-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Research Papers in Economics

MAXIMUM DECAY RATE FOR THE
NONLINEAR SCHRODINGER EQUATION

PAascAL BEGouT

Laboratoire Jacques-Louis Lions
Université Pierre et Marie Curie
Boite Courrier 187
4, place Jussieu 75252 Paris Cedex 05, FRANCE

e-mail : begout@ann. jussieu.fr

Abstract
In this paper, we consider global solutions for the following nonlinear Schrédinger equation
iue + Au+ Au|®u = 0, in RY, with A € Rand 0 < o < 25 (0 < a < 00 if N = 1). We show
that no nontrivial solution can decay faster than the solutions of the free Schrédinger equation,
provided that u(0) lies in the weighted Sobolev space H'(R™) N L?(|x|?; dz), in the energy space,
namely H'(R™), or in L*(RY), according to the different cases.

1 Introduction and notations

We consider global solutions of the following nonlinear Schrodinger equation,
: ou « N
15+Au+)\|u| u=0, (t,x) € [0,00) x R,

u(0) = ¢, in RY,

where A€ R, 0 < o < (0<a<ooif N=1) and ¢ a given initial data.

N -2
It is well-known that if we denote by T'(¢) the Schrédinger’s free operator, then for every r € [2, o0

and for every p € L™ (RY),

vt € R\ {0}, |T®)¢lr < @rlt) VG ), (1.2)

r—1°

where ' = —L-. Note that for every r € [2, %) (r € [2,00) if N =1), if p € L*(RY) N L?(|z|?; dx)
then ¢ € L™ (RN) and ||¢|| ;v < C(|l@llz2, |lz||£2). Furthermore, the estimate (1.2) is optimal in the

following sense. For every r € [1,00] and for every ¢ € S’(RY), if ¢ # 0 then

lim inf |t|N(%7%)
t—+oo

IT(t)epllr- > 0. (1.3)
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For the proof, see Strauss [26] (r > 2) and Kato [22] (general case). In the same way, there exist
some solutions of the nonlinear Schrédinger equation (1.1) which have a linear decay (in the sense
of (1.2)). See for example Cazenave [3], Theorem 7.2.1; Hayashi and Naumkin [19]. In particular,
these solutions lie in H*(R™) N L2(|z|?; dx). On the other hand, we know that there exist solutions of
some heat, Ginzburg-Landau and Schrédinger type equations which have a decay rate faster than the
corresponding linear problem (Hayashi, Kaikina and Naumkin [17, 18]). Take an example. Let u be
a classical solution of the heat equation u; — Au + |u|%u = 0, (t,x) € [0,00) x RV, with initial datum
up € L°(RN), up # 0 and ugp > 0 a.e. Then we have by the maximum principle, [|u(t)||z~ < (at)”=,
for every t > 0, whereas for every t > 1, |[e/®ugp~ > Ct~ 2, for some constant C' > 0. Thus, if

0 < o < £ then u(t) decays faster than e'®

ug. S0, it is natural to wonder if some solutions of the
nonlinear Schrédinger equation (1.1) may have faster decay than the solutions of the linear equation.
We will see that such solutions do not exist (except the trivial solution). There exist partial results

in this direction. This is the case for &« = 2 and N = 1 (Hayashi and Naumkin [19]), for o =

(Cazenave and Weissler [8], Theorem 2.1 (a)) or for some self-similar solutions for o > «, where g
—(N—2)+VN?>F12N+4 (
2N

is given by ap = Cazenave and Weissler [10], Corollary 3.9).

This paper is organized as follows. In Section 2, we give the main results concerning the solutions
lying in HY(RY) N L%(|z|?; dz) and in H'(RY). In Section 3, we give the main results concerning the
solutions lying in L?(R™). In Section 4, we give several estimates for large times and establish Lemma
4.5, which asserts that the existence of a scattering state in L?(RY) implies a maximum rate decay
which is linear (in the sense that the solution satisfies (1.3)). Lemma 4.5 is at the heart of the results
of this paper. Finally, we will prove the results for solutions in H*(RY) N L?(|z|?;dr) and H*(RY)
in Section 5, and those for solutions in L?(R”") in Section 6.

We finish this section by giving some notations and we recall an embedding property of the
weighted Sobolev space L?(R™) N L2(|z|?;dx), which will be used to prove the results for solutions
lying in this space, and some results of the solutions of the nonlinear Schrodinger equation (1.1).

