,6.9] [6.5, 7.2
Small Structures
o2, 0.16 0.07
[0.153,0.172] [0.064,0.8]
o2 0.08 0.13
0.07,0.085]  [0.12,0.14]
oy, - 0.13
[0.12,0.126]
avrg. mark-up 5.7% 7.8%
[5.3,6.4] [7.2,8.3]

Note: The 5% - 95% quantiles of the estimators are shown in the parenthesis.
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The results of the analysis are summarized in the Table @l The table records for
every case (1) the reserve price, (2) the probability with which a bid is submitted and (3)

the cost of procurement as a percent of ¢g.

For each specification I consider two cases: (a) realization of unobserved heterogene-

ity is known to the government with the cost to the government given by

r

Cly) = coPr(by > 7 i=1,.nly) + /bn(l — F(bly)" i (bly) b
b

(b) realization of unobserved heterogeneity is unknown to the government and the reserve
price is derived to minimize the average cost of procurement, where the average is taken

with respect to the distribution of unobserved auction heterogeneity, i.e.

T

C - / (coPr(by > 1, i = 1,omly) + / b1 — Fy(bly))"™ £ (bly)db) fy(y)dy.
b

For the case in (a) Table @l reports (1) the average reserve price, (2) the average probability
with which a bid is submitted and (3) the average cost of procurement as a percent of ¢.

The average is taken with respect to the distribution of unobserved heterogeneity.

I consider both (a) and (b) cases because the case (a) may not be implementable in
practice if the government does not know the realization of unobserved auction heterogene-

ity. In this case the reserve price derived in (b) can be used.

The table shows that in the set of small construction projects the reserve price
based on the distributions estimated under the assumption of two-dimensional unobserved
heterogeneity is higher than the reserve price based on the distributions estimated under
the assumption of one-dimensional unobserved heterogeneity. It also results in higher par-
ticipation and lower cost of procurement. The table does not record significant differences

between one- and two-dimensional cases in the case of bituminous resurfacing.

7 Conclusion

This paper analyzes the first price auction model with two-dimensional unobserved auction
heterogeneity. I show that such a model is identified from the bid data, and develop an
estimation methodology to recover the distribution of bidders’ private information and
the distributions of two-dimensional unobserved auction heterogeneity. I show that this

methodology produces uniformly consistent estimators of the distributions in question.
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I apply this methodology to the sets of projects associated with bituminous resur-
facing and small structures. I find that while in the case of bituminous resurfacing projects
the estimated distribution of the private information differs little across specifications, in
the case of small structure projects, allowing for two-dimensional unobserved heterogeneity

results in significantly different estimates.

I also show that accounting for the two-dimensional nature of unobserved hetero-
geneity has important implications for the computation of optimal reserve prices. In partic-
ular, I find that in the set of small construction projects where two distinct dimensions of
unobserved heterogeneity are present, the optimal reserve price is higher and calls for higher
participation compared to the reserve price derived from the estimates obtained under the
assumption of one-dimensional unobserved heterogeneity. I also find that the reserve price
based on estimates from the misspecified model results in procurement costs which are 15%

higher than the procurement costs under optimal reserve price.
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8 Appendix

Definition

The characteristic function of the variable X is non-vanishing if for every T > 0
there exists t such that [t| > T and @x(t) # 0.

Lemma 1

Let Y and A denote random variables with bounded supports [y, 7| and (a, @] such

that y > 0, a = 0. Then, the characteristic functions of (a) Y and (b) log A are non-

vanishing.
Proof

(a) The non-vanishing property of the characteristic function of Y is established as
in Krasnokutskaya (2009). The proof introduces a function which is an extension of the
characteristic function to the complex plane. It is shown that such a function is infinitely
differentiable everywhere in the complex plane. It, therefore, is an entire function. Thus,
the number of points where ¢y (t) is equal to zero cannot be more than countable, which

means that py (t) is non-vanishing.

(b) I follow a similar strategy to show that the characteristic function of log A is
non-vanishing. Notice that the density function of log A is given by fiog a(x) = fa(e®)e”.
loga
Then, the characteristic function of log A is given by @ioga(t) = [ €™ fioga(a)da =
—00
loga
[ e fa(e®)e?da. It is easy to see that the characteristic function can be extended
— 00
to the complex plane. The k-th derivative of the characteristic function, @ffg); 4) =
loga ]
[ (ia)*et® fo(e*)e?da, is well defined and finite everywhere on the complex plane. There-
—00
fore, @iog 4 is an entire function. As before this implies that ¢y (¢) is non-vanishing.

