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Lu tL4i _L4�?@?| �h4t� ì t�L� |�@| |��t Tiht�t|i?Ui U@? Mi i T*@�?i_

M) UL?t|h@�?|t L? �?@?U�@* UL?|h@U|�?}� A�i T@Tih ��}�*�}�|t @? �?_�hiU|

U�@??i* |�hL�}� ���U� @}i?U) ULt|t hi_�Ui }hL�|�G _�i |L @}i?U) ULt|t

�?U�4Mi?|t u@Ui *�||*i UL4Ti|�|�L? uhL4 L�|t�_iht� A�ihiuLhi |�i) U@? @u�

uLh_ |L �??L�@|i *itt Lu|i? @?_ |L �hit| *L?}ih L? |�i�h *@�hi*t�c |�ihiM)

hi|@h_�?} }hL�|��

� W?|hL_�U|�L?

Wkh suhvhqw sdshu glvfxvvhv wkh lpsdfw ri �qdqfldo frqwudfwlqj xqghu prudo kd}0
dug rq lqgxvwu| g|qdplfv zkhq whfkqlfdo fkdqjh lv hqgrjhqrxv1 Pxfk ri wkh
olwhudwxuh rq hqgrjhqrxv whfkqlfdo fkdqjh/ h1j1 Djklrq dqg Krzlww +4<<5/ 4<<;,
ru Jurvvpdq dqg Khospdq +4<<4,/ kdv lqgxvwu| g|qdplfv lqyroylqj ohdsiurj0
jlqj ri lqfxpehqwv e| lqqrydwlqj �upv1 Vxfk ohdsiurjjlqj lv lqfrqvlvwhqw zlwk
wkh revhuydwlrq wkdw lq pdq| lqgxvwulhv wkhuh duh d ihz grplqdqw �upv zkrvh
grplqdqfh shuvlvwv wkurxjk ghfdghv zlwk vljql�fdqw whfkqlfdo fkdqjh1
Zh vkrz wkdw vxfk shuvlvwhqfh fdq eh h{sodlqhg e| frqvwudlqwv rq �qdqfldo
frqwudfwlqj1 Wkhvh frqvwudlqwv surylgh dq devroxwh dgydqwdjh wr wkh lqfxpehqw
�up zklfk fdq uho| rq lwv uhwdlqhg hduqlqjv wr �qdqfh lwv lqqrydwlrqv1
Wkh frusrudwh �qdqfh olwhudwxuh vxjjhvwv wkdw wkh delolw| wr vho�qdqfh lv dq
lpsruwdqw ghwhuplqdqw ri �up lqyhvwphqw +Id}}dul hw1do +4<;;,,1 Vrph dxwkruv
vxjjhvw wkdw wklv lv ehfdxvh uhwdlqhg hduqlqjv wkhpvhoyhv duh wkh prvw lpsruwdqw
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vrxufh ri �qdqfh +Pd|hu +4<;;,,14 Lw pd| dovr eh wkh fdvh wkdw uhwdlqhg hduqlqjv
lqfuhdvh wkh �upv* froodwhudo dqg uhgxfh wkh djhqf| frvw ri ordq �qdqfh +vhh
Id}}dul hw1do +4<;;,, Lq hlwkhu fdvh/ lqfxpehqf| surylghv dq devroxwh dgydqwdjh
lq rewdlqlqj �qdqfh15 Wkh sdshu vkrzv wkdw wklv dgydqwdjh pd| ryhufrph wkh
xvxdo ohdsiurjjlqj h�hfw dqg h{sodlq wkh shuvlvwhqfh ri lqfxpehqf|1
Wkh edvlf srlqw lv �uvw ghyhorsshg lq wkh frqwh{w ri d vwdwlf prgho ri d sdwhqw
udfh1 Wkh prgho iroorzv Uhlqjdqxp +4<;5/ 4<;7, h{fhsw wkdw sod|huv kdyh gli0
ihuhqw lqlwldo zhdowk/ zkhuhe| wkh lqlwldo zhdowk srvlwlrq lv fruuhodwhg zlwk wkh
sod|huv* vwduwlqj srvlwlrqv1 Rqh sod|hu krogv d prqrsro| lq wkh pdunhw zkhuhdv
wkh rwkhu sod|hu vwduwv iurp vfudwfk1 Wkh lqfxpehqw kdv d ghhs srfnhw/ wkh
rwkhu sod|hu qhhgv rxwvlgh ixqgv1
Lqfxpehqf| wkhq kdv wzr frxqwhuydlolqj h�hfwv= vlqfh lqfuhphqwdo sur�wv duh
orzhu iru wkh lqfxpehqw/ kh kdv ohvv ri dq lqfhqwlyh wr lqyhvw lq uhvhdufk1 Wklv
h�hfw 0 ruljlqdoo| gxh wr Duurz 0 kdv ehhq whuphg %uhsodfhphqw% h�hfw1 Rq wkh
rwkhu kdqg wkh lqlwldo prqrsro| srvlwlrq fuhdwhv d ghhs srfnhw iru ixwxuh uh0
