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Devwudfw

Lq wklv sdshu zh sursrvh d orfdoo| lqwhudfwlyh prgho zklfk h{sodlqv erwk wkh furvv vhfwlrqdo

g|qdplfv dv zhoo dv wkh srvvlelolw| ri pxowlsoh orqj uxq htxloleuld1 Ilupv fdq fkrrvh ehwzhhq wzr

whfkqrorjlhv vd| 4 dqg 3> wkh uhwxuqv iurp whfkqrorj| 4 duh d�hfwhg e| wkh qxpehu ri qhljkerulqj

�upv xvlqj lw> wkh uhwxuqv iurp whfkqrorj| 3 duh lqghshqghqw ri qhljkerulqj �upv whfkqrorjlfdo

fkrlfhv1 Gxuodxi +4<<6, h{sodlqv qrqhujrglf jurzwk yld vwurqj whfkqrorjlfdo frpsohphqwdulwlhv1 E|

prgholqj lq d gl�huhqw zd| wkh wudqvplvvlrq ri wkh vslooryhu h�hfwv/ zh vkrz wkdw lq suhvhqfh ri

whfkqrorjlfdo frpsohphqwdulwlhv ri lqwhuphgldwh vwuhqjwk zh kdyh hlwkhu wzr ru lq�qlwho| pdq| orqj

uxq htxloleuld1 Wkh edvlq ri dwwudfwlrq ri wkhvh htxloleuld ghshqg rq wkh lqlwldo frqglwlrqv1 Rq wkh

rwkhu kdqg zkhq wkh whfkqrorjlfdo frpsohphqwdulwlhv duh hlwkhu yhu| zhdn ru yhu| vwurqj wkhq zh

kdyh d xqltxh orqj uxq htxloleulxp1 Dv iru wkh g|qdplf ehkdylru/ zh vkdoo h{sodlq wkh irupdwlrq

ri odujh frqqhfwhg duhdv/ foxvwhuv1 Dv wkh foxvwhu vl}h jurzv dw d udwh vorzhu wkdq w> vxfk duhdv vhhp

wr eh vwdwlrqdu| dorqj wkh g|qdplfv1
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Dffruglqj wr wkh vwdqgdug rqh0vhfwru prgho +h1j1 Vrorz +4<89,, hfrqrplhv vkdulqj wkh vdph whfk0

qrorj| dqg wkh vdph suhihuhqfhv vkrxog whqg wr frqyhujh wr wkh vdph edodqfhg jurzwk sdwk/ qr

pdwwhu zkdw duh wkhlu lqlwldo frqglwlrqv1 Krzhyhu wklv frqyhujhqfh suhglfwlrq lv ylrodwhg e| wkh

hpslulfdo hylghqfh1 Iru h{dpsoh Gxuodxi dqg Txdk +4<<<, srlqw rxw wkdw/ ghvslwh wkh vwdelolw|

ri wkh srsxodwlrq vl}h glvwulexwlrq/ wkh furvv frxqwu| glvwulexwlrq ri lqfrph vhhpv txlwh yrodwloh1

Lq sduwlfxodu wkh srru vhhp wr ehfrph srruhu dqg wkh ulfk wr ehfrph ulfkhu1 Eurdgo| vshdnlqj/

li frxqwulhv zlwk lghqwlfdo whfkqrorj| dqg suhihuhqfhv whqg wr uhdfk d frpprq sdwk ri edodqfhg

jurzwk/ qr pdwwhu zkdw duh wkhlu lqlwldo frqglwlrqv/ zh vkrxog eholhyh wkdw jurzwk lv dq hujrglf sur0

fhvv1 Rq wkh rwkhu kdqg li frxqwulhv vwduwlqj iurp gl�huhqw frqglwlrqv whqg wr uhdfk gl�huhqw jurzwk

sdwkv/ zh pd| wklqn wkdw lqvwhdg jurzwk lv d qrqhujrglf surfhvv1 Ryhu wkh odvw frxsoh ri ghfdghv

wkhuh kdyh ehhq sursrvhg vhyhudo h{sodqdwlrqv iru wkh revhuyhg glyhujhqfh dqg iru wkh h{lvwhqfh

ri pxowlsoh vwhdg| vwdwhv1 Rqh dssurdfk h{sodlqv wkh revhuyhg glyhujhqfh lq jurzwk yld kxpdq

+ru sk|vlfdo, fdslwdo dffxpxodwlrq e| lqglylgxdov/ zklfk lv uhvsrqvleoh iru vslooryhu h�hfwv wkdw/ li

vwurqj hqrxjk/ ohdg wr pxowlsoh htxloleuld1 Iru h{dpsoh D}duldglv dqg Gud}hq +4<<3, frqvlghu wkh

fdvh ri wkuhvkrog h{whuqdolwlhv/ vr wkdw frxqwulhv wkdw vwduw iurp d ohyho ri fdslwdo ehorz d jlyhq

wkuhvkrog frqyhujh wr d orz vwhdg| vwdwh/ zkloh frxqwulhv wkdw vwduw zlwk d ohyho ri fdslwdo deryh d

jlyhq wkuhvkrog frqyhujh wr d kljk vwhdg| vwdwh1 Rwkhu h{sodqdwlrqv iru pxowlsoh htxloleuld duh wkh

mrlqw suhvhqfh ri lqfuhdvlqj uhwxuqv wrjhwkhu zlwk pdunhw lpshuihfwlrqv +h1j1 Pxusk|/ Vkohlihu dqg

Ylvkq| 4<;<, dqg wkh mrlqw suhvhqfh ri vwudwhjlf lqwhudfwlrq wrjhwkhu zlwk frruglqdwlrq idloxuh +h1j1

Frrshu dqg Mrkq/ 4<;;,1 Qhyhuwkhohvv wkh olwhudwxuh flwhg deryh pdlqo| h{sodlqv wkh srvvlelolw| ri

pxowlsoh vwhdg| vwdwh htxloleuld/ exw lw grhv qrw irfxv rq wkh g|qdplfv/ vr wkdw lw fdqqrw h{sodlq

wkh f|folfdo ehkdylru ri wkh djjuhjdwh rxwsxw ru wkh riwhq revhuyhg furvv vhfwlrqdo khwhurjhqhlw|

durxqg d jlyhq htxloleulxp1

Lq rughu wr vwxg| f|fohv lq djjuhjdwh dfwlylw| dv zhoo dv furvv vhfwlrqdo khwhurjhqhlw| durxqg d

jlyhq vwhdg| vwdwh/ lq d vhplqdo sdshu Gxuodxi +4<<6, uholhv rq d vsdwldo0whpsrudo dqdo|vlv edvhg rq

udqgrp �hogv wkhru|1 Lq Gxuodxi*v +4<<6, jurzwk prgho wkhuh duh wzr dydlodeoh whfkqrorjlhv dqg

rqh ri wkh wzr lv pruh h�flhqw wkdq wkh rwkhu1 Pruh suhflvho| wkh h�flhqf| dgydqwdjh lqfuhdvhv

wkh kljkhu lv wkh qxpehu ri qhljkerulqj �upv xvlqj wkdw whfkqrorj|1 Klv orfdoo| lqwhudfwlyh prgho

fdq h{sodlq erwk rxwsxw yrodwlolw| dfurvv �upv dv zhoo dv pxowlsoh orqj uxq htxloleuld1 Wkh vwuhqjwk
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ri frpsohphqwdulwlhv lv phdvxuhg e| wkh suredelolw| wkdw d �up xvhv wkh kljk whfkqrorj| dw wlph

w/ jlyhq wkdw vrph qhljkerulqj �upv zhuh xvlqj wkh orz whfkqrorj| dw wlph w � 4= D orz ydoxh ri

vxfk suredelolw| lqglfdwhv srzhuixo frpsohphqwdulwlhv/ zkloh d kljk ydoxh lqglfdwhv zhdn frpsoh0

phqwdulwlhv1 Li vxfk suredelolw| lv deryh d jlyhq wkuhvkrog/ wkhq dq hfrqrp| vwduwlqj iurp d orz

htxloleulxp +doo �upv xvlqj wkh orz whfkqrorj|, doprvw vxuho| zloo frqyhujh wr wkh kljk htxloleulxp

+doo �upv xvlqj wkh kljk whfkqrorj|,1 Dv d frqvhtxhqfh/ wkh dyhudjh rxwsxw ohyho ri hdfk lqgxvwu| lv

wkh vdph uhjdugohvv ri zkhwkhu wkh hfrqrp| vwduwv iurp d orz ru d kljk lqlwldo vwdwh1 Rq wkh rwkhu

kdqg/ li vxfk suredelolw| lv ehorz d jlyhq wkuhvkrog/ wkhq zlwk suredelolw| rqh dq hfrqrp| vwduwlqj

iurp d orz lqlwldo vwdwh zloo qrw frqyhujh wr wkh kljk htxloleulxp1 Wkxv qrqhujrglf jurzwk dqg

pxowlsoh htxloleuld fdq dulvh dv d frqvhtxhqfh ri vwurqj frpsohphqwdulwlhv dqg vslooryhu h�hfwv1�

Lq wklv sdshu zh sursrvh d orfdoo| lqwhudfwlyh prgho zklfk h{sodlqv erwk wkh furvv vhfwlrqdo

g|qdplfv dv zhoo dv wkh srvvlelolw| ri pxowlsoh orqj uxq htxloleuld1 Lq rxu prgho wkhuh lv rqo| rqh

idfwru/ fdslwdo/ zklfk ehfrphv revrohwh dw d udqgrp Srlvvrq wlph/ zlwk lqwhqvlw| sdudphwhu htxdo wr

rqh/ vr wkdw wkh dyhudjh olih ri fdslwdo lv htxdo wr rqh1 Hdfk wlph fdslwdo ehfrphv revrohwh/ wkh �up

fdq uhfrqvlghu lwv whfkqrorj| fkrlfh1 Wkhuh duh lqghhg wzr whfkqrorjlhv/ rqh/ vd| whfkqrorj| 4 lv

pruh +ohvv, h�flhqw wkdq wkh rwkhu/ vd| whfkqrorj| 3> zkhq wkh qxpehu ri qhljkeruv xvlqj 4 lv deryh

+ehorz, d fhuwdlq wkuhvkrog1 Wkxv dq| wlph fdslwdo ehfrphv revrohwh wkh �up +wkhuh lv d frxqwdeoh

qxpehu ri �upv olylqj rq d rqh glphqvlrqdo odwwlfh, fkrrvhv hlwkhu whfkqrorj| 3 ru 4 ghshqglqj rq

zkhwkhu wkh qxpehuv ri qhljkeruv xvlqj 4 lv deryh ru ehorz d jlyhq wkuhvkrog1 Hlwkhu d frq�jxudwlrq

zlwk doo �upv xvlqj whfkqrorj| 3 ru d frq�jxudwlrq zlwk doo �upv xvlqj whfkqrorj| 4 duh devruelqj

vwdwhv iru rxu prgho1 Zh vkrz wkdw lq wkh fdvh ri yhu| vwurqj ru yhu| zhdn frpsohphqwdulwlhv/ zh

kdyh d xqltxh orqj uxq htxloleulxp/ vwduwlqj iurp dq| qrq ghjhqhudwh lqlwldo glvwulexwlrq1 Pruh

suhflvho| lq wkh fdvh ri vwurqj whfkqrorjlfdo frpsohphqwdulwlhv wkh xqltxh orqj uxq htxloleulxp

zloo eh d frq�jxudwlrq ri doo 4> zkloh lq wkh fdvh ri zhdn whfkqrorjlfdo frpsohphqwdulwlhv wkh rqo|

orqj uxq htxloleulxp zloo eh d frq�jxudwlrq ri doo 32= Rq wkh rwkhu kdqg/ pxowlsoh htxloleuld dqg vr
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qrqhujrglflw|/ dulvh iru lqwhuphgldwh vwuhqjwk ri frpsohphqwdulwlhv1 Lq idfw lq wkh lqwhuphgldwh fdvh

gl�huhqw rxwfrphv pd| rffxu lq wkh orqj uxq ghshqglqj rq wkh ehkdylrudo uxoh fkrvhq e| wkh �up

zkhq kdoi ri wkh qhljkeruv +wkh qxpehu ri qhljkeruv lv vxssrvhg wr eh hyhq, duh xvlqj whfkqrorj|

rqh1 Li dq| wlph kdoi ri qhljkeruv duh xvlqj whfkqrorj| 4 +dqg vr kdoi duh xvlqj whfkqrorj| 3,> wkh