Lemma 2

Let X = (X1, X2) denote a vector of random variables such that

1. The support of X, Sx, is unbounded, i.e. Sx = [—oo, M|? for some M > 0;

2. Prob(|X| > x) < Loe™™ for some Ly > 0.
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Then, provided that T, = O((5g)") for some o> 0:

. . logn
(@) supl-, m,| [ € dlFrx — F)l = (%)) as
Further, if the following conditions are satisfied
3. Prob(|Xs| > x) < Lie™? for some Ly > 0;
4. E[XF|X3] < Ly < 0o for some Ly, >0, k = 1,2;
5. E[XF|Xa] < Ly * LE2k! < oo for some Lz > 0, k > 2;
then, provided that T, = O((1557,)") for some a > 0:
) , - logn
(b) sup_r,,1,| /'LXlenxgd(Fn;X - Fx)| = O((%)O'S) a.s.

Proof

The (a) statement of Lemma 2 follows from Theorem 1 in Csorgo (1980). The latter
result establishes that

BalTy) = sup(-, 1| [ (B~ Fx)l = O(Ba) as

[e. 9] [e. 9]
it Y e M N (KT /Ry)2e MR < oo

n=ng n=ngo

for some My, My > 0 such that ng = ng(My, My) = inf{n: R, <1/4\/max(M;, Ms)}
and K, =inf{x > 0: Prob(|X|>z) < R,}.

It is straightforward to verify that condition (b)) is satisfied for R, = (10%)0'5 and T, =

((g7)") with & > 0 when Prob(|X| = z) < Loe™ for some Ly > 0. The latter implies

that K, = —0.5(loglogn — logn) — log(Ly). Substituting all the appropriate values into
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[Bl) obtains:

o0 o0
Z e—MlR%TL + Z(KnTn/Rn)Qe—MQR%TL

n=ngo n=no
S a4 3 (~05(oglogn — log ) — log(Lo)) (1o —)"*?)n e <
n=ngo n=no
-M n 2 +1,,—M:
>+ 3 g
n=no n=no

M 0 201+]. Mo
Zn_ 1 Zw<ooforM1>1andMg>2(a+1)

n=no

(b) The result in Csorgo (1980) can be extended to the case of

Bo(Ty) = sup(-, 1| [ X062 d(Frx ~ F)

when random vector X satisfies conditions (1-5). The statement exactly identical to the one
in Theorem 1 of Csorgo (1980) obtains with the only modification that ng = ng(M1, M) =
inf{n: R, < Lo/4y/max(Mi, M)}

Lemma 3

Let X1 = 1Og(Bi1 — Bzg)|le —B;, >0 and Xy = lOg(BiS — Bi4)|Bi3 - B, >0 for
some i, ...,14 such that iy # io and iz # i4. Then the the following properties hold:

1. The support of X, Sx, is unbounded, i.e. Sx = [—o0, My|? for some My > 0;
2. Prob(|Xs| > z) < Loe™* as z — —o0 and for some Lo > 0.;

3. Prob(|X| > z) < Lp1e* as z — —oo and for some Lg; > 0.

4. E[XF|X2] < Ly < 0o for some Ly, >0, k = 1,2;

5. E[XF|Xa] < Ly % LE2k! < oo for some Ly >0, k > 2.
Proof

1. According to the assumptions of the model S(B;,) = [b, b]. Then, S(Ay|Ag > 0) =

(0, b — b]. Finally, S(LA|Ag > 0) = (—oo, log(b — b)]. Denoting My = log(b — b)

obtains the result.
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2. Here I use that log(B;,) = log(A;, ) + log(Y2). Then,

Pr(log(A;, — Ay) +logYs <z, A;, — Ay >0)
Pr(log(A;, —A; )+logYs < z|A;, —A;, > 0) = k L k L )
( ( k z) 2 | k 1 ) Pr(A- _Az'l N 0)

Further,

Pr(log(A;, — Aj) +logYe <z, A; — Ay >0) = (5)
a aite*Y

fa,(az2) fa,(a1) daz day fry,(y) dy =

B —

ai

(Fa, (a1 +e*7Y) = Fa,(a1)) fa,(a1) day fry, (y) dy =

< \@\ < \w
I \QI

(fa,(a1)e” +o(e?)) fa,(ar) dar fry,(y) dy =

//fAk ar)fa,(a1) day fry, (y) dy + o(e® /y
y

Yy a
as z — —0oQ.

ks \@l
St~

fAk a1 da1 fLYg( )dy < Wlez + 0(€Z)

B~

The last inequality holds because Ay, A;, LY have finite support and continuous den-

7 a
sity functions. Therefore, fa,, fa,, fLy, as well as [ [ fa, (a1)fa,(a1) day fry,(y)dy

and fa,(a1) dai fry,(y) dy are bounded by some constant.