We design by Z the conjugate of the complex number z and A = év: 5972?. For p € [1, 0], we denote
by p’ the conjugate of p defined by % + ; = 1 and by LP(RY) i=1LP(RN;(C), with norm || . ||z»,
the Lebesgue spaces. H'(RYN) = H'(R™;C) with norm || . ||z, is the well-known Sobolev space and
we use the convention WOP(RN) = LP(RY) and HO(RY) = WO2(RY) = L2(RY). We define the
Hilbert spaces Y = {¢ € L*(RY;C); [¢|ly < oo} with norm |[¢||3 = ||1/JH%2(RN) +le; |z|? [ (x)|?dz



and X = (€ H'®Y:0): [[é]lx < oo} with norm [0 = [0l aw, + [ [of?[0(x)ds. For a
functional space E C &'(RY) with norm || . ||z, we write || f||g = oo if f € S’HERN) and if f ¢ E. We
design by (T'(t))ser the group of isometries (e'*®);cr generated by iA on L2(RY;C) and by C the
auxiliary positive constants. Finally C(ay,as,...,a,) indicates that the constant C' depends only on
parameters ai,as,...,a, and that the dependence is continuous.

It is clear that Y is a separable Hilbert space and that Y «— L" (RN) with dense embedding, if

re [2%) (r € [2,00] if N =1).

We recall that for every p € H'(RY), (1.1) has a unique solution u € C((=T%,T*); H}(RY))

which satisfies the conservation of charge and energy, that is, for all t € (=T%,T*), ||u(t)|lL2 = ||¢llL2

and E(u(t)) = E(p), where E(p) & Vel — a%_z”ga”(zjﬂ Moreover, for every admissible pair

(g,7) (see Definition 1.1 below), v € L]

loc

(=T, T*); WhT(RM))). In addition, if A < 0, if « < +
or if [[¢[|g1 is small enough then T = T, = oo and |[u|per;z1) < oo. Finally, if ¢ € X then
u € C((=Tx,T*); X). See Ginibre and Velo [11, 12, 13, 14, 15], Kato [20, 21]. See also Cazenave and
Weissler [4, 6]. We are also interested by solutions in L2(R™). We recall that if 0 < a < % then for

every ¢ € L2(RY), (1.1) has a unique solution u € C((—T, T*); L*(RN))NL{

loc

(=T, T*); L*T*(RY)),

where q = 4(;7;2), which satisfies the above conservation of charge. In addition, for every admissible

pair (¢,7), u € LL ((=T%,T*); L"(RY)). Finally, if a < 5 then T* = T}, = co. See Tsutsumi [28]. See

loc

also Cazenave and Weissler [5, 7].

Definition 1.1. We say that (g, r) is an admissible pair if the following holds.
i) 2<r<&E 2<r<xifN=2,2<r<o0if N=1),

(i) 2=N(z-3)
4r

Note that in this case 2 < ¢ < oo and ¢ = m

Finally, we recall the Strichartz’ estimates. Let I C R, be an interval, let ty € I, let (¢,7) and (v, p)

be two admissible pairs, let ¢ € L2(RN) and let f € LY (I; L? (RN)). Then the following integral

equation defined for all ¢t € I, u(t) = T(t)p +1i /t T(t — s)f(s)ds, satisfies the following inequality
to

llullpacr,zry < Collo| L2 +Cl||f||L7/(I;Lp/), where Cy = Co(N,r) and C; = C1(N,r, p). For more details,
see Keel and Tao [23].



2 Sharp lower bound

Theorem 2.1. Let A < 0,0 < a < 0<a<ooif N=1), p € H(RY) and u be the

N -2
4
corresponding solution of (1.1). If a < N then assume further that o € X. If ¢ # 0 then for every

r € [2,00],

liminf|t\N(%7%)
t—oo

u(t)]

- > 0.

Theorem 2.2. Let A > 0,0 < a <

N 5 (0<a<ooif N=1) and p € HY(RY) be such that

4
the corresponding solution u of (1.1) is positively global in time. If o < N then assume further that

w € X. If o £ 0 then for every r € [a + 2, 00,

lu(®)|| - >0, if a<

b

liminf|t\N(%7%)
t—o0

limsup|t\N(%_%)||u(t)||Lr >0, if a>—.

t—oo

2| =2l

And if there exists p € [ + 2,00] such that lim sup |t‘N(%7%)Hu(t)||Lp < oo then for every r € [2, 0],
t—oo
liminf [¢|N 2= 5)|[u(t)|| - > 0.
t—oo
Remark 2.3. Theorems 2.1 and 2.2 assert that if u is a solution of (1.1) with A € R, @ = 0 and
initial data ¢ € X, then for every r € [2, o0], litm inf |t|N(%7%)Hu(t)||Lr > 0.