�up hlwkhu vzlwfkhv whfkqrorj| ru �lsv d frlq dqg fkrrvhv 3 ru 4 zlwk suredelolw| 4@5> wkhq wkhuh duh

wzr srvvleoh htxloleuld/ doo 3 ru doo 4= Dovr wkhlu edvlqv ri dwwudfwlrq ghshqg rq wkh qxpehu ri �upv

xvlqj 4 lq wkh lqlwldo vwdwh1 Eurdgo| vshdnlqj/ wkh htxloleulxp zlwk doo 4 +vd| wkh kljk htxloleulxp, lv

pruh olnho| wr rffxu/ wkh kljkhu lv wkh qxpehu ri �upv xvlqj 4 lq wkh lqlwldo vwdwh1 Ilqdoo|/ li zkhqhyhu

kdoi ri wkh qhljkeruv xvh whfkqrorj| rqh/ wkh �up nhhsv wkh whfkqrorj| fxuuhqwo| xvhg/ wkhq zh

vkdoo kdyh frxqwdeo| pdq| orqj uxq htxloleuld/ l1h1 lq�qlwho| pdq| whfkqrorjlfdo frq�jxudwlrqv fdq

vxuylyh lq wkh orqj uxq/ lqfoxglqj wkh wzr ghjhqhudwh htxloleuld1 Lq wklv vhqvh zh lqihu wkdw zkloh

whfkqrorjlfdo vslooryhuv duh d pdlq h{sodqdwlrq iru qrqhujrglf jurzwk/ wkh idfw wkdw hlwkhu d yhu|

vwurqj ru d yhu| zhdn ru dq lqwhuphgldwh ghjuhh ri whfkqrorjlfdo frpsohphqwdulwlhv ohdgv wr pxowlsoh

vwhdg| vwdwhv ghshqgv rq wkh vshfl�f prgholqj ri wkh vslooryhu wudqvplvvlrq1 Dv iru zkdw frqfhuqv

wkh g|qdplf ehkdylru/ zh vkdoo h{sodlq wkh irupdwlrq ri odujh krprjhqhrxv duhdv/ wkh vr fdoohg

foxvwhuv1 Dv wkh foxvwhu vl}h jurzv dw d udwh vorzhu wkdq w> vxfk duhdv vhhp wr eh vwdwlrqdu| dorqj

wkh g|qdplfv1 Wkxv foxvwhuv pd| surylgh dq h{sodqdwlrq wr wkh vw|ol}hg idfw wkdw odujh zhdowk|

jhrjudsklfdo duhdv duh dowhuqdwhg zlwk odujh ghsuhvvhg duhdv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh prgho1 Vhfwlrq 6 ghvfulehv wkh

djjuhjdwh surfhvv ri whfkqrorj| fkrlfh lq wkh fdvh ri frpsohphqwdulwlhv ri lqwhuphgldwh vwuhqjwk/

wkdw lv zkhq wkh wkuhvkrog sdudphwhu lv htxdo wr 4@5 +v|pphwulf fdvh,= Lq sduwlfxodu zh vkrz

wkdw wkh surfhvv ri whfkqrorjlfdo fkrlfh fdq eh vhhq dv hlwkhu d olqhdu ru d qrqolqhdu yrwhu prgho1

Uho|lqj rq vrph ri wkh uhvxowv dydlodeoh lq wkh suredelolw| olwhudwxuh iru wkh olqhdu dqg wkh qrqolqhdu

yrwhu prgho/ Vhfwlrq 7 ghvfulehv wkh dv|pswrwlfv dqg wkh g|qdplfv ri wkh djjuhjdwh surfhvv lq wkh

v|pphwulf fdvh1 Vhfwlrq 8 ghvfuleh wkh dv|pswrwlfv dqg wkh g|qdplf ehkdylru ri wkh djjuhjdwh

whfkqrorj| surfhvv lq wkh dv|pphwulf fdvh/ wkdw lv zkhq wr �ls iurp whfkqrorj| 3 +4, wr whfkqrorj|

4 +3, lw uhtxluhv d vpdoohu +odujhu, qxpehu ri qhljkerulqj �upv glvdjuhhlqj rq wkh whfkqrorj| fkrlfh1

Vrph frqfoxglqj uhpdunv duh jlyhq lq Vhfwlrq 91
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2 A�i �L_i*

Wkhuh lv d frxqwdeoh qxpehu ri lghqwlfdo �upv/ olylqj rq d rqh glphqvlrqdo odwwlfh/ ]= Hdfk �up lv

fkdudfwhul}hg e| lwv orfdwlrq rq wkh odwwlfh/ wkdw lv �up { lv orfdwhg dw { 5 ]= Ilupv fdqqrw fkdqjh

orfdwlrqv1 Hdfk ri wkhp surgxfhv d krprjhqhrxv jrrg/ zklfk pd| eh xvhg hlwkhu dv fdslwdo ru

sdlg rxw dv glylghqgv1 Ilupv fdq fkrrvh ehwzhhq wzr gl�huhqw whfkqrorjlhv/ vd| Whfkqrorj| 3 dqg

Whfkqrorj| 4> erwk ri wkhp duh vwulfwo| frqfdyh lq fdslwdo1 Wkh djjuhjdwh rxwsxw lv ghwhuplqhg

e| orfdo lqwhudfwlrq dprqj gl�huhqw �upv1 Lq sduwlfxodu wkh fkrlfh ri wkh whfkqrorj| lv d�hfwhg

e| wkh qxpehu ri qhljkerulqj �upv dgrswlqj wkdw whfkqrorj|1 Wkh uhwxuqv iurp whfkqrorj| 3 duh

lqghshqghqw ri wkh qxpehu ri qhljkerulqj �upv xvlqj lw/ zkloh wkh uhwxuq iurp whfkqrorj| 4 uhfhlyh

d srvlwlyh +qhjdwlyh, vslooryhu li wkh qxpehu ri qhljkeruv xvlqj lw lv deryh +ehorz, d jlyhq wkuhvkrog1

Dw wlph 3/ hdfk �up uhfhlyhv dq lghqwlfdo hqgrzphqw ri fdslwdo/ whfkqrorj| duh udqgrpo| +dqg

lqghshqghqwo|, dvvljqhg wr �upv1 Jlyhq wkh lqlwldo hqgrzphqw ri fdslwdo/ surgxfwlrq rffxuv lq

frqwlqxrxv wlph1 Krzhyhu fdslwdo jhwv revrohwh dw d udqgrp Srlvvrq wlph zlwk lqwhqvlw| sdudphwhu

htxdo wr rqh/ l1h1 wkh h{shfwhg olih lv rqh1 Wkh udqgrp wlphv dw zklfk fdslwdo ehfrphv revrohwh duh

lqghshqghqw dfurvv �upv1 Zkhq fdslwdo ehfrphv revrohwh wkh �up orrnv dw wkh qhljkerulqj �upv

dqg/ ghshqglqj zkhwkhu wkh iudfwlrq ri qhljkeruv xvlqj whfkqrorj| 4 lv deryh ru ehorz d fhuwdlq

wkuhvkrog/ �up { fkrrvhv whfkqrorj| 4 ru 3/ dqg ehjlq wr surgxfh wkh krprjhqhrxv jrrg xqwlo

fdslwdo jhwv revrohwh djdlq1 Ehfdxvh ri wkh Srlvvrq dvvxpswlrq/ wkh suredelolw| wkdw pruh wkdq rqh

�up uhfrqvlghu lwv whfkqrorj| lq wkh vdph lqvwdqw ri wlph lv }hur1

2�� �L|@|�L? @?_ 5i| �T

{ @ = = = �p>�p . 4> = = = � 4> 3> 4> = = =p � 4>p> = = = ghqrwhv wkh orfdwlrq ri wkh �up rq wkh odwwlfh/

dqg vr { 5 ]=

o @ 3> 4 ghqrwhv wkh whfkqrorj| fkrvhq1

�%
�
ghqrwhv wkh udqgrp wlph dw zklfk �up { uhfrqvlghu wkh whfkqrorj| fkrvhq iru wkh l � wk

wlph1 Wkxv �%
�n�� �%

�
ghqrwhv wkh +udqgrp, wlph hodsvhg ehwzhhq wkh l� wk dqg wkh l.4� wk wlph

�up { fdq uhfrqvlghu lwv surgxfwlrq whfkqrorj|1

N%+�
%

�
, lv wkh vwrfn ri fdslwdo ri �up { dw wlph �%

�
= \%c,+w, ghqrwhv wkh fxpxodwlyh rxwsxw +iurp

�%
�
wr w, ri �up { zkhq xvlqj whfkqrorj| o= Iru dq| l @ 4> 5> = = = dw wlph �%

�
wkh fdslwdo ri �up {

ehfrphv revrohwh dqg wkh �up kdv wkh rssruwxqlw| ri uhfrqvlghulqj wkh whfkqrorj| fkrlfh1 Iru

7



�%
�
� w ? �%

�n�> li �up { hpsor|v whfkqrorj| 3>

g\%cf+w, @ if+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw

rwkhuzlvh li �up { hpsor|v whfkqrorj| 4/

g\%c�+w, @ i�+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw

zkhuh ��+�
%

�
, @ 4 li wkh �up orfdwhg dw vlwh k dw wlph �%

�
lv hpsor|lqj whfkqrorj| 4/ dqg ��+�

%

�
, @ 3

li lqvwhdg �up k dw wlph �%
�
lv hpsor|lqj whfkqrorj| 3=

Iru dq| uhdol}dwlrq ri �%
�
dqg iru doo srvvleoh uhdol}dwlrqv/ �up { vroyhv wkh iroorzlqj sur�w

pd{lpl}dwlrq sureohp/

pd{
g%E�

%

�
�
H^pd{i

]
�%
�n�

�%
�

if+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'�

��+�
%

� ,,gw�N%+�
%

� ,>

]
�
%

�n�

�
%

�

i�+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw�N%+�
%

� ,j` +4,

Qrwh wkdw frqglwlrqdo rq d uhdol}dwlrq ri �%
�
+dqg iru doo uhdol}dwlrq,/ wkh rqo| udqgrp hohphqw

lq +4, lv �%
�n�> wkdw lv wkh wlph dw zklfk wkh qhz vwrfn ri fdslwdo zloo ehfrph revrohwh1

2�2 �tt�4T|�L?t

D40Udqgrp Wlphv

;l> { �%
�n���

%

�
duh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg/ zlwk Su

�
�%
�n� � �%

�
A }
�
@ h{s+�},>

vr wkdw H
�
�%
�n� � �%

�

�
@ 4= Dovr �%

�
dqg �?6 duh lqghshqghqw ;l 9@p dqg2ru { 9@ q=

D4 hqvxuhv wkdw dw dq| lqvwdqw ri wlph wkh suredelolw| wkdw pruh wkdq rqh �up uhfrqvlghu lwv

whfkqrorj| fkrlfh lv }hur/ dovr dw dq| lqvwdqw/ hdfk �up kdv d srvlwlyh suredelolw| ri uhfrqvlghulqj

lwv whfkqrorj|1 Lw dovr hqvxuhv wkdw wkh dyhudjh olih ri fdslwdo lv htxdo wr rqh1 Dv �%
�
dqg �?6 duh

lqghshqghqw ;l 9@p dqg2ru { 9@ q/ wkh udqgrp olih ri fdslwdo sod|v wkh vdph uroh ri wkh llg udqgrp

vkrfnv lq Gxuodxi*v prgho1

D50Whfkqrorj|

;{ 5 ]> o @ 3> 4>
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+l, i,+3>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,, @ 3

+ll, Ci,+3>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,@Cn @4 dqg Ci,+4>

S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,@Cn @ 3=

+lll, Ci,@CN A 3> C2i,@CN
2 ? 3=

D5 lv d vwdqgdug dvvxpswlrq uxolqj rxw frqyh{lw| lq surgxfwlrq1 Wklv hqvxuhv wkh h{lvwhqfh ri

d xqltxh rswlpdo vwrfn ri fdslwdo/ hdfk wlph wkh �up idfhv wkh pd{lpl}dwlrq sureohp lq +4,1

D60Whfkqrorj| Vslooryhuv

Iru dq| uhdol}dwlrq ri �%
�
> ;l> { dqg iru dq| ohyho ri fdslwdo vwrfn N%+�

%

�
,>

+l, if+N%+�
%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,, @ if+N%+�

%

�
,,

Wkxv wkh uhwxuqv iurp whfkqrorj| 3 duh qrw d�hfwhg e| wkh qhljkerulqj �upv* ghflvlrqv1

Khuhdiwhu � 5 +3> 4, dqg lv vxfk wkdw �Q lv dq lqwhjhu/ zkhuh Q lv dvvxphg wr eh dq hyhq qxpehu1

Zh qrz ghvfuleh krz orfdo lqwhudfwlrq d�hfwv wkh rxwsxw jurzwk1

+ll,

Li
S%'�*2

�'%3�*2c� �'%
��+�

%

�
, ? �Q> wkhq if+N%+�

%

�
,, A i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,>

li lqvwhdg
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, A �Q> wkhq if+N%+�

%

�
,, ? i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,

dqg li
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, @ �Q> wkhq if+N%+�

%

�
,, @ i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,

+lll, Iru dq| lqwhjhu p 9@ q dqg hlwkhu p>q A �Q ru p>q ? �Q>

i�+N%+�
%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, @p, @ i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, @ q,

Wkh uhwxuqv iurp whfkqrorj| 4 uhfhlyh d srvlwlyh +qhjdwlyh, h{whuqdolw|/ ghshqglqj rq zkhwkhu

wkh iudfwlrq ri qhljkeruv xvlqj lw lv ehorz ru deryh d fhuwdlq wkuhvkrog1 Qrwh wkdw wkh h{whuqdolw|

h�hfwv ghshqg rq wkh iudfwlrq ri qhljkeruv xvlqj whfkqrorj| 4/ exw qrw qhfhvvdulo| rq zkhwkhu wkh