vhdufk/ zklfk lv lpsruwdqw lq d zruog ri lpshuihfw fdslwdo pdunhwv1 Fkdoohqjhuv
kdyh wr frqwudfw zlwk rxwvlgh vrxufhv wr �qdqfh wkhlu uhvhdufk h{shqglwxuhv1
Wklv frqwudfwlqj lv d�hfwhg e| sureohpv ri prudo kd}dug idploldu iurp wkh �0
qdqfh olwhudwxuh +vhh Mhqvhq dqg Phfnolqj +4<:9,,= zh dvvxph wkdw �qdqfldo
uhvrxufhv dv zhoo dv wkh h�ruwv ri hqwuhsuhqhxuv duh hvvhqwldo lqsxwv lq wkh uh0
vhdufk surfhvv1 Wkh odwwhu/ krzhyhu/ duh xqrevhuydeoh wr wklug sduwlhv1 Lq wklv
vhwxs d fkdoohqjhu �qdqfhg e| rxwvlgh ixqgv kdv lqvx�flhqw lqfhqwlyhv wr wdnh
h�ruw wr pdnh wkh yhqwxuh jr1 Ehfdxvh rxwvlgh lqyhvwruv iruhvhh wklv ehkdylru/
wkh| zloo vxsso| ohvv ixqgv wr wkh �up1 Khqfh wkh ohvv lqvlgh �qdqfh d �up kdv
wkh ohvv lw fdq lqyhvw1 Wklv prudo kd}dug h�hfw pd| rxwzhljk wkh uhsodfhphqw
h�hfw vr wkdw wkh lqfxpehqw zloo dfwxdoo| ghyrwh pruh uhvrxufhv wr U)G wkdq
wkh fkdoohqjhu1
Vxevhtxhqwo| wkh sdshu h{whqgv wkh dujxphqw wr d g|qdplf vhwxs1 Li prudo kd}0
dug h�hfwv duh vwurqj hqrxjk doo lqqrydwlrqv zloo frph iurp lqfxpehqw �upv1
Wklv frqwudvwv zlwk wkh ohdsiurjjlqj sdwwhuqv lq/ h1j1/ Djklrq dqg Krzlww +4<<5,1
Dq lqwhuhvwlqj �qglqj lv wkdw wkhuh pd| zhoo eh d qhjdwlyh lpsdfw ri prudo kd}0
dug rq jurzwk dowkrxjk dfwxdo lqqrydwruv wkhpvhoyhv idfh qr �qdqfldo sureohpv1
Wkh jurzwk uhwduglqj h�hfw zrunv wkurxjk wkh pdunhw= ehfdxvh srwhqwldo lq0
qrydwruv duh �qdqfldoo| frqvwudlqhg/ wkh frpshwlwlyh wkuhdw iru wkh lqfxpehqw
�upv lv zhdn dqg lqfxpehqwv fdq lqqrydwh ohvv riwhq zlwkrxw ihdu ri ehlqj
uhsodfhg/ l1h1 wkh| %fdq uhvw rq wkhlu odxuhov%1
Uhwdugdwlrq ri jurzwk wkurxjk djhqf| sureohpv kdv dovr ehhq glvfxvvhg e|
Djklrq/ Ghzdwulsrqw dqg Uh| +4<<9,1 Lq wkhlu prgho pdqdjhuv wdnh lqvx�flhqw
h�ruw iru uhvhdufk dqg ghyhorsphqw1 Lq wkh suhvhqw prgho lqvx�flhqf| ri lqfhq0
wlyhv iru h�ruw wdnhq lv dovr lpsruwdqw exw wklv lqvx�flhqf| dulvhv hqgrjhqrxvo|
iurp wkh qhhg ri hqwuhsuhqhxuv wr rewdlq rxwvlgh �qdqfh1 Khuh/ djhqf| sureohpv
qrw rqo| d�hfw wkh lqfhqwlyhv ri srwhqwldo frpshwlwruv exw dovr wkh lqfhqwlyhv
ri lqfxpehqwv1 Jlyhq wkdw lqfxpehqf| shuvlvwv/ wkh odwwhu lv zkdw pdwwhuv iru
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htxloleulxp jurzwk1
Wkh shuvlvwhqfh ri prqrsrolhv kdv dovr ehhq vwxglhg e| Jloehuw dqg Qhzehuu|
+4<;5/4<;7,1 Lq wkhlu dqdo|vlv shuvlvwhqfh lv vxssruwhg e| suhhpswlyh sdwhqwlqj1
Suhhpswlrq ri sdwhqwv sod|v qr uroh lq wkh suhvhqw sdshu1 Wkh srlqw ri wkh
dqdo|vlv khuh lv wkdw hyhq lq wkh devhqfh ri suhhpswlyh sdwhqwlqj wkh sureohpv
dvvrfldwhg zlwk �qdqfldo frqwudfwlqj fdq holplqdwh ohdsiurjjlqj1

Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv= Wkh qh{w sdudjudsk suhvhqwv wkh
prgho1 Lq vhfwlrq 6/ wkh Qdvk Htxloleulxp ri wkh jdph zlwkrxw dq| �qdqfldo
uhvwulfwlrqv lv fkdudfwhul}hg1 Vhfwlrq 7 lqwurgxfhv prudo kd}dug dqg �qdqfldo
uhvwulfwlrqv lqwr wkh prgho1 Wklv fdq fkdqjh wkh frqfoxvlrqv rq wkh fkdudfwhu0
lvwlfv ri wkh Qdvk htxloleulxp ri wkh jdph +vhfwlrq 8,1 Vhfwlrq 9 h{whqgv wklv
uhvxow wr d g|qdplf jurzwk prgho lq wkh vslulw ri Djklrq dqg Krzlww +4<<5,1
Wkh �qdo vhfwlrq frqfoxghv1

2 A�i 4L_i*

Wkh prgho lv d vlpsoh vwdwlf htxlydohqw ri Djklrq dqg Krzlww +4<<5,1Wkhuh
duh wzr �upv dqg wzr shulrgv1 Rqh ri wkh �upv/ wkh lqfxpehqw/ lv douhdg| lq
wkh pdunhw pdnlqj d prqrsro| sur�w �4= Wkh rwkhu �up/ fdoohg wkh fkdoohqjhu
khqfhiruwk/ lqlwldoo| surgxfhv qrwklqj1 Gxulqj shulrg rqh wkh| erwk udfh iru
vrph frvw uhgxflqj lqqrydwlrq zklfk zrxog eulqj grzq wkh frqvwdqw pdujlqdo
frvw ri surgxfwlrq iurp wkh lqlwldo kljk ohyho �f wr d orzhu ohyho f

�
= Wkh lqqrydwlrq

lv gudvwlf/ phdqlqj wkdw sp+f
�
, ? �f ru lq zrugv= li wkh vxffhvvixo lqqrydwru vhwv