In the attractive case and when « > ﬁ (e > 2 if N = 1), we may obtain an optimal lower

bound. It is sufficient to choose ||¢||x small enough (see corollary below).

4 4
11 2.4. L —_—
Corollary et)\>O,N+2<oz<N_2

corresponding solution u of (1.1). If ¢ Z 0 and if |¢||x is small enough then u is global in time and

2<a<ooif N=1), ¢ € X and u be the

for every r € [2, 00,
tim inf [tV =8 Ju(t)]| 1 > 0.

When o = %7 we may suppose that ¢ € H'(RY) instead of ¢ € X, as shows the following

proposition, provided that |||/ g1 is small enough.

4
Proposition 2.5. Let A € R\ {0}, a = N PE HY(RYN) and u be the associated solution of (1.1). If

© £ 0 and if |||l g1 is small enough then u is global in time and for every r € [2, 0],

tim inf [tV =8 Ju(t)]| 1 > 0.



Remark 2.6. The lower bounds obtained in Theorems 2.1 and 2.2 are optimal with respect to the

decay. In particular, if u is any nontrivial solution of (1.1), then the following estimate never occurs.

1

vt >0, [u@®)|- < OtV GE=F) ()2, (2.1)

for some r > 2 and § > 0. This is very surprising since some above results are established for solutions
of some heat or Ginzburg-Landau equations (see the beginning of Section 1). For example, such

estimates are obtained for the solutions u of the Schrodinger equation
Up — Upy +ilul’u =0, (t,2)€[0,00) xR,

if ||u(0)] x is sufficiently small (Theorem 1.1 of Hayashi, Kaikina and Naumkin [18]). Furthermore, if
a > % then Theorems 2.1 and 2.2 are optimal with respect to the assumption on the initial data ¢,
that is ¢ € HY(RY), in the sense that H*(R) is the smallest functional space in which we must take
© to have a solution. On the other hand, when o < %, we have to make the additional assumption
on initial data ¢, that is ¢ € X. This request is very reasonable since this is in this functional space

that we obtain solutions of (1.1) which have a linear decay (see the references cited in Section 1).

Remark 2.7. Note that all the results of this section and Section 3 hold for ¢ < 0 as soon as the

solution u is negatively global in time. Indeed, it is sufficient to apply the case ¢ > 0 to the solution

positively global in time @ of (1.1) with initial data @. Since @(t) = u(—t), the result for ¢ < 0 follows.

3 Main results in the Lebesgue space

As show the results of Section 2, if we suppose a suitable asymptotic behavior of the initial value
(u(0) € X if @ < 4, u(0) € HY(RY) if a > £), then we have a sharp lower bound. In particular,
under the hypotheses of Section 2, such results do not allow estimates of type (2.1), for any nontrivial
solution of (1.1), for some r > 2 and § > 0 (see Remark 2.6). In this section, we establish some
lower bounds which eventually allow estimates on the above type, only if « is small enough (see
Theorem 3.5 below). The loss of sharp estimate is compensated by a weaker assumption on u(0), that
is u(0) € L*(RY) if v < 4. As we can see, this hypothesis is optimal with respect to the integrability

of the initial data, in the sense that we make the minimal assumption on u(0) to have existence of a

solution. But when o > %, Theorems 2.1 and 2.2 are optimal with respect to the lower bound and to

_4

the assumption on u(0). So we only have to consider the case a < %. On the other hand, if o > i3z



(o > 2 if N = 1), then the sharp estimate still holds (see Theorems 3.1 and 3.2 below). However, we

have to make an additional decay assumption on the solution u (u must satisfy (3.1)).

4 4
Theorem 3.1. Let \ € R\{O}, m < « < N

the corresponding solution of (1.1). If a = N then assume further that u is positively global in time.

2<a<4ifN=1),¢¢c L>RY) and u be

Suppose that for every r € [2, %) (ref2,00) if N =1),
ae. t>0, |u®)r < CltVEF), (3.1)
Then we have for every r € [2, 0],
1itrggf|t\N(%*%)||u(t)||y > 0.

(N—2)4v/N2F12N+1 4
Theorem 3.2. Let A\ € R\ {0}, let ap = (N 2)+2]§V2+12N+4, o < a < N € L2(RN) and u be

4
the corresponding solution of (1.1). If « = N then assume further that w is positively global in time.