�up zdv suhylrxvo| xvlqj whfkqrorj| 4 ru 31 Lq wklv vhqvh wkh srvlwlyh h�hfw gxh wr d odujh iudfwlrq

ri lghqwlfdo qhljkeruv xvlqj whfkqrorj| 4/ fdqqrw eh lqwhusuhwhg dv d ohduqlqj e| grlqj h�hfw1 Zh

vkdoo mxvw lqwhusuhw wkhp dv jhqhulf whfkqrorjlfdo vslooryhuv dqg frpsohphqwdulwlhv1 Ilqdoo| +lll,

hqvxuhv wkdw wkh lqwhqvlw| ri wkh vslooryhu h�hfwv mxvw ghshqgv rq zkhwkhu wkh qxpehu ri qhljkeruv

xvlqj whfkqrorj| 4 lv deryh ru ehorz d jlyhq wkuhvkrog/ dqg qrw rq wkh dfwxdo qxpehu ri qhljkeruv

xvlqj 4=

D70Lqlwldo frqglwlrqv

Dw wlph 3 hdfk �up uhfhlyhv dq lghqwlfdo hqgrzphqw ri fdslwdo/ vd| N%+3, @ N+3,> ;{= Wkhq

hdfk �up wdnhv dq lqghshqghqw gudz iurp d xqlirup ^3> 4` udqgrp yduldeoh/ li wkh uhdol}dwlrq ri
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�up { gudz lv htxdo wr ru vpdoohu wkdq �> � 5 +3> 4,/ wkhq �up { fkrrvhv whfkqrorj| 4> li lqvwhdg

�up { gudzv d uhdol}dwlrq odujhu wkdq �> wkhq lw xvhv whfkqrorj| 3=

D7 uxoh rxw wkh srvvlelolw| ri d ghjhqhudwh lqlwldo vwdwh1 Lw dovr hqvxuhv wkdw wkh suredelolw|

phdvxuh jryhuqlqj wkh lqlwldo frq�jxudwlrq ri whfkqrorjlhv lv d Ehuqrxool surgxfw phdvxuh / dqg vr

lw lv wudqvodwlrq lqyduldqw/ l1h1 lqghshqghqw ri wkh vshfl�f vlwh1

Dq h{dpsoh ri whfkqrorjlhv vdwlvi|lqj D5 dqg D6 duh/ iru �%
�
� w ? �%

�n�>

g\%cf+w, @ DN%+�
%

� ,
kgw +5,

dqg

g\%c�+w, @ +D. 4i
%n�*2[

�'%3�*2c� �'%

��+�
%

� , A �Qj � 4i
%n�*2[

�'%3�*2c� �'%

��+�
%

� , ? �Qj,N%+�
%

� ,
kgw +6,

zlwk 3 ? � ? 4> 4 ? D ?4=

2�� Oi�h�t|�Ut

Dw wlph 3 �up { uhfhlyhv lwv lqlwldo hqgrzphqw ri fdslwdo/ vd| N%+3, @ N+3, ;{> zlwk sure0

delolw| � +uhvs1 +4 � �,, �up { ehjlqv wr surgxfh zlwk whfkqrorj| 4 +uhvs1 3,= Qrwh wkdw iru

� @ 4 +uhvs1 � @ 3, d frq�jxudwlrq zlwk doo �upv xvlqj whfkqrorj| 4 +uhvs13, lv dq devruelqj

vwdwh1 Iru wklv uhdvrq zh lpsrvh +D7, � 5 +3> 4,= Dw +udqgrp, wlphv �%
�
l @ 4> 5> = = = wkh lqlwldo

vwrfn ri fdslwdo ehfrphv revrohwh dqg vr �up { fdq uhfrqvlghu lwv fkrlfh ri whfkqrorj|1 Frq0

glwlrqdo rq wkh uhdol}dwlrq ri �%
�
> dqg iru doo uhdol}dwlrqv exw d vhw ri phdvxuh }hur/ dqg rq wkh

whfkqrorj| dgrswhg e| wkh Q qhljkeruv dw wklv wlph/ zh kdyh wkdw li
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, A

�Q wkhq if+N%+�
%

�
,, ? i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
,,> zkloh li

S%n�*2

�'%3�*2c� �'%
��+�

%

�
, ? �Q

wkhq if+N%+�
%

�
,, A i�+N%+�

%

�
,>
S%n�*2

�'%3�*2c� �'�
��+�

%

�
,,= Ilqdoo|/ li

S%n�*2

�'%3�*2c� �'%
��+�

%

�
, @ �Q wkhq

if+N%+�
%

�
,, @ i�+N%+�

%
� ,
S%n�*2

�'%3�*2c� �'�
��+�

%
� ,,1 Vxssrvh wkdw

S%n�*2

�'%3�*2c� �'%
��+�

%

�
, A �Q / wkhq

wkh sur�w pd{lpl}dwlrq sureohp iru �up { lv

pd{
g%E�

%

�
�
H^

]
�
%

�n�

�%
�

i�+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw�N%+�
%

� ,`

Iru dq| jlyhq uhdol}dwlrq ri �%
�
dqg iru wkh qhljkeruv whfkqrorj| fkrlfhv/ wkh rqo| udqgrp

hohphqw lq wkh pd{lpl}dwlrq sureohp deryh lv �%
�n�/ wkdw lv wkh wlph lq zklfk wkh qhz fdslwdo vwrfn

:



zloo ehfrph revrohwh1 Krzhyhu jlyhq D4 zh kdyh wkdw H
�
�%
�n� � �%

�

�
@ 4> ;l> vr wkdw wkh sur�w

pd{lpl}dwlrq deryh fdq eh uhzulwwhq dv

pd{
g%E�

%

�
�
+i�+N%+�

%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,H^

]
�
%

�n�

�%
�

gw`�N%+�
%

� ,,

@ pd{
g%E�

%

� �
+i�+N%+�

%

�
,>

%n�*2[
�'%3�*2c� �'%

��+�
%

�
,,�N%+�

%

�
,, +7,

AIurp +7, zh vhh wkdw wkh rswlpdo ohyho ri fdslwdo lv jlyhq e| wkh vroxwlrq wr

i ��+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,, @ 4>

vr wkdw NW

%+�
%

�
, @ nW� ;l> {= Rq wkh rwkhu kdqg zkhqhyhu

S%n�*2

�'%3�*2c� �'%
��+�

%

�
, ? �Q wkh �up

fkrrvhv whfkqrorj| 3 dqg wkh sur�w pd{lpl}dwlrq sureohp ehfrphv�

pd{
g%E�

%

�
�
H^

]
�
%

�n�

�
%

�

if+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw�N%+�
%

� ,`

vr wkh rswlpdo ohyho ri fdslwdo lv jlyhq e| wkh vroxwlrq wr

i �f+N%+�
%

� ,>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,, @ 4>

wkdw lv NW

%
+�%
�
, @ nWf ;l> {= Vr wkh rswlpdo vwrfn ri fdslwdo fdq wdnhv rqo| wzr ydoxhv/ nWf> zkhq

whfkqrorj| 3 lv hpsor|hg dqg nW� zkhq whfkqrorj| 4 lv hpsor|hg/ zkhuh nWf ? nW�= Lq whupv ri rxu

h{dpsoh +5,+6, lw lv lpphgldwh wr vhh wkdw nW� @ +5�D,
�

�3k > dqg nWf @ +�D,
�

�3k = Wkxv ;{> l dqg iru

�%
�
� w ? �%

�n�> uhfdoolqj D5 dqg D6 wkh rxwsxw jurzv lq frqwlqxrxv wlph dffruglqj wr hlwkhu

g\%cf+w, @ if+n
W

f>

%n�*2[
�'%3�*2c� �'%

��+�
%

�
,,gw @ ifgw

ru

g\%c�+w, @ i�+n
W

�>

%n�*2[
�'%3�*2c� �'%

��+�
%

� ,,gw @ i�gw

zkhuh if ? i�1
e Wkxv dorqj wkh fdslwdo olih/ wkh udwh ri jurzwk ri rxwsxw lv frqvwdqw dqg lv

frpsohwho| ghwhuplqhg e| wkh whfkqrorj| fkrlfh1

�A�i Mi�@��Lh Lu |�i �h4 ��i?
S

%n�*2

�'%3�*2c� �'%
#�E�

%

� � ' B� ��** Mi @?@*)3i_ �? _i|@�* �? tiU|�L?t � @?_ D�

e�L|i |�@| ��i?i�ih
S

%n�*2

�'%3�*2c� �'%
#�E�

%

� � ' B� |�i? uLh �h4 % &
W

� ' &
W

f @?_ tL sf ' s��

;



Zh qrz zdqw wr dqdo|}h wkh ehkdylru ri djjuhjdwh rxwsxw ryhu wlph1 Ohw \|c|n� eh wkh djjuhjdwh

rxwsxw ryhu wkh shulrg +w.4,� w> h1j1 wkh |hduo| JQS1 Dv wkh qxpehu ri �upv dw gl�huhqw vlwhv lv

frxqwdeoh/ zh fdq gh�qh \|c|n� @
S

%M~
\%c|c|n�> zkhuh \%c|c|n� lv vd| wkh |hduo| rxwsxw ri wkh �up

dw vlwh {= Ri frxuvh wklv ghshqgv rq wkh vslooryhu h�hfw iurp wkh qhljkeruv dqg wkh whfkqrorj| xvhg

lq wkdw shulrg1 Vxssrvh wkdw �up { fdslwdo vwrfn ehfrphv revrohwh rqfh lq wkdw shulrg/ vd| dw �%2 >

�%� � w � �%2 � w. 4= Wkhq

\%c|c|n� @

]
�
%

2

|

i ,gw.

]
|n�

�%
2

i6gw

iru o>p @ 3> 41 Dqg vr

\%c|c|n� @ +�%2 � w,i , . ++w. 4,� �%2 ,i6

Wkxv wkh djjuhjdwh rxwsxw fdq vkrz f|folfdo ehkdylru ehfdxvh ri wzr idfwruv= +l, wkh udqgrpqhvv

lq wkh fdslwdo olih dw ydulrxv vlwhv/ +ll, wkh fkdqjlqj ri frq�jxudwlrqv ri whfkqrorj| dfurvv vlwhv1

Lw vkrxog eh qrwhg wkdw lq wklv frqwh{w wkh udqgrp wlphv dw zklfk fdslwdo ehfrphv revrohwh dw

gl�huhqw vlwhv sod| wkh uroh ri h{rjhqrxv vkrfnv1 Dv if ? i�/
D khuhdiwhu d frq�jxudwlrq zkhuh doo

�upv xvh whfkqrorj| 4 zloo eh fdoohg wkh %kljk htxloleulxp%/ zkloh d frq�jxudwlrq lq zklfk doo �upv

xvh whfkqrorj| 3 zloo eh fdoohg wkh %wkh orz htxloleulxp%1

� A�i �}}hi}@|i �hLUitt Lu AiU�?L*L}�U@* ��L�UitG |�i 5)44i|�

h�U �@ti�

Zh vkdoo qrz dqdo|}h wkh djjuhjdwh surfhvv ri whfkqrorjlfdo fkrlfhv1 Hdfk �up*v surgxfwlylw| d�hfwv

dqg lv d�hfwhg e| wkh qhljkeruv whfkqrorj| fkrlfhv1 Hdfk �up kdvQ +Q hyhq, qhljkeruv/Q@5 rq wkh

uljkw dqgQ@5 rq wkh ohiw1 Iru h{dpsoh wkh qhljkeruv ri �up { duh {�Q@5> = = = {�4> {.4> = = = {.Q@5=

Dw hdfk +udqgrp, wlph fdslwdo ehfrphv revrohwh wkh �up fkrrvhv wkh whfkqrorj| dqg wkh rswlpdo

vwrfn ri fdslwdo wkdw hqvxuh wkh pd{lpl}dwlrq ri lwv h{shfwhg sur�wv +4,1 Wkxv li dw d udqgrp wlph

�%
�
>
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, A Q@5 wkhq �up { fkrrvhv whfkqrorj| 4/ dqg li

S%n�*2

�'%3�*2c� �'%
��+�

%

�
, ?