I —
12— g

In addition, Pr(A4; — A4; >0) = fa,(az)das fa,(ar)da; =

18— g
S —a

(1 —Fa,(a1))fa,(a1) day > Wy for some Wy > 0. (6)

18—

Combining (@) and (@) proves the result of the lemma.
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3. Similarly,
Pr(log(A;; — Aiy) +log Yz < z1,log(Aiy — Ayy) +logYa < 294 — Aiy >0, Ajy — Ajy >0) =

Jqfa(FAl a1+e*17Y)—Fa, (a1))fa, (al)dalfa(FA3(a2+€z27y)*FA3(az))fA4(a2)da2 TrLy, (y) dy

(1-Fag (az+y))fa, (az) daz

1= %a\

(1=Fa, (a1+y))fa,(a1) da

18— g

As above,

[ = Fa @)t don [0 Fa()faa) das > Ws > o

Further,
(FA1 (al + e y) FAl (al) fAz al da f FAs ag + e~ y) FAs(GQ))fA4(a2) das fLY2( )dy =

IS —
12— g
[IS]

(e27Y faz(az) + o(e*2)) fa,(az) das fry,(y) dy =

=
18— g

(e fa,(a1) + o(e*)) fa,(ar) da

I —
1R — g

este® [ [ (e7Vfa,(a1) +o(1))fa, (al)dalfa(efyng(@) +0(1)) fa,(a2) das fry,(y) dy <

I — g
R —q

te?2 W, for some Wy > 0 as z1, z9 — —o00.

In addition,
10g§/2 < zl,log(A — A13) + long < 22|Ai1 — Ai3 > 0, AZ'2 — Aig > 0) =

Pr(log(Ah - A’LB) +
f(FAl(a+621_y)*FA1(a))(FA2 (ate*27Y)—Fa,(a))faz(a) da fLy, (y) dy

9

(1=Fa, (a))(1-Fa,(a))fa;(a) da

18—
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and,

(Fa(a+ e 7Y) — Fa, (a))(Fa, (a + €27Y) — Fa,(a)) fa,(a) da fry, (y) dy

I —g
18— g

(€7 Fa,(a) + 0(e™)) (%7 fay (@) + (%) £, (@) da frv, (y) dy

I — g
18— g

(e7¥far(a) +o(1))(e7¥ fa,(a) + o(1)) fas(a) da fLy, (y) dy <

e*le?

I —
12—

e*1e*2Ws for some Wy > 0 as z1, 29 — —00

with [ (1 — Fa,(a+€Y))(1 — Fa,(a+eY))fa,(a)da > Ws > 0.
— B;,) con-

18—

4. The probability density function of the conditional distribution of log(B;,
ditional on log(B;, — Bi,), A12B >0, Az 4B > 0 is given by
fALgB|A3,4B(b1\b2) =

P17V fa, (P17 V4a1) fa, (a1) day febryng (P27 Y+as) fa, (a2) daz fryv, (y) dy

a

e —g
18 —g

P27V faq (P2 7V taz) fa, (a2) daz fry, (y) dy

e g
18—y

el fe_nyfAl(ebl_“ral)ng (a1) day fang(ebQ_y+a2)fA4 (a2) daz fry, (v) dy
Y a a

}e‘y ;fA3 (e"27Y+ag)fa, (a2) das fLy, (y) dy

Y a

Then,

EB|B2] = [ IaldF, 5, =

e f6_2y ffAl (ebl_y + al)fAz(

Y a

ar)day [ fa,(€27Y + ag) fa,(a2) das fry, (y) dy
- db; <

eV [ fas(e27Y + ag) fa, (az) day fry, (y) dy

—
=
|
I —
18— g
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o }672‘1’ f fa (€Y + a1) fa, (ar) day ffAs(ebTy + az) fa,(a2) dag fry,(y) dy

Yy a a
b — dby <
/|u = <

M e Tqe Y _
—00

9 M M
dby < Wy / |b1]ebrdby = Wg(/blebldbl +
Wz
0

— 00

0 00
+ / |b1|€b1db1) == Wg(eM(M - 1) + 1-— /blebldbl) == WgeM(M - 1)
—00 0

The first inequality holds for every by # b, b since due to absolute continuity of f4 and
fry, there exists non-empty sets of y’s and ag’s such that the integrand is positive over
these sets. The second inequality also arises due to the continuity of f4 and fry, and
compactness of [y, 7] and [a, @]. All the equalities are derived by direct computation.