If there exists r € [a + 2, 00| such that u satisfies (3.1) then for every r € [2,00],
ntminf|t\N(%-%)||u(t)||U > 0.

Remark 3.3. When ¢ € L%(RY), the condition (3.1) makes sense. Indeed, we have by the Strichartz’

estimates that v € L{

for almost every ¢ > 0 and for all r € [2, %] (ref2,00)if N=2,r€[2,00] if N=1).

([0,00); L™ (RY)), for every admissible pair (q,r). This yields, u(t) € L"(RY),

Remark 3.4. As shows Lemma 4.3, Theorem 3.2 has less restrictive assumptions than Theorem 3.1
when a > «ag. Indeed, we do not have to suppose that u satisfies (3.1) for all . We may only assume
that it is satisfied for r = o + 2. Furthermore, estimates of type (2.1) do not occur. Finally, Theorem
3.2 can be extended for a = «p in the following sense. If there exists r € [ag + 2, 00] and € > 0 such

that for almost every ¢ > 0,
lu®llzr < Cle=NEH, (3.2)
then for all ¢ € R, u(t) = 0. See the proof of Theorem 3.2 for the justification.

Remark 3.5. In the case where a < ﬁ (e < 1if N = 1), we have the following result. Let

(0<a<1if N=1), 9 € L*(RY) and u be the corresponding solution

4
AER\{0},0<a<
€R\{0},0<a< 5o



of (1.1). Let r € [2, 00]. If there exists € > 0 such that

()] 2. < Cl~(F=524e) ip N >3,

LN-—2
lu()]lr < Cle| 2G5 ip N =2, (3.3)
lu(t)]| = < CJt| (G5 +e), if N=1,

for almost every ¢t > 0, then for all ¢ € R, u(t) = 0. See the proof of Theorem 3.2 for the justification.

When N > 3 and a =

the result is the same if we have (3.3) for some r € [%, oo} . Indeed,

4
N+2’
by Lemma 4.3 this hypothesis leads to (3.3) with r = 2. When a < Ni+2 (a < 1if N = 1), estimate
(3.3) is a very strong assumption since it implies that u decays faster than the solution of the linear

equation. Furthermore, there is a gap between the admissible and the non-admissible powers of decay

(compare (3.1) with (3.3)).
4 Estimates at infinity

4
Proposition 4.1. Let A € R\ {0}, m € {0;1}, 0 < a < N _—am O<a<ocoif N=m=1 and
0<a< if N> 2 and m =1), ¢ € H*(RY) and u € C((=T, T*); H™(RY)) be the unique

4
N -2
corresponding solution of (1.1). Assume that T* = oco. If there exist tg = 0 and (y,p) an admissible
pm’rwith%<ooand?é%é13717\72 (2<%<ooifN:2,2<ppf°‘2<ooifN:1) such that
we L2 ((ty,00); L#-2 (RN)), then the following properties hold.

1. For every admissible pair (q,r), u € L1((0,00); W™ (RN)),
2. There ezists uy. € H™(RYN) such that tlim IT(=t)u(t) — us| gm = 0.
A similar result holds for t < 0.

Proof. By remark 2.7, we only have to show the case t > 0. We proceed in 2 steps. Set f(u) = A|u|*u.
Step 1. f(u) € LY ((to, 00); W™ (RN)).
We first show that u € LY((0,00); W™ (RY)). We already know that u € L{ ([0, 00); W™ (RY)),

loc

for every admissible pair (g,r). We have the following integral equation.

VS =20, Vi >0, u(t) =Tt — S)u(S) + i/T(t — 8)f(u(s))ds.
5



So we have by the Hoélder’s inequality (applied in space-time) and Strichartz’ estimates,

LN o sty < Ol 2y o ooy (4.)

lull 2 (5,65 wm0) < C+CO||UHfo2 (Si00)L 2 Nl v ((s,6); Wm0, (4.2)

for every to < § < t < co. Since u € L72((ty,00); L7-2 (RY)), there exists Sy > to large enough
such that C’0Hu||°‘ 2 (S0 L) < 1/2, where Cy is the constant in (4.2). So with (4.2), we obtain
lull o ((80,6)wm-ey < 2C, for every ¢ > Sp. It follows that [[u|| 1+ ((s,00);wm.r) < 2C and so we have
u € L7((0,00); W™P(RM)). Hence the result by letting ¢ ,/ 0o in (4.1).

Step 2. Conclusion.