Q@5 wkhq �up { fkrrvhv whfkqrorj| 3= Rq wkh rwkhu kdqg zkhqhyhu kdoi ri wkh qhljkeruv duh xvlqj

4 dqg kdoi duh xvlqj 3 wkhq hlwkhu whfkqrorj| jlyhv wkh vdph h{shfwhg sur�wv/ lq wklv fdvh zh vkdoo

glvwlqjxlvk wkuhh gl�huhqw ehkdylrudo uxohv=

DW?_ii_ ��i?
S

%n�*2

�'%3�*2c� �'%
#�E�

%

� � ' B� |�i? uLh �h4 % sf ' s��
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E4 wkh �up wdnhv d gudz iurp d xqlirup udqgrp yduldeoh rq ^3> 4`> li wkh uhdol}dwlrq lv htxdo

ru vpdoohu wkdq 4@5> lw fkrrvhv whfkqrorj| 4> rwkhuzlvh lw fkrrvhv whfkqrorj| 3=

E5 wkh �up vzlwfkhv whfkqrorj|1

E6 wkh �up nhhsv wkh whfkqrorj| fxuuhqwo| xvhg1

Lw lv dvvxphg wkdw zkhq kdoi ri wkh qhljkeruv xvh 4 dqg kdoi xvh 3> wkhq doo �upv iroorz hlwkhu

E4/ ru E5 ru E6/ wkdw lv zh uxoh rxw wkh srvvlelolw| wkdw �upv dw gl�huhqw vlwhv fdq iroorz gl�huhqw

uxohv/ ru wkh srvvlelolw| wkdw d jlyhq �up fkrrvhv d gl�huhqw uxoh lq gl�huhqw srlqwv lq wlph1 Lq wkh

vhtxho zh vkdoo vkrz wkdw ghshqglqj rq wkh ehkdylrudo uxoh iroorzhg zkhq kdoi ri wkh qhljkeruv xvh

4 dqg kdoi xvh 3> wkh djjuhjdwh surfhvv ri whfkqrorjlfdo fkrlfhv fdq eh irupdoo| wuhdwhg dv hlwkhu d

olqhdu ru d qrq olqhdu +wkuhvkrog, yrwhu prgho1 Vrph ixuwkhu qrwdwlrq lv qrz qhfhvvdu|=

�u% +w, ghqrwhv wkh whfkqrorj| xvhg e| wkh �up dw vlwh { dw wlph w> iru wkh fdvh lq zklfk doo �upv

iroorz uxoh E41 Wkh fruuhvsrqglqj djjuhjdwh surfhvv ghvfulelqj wkh +djjuhjdwh, frq�jxudwlrq ri

whfkqrorjlhv dw wlph w lv ghqrwhg e| �u+w, @ +�u% +w,> { 5 ],> dqg zh ghqrwh wkh djjuhjdwh surfhvvhv

ri whfkqrorjlhv �u @ +�u% +w,> { 5 ]> w � 3,= Vlploduo| zh ghqrwh �S%+w,/ �
S+w, @ +�S%+w,> { 5 ],>

�S @ +�S%+w,> { 5 ]> w � 3,> dqg �
s
%+w,/ �

s +w, @ +�
s
%+w,> { 5 ],> �s @ +�

s
%+w,> { 5 ]> w � 3, wkh

whfkqrorj| fkrvhq e| wkh �up dw vlwh {> wkh frq�jxudwlrq ri whfkqrorj| dw wlph w dqg wkh djjuhjdwh

surfhvv ri whfkqrorj| lq wkh fdvh doo �upv iroorz uxoh E5 dqg E6 uhvshfwlyho|1 Qrwh wkdw �u> �S> �s

hyroyh rq i3> 4j~ =

Khuhdiwhu ohw m � m ghqrwhv wkh Hxfolghdq qrup dqg & ghqrwhv wkh fduglqdolw| ri d vhw1 Lq wkh

vhtxho zh vkdoo xvh wkh iroorzlqj idfwv1

IDFW 614

Ohw D4 dqg D6 krog/ dqg doo �upv iroorz uxoh E4 dqg ohw Q @ 51 Wkhq/

�u @ +�u% +w,> { 5 ]> w � 3,

lv d +qhduhvw qhljkeru, olqhdu yrwhu prgho1

SURRI= �u lv dq lqwhudfwlyh sduwlfoh Pdunry surfhvv hyroylqj rq i3> 4j~ 1 Jlyhq D4 dqg D6/ dq|

wlph wkh �up fdq uhylvh wkh whfkqrorj| fkrlfh/ lw orrnv dw lwv wzr qhljkeruv1 Vxssrvh wkdw wkh �up

zdv xvlqj whfkqrorj| 3> li qr qhljkeru xvhv 4 +D7 uxohv rxw wkh srvvlelolw| wkdw dw wkh vdph lqvwdqw

ri wlph d qhljkeru fdq vzlwfk whfkqrorj|, wkhq lw nhhsv xvlqj whfkqrorj| 3> rq wkh rwkhu kdqg li

erwk qhljkeruv xvh whfkqrorj| 4 lw vzlwfkhv wr lw/ rq wkh rwkhu kdqg li lw zdv xvlqj whfkqrorj| 4 lw
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vzlwfkhv li erwk qhljkeruv duh xvlqj 3 dqg grhv qrw vzlwfk li erwk qhljkeruv xvh 41 Wkxv wkh �up

vzlwfkhv whfkqrorj| li erwk wkh qhljkeruv glvdjuhh +rq wkh whfkqrorj| fkrlfh,/ lw grhv qrw vzlwfk li

erwk djuhh dqg vzlwfkhv zlwk suredelolw| 4@5 li rqh djuhhv dqg wkh rwkhu grhv qrw1 Wkh ydoxh ri

wkh frq�jxudwlrq �u dw vlwh { fkdqjhv dw udwh fu+{> �,/ zkhuh

fu+{> �, @
4

5
&i| = m| � {m @ 4> �% 9@ �+j +8,

Wkxv iurp Eudpvrq dqg Jul�hdwk +4<;3/ s14;6, zh nqrz wkdw �u lv d +qhduhvw qhljkeru, olqhdu

yrwhu prgho rq d rqh0glphqvlrqdo odwwlfhS1�

IDFW 615

Ohw D4 dqg D6 krog/ dqg doo �upv iroorz uxoh E5/ zlwk Q �qlwh1 Wkhq

�S @ +�S
%
+w,> { 5 ]> w � 3,

lv d wkuhvkrog yrwhu prgho zlwk wkuhvkrog htxdo wr Q@5=

SURRI= �S lv dq lqwhudfwlyh sduwlfoh Pdunry surfhvv hyroylqj rq i3> 4j~ 1 Jlyhq D4 dqg D6 wkh �up

vzlwfkhv li dw ohdvw Q@5 qhljkeruv duh xvlqj d gl�huhqw whfkqrorj|1 Wkh ydoxh ri wkh frq�jxudwlrq

�S dw vlwh { �lsv dw udwh fS+{> �,/ zkhuh

fS+{> �, @ 4 li &i| = m| � {m � Q@5> �% 9@ �+j � Q@5 dqg 3 rwkhuzlvh +9,

Wkh vwdwhphqw wkhq iroorzv iurp Dqgmho/ Oljjhww dqg Prxqwirug +4<<5/ s1:7, �

IDFW 616

Ohw D4 dqg D6 krog/ dqg doo �upv iroorz uxoh E6/ zlwk Q �qlwh1 Wkhq

�s @ +�s%+w,> { 5 ]> w � 3,

lv d wkuhvkrog yrwhu prgho zlwk wkuhvkrog htxdo wr Q@5 . 4

SURRI= e| wkh vdph dujxphqw xvhg lq wkh surri ri Idfw 615/ e| qrwlqj wkdw

fs +{> �, @ 4 li &i| = m| � {m � Q@5> �% 9@ �+j � Q@5 . 4 dqg 3 rwkhuzlvh> +:,

wkh vwdwhphqw iroorzv iurp Gxuuhww dqg Vwhl� +4<<6/ s1565, �

SA�i *�?i@h �L|ih L? |�i L?i�_�4i?t�L?@* *@||�Ui �t _i�?i_ uLh |�i U@ti �? ���U� i@U� t�|i ��t| *LL!t @| |�i |�L

?i�}�MLh�?} t�|it�
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Lw vkrxog eh qrwhg wkdw lq wkh olqhdu yrwhu prgho/ hdfk vlwh fkdqjhv whfkqrorj| dw udwh sur0

sruwlrqdo wr wkh qxpehu ri qhljkeruv wkdw glvdjuhh/ zkloh lq wkh wkuhvkrog yrwhu wkh vlwh fkdqjhv

whfkqrorj| li wkhuh lv dw ohdvw d jlyhq qxpehu +wkuhvkrog, ri qhljkeruv wkdw glvdjuhh1

Gh�qh n, @ +n,
%
+w,> { 5 ]> w � 3,/ nS @ +nS

%
+w,> { 5 ]> w � 3,> ns @ +n

s
%+w,> { 5 ]> w � 3, wkh

djjuhjdwh surfhvv ri fdslwdo vwrfn zkhq hdfk �up iroorzv uxoh E4/ E5/ E6 uhvshfwlyho|1 Zh kdyh

FRUROODU\ 617

Ohw D40D6 krog1 Wkhq wkh n,> nS> ns duh uhvshfwlyho| d olqhdu yrwhu +zkhq zh lpsrvh Q @ 5,/ d

wkuhvkrog yrwhu zlwk wkuhvkrog htxdo wr Q@5 dqg wr Q@5 . 4 uhvshfwlyho|1

SURRI=

Vxssrvh wkdw dw wlph �%
�
wkh fdslwdo ri �up { ehfrphv revrohwh dqg iru wkh l � wk wlph wkh

�up kdv wr uhfrqvlghu wkh whfkqrorjlfdo fkrlfh1 Jlyhq wkdw wkh �up lv +h{shfwhg, sur�w pd{lpl}hu/

li pruh wkdq Q@5 qhljkeruv xvh 4 lw xvhv 4> li ohvv wkdq Q@5 xvh 3 lw xvhv 3> dqg li h{dfwo| Q@5

xvh 4 lw fdq fkrrvh hlwkhu whfkqrorj| ghshqglqj rq zklfk uxoh +E4/E5 ru E6, lw iroorzv1 Rqfh wkh

whfkqrorj| lv fkrvhq/ lw kdv wr ghflgh wkh rswlpdo ohyho ri fdslwdo1 Zh kdyh vhhq wkh rswlpdo vwrfnv

ri fdslwdo iru whfkqrorj| 4 dqg 3 uhvshfwlyho| duh nW� dqg nWf= Dv vzlwfkhv lq wkh rswlpdo ohyho ri

fdslwdo rffxu li dqg rqo| li wkh whfkqrorj| vzlwfkhv/ wkh vwdwhphqw iroorzv1 �

Jlyhq wkh idfwv deryh/ zh fdq qrz dqdo|}h wkh g|qdplfv dqg wkh dv|pswrwlf ehkdylru ri

�u> �S> �s / e| eruurzlqj vrph uhvxowv douhdg| dydlodeoh lq wkh suredelolvwlf olwhudwxuh1

e A�i #)?@4�Ut @?_ |�i �t)4T|L|�U �i�@��Lh Lu |�i �}}hi}@|i

AiU�?L*L}) �hLUitt

Dv hdfk �up zloo qhyhu fkdqjh whfkqrorj| zkhq doo qhljkeruv xvh wkh vdph whfkqrorj|/ d frq�jx0

udwlrq ri hlwkhu doo �upv xvlqj 4 ru doo �upv xvlqj 3 lv dq devruelqj vwdwh iru wkh v|vwhp1 D �uvw

txhvwlrq wkdw zh zlvk wr dgguhvv lv zkhwkhu vxfk frq�jxudwlrqv zloo eh uhdfkhg dv w jhwv odujh1

Pruh suhflvho| zh dgguhvv wkh sureohp ri zkhwkhu frqvhqvxv zloo hyhqwxdoo| rffxu ru qrw/ zkhuh e|

frqvhqvxv zh phdq wkdw/ dv w jhwv odujh/ wkh suredelolw| wkdw wzr jhqhulf vlwhv +�upv, xvh d gl�huhqw

whfkqrorj| dssurdfkhv }hur1 Wkxv frqvhqvxv lv d vlwxdwlrq lq zklfk doo vlwhv zloo hyhqwxdoo| djuhh

rq wkh vdph whfkqrorj|1 Zh vkdoo vhh ehorz wkdw frqvhqvxv rffxuv zkhq wkh �ls udwh duh dv lq +8/9,/
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zkloh frqvhqvxv grhv qrw rffxu lq jhqhudo zkhq wkh �ls udwhv duh dv lq +:,1

Olqhdu dqg qrqolqhdu +wkuhvkrog, yrwhu prghov duh qrq0hujrglf/. lq wkh vhqvh wkdw wkh olplwlqj

glvwulexwlrq ghshqgv rq wkh lqlwldo glvwulexwlrq1 Vhyhudo ri wkh sursrvlwlrqv vwdwhg ehorz/ uhtxluh

wkh lqlwldo glvwulexwlrq wr eh d Ehuqrxool surgxfw phdvxuh zlwk ghqvlw| � 5 +3> 4,/ ghqrwhg dv �w/

wkdw lv �w+{ = �%+3, @ 4> { 5 ], @ �> � 5 +3> 4,1 D7 hqvxuhv wkdw wkh lqlwldo glvwulexwlrq lv lqghhg d

Ehuqrxool surgxfw phdvxuh1 Wklv phdqv wkdw dw wlph 3 hdfk vlwh xvhv whfkqrorj| 4 zlwk suredelolw|

� dqg whfkqrorj| 3 zlwk suredelolw| 4 � �/ lqghshqghqwo| ri wkh fkrlfhv ri wkh rwkhu vlwhv1 Zh

vkdoo vhh wkdw wkh yrwhu surfhvv lv qrqhujrglf dqg d kljk ydoxh ri � lqfuhdvhv wkh fkdqfhv wkdw d

frq�jxudwlrq ri doo rqhv zloo hyhqwxdoo| rffxu1 Dv lq wkh fdvh ri doo �upv grlqj 4> doo srvlwlyh

vslooryhuv duh h{sorlwhg dqg wkh djjuhjdwh surgxfwlrq ohyho lv kljkhu/ frqvhqvxv rq whfkqrorj| 4

wkxv zloo eh fdoohg wkh %kljk htxloleulxp%1 Rq wkh rwkhu kdqg/ frqvhqvxv rq 3 lpsolhv wkdw qr

srvlwlyh vslooryhu lv h{sorlwhg dqg wkh ohyho ri surgxfwlrq lv orzhu wkdq lw frxog eh/ dqg vr lw zloo eh

fdoohg wkh %orz htxloleulxp%H1 Wkxv li wkh �ls udwhv duh dv lq +8/9, hlwkhu d kljk ru orz htxloleulxp

zloo hyhqwxdoo| rffxuv/ zlwk wkh iruphu ehlqj pruh olnho| iru kljkhu ydoxh ri �= Rq wkh rwkhu kdqg

zh vkdoo vhh wkdw li wkh �ls udwh lv dv lq +:, wkh v|vwhp lq jhqhudo zloo qrw frqyhujh wr rqh ri wkh

wzr devruelqj vwdwhv dqg zh vkdoo kdyh dq lq�qlwh +exw frxqwdeoh, qxpehu ri pl{hg htxloleuld/ lq

zklfk vrph �upv dozd|v xvh whfkqrorj| 4 dqg rwkhu zloo dozd|v xvh whfkqrorj| 31 Li wkh lqlwldo

glvwulexwlrq lv �w / zh vwduw iurp d vwdwh ri lqglylgxdo lqghshqghqfh1 Wkh lqwhudfwlrq ehwzhhq vlwhv

zloo wkhq vwduw dw w A 3/ zkhq vlwhv +�upv,/ dw Srlvvrq udqgrp wlphv/ zloo vwduw uhfrqvlghulqj wkhlu

whfkqrorj| fkrlfh e| revhuylqj wkhlu qhljkeruv1

SURSRVLWLRQ 714

Ohw D4/D6/D7 krog/ wkhq iru dq| {> | 5 ]>

+l, olp
|<"