Similarly,

Ewmmz/ﬁﬂm&s

M M
Wy / b2ebrdby = Wy( / biebrdby +
—00 0
0 00
+ / b2ebrdby) = Wy(eM (M? —2(M — 1)) — 2 — /bfe—bldbl) = We(eM(M? — 2(M —1)).
AN 0

5. Finally, for the k-order moment I have

E[|B|*|Bo] :/|b1|deBlBg <

M M
Wy / b1 |"ePrdby = Wg(/b'febldbl +
—00 0
0 M e’}
- / by |FePrdby) = 14/8(/17’1%#’1615)1 - /b’febldbl).
—0o0 0 0

M 00
Denote M} = [ bfe® db; and M} = [ be~b1db;. Then,
0 0

MY = eMM» — kM),
M} =kM} .
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Using the recursive formulas above obtains:

M} = k!
l=k—1 k!
My = eM(M" + MRy — K
(k—1)!
=1
This gives us
l=k—1 Kl
B1|F|Bs) < WyeM (M* M* —— M (-1 =
[|[B1|"|Ba] < Wge™ ( +;( +(k—l)' (-1)H
l=k—1 1 N
WeeM MEE!(1 + = l),M*l(— )) = WeM MFEIWy = Lo(MWy 2 )*=2k!

for some Wy > 0.

Lemma 4

Let X be a random variable with the probability density function fx(.) and such that

1. The characteristic function of X, px(t) is ordinarily smooth, i.c. |px(t)] > do|t|=7

for some dy > 0 and B, > 1;

2. The estimator of px(t), Pxn(t) is such that supe_1, 1,)|Pxmn(t) — ox

3. The estimator of fx(.), fmx(x) is given by an

Then

sSup ’an(x) -
z€S(X)

Proof

(t) = Csom;

f e~ Ox.n(t)dt.
—T,

fx(x)] < 2T,Chpp + TP s,

Ty
1
(@) = Ix @] < = [ 1exan(®) = ex(0ldt +
—T
—Thn [e%s)
o [ lex®lde+ o [lex(ola <
—00 Th
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o0

. 1 _

T,  sup  |pxan(t) — ox ()] + — / dot P2 |dt =
t€[—Tn, Tn) ”T

1
27,,C pu, + ;dngfﬂz.

Proof of Theorem 2
Step 1

First, I begin by establishing that supj_r, 7,1 [Pn;2v>(t) — oLy, (t)| = O((lo%)o'f’).
In Step 1 I always condition on A; 2B > 0, A34B > 0. I suppress conditioning in the

notations for the ease of exposition.

Applying Taylor approximation to

t o~
‘I’ ;LA 2B,LAs 4B (0, u2)

OLy, (t) = exp( dus
0 A1,237LA3,4B(07 uQ)

obtains

t o~ ¢
QOLYQ /‘I’ LAy 2B,LAs4B(0, u2) p /\IJI;LALQB,LAgAB(Oa'UQ)
Ug —
0 0

VA, 2B,LA;4B(0,u2)

oLy, (t) — Py, ()] = dus)’

VA .B,LA548(0,u2)

¢ =
ViLay 9B,LAg 4 B( 0u2 Vi0ay 9B,LAg ,B(0u2)
Denote |A,| =1 [ o 5 f 7 ) Qu2)|- Then
0 Yia,oB.Laz,B( U2) LA 2B,LA3 4B

GLva(8) = v (D] < D 1AL

Using von Mises differentials I have

ATL - E EdkT(FLALQB,LAQ,AB; FTL;LALQB,LAQ,AB - FLALQB,LAgAB)v
k=1 """

where dkT(FLAl 2B,LA34B FrnsLAy 2B, LA 4B — FLAL 2B LA 4B) =

f ib1e™2P2d(Fra, LB, 1A .8 + )\( n;LA12B,LAs 4B — FLAy 2B,LAs 4B))
d)\k d’UJQ‘)\:o.