By Step 1 and Strichartz’ estimates, u € L%((0, 00); W™ (RY)), for every admissible pair (¢, 7). Then
1 follows. From the Strichartz’ estimates and by the fact that T'(t) is an isometry on H™(RY), we

obtain for every 7 >t > t,

t,T—00
1T (=t)u(t) = T(=m)u(r) | am < ClIf W)l (2 rywm.ery —— 0,
by Step 1. Hence 2. This concludes the proof. O

eie

Remark 4.2. Note that by assumption, one always has = > 0. However, it may happen that

% < 1. This is clearly not a problem since the above proof still holds and that we do not use the

triangular inequality.

4
Lemma 4.3. Let \e R,m € {0;1},0< a < N om (0<a<ooifN:m:1and0<a<N 5

if N>2andm=1), p € H*(RY) and u € C((=T%, T*); H™"(RY)) be the corresponding solution of

(1.1). Assume that T* = oo. If there exist r € (2,00], € 2 0 and a constant C = C(t) > 0 such that
u(t) satisfies (3.2) for some t > 0, then for every p € (2,7], there exist €(p) = 0 and Co(t) > 0 such
that

u(®)]| e < Co(t)tN(3=5)—=(0), (4.3)

where the function p — &(p) is continuous from (2,r] to [0,00) and satisfies e(p) >0 < > 0. If
C is independent on t then Cy is also independent on t. Finally, if (3.2) is satisfied for every t > 0
then (4.3) is satisfied for every t > 0, and if litm inf C(t) =0 then litm inf Cy(t) =

-2
Proof. Let p € (2,7]. Set 6§ = %f_if e(p) = €6 and Cy(t) = C(t)?. Then 6 € (0,1] and @ satisfies



1 1-60 0
= + —. By Hoélder’s inequality and conservation of charge, we obtain
P

1_1 1_1 — 1_1y_
lu@llze < ()27 (@Il < @)~ =D 0O=NGE=007e0 < Gy (1) ¢~V =570,

Hence the result. O
4

N —2m

sz 2 and m = 1), ¢ € H"(RY) and u € C((~T.,T*); H™(RN)) be

Lemma 4.4. Let A € R\ {0}, m € {0;1}, 0 < a < O<a<owif N=m=1

4
N _
the corresponding solution of (1.1). Assume that T* = co. If u satisfies (3.1) for every r € [2, %)

and 0 < a <

(ref2,00)if N=1) andif a > N+2 (a > 2 if N = 1), then there ezists an admissible pair (v, p) with

1<% <ooand2< 25 <—(2< L% < oo if N =1) such that u € L7-2 ((1,00); L7-2 (RN)).

Proof. We distinguish 3 cases: N >3, N =2and N = 1.

Case N>38. Set p, = ﬁ%\,&) Since 0 < « < w5 then 2 < p, < §=5. Let 7« > 2 be such that
(Y%, p«) is an admissible pair. For this choice of p,, we have p”:—_‘)‘? = % and 7:’12 = 4_a(N_2).

When a < %, we have p, < % = a> N+2 Let p > p., p sufficiently close to p. to

pa N+2 2N
have =3 > 2. If a < =3, then we also choose p < (

NT9)—Na Since p > p, then ’m <—7and SO

there exists v > 2 such that (v, p) is an admissible pair. Then 7% = W@V—Q)' y (3.1) we have,

o0
ol /w <c [tV < o
2 ((1,00);L P~ 2)
1

Indeed, if @ < 232 then N% >1 < p< m and if o > Y32 then we always have

N%ﬁ > 1. So, for this choice of (v, p), u € L7-2((1,00); L7-2 (RN)).

Case N=2. Since a > 1 is fixed, we can choose p > 2 sufficiently close to 2 to have a > 2(%1).

In particular, this implies that % > 2. Moreover, ﬁ = £ where v > 2 is such that (v,p) is an

admissible pair. By (3.1) we have,

oo oo
72 e = [ @ B < 0 [ < o,
L= 2((1<>o)L Lr=2
1 1

since %@_2) >1 <= a> @. So u € L7-2((1,00); L7 2 (R2)) for this choice of (v, p).