Su+�S%+w, @ �S++w,, @ 4

dqg

+ll, olp
|<"

Su+�u
%
+w, @ �u

+
+w,, @ 4

.A��t �t �? UL?|h@t| ��|� L|�ih �?|ih@U|�?} T@h|�U*i t)t|i4tc t�U� @t |�i Wt�?} 4L_i*tc |�@| @hi �?t|i@_ ih}L_�U�

Wt�?} 4L_i*t �@�i Mii? @?@*)3i_ M) �*�4i E�bb�� �? Lh_ih |L t|�_) ?L�t) Mit| hitTL?ti _)?@4�Ut�
H ì t�@** tii Mi*L� |�@| @ *L?} h�? UL?�}�h@|�L? ��|� @** f �4T*�it |�i *L�it| TLtt�M*i *i�i* Lu @}}hi}@|i @U|���|)

@U��i�@M*i �? i^��*�Mh��4� Oi?Uic �i U@** �| |�i *L� i^��*�Mh��4� �? |�i L|�ih �@?_c �| �t �44i_�@|i |L tii |�@| @

*L?} h�? i^��*�Mh��4 UL?�}�h@|�L? Lu @** � �4T*�it |�i ��}�it| TLtt�M*i *i�i* Lu @}}hi}@|i @U|���|)� Oi?Uic �i U@** �|

|�i ��}� i^��*�Mh��4�

46



SURRI= +l, Jlyhq D6/D7/ iurp Idfw 615 zh nqrz wkdw �S lv d wkuhvkrog yrwhu prgho zlwk wkuhvkrog

htxdo wr Q@5/ D7 hqvxuhv wkdw wkh lqlwldo glvwulexwlrq lv wudqvodwlrq lqyduldqw +l1h1 lw grhv qrw

ghshqg rq wkh vshfl�f vlwh,/ wkhq wkh vwdwhphqw iroorzv iurp Wkhruhp 4d lq Dqgmho/ Oljjhww dqg

Prxqwirug +4<<5,1

+ll, Jlyhq D6/D7/ iurp Idfw 615 zh nqrz wkdw �u lv d olqhdu yrwhu prgho zlwk wudqvodwlrq lqyduldqw

lqlwldo glvwulexwlrq/ wkh vwdwhphqw wkhq iroorzv iurp Fr{ dqg Jul�hdwk +4<;9/ s1683,1 �

FRUROODU\ 715

Ohw D40D7 krog dqg dvvxph wkdw zkhqhyhu kdoi ri wkh qhljkeruv xvh 4 dqg kdoi xvh 3> wkh �up

iroorzv hlwkhu uxoh E4 ru E51 Wkhq wkh djjuhjdwh rxwsxw zloo frqyhujh lq suredelolw| wr hlwkhu wr

wkh kljk ru wr wkh orz htxloleulxp1

SURRI= D5 hqvxuhv wkdw wkh vroxwlrq wr wkh h{shfwhg sur�w pd{lpl}dwlrq lv xqltxh1 Dv �upv

hyhqwxdoo| djuhh rq hlwkhu whfkqrorj| 4 ru 3/ hlwkhu doo �up h{sorlw h{whuqdolwlhv +kljk rxwsxw ohyho,

ru qrqh grhv +orz rxwsxw ohyho,1�

Wkxv li ;{ �up { zkhqhyhu
S%n�*2

�'%3�*2c� �'%
��+�

%

�
, @ Q@5 iroorzv hlwkhu wkh ehkdylrudo uxoh

E4 ru wkh ehkdylrudo uxoh E5 wzr rqo| htxloleuld rffxu/ wkh kljk htxloleulxp zkhuh hdfk �up zloo

hyhqwxdoo| hpsor| 4 ru wkh orz htxloleuld zkhuh hdfk �up zloo hyhqwxdoo| hpsor| whfkqrorj| 31 Zh

vkdoo vkrz ehorz wkdw frqvhqvxv lpsolhv foxvwhu irupdwlrq1 Iru d foxvwhu lq ] zh phdq d frqqhfwhg

vhjphqw ri vlwhv xvlqj wkh vdph whfkqrorj|1 Iru foxvwhu vl}h zh phdq wkh qxpehu ri frqqhfwhg vlwhv

xvlqj wkh vdph whfkqrorj|1 Khuhdiwhu wkh vdph dujxphqw dssolhv wr �S dqg wr �u/ vr iru wkh vdnh

ri vlpsolflw| zh gurs wkh vxshuvfulsw1 Zh fdq qrz gh�qh wkh phdq foxvwhu vl}h durxqg wkh ruljlq

dw wlph w dv

F+�>+w,, @ olp
?<"

5q

& foxvwhuv ri �>+w, rq ^�q>q`

zkhuh �> lv hlwkhu wkh olqhdu ru wkh wkuhvkrog yrwhu/ zlwk lqlwldo glvwulexwlrq �1 Zh vkdoo vhh

ehorz wkdw/ zkhq frqvhqvxv rffxuv/ wkh phdq foxvwhu vl}h jurzv zlwk w dqg dssurdfkhv lq�qlw| dv

w dssurdfkhv lq�qlw|1

SURSRVLWLRQ 7161

Ohw D4/D6/D7 krog/ wkhq/ dv w$4/ F+�S+w,,
Ro
$4 +uhvs= F+�u+w,,

Ro
$4,1

SURRI= D7 hqvxuhv wkdw wkh lqlwldo glvwulexwlrq lv d Ehuqrxool surgxfw phdvxuh vd| �w / D4 dqg D6

hqvxuh wkdw Idfw 614 dqg 615 krog1 Dv wkh surri lv wkh vdph iru erwk �S dqg iru �u zh vkdoo gurs
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wkh vxshuvfulsw f>O1 Zh vd| wkdw { lv d erughu iru � dw wlph w/ li �%3�+w, 9@ �%+w,1 D erughu phdvxuh

iru �+w, lv wkhq gh�qhg dv

�w+�+w, = �%3�+w, 9@ �%+w,> { 5 ],

Wkh Ehuqrxool surgxfw phdvxuh zlwk ghqvlw| � 5 +3> 4, lv wudqvodwlrq lqyduldqw +l1h1 lw grhv qrw

ghshqg rq wkh vshfl�f vlwh, dqg lw lv dovr pl{lqj +iru d gh�qlwlrq ri pl{lqj erughu phdvxuh/ vhh

Eudpvrq dqg Jul�hdwk 4<;3/ s14;:04;;,1 Wkxv e| wkh Elunr� hujrglf wkhruhp d vwurqj odz ri odujh

qxpehu iroorzv/ hqvxulqj wkdw zlwk suredelolw| rqh/

olp
?<"

& ri erughuv ri �+w, lq ^�q>q`
5q

@ S+�+w, kdv d erughu dw 4,

Dv wkh qxpehu ri erughuv dqg wkh qxpehu ri foxvwhuv lq ^�q>q` fdq gl�hu e| dw prvw rqh/ jlyhq

wkh gh�qlwlrq ri phdq foxvwhu vl}h/ zh kdyh wkdw

F+�+w,, @
4

S +�+w, kdv d erughu dw 4,
@

4

S+�f+w, 9@ ��+w,,

zkhuh wkh odvw htxdolw| iroorzv vwudljkwiruzdugo| iurp wkh gh�qlwlrq ri erughu dw vlwh 41 Qrz iurp

Sursrvlwlrq 714/ zh nqrz wkdw ;{> | 5 ]/

olp
|<"

Su+�%+w, @ �++w,, @ 4

vr wkdw e| vhwwlqj { @ 3> | @ 4/ zh kdyh wkdw olp|<" Su+�f+w, 9@ ��+w,, @ 3/ dqg wkh ghvluhg uhvxow

wkhq iroorzv1 �

Dpruh lqirupdwlyh uhvxow lv dydlodeoh iru �u/ wkdw lv iru wkh fdvh lq zklfk zkhq
S%n�*2

�'%3�*2c� �'%
��+�

%

� ,, @

Q@5 ;{ 5 ] �up { iroorzv ehkdylrudo uxoh E4 dqg Q @ 5=

SURSRVLWLRQ 717

Xqghu wkh vdph dvvxpswlrqv ri Sursrvlwlrq 716/ dv w jhwv odujh

4
s
w
F+�u+w,,

Ro
$

s
�

5�+4� �,

SURRI= Iurp Wkhruhp 4f lq Eudpvrq dqg Jul�hdwk +4<;3/ s14<4,/ vlqfh dq| Ehuqrxool surgxfw

phdvxuh lv pl{lqj1 �

Sursrvlwlrq 717 vkrzv wkdw iru wkh fdvh ri �u/ wkh vl}h ri foxvwhuv lqfuhdvhv ryhu wlph dw udwh
s
w1
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Li D5 +hqvxulqj d xqltxh vroxwlrq wr wkh h{shfwhg sur�w pd{lpl}dwlrq, krogv wrr/ wkhq zkhqhyhu

�upv iroorzv hlwkhu uxoh E4 ru E5/ dorqj wkh g|qdplfv zh vkdoo revhuyh ryhu wlph odujhu dqg odujhu

duhdv ri �upv xvlqj hlwkhu whfkqrorj| 4 +zhdowk| duhdv, ru whfkqrorj| 3 +srru duhdv,1 Dv wkh foxvwhu

vl}h +dw ohdvw iru wkh olqhdu yrwhu, jurzv dw d udwh vorzhu wkdq w/ wkh foxvwhuv vhhp wr eh vwdwlrqdu|

dfurvv wkh g|qdplfv1 Wklv lv frqvlvwhqw zlwk wkh vw|ol}hg idfw wkdw zh revhuyh odujh zhdowk| duhdv/

dowhuqdwhg e| odujh srru duhdv1

Zh kdyh vwdwhg Sursrvlwlrqv 714/ 716 dqg 717 lq whupv ri d frxqwdeoh qxpehu ri �upv1 Lw lv

zruwkzkloh wr vhh zkhwkhu wkh vdph uhvxowv krog iru wkh fdvh ri d �qlwh srsxodwlrq1 Edvlfdoo| wklv

lv wuxh iru Sursrvlwlrq 714/ lq idfw Sduw +ll, iroorzv iurp Fr{ +4<;</ s14666,/ dqg Sduw +l, iroorzv

iurp wkh idfw wkdw qr frq�jxudwlrqv/ exw doo 4 dqg doo 3/ uhjdugohvv ri wkh qxpehu ri djhqwv/ fdq

eh vwdeoh ryhu wlph1 Rq wkh rwkhu kdqg/ Sursrvlwlrqv 716 dqg 717 krog rqo| iru wkh frxqwdeoh fdvh1

Dq lqwxlwlyh uhdvrq lv wkdw/ ryhu d vhjphqw ri �qlwh ohqjwk q/ zh fdqqrw kdyh d foxvwhu jurzlqj ryhu

wlph/ dv wlph dssurdfkhv lq�qlw|1 Rq d pruh irupdo ohyho/ zh qrwlfh wkdw lq wkh surri ri Sursrvlwlrq

716 zh pdnh xvh ri wkh Elunr� hujrglf wkhruhp/ wkdw krogv rqo| iru q$41

Wkxv iru �S dqg �u/ dv w jhwv odujh zh jhw frqvhqvxv rq rqo| rqh whfkqrorj|/ wkdw lv hlwkhu wkh

kljk ru wkh orz htxloleulxp zloo hyhqwxdoo| rffxu1 Ixuwkhupruh/ dv �S> �u duh qrq0hujrglf surfhvvhv/

wkhlu olplwlqj glvwulexwlrq zloo ghshqg rq wkh lqlwldo glvwulexwlrq1 Lq sduwlfxodu/ dv zh vkdoo vhh

ehorz/ wkh olplwlqj glvwulexwlrq lv d pl{wxuh ri srlqwpdvv glvwulexwlrqv ��> �f/ zkhuh �� +uhvs= �f,

ghqrwhv d frq�jxudwlrq lq zklfk doo �upv xvh 4 +uhvs= 3,1 Wkh zhljkwv ri wklv pl{wxuh ghshqg

rq wkh lqlwldo vwdwh ri wkh v|vwhp1 Khuhdiwhu zlwk �S+w,> �u+w, zh ghqrwh wkh glvwulexwlrq ri wkh

frq�jxudwlrq �S+w,> �u+w,/ uhvshfwlyho|/ dw wlph w1 Zh kdyh

SURSRVLWLRQ 718

Ohw D4/D6/D7 krog/ wkhq

+l, olp
|<"

