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Abstract

We give explicit time lower bounds in the Lebesgue spaces for all nontrivial solutions of nonlin-
ear Schrodinger equations bounded in the energy space. The result applies for these equations set
in any domain of RY, including the whole space. This also holds for a large class of nonlinearities,
thereby extending the results obtained by Hayashi and Ozawa in [9] and by the author in [2].

1 Introduction and notations

We consider global solutions of the following nonlinear Schrodinger equation,

z% +Au+ f(u) =0, (t,x) € R x 0,
ujpo = 0, in R x 99, (1.1)
u(0) = ug, in £,

where 2 C RY is an open subset with boundary 9, the nonlinearity f satisfies some conditions to
be specified later and wg is a given initial data. We show that if « is a solution of (1.1) with initial

data ug # 0, then for any 0 < & < ||uo||z2(q), r € [2,00] and ¢ € €, we have

timinf [t G5 () | onie—el<anlay) > £lBO, Mo)| =373, (1.2)

where My > 0 is an explicit constant depending only on [[u|p ;1 (o)) and &.

In [12], Strauss treated the case of the free operator. He showed that for any uy € L2(R™) \ {0} and
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any r € [2,00],

tim inf [¢[N =5 u(t) | 1@, > 0, (1.3)

i—+00
where u(t) = e®®uy and Q; = {|z| < k|t|}, for some k > 0 (see Strauss [12], Lemma p.69). If
fact, as seen in Ozawa [11], the same result still holds with €, = {k'|t| < |z| < k[t|}, for some
k > k' > 0. Later, (1.3) was established with Q; = RY and still for the free operator, but for any
up € S'(RM)\ {0} and any r € [1,00] (see Kato [10], Decay Lemma p.228). Ozawa [11] showed that,
for certain potentials V : RY — R, any nontrivial asymptotically free solution u(t) = et AtV
satisfies (1.3), with Q; = {k'|t] < |z| < k|t|} for some k > k' > 0. By asymptotically free, we mean
that [|u(t) — e"Aug || p2mn) 122, 0, for some uy € L?(RY). However, the constants k and &’ are not
explicit.
The nonlinear case was first treated by Hayashi and Ozawa [9], still with = RY. They showed that
any nontrivial solution u of (1.1) with initial data ug € H*(RY) satisfies (1.3), where ; = {|z| < k[t|}
for some k > 0. The nonlinearity f had to be a single power interaction (f(u) = —|u|*u), nonlocal
interaction (f(u) = —(Jz| ™ x |u|?)u) or external potential (f(u) = Vu), and in all those cases, repul-
sive. Furthermore, the initial data had to satisfy the additional assumption [, |#]?|uo(x)[*dz < co.
These two last assumptions were needed in order to use the pseudo-conformal transformation law and
obtain some a priori estimates on the time decay of the solution.
Finally, in [2] the author considered the special case where the nonlinearity is a single power interac-
tion, with Q = €, = R. He established (1.3) for all nontrivial solutions u of (1.1) with initial value
in H(RY). In particular, estimate (1.3) still holds for the attractive nonlinearity f(u) = |u|%u.
Note that all the above results are obtained by contradiction, which explains the fact that the lower
bound in (1.3) is not explicit.
In this paper, we establish estimate (1.2) with a very simple (and direct) proof. It only makes use the
linear part of equation (1.1). This permits us to extend the results of Hayashi and Ozawa in [9] to
any domain  C R™ and to a large class of nonlinearities. The proof requires that for almost every
u € C, Im(f(u)u) = 0 and that the solution is bounded in the energy space, namely in H} (). Note
that the first hypothesis is quite reasonable. It is needed to have conservation of charge, which is
essential to obtain (1.2). The proof allows us to consider attractive nonlinearities. In particular, we
prove (1.2) for the free operator with  # RY. Finally, it seems that the possibility of choosing the

lower bound in the right hand side of (1.2) for the solutions of nonlinear Schrodinger equations (1.1)



is new.