Case N=1. Since o > 2 is fixed, we can choose p > 2 sufficiently close to 2 to have o > %. In

particular, this implies that pp_a2 > 2. Moreover, % = m where v > 2 is such that (v,p) is an



admissible pair. By (3.1) we have,

oo o0
o 2pa _ pa—2(p=2)
llull " =Za po = [ Ju@)|"Pa dt <C [ t7 ¥ dt < o0,
Lr=2((1,00);Lr=2) Le=2
1 1
. pa—2(p—2) 3p—2 : : %5 e
since #5—26— > 1 «= a > “£==. So for this choice of (v, p), u € L7-2((0,00); L?=% (R)). O

As seen in Section 1, the crux of the proof of results of this paper is based on the following lemma.
4
N —2m
if N >2andm = 1), ¢ € H*(RY) and v € C((—T,,T*); H"(RN)) be the

Lemma 4.5. Let A € R\ {0}, m € {0;1}, 0 < a < 0O<a<o0if N=m=1 and

0 <
a < N_2
corresponding solution of (1.1). Assume that T* = oo. If o # 0 and if there exists uy € L2(RYN) such

that tlim IT(=t)u(t) — uy| L2 = 0, then for every r € [2, ],
—00
litminf |t‘N(%_%)||U(t)||Lr > 0.

The proof of Lemma 4.5 is based on the pseudo-conformal transformation.
For every positively global solution u of (1.1) with initial data ¢ € L?(R"), we define the function
v e C([0,1); L*(RY)) by

t x
1—t'1—¢

vt € [0,1), a.e. z € RN, w(t,z) = (1 — t)fgu < > ity (4.4)

A straightforward calculation gives for every p € [1,00] and for all ¢ € [0,1),

t
w ——
1=t/

o)Lz = llell L2, (4.6)

o)l = (1 — )~ NG5 (4.5)

where the last identity comes from (4.5) and from conservation of charge for u. Note that (4.5) makes
sense as soon as u (ﬁ) € LP(RY). When ¢ € X, we obviously have v € C([0,1); X) and so we may

define for all ¢ € [0,1),

1 4—Nao )\ o
E(t) = ;(1—=t) = [Ve@)]Z: - e L0) ey
1 . A Na o
By(t) = Sll@ + 200 =) V)o(t)llze — = (1 = )7 Jo@) 522
Then for all ¢ € [0,1),

d _ Noa—4 2-Na 9

G Et) = —— 1=t = Vo)l (4.7)
d
—F(t) =0. 4.
GEA) =0 (45)

10



For the proof, see Proposition 3.8 and formulas (3.20) and (3.21) of Cazenave and Weissler [9].

Proof of Lemma 4.5. We argue by contradiction. Let v € C([0,1); L2(RY)) be the function defined

by (4.4). Assume that there exists r > 2 such that
liminf ¢33 u(t)| - = 0.
t—o0

Then, we shall show that ¢ = 0.
By conservation of charge and Lemma 4.3, we may assume that 2 < r < % 2<r<oif N=1).
Since u(t) € L"(RY) for almost every ¢t > 0, it follows that v(¢) € L"(RY), for almost every ¢ € (0, 1).

By (4.5), we have
llItIy{lf [lv(®)|| - = 0. (4.9)

By hypothesis, tlim |T(=t)u(t) — uyllzz = 0 for some u, € L*RY). From Proposition 3.14 of

Cazenave and Weissler [9], this implies that there exists w € L*(R") such that
1 — = U. 1
i [Jo(t) — w]z2 =0 (4.10)

(Although Proposition 3.14 is given with « > 0, the result still holds for a = 0 since the proof applies
without any modification.) From (4.9) and (4.10) we deduce that li/n% [[o(®)]| L2 = 0, from which it
t

follows with the conservation of charge (4.6), ||¢||r2 = 0. This is absurd since ¢ # 0. O

5 Proof of the results of Section 2

Our strategy is the following. We show that if a solution w of (1.1) has a decay rate too fast, then
the corresponding function v given by the pseudo-conformal transformation must converge to 0 in a
Lebesgue space LP(RY), for some 2 < p < oo. But these functions also satisfy the conservation of
charge. And by using the embedding Y «— L¥' (RN) or the existence of a strong limit for v(¢) in
L?*(RN) ast /1, we deduce that v(t) = 0, that is u(t) = 0, for all ¢ € R.

In order to show Theorems 2.1 and 2.2, we split the proof in 2 cases, which are o < % and o > %.

4
Lemma 5.1. Let A € R, 0 < a < a4 € X and let u € C((-T%,T*); X) be the corresponding

4
solution of (1.1). If o = N then we suppose that T* = oo. If o Z 0 then
tim inf [tV =8 Ju(t)]| - >0,

for every r € [2,00] if A <0, and for every r € [a + 2,00] if A > 0.
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Proof. We argue by contraposition. Let v € C([0,1); X) be the function defined by (4.4). Assume

there exists r > 2 if A <0, and r > o+ 2 if A > 0, such that

1itminftN(%*%>|\u(t)|

1 = 0.