�u+w, @ ��� . +4� �,�f

+ll, olp
|<"

�S+w, @ G+�,�� . +4�G+�,,�f

iru vrph frqvwdqw/ ghshqglqj rq �/ 3 ? G+�, ? 4 dqg lqfuhdvlqj lq �1

SURRI= +l, Lw lv vkrzq lq Ldqql dqg Fruudgl +5333/ Wkhruhp 515, wkdw wkh dvvxpswlrqv ri Fruroodu|

4146+d, ri Oljjhww +4<;8/ s1564, duh vdwlv�hg1 Wkh vwdwhphqw wkhq iroorzv iurp wkdw Fruroodu|1

+ll, Iurp Wkhruhp 4e lq Dqgmho/ Oljjhww dqg Prxqwirug +4<<5,1 �
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Wkxv iurp Sursrvlwlrq 718 zh nqrz wkdw zlwk suredelolw| �/ +uhvs= G+�,,/ �u+w,/ +uhvs= �S+w,,

frqyhujhv wr d frq�jxudwlrq ri doo xvlqj 4/ dqg zlwk suredelolw| 4��/ +uhvs= 4�G+�,,/ �u/ +uhvs= �S,

frqyhujhv wr d frq�jxudwlrq ri xvlqj 31 Vr wkh rqo| gl�huhqfh lq wkh olplwlqj glvwulexwlrq ri �u+w,

dqg �S+w, olhv lq wkh zhljkwv ri wkh pl{wxuh ri srlqwpdvv glvwulexwlrqv1

Zh kdyh vhhq lq Fruroodu| 715 wkdw jlyhq D40D7/ li �upv iroorz hlwkhu uxoh E4 ru uxoh E5 wkhq

zh kdyh wzr htxloleuld/ wkh orz dqg wkh kljk htxloleulxp/ jlyhq Sursrvlwlrq 718 zh fdq vhh wkdw wkh

kljk htxloleulxp lv pruh olnho| iru odujhu ydoxhv ri �=

Li zkhqhyhu kdoi ri wkh qhljkeruv xvh 3 dqg kdoi xvh 4 wkh �up nhhsv wkh whfkqrorj| fxuuhqwo|

xvhg +uxoh E6b,/ wkhq lq jhqhudo zh gr qrw kdyh frqvhqvxv rq rqo| rqh whfkqrorj|/ dqg vr zh gr qrw

revhuyh foxvwhu irupdwlrq dorqj wkh g|qdplfv1 Lqwxlwlyho| wkh pdlq gl�huhqfh ehwzhhq wkh g|qdplf

ehkdylru ri �s +w, dqg wkdw ri �u+w,> �S+w, lv wkh iroorzlqj= dv d �up vzlwfkhv whfkqrorj| rqo| li

pruh wkdq kdoi ri khu2klv qhljkeruv glvdjuhh +l1h1 li dw ohdvw Q . 4 qhljkeruv glvdjuhh,/ dq| wlph

wkh vlwh vzlwfkhv/ wkh qxpehu ri vlwhv lq khu2klv qhljkerukrrg wkdw glvdjuhh rq wkh whfkqrorj| khog

e| wkdw vlwh/ ghfuhdvhv +e| rqh,1 Iru wklv uhdvrq zh h{shfw wkdw ryhu wlph/ hdfk vlwh vzlwfkhv ohvv

iuhtxhqwo| wkdq lq wkh rwkhu suhylrxv wzr fdvhv1 Lq idfw/ dv zh vkdoo vhh ehorz/ dq| �up fdq vzlwfk

whfkqrorj| rqo| d �qlwh qxpehu ri wlphv1 Ixuwkhupruh lqwxlwlrq vxjjhvwv wkdw erwk wkh whfkqrorjlhv

zloo lq jhqhudo vxuylyh lq wkh orqj0uxq/ vr wkdw zh pd| kdyh fr0h{lvwhqfh1 Iru h{dpsoh li Q @ 5/

doo frq�jxudwlrqv fkdudfwhul}hg e| wzr ru pruh frqqhfwhg vlwhv xvlqj 4/ iroorzhg e| wzr ru pruh

frqqhfwhg vlwhv xvlqj 3/ dqg vr rq/ duh vwdeoh ryhu wlph dqg fdq eh vhhq dv vwdwlrqdu| olplwlqj

frq�jxudwlrqv1 Lq idfw zh vkdoo kdyh dq hqwluh idplo| ri vwdwlrqdu| frq�jxudwlrqv/ fkdudfwhul}hg

e| wkh fr0h{lvwhqfh ri whfkqrorjlhv1 Qhyhuwkhohvv dovr d frq�jxudwlrq ri doo 4 dqg d frq�jxudwlrq

ri doo 3 duh vwdwlrqdu| olplwlqj glvwulexwlrqv1 Wkxv lq wklv fdvh zh vkdoo kdyh dovr dq hqwluh idplo|

ri htxloleulxp djjuhjdwh rxwsxw1 Ixuwkhupruh wzr +gl�huhqw, frq�jxudwlrqv fkdudfwhul}hg e| wkh

vdph suredelolw| phdvxuh ryhu vlwh hpsor|lqj whfkqrorj| 4 dqg vlwhv hpsor|lqj 3 jlyhv ulvh wr

gl�huhqw djjuhjdwh rxwsxw/ ghshqglqj rq krz frqqhfwhg duh wkh vlwhv xvlqj wkh vdph whfkqrorj|1

Wkxv lq wklv fdvh zh kdyh dq lq�qlwh +exw frxqwdeoh, qxpehu ri orqj0uxq djjuhjdwh rxwsxw1 Dv

frq�jxudwlrqv zlwk ohvv wkdq Q@5 frqqhfwhg vwulqjv ri hlwkhu 3 ru 4 fdqqrw eh vwdeoh/ zh vhh wkdw

wkh orzhvw ohyho ri djjuhjdwh hfrqrplf dfwlylw| rffxuv lq wkh fdvh ri d olplwlqj frq�jxudwlrq zlwk

doo 3 +wkdw lv qr qhjdwlyh h{whuqdolwlhv iurp qhljkeruv fdq vxuylyh lq wkh orqj uxq,1 Zh vkdoo vhh

bA��t h�*i tii4t |L Mi |�i 4Lhi hi@*�t|�Uc �? |�@| �| U@T|�hit |�i �?��**�}?itt Lu @ �h4 |L t��|U� |iU�?L*L}) ��i?

|�i hi|�h?t uhL4 i�|�ih |iU�?L*L}) @hi |�i t@4i�
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ehorz wkdw/ zkhq wkh qxpehu ri qhljkeruv lv �qlwh/ exw odujh/ frq�jxudwlrqv fkdudfwhul}hg e| odujh

uhodwlyho| krprjhqhrxv duhdv duh olnho| wr eh revhuyhg1 Zh kdyh

SURSRVLWLRQ 719

Ohw D4/D6/D7 krog1 Li zkhqhyhu kdoi ri wkh qhljkeruv xvh 3 dqg kdoi xvh 4 wkh �up iroorzv uxoh

E6/ wkhq hdfk �up vzlwfkhv whfkqrorj| rqo| d �qlwh qxpehu ri wlphv dqg wkh v|vwhp �{dwhv/ wkdw

lv ;{ 5 ] / zlwk suredelolw| rqh

olp
|<"

�s%+w, @ �s%+4,

SURRI= Ohw �%c++w, @ 4 li �
s
%+w, 9@ �

s
+ +w,/ dqg 3 rwkhuzlvh1 Dorqj wkh olqhv ri Gxuuhww dqg Vwhl�

+4<<6/ Wkhruhp 4,/ zh fdq gh�qh dq hqhuj| ixqfwlrq dw wlph w/ dv


| @
[

%c+G�%3+�$�*2

h3�%n+��%c++w,

zlwk 
f ?41 Ohw 
|+{, eh wkh hqhuj| dw vlwh {/ l1h1


|+{, @
[

+G�%3+�$�*2

h3�%n+��%c++w,

Zh vkdoo vkrz wkdw ;{ 5 ]/ zkhqhyhu wkh vlwh �lsv/ wkh hqhuj| dw wkdw vlwh gursv e| d vwulfwo|

srvlwlyh dprxqw1 Iru wkh vdnh ri vlpsolflw|/ wdnh { @ 31 Wkxv zh kdyh=


|+3, @

�*2[
+'3�*2

h3�+��fc++w,

Qrwh wkdw zkhqhyhu
S

�

+'3� �fc++w, ? Q@5 vlwh 3 zloo qrw �ls dq|pruh/ dqg zkhq wklv rffxuv iru doo

vlwhv lq ] wkh v|vwhp �{dwhv1 Qrz ohw � @ &i| 5 i�Q@5> = = = >�4> 3> 4> = = =Q@5j = �
s

f +w, 9@ �
s
+ +w,j

+l1h1 � lv wkh qxpehu ri vlwhv glvdjuhhlqj zlwk wkh ruljlq dw wlph w,1 Vxssrvh wkdw dw wlph w vlwh 3

�lsv/ dqg uhfdoo wkdw wklv fdq rqo| kdsshq li � A Q@51 Wkhq wkh gurs lq wkh hqhuj| dw vlwh 3/ diwhu

wkh �ls rffxuuhg/ lv erxqghg iurp ehorz e|

h3�+�� +Q � �,,

zklfk lv vwulfwo| srvlwlyh dv +l, Q@5 lv d �qlwh lqwhjhu +ll, � A Q@51 Wkxv zh kdyh d vwulfwo| srvlwlyh

gurs ri hqhuj| dw vlwh 31 Wkh vdph dujxphqw dssolhv wr dq| jhqhulf vlwh1 Wkxv dv dq| vlwh gursv

hqhuj| zkhqhyhu lw �lsv/ dqg wkh hqhuj| dw wlph 3 lv �qlwh/ lw iroorzv wkdw hdfk vlwh fdq �ls rqo| d

�qlwh qxpehu ri wlphv/ vr wkdw �{dwlrq rffxuv1 �
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Wkxv zkhq wkh �ls udwh lv dv lq +:,/ dv w jhwv odujh/ erwk whfkqrorjlhv pd| vxuylyh dqg fdq fr0

h{lvw dv wlph jhwv odujh1 Lq sduwlfxodu zh kdyh lq�qlwho| pdq| vwdwlrqdu| frq�jxudwlrqv �s +4,> dv

zh phqwlrqhg deryh iru Q @ 5/ frq�jxudwlrqv dv = = = 44334433443344 = = = ru = = = 444333444333444 = = =

duh vwdwlrqdu|1�f Iru Q �qlwh exw vx�flhqwo| odujh/ hyhq li/ lq jhqhudo/ zh pd| qrw kdyh frqvhqvxv

+dqg khqfh zh pd| qrw kdyh foxvwhulqj,/ zh vkdoo whqg wr revhuyh odujh uhjlrqv fkdudfwhul}hg e|

wkh suhydohqfh ri rqh whfkqrorj| dowhuqdwhg e| odujh uhjlrqv fkdudfwhul}hg e| wkh suhydohqfh ri wkh

rwkhu whfkqrorj|1 Lq idfw dq| frq�jxudwlrq fkdudfwhul}hg e| vhjphqwv ri ohvv wkdq Q frqvhfxwlyh

vlwhv xvlqj wkh vdph whfkqrorj|/ fdqqrw eh vwdeoh ryhu wlph/ dqg vr fdqqrw eh d vwdwlrqdu| olplwlqj

frq�jxudwlrq1

FRUROODU\ 71:

Ohw D40D7 krog1 Li zkhqhyhu kdoi ri wkh qhljkeruv xvh 3 dqg kdoi xvh 4 wkh �up iroorzv uxoh E6/

wkhq zh vkdoo kdyh lq�qlwho| pdq| orqj uxq htxloleuld iru wkh djjuhjdwh rxwsxw1�

Ilqdoo| lw lv zruwkzkloh wr srlqw rxw wkdw Sursrvlwlrq 719 +dqg khqfh Fruroodu| 71:, krogv dovr

iru wkh fdvh ri d �qlwh srsxodwlrq1 Lq idfw wkh surri ri wkdw sursrvlwlrq lv ydolg/ uhjdugohvv wkh

qxpehu ri vlwhv zh frqvlghu1 Lq sduwlfxodu/ dv hdfk vlwh fdq vzlwfk whfkqrorj| rqo| d �qlwh qxpehu

ri wlphv/ li zh kdyh �qlwho| pdq| vlwhv/ �{dwlrq zloo rffxu lq �qlwh wlph1

Vr idu zh kdyh frqvlghuhg wkh fdvh ri � @ 4@5 dqg ri v|pphwulf �ls udwh/ lq wkh vhqvh wkdw wkh