This paper is organized as follows. In Section 2, we give and establish the main result, namely the
estimate (1.2). In Section 3, we give some examples for which the result of Section 2 applies.
Throughout this paper, we use the following notation. We denote by Z the conjugate of the com-
plex number z, by Re(z) its real part and by Im(z) its imaginary part. We denote by Q@ C RY
any nonempty open subset. For 1 < p < oo, p’ denotes the conjugate of p defined by % + ﬁ =1;

loc

Lr(Q) = LP(%;C) is the usual Lebesgue space and we write || f||r) = oo if f € Li (Q) and
f & LP(Q). Hi(Q) = H(;C) is the usual Sobolev space and H~1((2) is its topological dual. The
Laplacian in € is written A = §:1 68—;?. For a Banach space (F, ||.||g), we denote by E* its topological
dual and by (., .)g-g € Rjtile E* — E duality product. In particular, for any T' € L¥' () and

@ € LP(Q) with 1 < p < 00, (T, ¢) 14 (), 1r () = Re [ T(z)p(x)dz. Finally, for ¢ € E and R € (0, 00),
Q

we denote by Bg(c,R) = {x € E; ||z — ¢|g < R} the open ball of E of center ¢ and radius R.

2 Sharp lower bound
Let © C RY be an open subset and f satisfying the following assumptions.

f € C(Hy(Q); H(), (2.1)

Ya € Wl’OO(Q;R)7 Yu € H&(Q,(C), <f(u), iau>H71(Q)’Hé(Q) =0. (22)
When the solution is not smooth enough, the nonlinearity f has to satisfy the additional assumption
[ Hy(Q) — H1(Q) is bounded on bounded sets. (2.3)

Definition 2.1. Let © C RY be an open subset, let f satisfying (2.1), let up € HZ(f) and let
u € L*®((0,00); HE(Q)). Assume further that for any T' > 0, f(u) € L>=((0,T); H=()). Then we
say that u is a solution of (1.1) if u(0) = ugy and if for any ¢ € H}(Q;C) and 1 € D((0, 00); R),

—+oo

[ {=utt)ohiaonpaiot’ O + (Bu®) + £t el my O} dt =0, @2)

0

In the same way, we define a solution u € L>((—o0,0); Hi(Q)) and u € L>(R; H}(Q)).

Remark 2.2. Note that Definition 2.1 makes sense since we then have u € W1>°((0,T); H~1(Q2)),

for any T > 0 and so the first equation in (1.1) makes sense in H~1(Q) for almost every t > 0.



Moreover, it follows from the inequality HUH%Z(Q) < olla-1@ vl g2 o) that u € C([0, 00); L?(2)) and

so u(0) = ug takes sense in L?().
The main result of this section is the following.

Theorem 2.3. Let Q C RY be an open subset, let f satisfying (2.1) — (2.2), let ug € H}(Q)\ {0} and
letu € L>((0,00); H} (2)). Assume further that for any T > 0, f(u) € L°°((0,T); H=(Q)) and that u

is a solution of (1.1) with u(0) = ug (Definition 2.1). Then the following holds. Let 0 < & < [Jugl|2(q)

and let
2|uoll 20 VUl Loo ((0,00);22(22))
M, = T R— . (2.5)
L2(Q)
Then we have for any r € [2,00] and any ¢ € §,
lim inf |¢ N(%fé) Ol - _ = ; 2.6
m 1 2] [w() Lr@n{|e—c|<Molt]}) |B(0,Mo)\%7% 20

A similar statement holds for t < 0, with the obvious modification in (2.5).

Remark 2.4. Let u € L>=((0,00); H3(Q)) and f € C(H}(Q); H~1(Q)). If, in addition, f : H} () —
H~1(Q) is bounded on bounded sets or if u € C([0,00); H}(€2)) then we obviously have that for any
T>0, f(u) € L=((0,T); HH(Q)).

Remark 2.5. Let u be a solution of (1.1) (Definition 2.1). It follows from Remark 2.2 that for any
t >0, u(t) € L3(2). Assume further that f satisfies (2.2). Then it follows immediately from (2.2)

that conservation of charge holds, that is for any ¢ > 0, [[u(t)||2(q) = [Juollz2(q)-
Remark 2.6. Notice that uniqueness of the solution is not required.