Then, we have to show that ¢ = 0.

By conservation of charge, if r = 2 then ¢ = 0. So we may assume that r > 2. Furthermore, by
Lemma 4.3, we also may assume that r < % (r<ooif N=1)if A<0orifa=0,and r =a+2,if
A > 0 and if @ > 0. Since ligiolgf N(GE-2) lu(®)||~ = 0, it follows from (4.5) that li1;r>i1nf [v(®)]|L- = 0.

Thus, there exists a sequence (£, )nen C (0, 1) satisfying ¢, ——— 1 such that

lim ||v(t,)||.- = 0. (5.1)
n—oo
If A <0 orif @ =0 then by (4.6) and (4.7), we have sup (1 —t)||Vu(t)|r2 < oo, which leads with
t€(0,1)
(4.8) and (4.6), sup [v(t)]ly < oo. If A > 0 and if « > 0 then by (4.7) and (5.1), we have for all

tel0,1)

neN, [Volta)|z2 < O —t,)

Na

. Tt follows that,

Na n—oo
4 — 07

(I =t)Vo(ta)lle < C(1 —t,)

and with (5.1) and (4.8), we deduce that sup ||zv(t,)| L2 < oo. This last estimate yields with (4.6),
neN

sup ||v(tn)]|y < 0. (5.2)
neN

It follows that for A € R and for a € [0, +] , we have (5.2). From (4.6), Holder’s inequality, from the
embedding Y — L™ (RV), from (5.2) and (5.1), we obtain

lellze = otz < o) I3 lo(t)lIE- < Cllo) 3 lot)lIE- < Cllo(e) 13 === 0.
So |||z = 0 which is ¢ = 0. Hence the result. O
Proof of Theorem 2.1. If a < % then the result comes from Lemma 5.1. So we may assume that
o > +. Since A < 0 and o > 4, there exists uy € H'(RY) such that tILH;O IT(—=t)u(t) — uy|lgr =0
(Ginibre and Velo [16], Nakanishi [24, 25]). The result comes from Lemma 4.5. O
Proof of Theorem 2.2. We proceed in 4 steps. Let v € C([0,1); L2(RY)) be the function defined
by (4.4).

Step 1. If & > + and if lim sup N (-ak) lu(t)||pa+2 < C then there exists uy € H'(RY) such that

t—o0

Jim ([ T(—tyu(t) — wy [l = 0. (5.3)
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Let ¢ = 4(%7";2). Then (g, + 2) is an admissible pair. Since u € C([0,00); H'(RY)) and that
HYRN) < LoF2(RY), then u € L ?([0,00); L*F2(RY)). Since @ > &, then % > 1 and

loc

it follows that

2

oo o0
= 2 ___No?
HUHZ%((Loo);La”) - / [u(®)l| fatadt < C/t melN=A dE < oo.
1 1

Thercfore, u € Li-2 ((0,00); L2T2(RY)) and the result comes from Proposition 4.1.
Step 2. If o 0 and if a < % then for all r > a + 2, litrgiogftN(%—%)Hu(t)HLr > 0.
The result comes from Lemma 5.1.
Step 3. If ¢ # 0 and if @ > + then for all r > a + 2, liggptN(%7%)||u(t)||y > 0.
We argue by contraposition. Assume that there exists r > a 4 2 such that

lim sup £ (2= 5)[[u(t)[| .- = 0.

t—00

Then, we have to show that ¢ = 0.
By Lemma 4.3, we may assume that 7 = a+2. Step 1 implies that there exists uy € H'(R") satisfying
(5.3). Then ¢ = 0 by Lemma 4.5, which is the desired result.

Step 4. If ¢ # 0 and if there exists p > « + 2 such that lim sup tNG=3) lu(t)||Lr < oo then
t—oo
tim inf Y0 =%) flu(t) |- > 0,

for all r € [2, 00].
If @ = 0 then Step 2 gives the result and so we consider the case @ > 0. By Lemma 4.3, we may

assume that p = a + 2. We argue by contradiction. Suppose that there exists r > 2 such that

1itminftN(%_%)||u(t)HLr =0.Then 2 <7 < 22 (2 <r < o0 if N = 1). Indeed, this comes from

conservation of charge and Lemma 4.3. We obtain with (4.5),

sup |[v(t)]| etz < 00, (5.4)
t€(0,1)
hgnfllnf lo(®)|| - = 0. (5.5)

Note that since u € C([0,00); H}(RY)) and that the embedding H!(RY) — L"(RY) N LoT2(RY)
holds, then we have v € C([0,1); L™ (RY) N LoT2(RY)).
Case 1 :0<o¢<%.