�ls udwh iurp 3 wr 4 lv wkh vdph dv wkdw iurp 4 wr 3= Lq wkh qh{w vhfwlrq zh vkdoo frqvlghu wkh fdvh

ri dv|pphwulf udwh/ l1h1 ri � 9@ 4@5=�� Lw lv zruwkzkloh wr dqdo|}h wkh uhodwlrqvkls ehwzhhq wkh ydoxh

ri wkh wkuhvkrog sdudphwhu � dqg wkh vwuhqjwk ri whfkqrorjlfdo frpsohphqwdulwlhv1 Gxuodxi +4<<6,

phdvxuhv wkh vwuhqjwk ri whfkqrorjlfdo frpsohphqwdulwlhv lq whupv ri wkh suredelolw| wkdw d �up

xvh whfkqrorj| 4 zkhq vrph +srvvleo| doo, ri lwv qhljkeruv xvh 3= Wkh kljkhu lv wklv suredelolw|/ wkh

zhdnhu lv wkh ghjuhh ri whfkqrorjlfdo frpsohphqwdulwlhv1 Xvlqj Gxuodxi qrwdwlrq +ht1615/ 4<<6,/ wkh

vwurqjhvw vslooryhu h�hfw rffxu zkhq �4�? @ �4@ @ 4> lq whupv ri rxu prgho/ wklv phdqv wkdw d �up

fkrrvhv whfkqrorj| 4 hyhq li doo qhljkeruv duh xvlqj 3> wkdw lv � @ 3= Wkxv zh vkdoo fdoo vwurqj +zhdn,

vwudwhjlf frpsohphqwdulwlhv wkh fdvh ri � ? �
2
+� A 4@5, dqg zh vkdoo fdoo lqwhuphgldwh vwudwhjlf

frpsohphqwdulwlhv wkh fdvh ri � @ 4@5= Iurp wkh uhvxowv vwdwhg deryh/ zh vhh wkdw lq wkh fdvh ri

� @ 4@5 dqg v|pphwulf �ls udwh zh vkdoo kdyh hlwkhu wzr ru lq�qlwho| pdq| htxloleuld/ surylghg zh

�f�L UL?�}�h@|�L? ��|� @ � t�hhL�?_i_ M) |�L f ELh ��Ui�iht@� U@? t�h���i �? |�i *L?} h�?�
��A�i U@ti �? ���U� B ' �*2 M�| ��i?i�ih �@*u Lu |�i ?i�}�Lht @hi �t�?} � |�i t�|it @*�@)t �tit � ELh f� @*tL u@**t

�? |�i U*@tt Lu @t)44i|h�U ��T h@|it�
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vwduw iurp d wudqvodwlrq lqyduldqw lqlwldo glvwulexwlrq1 Wkxv lq rxu prgho/ jurzwk lv qrqhujrglf lq

wkh fdvh ri vslooryhuv ri lqwhuphgldwh vwuhqjwk1

D A�i �}}hi}@|i �hLUitt Lu |�i AiU�?L*L}�itG A�i �t)44i|h�U

�@ti

Dw hdfk +udqgrp, wlph fdslwdo ehfrphv revrohwh wkh �up fkrrvhv wkh whfkqrorj| dqg wkh rswlpdo

vwrfn ri fdslwdo wkdw hqvxuh wkh pd{lpl}dwlrq ri lwv h{shfwhg sur�wv +4,1 Wkxv li dw d udqgrp wlph

�%
�
>
S%n�*2

�'�3�*2c� �'%
��+�

%

�
, A �Q wkhq �up { fkrrvhv whfkqrorj| 4/ dqg li

S%n�*2

�'%3�*2c� �'%
��+�

%

�
,, ?

�Q wkhq �up { fkrrvhv whfkqrorj| 3> dqg wklv krogv iru doo { 5 ]= Rq wkh rwkhu kdqg zkhqhyhu d

iudfwlrq � ri qhljkeruv xvh whfkqrorj| 4 dqg d iudfwlrq +4� �, xvh 3> wkhq hlwkhu whfkqrorj| jlyhv

wkh vdph h{shfwhg sur�wv1 Lq wklv fdvh zh vkdoo glvwlqjxlvk wkuhh gl�huhqw ehkdylrudo uxohv/ ;{=

F4 wkh �up fkrrvhv whfkqrorj| 4

F5 wkh �up fkrrvhv whfkqrorj| 3

F6 wkh �up wdnhv d gudz iurp d xqlirup udqgrp yduldeoh rq ^3> 4`> li wkh uhdol}dwlrq lv htxdo

ru vpdoohu wkdq 4@5 fkrrvhv whfkqrorj| 4> rwkhuzlvh lw fkrrvhv whfkqrorj| 3=�2

Lw lv hdv| wr qrwlfh wkdw/ zkhqhyhu � ? 4@5/ wkh �ls udwhv jhqhudwhg e| wkh deryh uxohv duh

dv|pphwulf/ lq wkh vhqvh wkdw wr �ls iurp 3 wr 4 lw vx�fhv wr kdyh Q� +ru Q�.4/ ghshqglqj rq wkh

uxoh, qhljkeruv glvdjuhhlqj/ zkloh wr �ls iurp 4 wr 3 lw uhtxluhv Q+4��, +ru Q+4��,�4 ghshqglqj

rq wkh uxoh,1 Vlploduo| li � @ 4@5 dqg hdfk �upv iroorzv uxoh F4 wkhq lw uhtxluhv Q@5 qhljkeruv

grlqj 4 wr �ls iurp 3 wr 4/ zkloh lw uhtxluhv Q@5 . 4 qhljkeruv grlqj 3 wr �ls iurp 4 wr 3= Ohw xv

gh�qh ���+w,> ��2+w,> ���+w,/ wkh surfhvvhv gh�qhg e| uxoh F4/ F5 dqg F6 uhvshfwlyho|1

SURSRVLWLRQ 814

Ohw D4/ D6 krog dqg vxssrvh wkdw �upv iroorz uxoh +l, dqg � 5 +3> 4@5`1

Gh�qh H| wkh iroorzlqj hyhqw=

H|@ +dw wlph w wkhuh lv d vwulqj ri dw ohdvw �Q . 4 frqvhfxwlyh vlwhv xvlqj 4,1 Dovr gh�qh

�. @ ilqi w = H| rffxuvj
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Li S +�. ?4, @ 4/ wkhq

olp
|<"

Su+���
%
+w, @ 4>;{ 5 ], @ 4

SURRI=

Iru wkh vdnh ri vlpsolflw|/ dqg zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw � @ 4@5/ Q @ 9/ vr wkdw

�Q . 4 @ 7/ wkxv d �up xvlqj 3 vzlwfkhv wr 4 li dw ohdvw wzr qhljkeruv duh xvlqj 41 Frqvlghu wkh

prvw xqidyrudeoh vlwxdwlrq +lq whupv ri suhydohqfh ri �upv xvlqj 4,/ lq zklfk H| rffxuv dw vrph

�qlwh w1 Wklv lv

= = = 33333333444433333333 = = =

Dw dq| +udqgrp, wlph d �up xvlqj 4 kdv d fkdqfh wr uhylvh lwv whfkqrorj|/ lw grhv qrw �ls> wkh

vdph krogv iru doo �upv xvlqj 3/ exw iru wkh wzr rq wkh lpphgldwh ohiw dqg uljkw ri wkh vwulqj ri 41

Zkhq dq| ri wkhp kdv d fkdqfh wr uhylvh lwv whfkqrorj|/ lw zloo vzlwfk wr 41 Dv lq dq| shulrg �up

vlwh kdv d srvlwlyh suredelolw| ri uhylvlqj lwv whfkqrorj|/ zh vkdoo qh{w kdyh d frq�jxudwlrq

= = = 3333334444444333333 = = =

e| wkh vdph dujxphqw deryh zkhq dq| ri wkh wzr 30vlwhv rq wkh lpphgldwh ohiw dqg uljkw ri wkh

foxvwhu ri 4 zloo eh fdoohg wr uhylvh lwv whfkqrorj| lw zloo vzlwfk wr 4/ zkloh qr vlwh zloo hyhu vzlwfk

wr 31 Wkxv dv w $ 4 zh vkdoo kdyh frqvhqvxv rq 41 Qrwh wkdw d vlplodu dujxphqw krogv iru dq|

duelwudu| � ? 4@51 �

Zh vkdoo qrz vhh wkdw D7 hqvxuhv wkdw wkh vwdwhphqw ri Sursrvlwlrq 814 qhfhvvdulo| krogv1

SURSRVLWLRQ 815

Ohw D4/D6/D7 krogv1 Wkhq

olp
|<"

Su+���
% +w, @ 4>;{ 5 ], @ 4

SURRI=

D4 hqvxuhv wkdw dw wlph 3 hdfk vlwhv hpsor|v whfkqrorj| 4 zlwk suredelolw| � dqg whfkqrorj| 3

zlwk suredelolw| +4 � �,= Lw vx�fhv wr vkrz wkdw wkh hyhqw H|/ rffxuv dw w @ 3/ zlwk suredelolw|

rqh/ wkhq wkh vwdwhphqw iroorzv iurp Sursrvlwlrq 8141 Zh vkdoo frqvlghu wkh fdvh ri P �upv/ o|lqj

rq �P@5>�P@5 . 4> = = =� 4> 3> 4> 5> = = =P@5 dqg wkhq ohw P jr wr lq�qlw|1 Iurp d yhu| odujh xuq

zlwk d sursruwlrq � ri 40edoov +l1h1 �upv xvlqj 4, dqg 4 � � ri 30edoov zh gudz zlwk uhsodfhphqw
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+P@+Q� . 4,, Q� . 40wxsoh ri edoov +h1j1 li � @ 4@6/ dqg Q @ 9 zh gudz 6 edoov dw rqfh/ sxw

wkhp edfn lq wr wkh xuq/ dqg uhshdw wkh surfhvv P@6 wlphv,1 Dv wkh xuq lv yhu| odujh/ li zh

gudz Q� . 4 edoov frqvhfxwlyho|/ wkh fkdqfh wkdw wkh �uvw lv vd| 4 lv wkh vdph wkdw wkh vhfrqg

ru wkh wklug lv 41 Zh surfhhg dv iroorzv= zh �uvw gudz Q� . 4 edoov dqg sodfh wkhp rq vlwhv

�P@5> +�P@5, . 4> = = = +�P@5, .Q� . 4/ sxw wkh Q� . 4 edoov edfn lq wr wkh xuq/ slfn dqrwkhu

Q� . 40wxsoh/ dqg sodfh wkhp rq vlwhv +�P@5, .Q� . 5> = = = +�P@5, . 5+Q� . 4,/ dqg vr rq xqwlo

zh kdyh fryhuhg doo wkh P vlwhv1 Wkh suredelolw| ri jhwwlqj d Q�.40wxsoh ri 4v lv jlyhq e| ��Bn�/

zkloh 4� ��Bn� lv wkh suredelolw| wkdw dw ohdvw d edoo lq wkh Q� . 40wxsoh lv d 31 Khqfh

Su+Hf, @ 4� +4� ��Bn�,�*E�Bn�� $ 4 dv P $4

Wkh ghvluhg uhvxow wkhq iroorzv iurp Sursrvlwlrq 8141 �

Lw lv lpphgldwh wr vhh wkdw Sursrvlwlrq 814 +dv zhoo dv Sursrvlwlrq 816 ehorz, krogv dovr iru d

�qlwh srsxodwlrq/ zkloh wklv lv qrw wkh fdvh iru Sursrvlwlrq 8151

Wkxv li dw dq| jlyhq �qlwh wlph zh kdyh d vwulqj ri dw ohdvw Q�.4 frqvhfxwlyh vlwhv xvlqj D/ zh

vkdoo kdyh frqvhqvxv rq 4/ dv w $ 41 Wklv surshuw| ri wkh dv|pphwulf wkuhvkrog yrwhu lv uhodwhg

wr wkh frqfhsw ri frqwdjlrq sursrvhg e| Pruulv +5333,/ iru wkh fdvh ri frruglqdwlrq jdphv1 Iru

frqwdjlrq lv phdqw d vlwxdwlrq lq zklfk zkhqhyhu wkh ulvn grplqdqw vwudwhj| lv sod|hg e| d plqlpxp

qxpehu ri qhljkerulqj sod|huv/ lw zloo hyhqwxdoo| vsuhdg rxw wr doo wkh srsxodwlrq1 Lq Hoolvrq +4<<6,/

Eoxph +4<<8, dqg Pruulv +5333,/ wkh frqwdjlrq wkuhvkrog lq 4@5 rq d rqh0glphqvlrqdo odwwlfh/ exw

lw lv vwulfwo| vpdoohu wkdq 4@5 rq d wzr glphqvlrqdo odwwlfh1 Ohh dqg Ydohqwlq|l +5333, lpsuryh

xsrq wklv/ e| vkrzlqj wkdw/ surylghg wkh lqlwldo glvwulexwlrq lv udqgrp/ wkh frqwdjlrq wkuhvkrog lv

4@5 dovr rq d wzr0glphqvlrqdo odwwlfh1 Wkh pdlq gl�huhqfh ehwzhhq wkh vhw xs frqvlghuhg lq wkh

sdshuv flwhg deryh dqg rxu vhw xs/ lq wkdw lq wkh iruphu doo sod|huv +vlwhv, kdyh wkh srvvlelolw| ri

uhylvlqj wkhlu vwudwhj| vlpxowdqhrxvo| dw glvfuhwh wlph lqwhuydo/ zkloh lq wkh odwwhu dw dq| lqvwdqw ri

wlph dq| vlwh kdyh d srvlwlyh suredelolw| ri uhylvlqj lwv vwudwhj| +whfkqrorj|,/ exw wkh suredelolw|

wkdw wzr vlwhv uhylvh wkhlu whfkqrorj| vlpxowdqhrxvo| lv }hur1 Iru wklv uhdvrq zh kdyh d frqwdjlrq

wkuhvkrog htxdo wr 4@5 rq d rqh glphqvlrqdo odwwlfh��/ exw zh zrxog kdyh d wkuhvkrog ri 4@7 rq d

wzr glphqvlrqdo odwwlfh1�e

Zh qrz frqvlghu wkh wzr qrqolqhdu uxohv F5 dqg F61

��A��t LUU�ht ��i? B ' �*2 @?_ @** �h4t uL**L� h�*i ���
�eA��t U@? Mi i@t�*) _L�? �t�?} |�i t@4i @h}�4i?| @t �? |�i ThLLu Lu �hLTLt�|�L?t D�� @?_ D�2� W? u@U| �i UL�*_
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SURSRVLWLRQ 816