Remark 2.7. Estimate (2.6) is trivial if © is bounded. Indeed, we have in this case that QN
B(e, M|t]) = Q, for any ¢ € , M > 0 and ¢ € R large enough. Therefore, from conservation of charge
and Holder’s inequality, we have

v = 197G 2 = 1217 G5 ol 220y,

[[u(?)]

for any r € [2,00] and any t.

Remark 2.8. Note that in the particular case where r = 2, estimate (2.6) becomes

ve € Q, liminf [[u(t)] L2 (@n(ja—cl<anty) = €



Proof of Theorem 2.3. We follow a method of Cazenave [6, 7] (see Step 1 of the proof of Theo-
rem 7.5.1 in [6] or Step 1 of the proof of Theorem 7.7.1 in [7]). We write I = (0, 00) if u is positively
global, and I = (—00,0) if u is negatively global. Let € € (0, |[uo||z2(q)), let Mo be given by (2.5) and
let ¢ € Q. For H > 0, define Ty € WH°(; R) by

T ik R 1

Ve e Q, Ty(x) = H Then [|[Tx||L~ =1, |VTH| L~ = T and it follows
0, if |z —¢c| > H.

that iTgu € L°°(I, H}(Q)). By Remark 2.2, the first equation in (1.1) makes sense in H () for

almost every ¢t € I and so we can take the H~! — HJ duality product with iTgu. Thus with (2.2),

this yields

(tur + Au+ f(u), ZTHU>H71(Q),H(}(Q) =0, (2.7)
L. 1d
(tug, ITHU) -1 (), 1L () = 24 /TH(I)\U( ., x)|2dx, (2.8)
Q
(f(u),iTyw) g1 (), m10) =0, (2.9)

<Au,iTH’U,>H71(Q),Hé(Q) = —(Vu, iuVTH>L2(Q)}L2(Q) = —Im/u( . ,x)Vu( . ,x).VTH(x)dx, (2.10)
Q

almost everywhere on I. It follows from (2.10), Hélder’s inequality and conservation of charge (Re-

mark 2.5), that
. 1
‘(Au, ZTHU>H*1(Q),H(}(Q)‘ < E ||u0||Lz(Q) ||VU/HL00([’L2(Q))7 (2.11)

almost everywhere on I. Let ¢ € I. Putting together (2.7)—(2.10), integrating over (0,t) if ¢ > 0, or

over (t,0) if ¢ < 0 and using (2.11), we see that

2|t
[ @t a)Pas > [ Taluo)Pe - 2 fuolluaol Val e .oy
Q Q

We choose H = Mp|t| in the above estimate. This gives

2
vt € I, [[u(t)1720n(jz—cl<rpolt}) = /TMo|t|($)|U0($)|2d$ - EHUOHLQ(Q)||Vu||L°°(I,L2(Q))-

Q
By the dominated convergence Theorem, we have tiigloo/TMo‘“(x)mo(:c)Fdx = ||u0||%2(9) which
yields with the above estimate .
tim inf [[u(®) |2 @ne—cl<aropty) > NuollZaca) - 1 Tollzaiy [Vl ooy 2. @212

tel



Let r € (2,00]. It follows from Holder’s inequality that for any ¢ € I,

1_1
[w(®)[| L2 (@n{je—c|<Moltly) SIB(e, Motz [[u(®) | Lr@n{je—c|<Molt]})

11 11
=IB(0. Mo)| 11N ) () | @ngro—el <ol
From the above estimate and from (2.12), it follows that

s 1Y G )l ongia—el<anoienyy > e1BO, Mo)| =377,

tel

which is (2.6). Hence the result. O

Remark 2.9. In some cases, it may happen that f does not satisfy (2.1)—(2.3), but some slightly
different assumptions. Let D(Q) C E — H{(Q2) be a Banach space such that for any a € W1 (Q; R)

and u € FE, au € E. Assume that f satisfies the following assumptions.