From (4.6), (4.7), (4.8) and (5.4), sup |lv(t)|ly < co. From (4.6), from Holder’s inequality and the
te[0,1)
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embedding Y < L™ (RY), we have for all t € [0,1),

2

lellze = lo@llzz < lv@IF lv@OIE < Cllo@lg v < Cllo@] £

Thus ||¢l|rz < Clirtn/ilnf ||"u(t)||%7 =0 by (5.5) and so ||¢||z2 = 0, which is absurd.
Case 2 : o > %.
By Step 1, there exists uy € H'(RY) satisfying (5.3), which gives ¢ = 0 by Lemma 4.5. This result

being absurd, Step 4 is true. This concludes the proof. O

Proof of Corollary 2.4. By Cazenave and Weissler [9], we know that if ||¢|| x is sufficiently small,
then w is global in time and there exists uy € X such that T'(—t)u(t) % tu4. Then, Lemma 4.5

gives the result. O

Proof of Proposition 2.5. It is well-known that if ||¢|| g1 is sufficiently small then w« is global in
1 N
time and u € LoT2(R; L*T2(RY)) (Remark 7.7.6 of Cazenave [3]). Then T(—t)u(t) w uy, for

some uy € H'(RY) (Proposition 4.1), and the result comes from Lemma 4.5. O

6 Proof of the results of Section 3

Our strategy is the same as for Section 5. However, we could give an other proof as follows, without
requiring the pseudo-conformal transformation. We would show that if a solution u of (1.1) had a
decay rate too fast, then u would have a scattering state u., whose corresponding solution of the linear
problem (that is (1.1) with A = 0) would have a decay rate of the same order of u. In particular, o > %
otherwise uy, = 0 (Barab [1], Strauss [26, 27]). This rate being too fast, we would have uy, = 0 (by
(1.3)). And from conservation of charge, we would deduce that u(t) = 0, for all ¢ € R. Furthermore,
in the case N = 1, we would have to make the additional assumption ¢ € X when 1 < a < 2 (in
order to apply the result of Barab [1]). But this case falls into the scope of Theorems 2.1 and 2.2

where there is a better result. It follows that in this case, the result would not be interesting.

Proof of Theorems 3.1 and 3.2 and Remarks 3.4 and 3.5. We proceed in 2 steps.

Step 1. There exists uy € L?(R") such that tlgrolQ IT(=t)u(t) — uql|z = 0.

Case of Theorems 3.1. Since u satisfies (3.1) for every r € {2, %) (r € [2,00) if N =1), it follows
from Lemma 4.4 that there exists an admissible pair (v, p) such that u € L7-2((1,00); L7-2 (RN)).

The result follows from Proposition 4.1.

Case of Theorems 3.2 and Remark 3.4. Set q = 4(;722). Thus (¢, 4+ 2) is an admissible pair. By

14



Lemma 4.3, we may assume that r = av+2in (3.1) and in (3.2). Let ¢ > 0 asin (3.2) (¢ = 0 in (3.1)).

We set g9 = _“;e. And since % >1 <= o> ay, it follows from (3.1) or (3.2) that,
La=2((1,00);L*2)

o o0
go g« o2
Jul 2, - / lu(t)]}.2edt < C / TR0t < oo,
1 1

Then u € L7-2((1,00); L*T2(RY)) and the result comes from Proposition 4.1.

Case of Remark 3.5. Let r > 2 and € > 0 be as in (3.3). By conservation of charge, r > 2. Furthermore

when N = 2, we may assume that r < oo (Lemma 4.3). Let (v,p) = (a(lﬁ—?)’ 2N_i](VN_2)> if

N >3, (1,p) = (21 2—) if N =2and (y,p) = (00,2) if N = 1. Then, 2% = 2N if N > 3,

a’r—a ’op—2 2

% =rif N =2 and % = oo if N = 1. Applying (3.3), it follows that for these choices of (v, p),
u € L%((l, 00); L7 (R™)). The result comes from Proposition 4.1.
Step 2. Conclusion.

The result comes from Step 1 and Lemma 4.5. This achieves the proof. O
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Note added in proof. Recently, a generalization of Theorem 2.1 has been established for a
large class of nonlinearities, as soon as the solution is bounded in time in H}(Q). Unfortunately, these
results do not apply in the case of L?—solutions (which is the case in Section 3 of this paper). For

more details, see [2].
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