f ezungd FLAl 2B, LA3 4B + )\( n; LAl 2B, LA3 4B — FLAl 2B, LA3 43))
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By direct differentiation I establish that

t

. ug) B(ug)k~!
. k 2
diT(FLAy 2B,LAs 4B Fn:LAy 2B LAs 4B — FLAL ,B.LAs 4B) = k'/ T due
\I/LA1 2B,LAs.4B(0,u2)

0
where

: b ugb
A(uz) = /Zblem 2d(FrsLAy 2B, LAs 1B — FLALQB,LAP)AB)/QWQ *dFLA, 2B, LAs 4B
2 iusb b
—/Zb1ew2 QdFLALgB,LAgAB/ 122 (F LAy B LA AB — FLAL 2B, LAG 4B)-

B(us) =/ 252 d(Fpa, 2B,LAs4B — FLA 2B LAs 4B)-

Lemma 2 and Lemma 3 imply that

sup |B(u2)| = sup |/em2b2d(pn;LA1,zB,LA3,4B — Fray5B,00548)] = O(Ry)
te[—Tn,Th) te[—Tn,Th)

logn

1
where R,, = (ﬂ)o.s and T,, = ( )< for some o > 0;
n

[SUP |/1516w2b2d( wiLA12B,LAs 4B — FLAL B, LAs4B)| = O(Ry)
Tn,Th)

logn logn

where R,, = ( )95 and T,, = ( )< for some o > 0.

!/zbwm 2dFpA, »B,1As4B] < L1.LAB-

Therefore,

Afuz)| < | / b1 d(Fpa, o5 18s 8 — FLara5.005.5)]] / M AFL A, 5 1y 5] +
I/iblei“QdeFLAl,zB,LAgAB||/ei“Qde(Fn;LAl,gB,LAsAB — Fra,5B,005,48)| <

\/ible%bgd(Fn;LAl,zB,LAsAB — FLA,»B,L05,4B) |+

!/ibwwgbzdFLAmB,LAgAB\!/€iu2b2d(pn;LA1,QB,LA3,4B — Fra,»B,0A548)| = O(Ry).
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Next,

dkT(FLALQB,LAgAB; Fn;LALQB,LAgAB - FLALQB,LAQ,AB) —

t t
A(ug) B(ug)" ! Q1 R, RE1
—1)kk! / duy = / n dus <
(=1) WAL 2B LAs.B(0, ug)k+l 2 WAL 2B, LAs B (0, ug)k+l 2=

Tn
1
QlRﬁ/ —BiAn(rD) duy = QoRFTHPLas(+k) for some Qy, Qo > 0.
raBTn

The following reasoning justifies the inequality: ¢ry,(t) and @ra,,4(t) are ordinarily
smooth with parameters Bry, and fBraa respectively. Since LAy ;B = LY, + LAy A
then WrA,,B,0A,,8(0,u2) is ordinarily smooth with parameter Srap = Bry, + Braa.
Further, it can be shown (see Li and Voung (1998)) that if 7, is large enough then

WA, 2B,0a5.8(0,u2)] > dLAB]TnyfﬁLAB for an appropriate dpag > 0.

Then,
00 1+2B8raB (logn\0.5
B 081 /2 14 Bran(1+k) _ . In )
’ATL’_;QQ(T) Tn Lan _Q21_T£LAB(10gTL)O.5'
= n
Therefore,
1A, < O(TT}-FQBLAB(IOgn)Oﬁ) _ O((logn)0-5—a(1+25LAB))
= n n
and
. A logn . gs_
Ly, (1) — oLy, (£)] < 1‘7”‘ =0(( g )0.5 a(1+2ﬁLAB))
— Ay n
1
ifa<

2(1+2BraB)

Next, Lemma 4 implies that

2 logn. g5_q 1-8
Sup |fov2(y) — frva(y)| < O(Tn(T)O'5 (1+26La8)) 4 T, 77072
YESLY,
2 logn % logn oll—
or sup |fus(y) = fina(y)] < O((BL)0I-20045a0)) 4 O((DER o101y ))
YESLY, n
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Since y, > 0 and y, < oo:

‘fLYQ (logy) — fry,(logy) <

sSup ‘sz(y) - fY2(y)’ = Ssup
yESy2 y65y2 )

logn

1
ogn )0.5—2a(1+6m3)) + O((T)a(l—BLYQ ))_

o((

n

I use Cf,, to denote sup,eg,, | /v, (y) = f,(y)| in the rest of the proof.
Step 2

All the analysis below is performed conditional on Aj3A, Ag3A unless otherwise

noted. The conditioning is suppressed for the ease of exposition. I begin by deriving

sup |@LA1,3A,LA2’3A(t17 tQ) - @LAl,gA,LAQ,gA (t].) t2)|
[~Tn, Tn]

Taylor expansion gives:

@LAl,gA,LAQSA(tl) t2) - QOLAl,gA,LAQ,gA(t].) t2) =

k=00
OLAL3ALAs5A(t1,12) R
Z = ]ng,s (log(@LA1,3A,LA2,3A(t17 ta)) — log(QOLAlﬁA,LAQﬁA(tlv tQ)))k‘
k=1 '
Further,

|S5LA173A7 LAQ@A(t].a tQ) - QOLAl,gA, LAQ,gA (t].) t2)| S

k=00

Z ‘(log((ﬁLAl,sA,LAz,sA(tlat2)) - log(@LAlﬁA, LA2,3A(tlvt2))’k =
k=1

O(log(Pra, 54, LAy 54 (1, t2)) — log(WLA, 54, LA, sA(t1,12)))

when Hog(ﬁLAlﬁA, LA2,3A(tlvt2)) - log((PLAl,sA,LAzsA(tl’t2))‘ <L

Then,

‘ 10g(¢LA1,3A7 LA2,3A(t17 t2)) - log(QOLAlﬁA, LA2,3A(t17 tQ))’ =
‘10g(\i]LA1,3A7 LA2,3A(t17 t2)) - log(\IlLAlsz‘L LA2,3A(t17 t2)) +
log(Prys (t1 + t2)) — log(pry, (t1 + t2)) <
VAL 3B, LA 3B(t1,t2) — WLA, 3B LA, 5B(t1, t2)
)
VA, 3B, LA 5B(t1,t2)

|oLy, (t1 + t2) — wry, (t1 + t2)|)
©Ly, (t1 + t2) ’

o]

o(
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Similar to Step 1, ordinary smoothness of @A, 54,0a,54 and of ¢ry, implies that

|OLAL 3A, LA, 54 (L1, t2)] > draapanalts] PEasd |ty ~Prasa

oLy, (8)] > diy, |t 772,

Applying Lemma 2 and Lemma 3, I obtain

Sup ‘(log(¢LA1,3A7 LA2,3A(t17 t2)) - 10g(‘PLA1,3A,LA2,3A(t17 tQ))’ =
tlthG[*TnyTn]Q
lo _ I _ I "
O( in)o.f) O‘(ﬁLALgB‘FﬁLAQ!gB) + O(( Oin)o.f) a(1+2ﬁLAB3!4+ﬁLY2)) — O(( Oin)(]f)faﬁ )
if T,, = O( - )<, with a < 1 where
" T Mogn’ — 2f*

B* =min{(Bra, 48 + Brassn): (1+281aBs, + Brvy)}-

Notice that in above ({1 + t2) € [~2T},, 2T},] where as 27T}, is still O((5g;)")-

Using Lemma 4 and the fact that ¢ LA; 3A,LAs 5A 18 ordinarily smooth with param-
eters Braa, 5, BLaa, s obtains:

sup |fLArsA, LA 54(a1,a2) — fLAy 54,00, 54(01,a2)] <
a1,a265’(LA1,3A,LA2,3A)

0.5—af*
logn of 2-BLay 3a—BLa; 34

o(T, )+ T,

OF | fLAL 34, LAs54(a1,02) = fLAL 54, LAss4(a1,a2)| =

O(( Oin)0.5—a(1+ﬁ )) +0(( Oin) (BLag 3a+Brag 34 2)) = 0(( Oin)0-5 a(l+8 ))
if a < !
if .

2(8* + BraysA + Bragsa — 1)

Also, for every subset, SC = [g,,, Ma]?, of S(A1 34, Ag3A) = (0, Ma]?

sSup ‘fA1,3A7A2,3A(a17 a2) - fA1,3A7A2,3A(a17a2)’ =

[5n7MA}2
sup ‘fLA1,3A,LA2,3A(a17 a2) - fLA1,3A,LA2,3A(10g ai,log a2)’ <
[en, M )2 aias o

o dogn o5 n14p*
= O(; 2(FER o5 -ati+),
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Then,

R logn o= ) _
’fA1,3A,A2,3A(a17 a2) - fA1,3A,A2,3A(a17a2)‘ = O((%)Of) a(1+67) 27)'

if e, = (logn

. )7 for some v > 0.