Vxssrvh wkdw hdfk �upv iroorzv uxoh +F5, +uhvs1 +F6,, dqg � 5 +3> 4@5,=

Gh�qh H| wkh iroorzlqj hyhqw=

H| @ +dw wlph w wkhuh lv d vwulqj ri dw ohdvw Q� . 5 frqvhfxwlyh vlwhv idyrulqj D,1 Dovr gh�qh

�. @ ilqi w = H| rffxuvj

Li S +�. ?4, @ 4/ wkhq

olp
|<"

Su+��2
% +w, @ 4>;{ 5 ], @ 4

+uhvs= olp
|<"

Su+���% +w, @ 4>;{ 5 ], @ 4,

SURRI=

Wkh surri lv wkh vdph iru erwk uxohv1 Zlwkrxw orvv ri jhqhudolw| vhw � @ 4@6/ Q @ 9/ vr wkdw

Q� . 5 @ 71 Vxssrvh wkh prvw xqidyrudeoh vlwxdwlrqv iru 4 lq zklfk H| pd| rffxu/ l1h1

= = = 33333333444433333333 = = =

Qrwh wkdw xqghu erwk uxoh F5 dqg F6/ qr vlwh xvlqj 4 zloo �ls wr 3 zkhq kdv d fkdqfh wr uhylvh lwv

whfkqrorj|1 Qrz lq erwk fdvhv wkh wzr vlwh 30vlwhv rq wkh lpphgldwh ohiw dqg uljkw ri wkh 40vwulqj/

zrxog �ls wr 4/ zkloh wkh vhfrqg wzr lpphgldwh 3 rq wkh ohiw dqg uljkw ri wkh 4 jurxs zloo qrw �ls

lq fdvh F5 dqg zrxog �ls wr 4 zlwk suredelolw| 4@5/ lq fdvh F61 Wkh uhvxow wkhq iroorzv iurp wkh

vdph dujxphqw jlyhq lq wkh surri ri Sursrvlwlrq 8141 �

FRUROODU\ 817

Ohw D40D7 krog1 Li hlwkhu ri wkh iroorzlqj krogv +l, hdfk �up iroorzv uxoh F4 dqg � 5 +3> 4@5`>

+ll, hdfk �up iroorzv uxoh F5 +ru F6, dqg � 5 +3> 4@5,/ wkhq zh kdyh d xqltxh %kljk% orqj uxq

htxloleulxp djjuhjdwh rxwsxw/ zkhuh doo srvlwlyh h{whuqdolwlhv duh h{sorlwhg/ uhjdugohvv wkh lqlwldo

glvwulexwlrq1 Li lqvwhdg hlwkhu ri wkh iroorzlqj krog +l, hdfk �up iroorzv uxoh F5 dqg � 5 ^4@5> 4, +ll,

hdfk �upv iroorzv uxoh F4 +ru F6, dqg � 5 +4@5> 4,> wkhq zh kdyh d xqltxh %orz% orqj uxq htxloleulxp

djjuhjdwh rxwsxw/ zkhuh qr srvlwlyh h{whuqdolw| lv h{sorlwhg/ uhjdugohvv wkh lqlwldo glvwulexwlrq1

t�L� |�@| ��i?i�ih �i �@�i @ t^�@hi ��|� t�_i *@h}ih Lh i^�@* |�@? �B n �c B $ �*e @?_ �h4t uL**L� h�*i ��c |�i?

�i t�@** �@�i UL?�ih}i?Ui L? @ UL?�}�h@|�L? Lu @** ��

56



S �L?U*�t�L?t

Lq wklv sdshu zh kdyh sursrvhg d vlpsoh prgho ri orfdo lqwhudfwlrq ehwzhhq �upv surgxflqj dq kr0

prjhqhrxv jrrgv1 Fdslwdo ehfrphv revrohwh dw udqgrp Srlvvrq wlph/ dqg kdv dq dyhudjh olih htxdo

wr rqh1 Zkhqhyhu fdslwdo ehfrphv revrohwh/ wkh �up fdq uhfrqvlghu lwv whfkqrorj| fkrlfh1 D sur�w

pd{lpl}lqj �up fkrrvh whfkqrorj| 4 zkhq wkh qxpehu ri qhljkeruv xvlqj wkdw whfkqrorj| lv deryh

d jlyhq wkuhvkrog/ dqg rwkhuzlvh fkrrvh whfkqrorj| 3= Zh kdyh pxowlsoh orqj uxq htxloleuld/ dqg vr

qrqhujrglf jurzwk/ zkhq wkh �ls udwh v|pphwulf1 Wklv fdq rffxu xqghu wzr flufxpvwdqfhv= +l, wkh

suredelolw| ri vzlwfklqj iurp whfkqrorj| 4 wr whfkqrorj| 3 dqg iurp whfkqrorj| 3 wr whfkqrorj| 4

lv wkh vdph/ +ll, wr vzlwfk iurp 3 wr 4 +ru iurp 4 wr 3, lw uhtxluhv wkh vdph qxpehu ri qhljkeruv

xvlqj whfkqrorj| 4 +3,= Dovr/ ghshqglqj rq wkh ehkdylrudo uxoh iroorzhg e| wkh �up zkhq kdoi ri

wkh qhljkeruv xvh whfkqrorj| 4 dqg kdoi xvh whfkqrorj| 3> zh kdyh hlwkhu wzr htxloleuld ru lq�qlwho|

pdq| htxloleuld1 Zh kdyh d xqltxh orqj uxq htxloleulxp zkhq wkh �ls udwhv duh dv|pphwulf1 Pruh

suhflvho|/ li lw uhtxluhv d vpdoohu qxpehu ri qhljkeruv xvlqj whfkqrorj| 4 wr vzlwfk iurp 3 wr 4/ wkhq

zh kdyh frqyhujhqfh wr d kljk htxloleulxp/ zlwk doo �up xvlqj whfkqrorj| 4= Wklv lv frqvlvwhqw zlwk

wkh uhfhqw jdph wkhruhwlfdo olwhudwxuh vkrzlqj wkdw li wkh wkuhvkrog sdudphwhu li orz hqrxjk/ wkhq

zh vkdoo kdyh frqyhujhqfh zlwk suredelolw| rqh wr wkh ulvn grplqdqw vwudwhj|1 Rq wkh rwkhu kdqg/

rxu uhvxowv gl�hu iurp Gxuodxi*v +4<<6,> lq idfw kh vkrzv wkdw zkhq whfkqrorjlfdo frpsohphqwdulwlhv

duh zhdn zh kdyh frqyhujhqfh wr wkh kljk htxloleulxp/ zkloh zkhq whfkqrorjlfdo frpsohphqwdulwlhv

duh vwurqj zh kdyh pxowlsoh htxloleuld1 Wklv lv pdlqo| gxh wr wkh gl�huhqw prgholqj ri whfkqrorjlfdo

vslooryhu1 Khqfh rxu frqfoxvlrq lv wkdw zkloh whfkqrorjlfdo vslooryhuv duh d srvvleoh h{sodqdwlrq ri

qrqhujrglf jurzwk/ wkh idfw wkdw hlwkhu zhdn/ ru vwurqj ru lqwhuphgldwh whfkqrorjlfdo frpsohphq0

wdulwlhv ohdgv wr qrqhujrglf +ru hujrglf, jurzwk ghshqg rq wkh vshfl�f prgholqj ri wkh vslooryhu

wudqvplvvlrq1
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Dqgmho H1G1/ W1P1 Oljjhww dqg W1 Prxqwirug +4<<5,/ Foxvwhulqj lq rqh0glphqvlrqdo wkuhvkrog yrwhu

prghov/ Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv / 75/ :60<31

D}duldglv F1 dqg D1 Gud}hq +4<<3,/ Wkuhvkrog h{whuqdolwlhv lq hfrqrplf ghyhorsphqw/ Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 438/ 83408591

Edod Y1 dqg J1 Vrujhu +4<<<,/ D vsdwldo0whpsrudo prgho ri kxpdq fdslwdo dffxpxodwlrq/ Mrxuqdo

ri Hfrqrplf Wkhru|/ iruwkfrplqj1

Eoxph O1 H1 +4<<6,/ Wkh vwdwlvwlfdo phfkdqlfv ri vwudwhjlf lqwhudfwlrq/ Jdphv dqg Hfrqrplf

Ehkdylru / 8/ 6;:07571

Eoxph O1H1 +4<<8,/ Wkh vwdwlvwlfdo phfkdqlfv ri ehvw0uhvsrqvh vwudwhj| uhylvlrq/ Jdphv dqg

Hfrqrplf Ehkdylru/ 44/ 44404781

Eudpvrq P1 dqg G1 Jul�hdwk +4<;3,/ Foxvwhulqj dqg glvshuvlrq udwhv iru vrph lqwhudfwlyh sdu0

wlfoh v|vwhpv rq ] / Dqqdov ri Suredelolw| / :/ 74;07651

Eurfn Z1D1 dqg V1Q1 Gxuodxi +5333,/ Lqwhudfwlrqv0edvhg prghov/ iruwkfrplqj lq Kdqgerrn ri

Hfrqrphwulfv/ y18/ Khfnpdq M1M1 dqg H1 Ohdphu +hgv1,/ Qruwk0Kroodqg Hovhylhu Vflhqfh1

Frrshu U1 dqg D1 Mrkq +4<;;,/ Frruglqdwlqj idloxuh lq nh|qhvldq prghov/ Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ 436/ 77407981

Fr{ M1W1 dqg G1 Jul�hdwk +4<;9,/ Gl�xvlyh foxvwhulqj lq wkh wzr glphqvlrqdo yrwhu prgho/

Dqqdov ri Suredelolw| / 47/ 67:06:31

Fr{ M1W1 +4<;<,/ Frdohvflqj udqgrp zdonv dqg yrwhu prgho frqvhqvxv wlphv rq wkh wruxv lq ]_/

Dqqdov ri Suredelolw| / 4:/ 4666046991

Gxuodxi V1Q1 +4<<6,/ Qrqhujrglf jurzwk/ Uhylhz ri Hfrqrplf Vwxglhv / 93/ 67<0699

Gxuodxi V1Q1 +4<<7,/ Vslooryhuv/ vwudwl�fdwlrq dqg lqhtxdolw|/ Hxurshdq Hfrqrplf Uhylhz/ 6;/

;690;781

Gxuodxi V1Q1 dqg G1W1 Txdk +4<<<,/ Wkh qhz hpslulfv ri hfrqrplfv lq jurzwk/ iruwkfrplqj lq

Kdqgerrn ri Pdfurhfrqrplfv/ Fk17/ 5640637/ Wd|oru M1E1 dqg P1 Zrrgirug +hgv,/ Qruwk0Kroodqg

Hovhylhu Vflhqfh1

Gxuuhww U1 dqg M1H1 Vwhl� +4<<6,/ Il{dwlrq uhvxowv iru wkuhvkrog yrwhu/ Dqqdov ri Suredelolw| /

54/ 565057:
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Hoolvrq J1 +4<<6,/ Ohduqlqj/ orfdo lqwhudfwlrq/ dqg frruglqdwlrq/ Hfrqrphwulfd/ 94/ 437:043:4

Ldqql D1 dqg Y1 Fruudgl +5333,/ Frqvhqvxv/ frqwdjlrq dqg foxvwhulqj lq d vsdfh0wlph prgho ri

sxeolf rslqlrq irupdwlrq/ Plphr/ Xqlyhuvlw| ri Vrxwkdpswrq

Ohh L1K1 dqg D1 Ydohqwlq|l +5333,/ Qrlv| frqwdjlrq zlwkrxw pxwdwlrq/ Uhylhz ri Hfrqrplf

Vwxglhv/ y19:/ 7:0891

Oljjhww W1P1 +4<;8,/ Lqwhudfwlqj Sduwlfoh V|vwhpv/ Vsulqjhu dqg Yhuodj/ Ehuolq

P�relxv P1 +4<<<,/ Wkh irupdwlrq ri jkhwwrv dv d orfdo lqwhudfwlrq skhqrphqrq/ Plphr/ PLW1

Pruulv V1 +5333,/ Frqwdjlrq/ Uhylhz ri Hfrqrplf Vwxglhv/ y19:/ 8:0:;1

Pxusk| N1/ D1 Vkohlihu dqg U1 Ylvkq| +4<;<, Lqgxvwuldol}dwlrq dqg wkh elj sxvk/ Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <:/ 4336043591

Vrorz U1 +4<89, D frqwulexwlrq wr wkh wkhru| ri hfrqrplf jurzwk/ Txduwhuo| Mrxuqdo ri Hfr0

qrplfv/ O[[/ 980<71
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