feC(E;E"), (2.13)
Ya € WH (4 R), Yu € E, (f(u),iau)p- g =0, (2.14)
VA >0, 3R > 0 such that f(Bg(0,4)) C Bg-(0,R). (2.15)

Let up € E \ {0} and assume that there exists a solution v € L*°((0,00); E') of (1.1) with initial
data ug. We claim that conclusion of Theorem 2.3 holds. Indeed, from (1.1), (2.13) and (2.15), we
have that u; € L*°((0,00); E*). Therefore, the first equation in (1.1) makes sense in E* for almost
B

every t > 0, and inequality ||u||2L2(Q) < ||lu|| g+ ||u|| & implies that u € C ([0, 00); L(€2)). Thus u(0) = ug

takes sense in L?(2) and we can take the E* — E duality product of the first equation in (1.1)
with ‘v and iTgu € L*((0,00); E), where Ty is defined in the proof of Theorem 2.3. By (2.14), u
satisfies conservation of charge and we proceed as in the proof of Theorem 2.3. Hence the claim. See

Example 3.5 of Section 3 for an application.

Remark 2.10. Except for special cases (see for instance Ozawa [11]), we do not know if the conclusion
of Theorem 2.3 still holds when |[u(t)|| - @n{jz—c|<p]}) 1S Teplaced with [[u(t)|| L ik |tj<|z|<k]¢})
n (2.6), for some 0 < k' < k < co. The only result known in this direction is the following. Assume

that 2 = R™. Then for every ug € L*(RY),

Vi >k >0, t_l}rinoo e ol L2 rrie< el <kiely) = | F ol L2 (gr j2< |zl <k /2})» (2.16)



where F~1 denotes the inverse Fourier transform in RY. Estimate (2.16) has been established by
Strauss [12] with ¥ = 0, for any k£ > 0. (see Lemma p.69 in Strauss [12] and also Barab [1], proof of
Lemma 2). From this, we deduce easily that estimate (2.16) holds for any k > &’ > 0. It follows that
the Strauss’s method to establish (2.16) uses the Fourier transform and, consequently, does not work
when € # RY. And even for the free operator, we do not know how to adapt his proof when Q C RV

is a general domain. Finally, note that the results in Ozawa [11] are obtained from (2.16).

3 Applications

In this section, we give some examples of nonlinearities for which Theorem 2.3 applies. As is well-
known, nonlinear Schrédinger equations enjoy of conservation of a certain energy F, under suitable
conditions of the nonlinearity f. In some cases, this implies that ||Vu||2Lm(R; r2(q)) < 2E(uo) (u being

a solution of (1.1) with «(0) = ug).

Example 3.1. The free operator

Let © C RY be a nonempty open set and let (¢"*);cr be the group of isometries generated by iA
with the Dirichlet boundary condition on L?(Q2). Given ug € H}(2)\ {0}, it follows that u(t) = e*“uq
satisfies iu; + Au = 0 in R x . Furthermore, the conservation of charge holds and for any t € R,
[Vu(t)|| L2y = [VuollL2 (o). Applying Theorem 2.3 with f = 0, we have for any 0 < e < [Jug||£2(q),

9
|B(0, Mo)|z =+

o 11
tim inf 1Y) () | @nge—el <ol >
for any ¢ €  and r € [2, 00, where

My = 2Hu0HL2(Q)”VUOHL2(Q)

||UOH%2(Q) —g?
Example 3.2. The linear Schrédinger equation with external potential
Let © C RY be an open subset and let f(u) = —Vu where V: Q — R is a real-valued potential such
that V € LP(Q) + L>(Q), for some p > 1 and p > Z. Then for a given ug € H{(2) \ {0}, there exists
a unique solution

u € Cy(R; Hy () N Gy (R; H~H(Q))
of (1.1) such that «(0) = ug. Moreover, u satisfies conservation of charge and energy E, which is given
by

1 1
B(w) = 3 IVuoltaey + 5 [ Vi)luoo)Pda.
Q



Then it follows from Theorem 2.3 that for any 0 < & < |luo||z2(),

. . 1_ 1
tim inf [t G5 [u(t) | - ngja—el <ty >

for any ¢ € Q and r € [2, o0, where

My — 2|uol 20y IVl Lo ;2 (02))

||UOH%2(Q) —¢e?