Next, I investigate the convergence of the estimator for the density of the uncondi-
tional distribution of Aj2A, Az 4A.

. logn . g=_ N
Sup ‘fALsA, A2,3A(a17a2) - fA1,3A7 A2,3A(a17 a2)’ = O((—)O'S a(1+67) 27)'
a1,a26S5(A1,3A4,A2 3A) n

It is so because

l\:)\»—‘

|PA'I'(A1733 > 0, Ag,gB > 0) — PI‘(Al’gB > 0, Ag,gB > )| = ( )

Next, I use the uniform convergence of fAl,S A,As34(a1,a2) to show the uniform
convergence for ¢ Aiy> PA;, 38 well as f Aug and fAik for £ = 1,2. I begin as in Step 1 by
using a Taylor approximation to obtain that

A l
|G, () =0, (] < D 1AL

t

Tyin, 34,89 34(0,u2) W1a; 34,00 34(0,u2)
where |Ap| = | [ = dug — f 5 0y du2)|, and
0 Yai34.8,340u2) A134,A9 34

\IlAl,sA,Az,sA(ulvUQ) = /ez(U1a1+uga2)fA1,3A,A2,3A(alva2) daydag
~ ol N R
ViAy 54,0054 (U1, U2) —/wlel(ulal 1202) f 4 Aggalar, az) daydas.

Using von Mises differentials I have

k:T (fA1 54,00 54; Frin 3AA03A — fA1 34,0 54),

W|;—A
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where

dkT(fA1,3A,A2,3A§ fn;A1,3A,A2,3A - fA1,3A,A2,3A) =

t . N
db [ a1€™(fa, 54,8054 + A friar 54,8034 = fAL3A,A054))dardas
_k ' g
dA [ etuzaz (fa154,8054 + A(fria1 54,0054 — A1 54,0, 54))darday

t

k )k 1
k'/ B duy

‘I’AI 3A,A05A( 0 U
0

U|r=0 =

A(ug) = /ialewm(fn;Al,gA,Ag,gA _fA1,3A,A2,3A)da1d02/eiuQanALgA,Ag,gAdaldaQ -
/ialezwmfAl,sA,A2,3Ada1da2/ezwan(fn;AlﬁA,AzsA - fA1,3A,A2,3A)da1da2~

B(UQ) = /ewga2 (fn;Al,sA,Az,sA - fAl,sA,Az,sA)daldGQ'

In contrast to Step 1 all the random variables in the expression above have bounded

support. Therefore,

|B(uz)| < (Aa)*Cy,
|[A(uz)| < (@ — a®)(Aa + Aa®)O(Cyy ).

As in Step 1 I use the fact that Ay ;A is ordinarily smooth with parameter S 4:

1+k TgﬁAACf 712
[Anl < ZQ?’C AATT?AA( = =B = O(TnﬁAACfAA)a
k=1 1 =T Cray
where T, = O((——)*) for some a; > 0.

log n

Therefore,

. 1og 1\ ¢ 5_ (148" )—2+v—20
B, (1) — 0, (D] < O(A]) = O((ZER 050157212015

05—a(1+ﬁ*)—2’y
20a4

with o <
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The rate of convergence for A;, and A;, is obtained as at the beginning of Step 2.

A ~fBa;
’@Aik (t) — PA;, ) = O(C‘I’AIBA,AQ’SA)) +O0(Tn ™ C@Ai?’)

~Ba,;
O(CfAA) +0(T, ° C@Ais) =

logn, 5 _a1is)— 10g 1, 0.5—a(148*)—2y—al(28a 4484,

O((T)O.S (1+6%) 2+ 0(( - ) ( )=2y—al(2B8a4 BAZS))
1 -« *)—2y—«a )

O((%)o.s (1+8%)—2v 1(25AA+5A13)) for k= 1,2.