In furthermore V' > 0, then we may choose M as

Mo — 2|uol|L2(2)v/2E (uo)
0= .

[uoll72 () — &2

Example 3.3. The Hartree type nonlinearity

Let @ = RN and let f(u) = —(W *|u|?)u where W € LP(RN) + L>(RY), for some p > 1 and p > &,
and W~ € LI(RN) 4+ L>°(RY), for some ¢ > 1 and ¢ > § (¢ > 1 if N = 2). We may choose, for
example, W (z) = plz|™7 with p € R\ {0} and 0 < v < min{N, 4}, with in addition x> 0 or p < 0

and 0 < v < 2. Then for a given ug € H'(RY)\ {0}, there exists a unique solution
u € Cy(R; H'(RY)) N Gy (R H™H(R™))

of (1.1) such that u(0) = up. Moreover, u satisfies conservation of charge and energy F, where it is
defined by
1 2 1 2 2
B(uo) = 31 Vuolan) + 7 [ OV * uof?) (@) uo(a) e

RN
Then it follows from Theorem 2.3 that for any 0 < e < |luo| 2 (rv),

timinf [£Y G~ ()| e (fo—e >
i inf [7] 1w 2r (ga—cl<olel}) | B(0, Mo)| 2=+

for any ¢ € RN and r € [2,00], where

M, = 2||U0||L2(RN)HVUHL“?(R;L?(RN)).

||U0H%2(RN) — g2
In the particular case where W > 0 (or p > 0 if W (z) = p|x|~7), we may choose My as

_ 2[uol| 2@y v/ 2E(uo)

||U0H22 Ny — €2
L2(RN)

My

Example 3.4. Single power interaction in the H'-subcritical and attractive case

LetQQRNbeanopensubsemlet)\>O,let0<a<ﬁ(0<a<ooifN<2)andlet

f(w) = Alu|*u. The associated energy FE is defined by

1 A .
E(Uo) = EHVUOH%?(Q) - mHUOHLjfz(Q)



Assume further that one of the following holds.
a)0<a< %.

b) a = % and ug € H{ () with [|ug|z2(n) small enough.
¢) a > + and l[uoll 2 () small enough.

It follows from Proposition 4.2.3 of Cazenave [6] or Theorem 3.3.5 of Cazenave [7], that for a given

up € HE(Q) \ {0}, there exists a solution
w e L(R; HE(Q) 0 WH(R; H1(2)

of (1.1) such that u(0) = ug (see also the proof of Theorem 3.4.3 in Cazenave [7]). Moreover, u satisfies
conservation of charge and for any ¢t € R, E(u(t)) < E(ug). Note that v € C(R; H=(f)) and so u
is weakly continuous from R onto H{(€2). Then for any ¢ € R, u(t) € Hj(2) and so, ||u(t)| 120 and
E(u(t)) are well defined for any ¢ € R. Furthermore, it follows from Remark 2.9 that u € C(R; L?(12)).
By Theorem 2.3, we have for any 0 < € < [Jugl| 2,

€

i inf [N G5 u(®) | Lo lo—e S —
it oo | | || ( )HL (Qn{] |[<Molt]|}) |B(O7MO)‘%_%

3

for any ¢ € Q and r € [2, 00|, where

My — 2|uoll 2 (o) VUl Lo (r;22(02))

||UOH%2(Q) —€?

For the repulsive case A < 0, see Example 3.5.

For more details about global existence and boundness in the energy space in Examples 3.3-3.4,
see for example Bourgain [4], Cazenave [6, 7], Ginibre [8], C. Sulem and P.-L. Sulem [14] and the

references therein.

Example 3.5. Large nonlinearity — The repulsive case

Let © € RY be an open subset and let f(u) = —A|u/%u with A > 0 and 0 < a < co. We set
E = H}(Q)NL*T2(Q) and E* = H’l(Q)—i—L% (Q). Since D(Q) is dense in both H} () and L2T2(Q),
then we have from Lemma 2.3.1 and Theorem 2.7.1 in Bergh and Lofstrém [3] that E and E* are
reflexive separable Banach spaces and that E* is the topological dual of E. Given ug € H}(Q) \ {0},
there exists a solution u € L (R; E)NW1>°(R; E*) of (1.1) with initial value ug. Moreover, u satisfies

conservation of charge and for any ¢t € R, E(u(t)) < E(ug), where

1 A N
E(uo) = 5|[Vuoll 20y + —5 lluoll§a2z q)- (3.1)
2 a+2 ()



See Strauss [13]; see also Cazenave [6, 7], Section 9.4. Note that v € C(R; E*) and so u is weakly
continuous from R onto H}(Q2) and from R onto L**t2(Q). Then for any t € R, u(t) € E and so,
lu(t)l| L2y and E(u(t)) are well defined for any ¢ € R. Furthermore, we have by Remark 2.9 that
u € C(R;L?(2)). Tt is clear that f satisfies (2.13)—(2.15) and so it follows from Theorem 2.3 and

Remark 2.9 that for any 0 < & < |lug||L2(q),

. . 1_1
timjn [fY G u@)ll o ngra—ci<anoon >

for any ¢ € Q and r € [2, 00|, where

_ 2fJuollr2(0) v/2E (uo)

My =
||“0H2L2(Q) —¢e?

Note that when N < 2, or N > 3 and a < 17, we have that E = H}(Q) and E* = H~1(1).
Remark 3.6. Notice that Examples 3.2, 3.3 and 3.5 cover the results of Hayashi and Ozawa in [9].

Remark 3.7. Here are some comments about uniqueness and smoothness in the case of the single

power of interaction.

1. In Examples 3.4 and 3.5, if N = 1 then the solution u is unique and u € Cy(R; H}(Q)) N
CL(R; H~(9)). Furthermore, conservation of energy holds. See for example Theorem 4.4.1 in

Cazenave [6] or Theorem 3.5.1 in Cazenave [7].

2. In Examples 3.4 and 3.5, if N = 2 and if furthermore Q = RY or a < %, then the solution u
is unique and u € C,(R; H} (2)) N CL(R; H~1(2)). Furthermore, conservation of energy holds.

See for example Theorem 4.5.1 in Cazenave [6] or Theorem 3.6.1 in Cazenave [7].

3. In Examples 3.4 and 3.5, if N > 3 and if furthermore Q = RY and o < ﬁ, then the solution
u is unique and u € Cy(R; HY(RY)) N CL(R; H1(RY)). Furthermore, conservation of energy

holds. See for example Theorem 4.3.1 in Cazenave [6, 7] or Corollary 4.3.3 in Cazenave [7].

4. For exterior domains, we have the following result. Let N > 2 be an integer, C C RY be
a nonempty star-shaped open bounded subset with smooth boundary, @ = RY \ C and let
fu) =1+ |ul*)fu with A >0 and 0 < o < . If N > 5 then assume further that o < +%5.
Using the result of Burq, Gérard and Tzvetkov [5], we obtain that for any ug € H}(Q) \ {0},
there exists a unique solution u € Cy,(R; H3(2)) N CE(R; H~1(Q)) of (1.1) such that u(0) = uy,

10



satisfying conservation of charge and energy F, where

a+2
Q

1 A a2
E(ug) = §||VUO||%2(Q) - / ((1 + Jug(z)*) "2 — 1) dx.

Finally, Theorem 2.3 applies.

Remark 3.8. We may mix some nonlinearities by taking

or

fu) = Mu|®u + plu] v+ Vu+ (W * |u*)u, in Q@ =RY,

f(u) = Mu|®u + plu|"u+ Vu, in Q C RN,

for some constants A, p, a, v € R and some real-valued functions V and W. See for example Cazenave [6]

(Sections 4.3-4.5 and 6.5) or Cazenave [7] (Sections 3, 4.1-4.5 and 6.8) and the references therein.
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