Finally, the rate of convergence for densities follows from Lemma 4 and is given by

P ~ 1 ~1-Ba,
Fa (@) = fa, (@] € 25,0+ 2, T for k= 12,3
Farg (@) = Fa (@)] < O((BD ps-alti) e @inast) (B2 min, )

n
O((logn)0.5—a(l+ﬂ*)—2w—a1(2BAA+1)) for 0.5 — 04(1 + ﬁ*) —2y oy < 0.5 — Oé(l + ﬁ*) —2y
n Baa +2Ba,, 26a4

£ logn . 05-a ) —2v—a ) logn o 1
|fA1k( )_fAlk(a” SO((%)OE) (1+8*)—2v I(QﬁAAJF/BAZS))_'_O((%) l(ﬁAlk )) _

log n\0.5-a(1+6%)~2y—a1(26a4+Ba;,) 0.5 —«a(l+p) -2y 0.5 —a(l +p) -2y
—) i3) for <o :
n 2Baa + Ba,, +Ba,, —1 26a4

O((

The uniform consistency of the estimator for the density of cost distribution is shown
exactly like in Krasnokutskaya (2009). The only modification needed concerns the derivation
of the estimators for the support bounds. More specifically, if [Aa, Aa] denotes the support
of Ay A variables, then under normalization E[logY5] = 1 the following restrictions hold:

ZB — §2Za

AB =y,Aa

log 7/,

/ frva(y)dy =1
logy,

logy,

/ Yfv,(y)dy = 0.
log Y

Alternatively, I could have used restriction that Aa = —Aa since it holds even under the

normalization above. The last two equations uniquely identify Yy and 7y whereas the first
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two equation will then identify Aa and Aa consistent with E[log Y2] = 1 normalization.

The latter set of values can be used to identify a and @ from the following restrictions:

a—a=Aa

This set of restrictions is used to derive estimators for the support bounds.

Step 3

I first derive

Crya, = S |fvaa, (2) = fran, (2)] <
2€S5(YaAq)
/5&@&¢?—&@u¢?+m@m¢§—mwu&ﬂw

1, 4 A z z 2 a
S/;(Ifyg(y)llfAil(g)—fAil(g)lJrlfAil(Z)llsz
/;((MLYQ +Cpy,)Cfa, + MiaCfy, )dy =

Moy, M1y, Gy, + Moy, Mia, Oy, + Moy, Cpy, Cpa - < @3Cr,

—~

y) — fro(y))dy =

1 — *)—2v—« )
= O((%)O'5 (1+57) =27 1(2’[3A“Jrﬁ“‘li)r)) for some Q3 > 0.

Here [ldy < Moy,, |f(w)| < Miy,, |fa, (2)] < Mya, with Moy, > 0, Myy, >
0 ]\417,41 > 0.

This, then, implies that

[Pvaa,, () = vaa,, ()] <

. log 1, 0.5—a(148%)—2v—a1 (2 .
/mMJw—m%@ww:Mm%QwM%=0«€}> U= Biaathag )y

where [ dy < Moy, a;, -
S(Yads)

Similar to Step 2:

|6y () — v (1) = O(|log (v, (1)) — log(ey: (1))
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and

W, (1) = Ui, (1)

Coy, = sup  |log(¢y, () —log(ey, ()| < O] ¥ )+
t€[=Tn,Tn] B, (t)
PYy A, (t) — PY24; (t) A ~Byy A
O i1 1] :C T1+,BB+C , T 241
O I
O((logl%)o_5_a2(l+63)) I O((IOin)0.5—a(1+ﬁ*)_2’y—a1(2BAA+ﬁAi3)—agﬂygAl) _
o(( logn )0-5—04(14‘5*)—27—041 (2Baa+Ba;,)—a2Byya, )

n

a(l+B%) + 2y + a1(28a4 + Ba,,)

if By,4, <1+ BB, or az <
2 1+ BB + Byaa

Here I use the ordinary smoothness of ¥p, (t) and @y, Ay (t).
The value for sup,c_7, 7, | B, (t) — Vp, ()| is obtained from integration by parts

sup |, ()~ Up, ()] = | / (Fuus (b) — P (b)ite™dp| =

t€[—Tn 1)

. loglogn o
= iy T = O((ZEBS 0050
for T, = O(( )*?) with ag > 0.

logn

The value for Cr, obtains by the log-log law (see Chung, 1949; Serfing, 1980). Finally,

from Lemma 4 I have

~ ~ A 1—
i (8) = i (8)] < 2Cpy Tn +dy, Ty =

O((loin)0-5_a(1+5*)_27—041(25AA+5AZ~3)—a2(1+5Y2A1)) + O((loin)QQ(ﬁYI_l)).
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