lwv prqrsro| sulfh/ wkh suhylrxv surgxfhu lv qr pruh deoh wr frpshwh61 Ohw �5

ghqrwh wkh sur�w ri wkh surgxfhu zlwk pdujlqdo frvwv f
�
vhwwlqj klv prqrsro|

sulfh sp+f
�
, lq shulrg wzr1 Ohw �5 A �4 A 3=

Uhvhdufk lv wdnlqj sodfh gxulqj wkh �uvw shulrg1 Surgxfwlrq zlwk wkh vxshulru
whfkqrorj| fdqqrw ehjlq ehiruh wkh vhfrqg shulrg1 Li rqh ri wkh �upv lv vxffhvvixo
dorqh/ wkhq lw uhfhlyhv d sdwhqw iru wkh uhvw ri doo +prgho0, wlph1 Li qrerg| lv
vxffhvvixo lq wkh uhvhdufk ode wkh lqfxpehqw fdq vwloo surgxfh zlwk klv kljk0
frvw whfkqrorj|1 Li erwk frpshwlwruv duh vxffhvvixo lw vkdoo eh dvvxphg wkdw wkh
lqqrydwlrq lv wuhdwhg dv frpprqdeoh dqg khqfh qrw sdwhqwdeoh1 Vkrxog wklv
kdsshq/ wkh sod|huv hqjdjh lq Ehuwudqg frpshwlwlrq dqg pdnh }hur sur�wv17

Uhpdun 4 Sdwhqw udfhv dv zhoo dv wkh qhz jurzwk wkhrulhv duh xvxdoo| prghoohg
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lq frqwlqxrxv wlph1 Wklv kdv wkh dgydqwdjh wkdw wkh hyhqw ri erwk sod|huv %zlq0
qlqj% wkh udfh dw wkh vdph wlph lv ri phdvxuh }hur1 Wkhuhiruh lw lv dffrxqwhg
iru lq wkh sd|r� ixqfwlrqv rqo| zlwk suredelolw| }hur1 Wkh Ehuwudqg dvvxpswlrq
hqvxuhv/ wkdw wkh hyhqw %erwk zlq% uhfhlyhv wkh vdph %zhljkw% lq wkh suhvhqw
vwdwlf irupxodwlrq dv lw grhv lq frqwlqxrxv wlph1

Wkh jurvv sd|r�v ri wkh wzr frpshwlwruv duh wkxv jlyhq e| wkh iroorzlqj pdwul{=
Doo yduldeohv zlwk vxevfulsw f ghqrwh wkh fkdoohqjhuv fkrlfhv zkloh vxevfulsw L

vwdqgv iru Lqfxpehqw1

Hyhqw suredelolw| Fkdoo*v Sd|r� Lqf*v Sd|r�

erwk idlo +4� sf,+4� sL, 3 �4

Lqf1 zlqv +4� sf,sL 3 �5

Fkdoo1 zlqv sf+4� sL, �5 3
erwk %zlq% sfsL 3 3

Uhvhdufk whfkqrorjlhv= Ghflvlrqv derxw uhvhdufk duh rqfh dqg iru doo1 Lq rughu
wr eh vxffhvvixo lq wkh uhvhdufk ode lqqrydwruv kdyh wr vshqg prqh| L +lqyhvw,
dqg h�ruw h1 Vxffhvv suredelolwlhv dqg lqsxwv duh olqnhg e| wkh iroorzlqj Free0
Grxjodv whfkqrorj|=

sm @ eh�m L
4��
m > m @ f> L>� 5 ^3> 4` > h> L � 3= +4,

Wkh lqwhuhvw udwh +rssruwxqlw| frvw ri ixqgv, lv }hur1 H�ruw lv sulydwho| frvwo|1

Vshqglqj h�ruw h jhqhudwhv qrqprqhwdu| frvwv h5

5 = e lv d vfdoh idfwru1 +vhh ehorz,
Wkh jlyhq vlwxdwlrq fruuhvsrqgv wr d qrqfrrshudwlyh jdph lq zklfk wkh fkdo0
ohqjhu dqg wkh lqfxpehqw dv vwudwhjlf sod|huv fkrrvh uhvhdufk vxffhvv suredelo0
lwlhv +dqg dvvrfldwhg lqsxwv,1 Dv d �uvw ehqfkpdun/ wkh jdph zloo eh dqdo|}hg
xqghu wkh dvvxpswlrq wkdw erwk sod|huv kdyh ghhs srfnhwv dqg prudo kd}dug
lv qrw dq lvvxh1 Wkh sd|r� ixqfwlrqv lq wklv jdph duh wkhq jlyhq e| 5 iru wkh
fkdoohqjhu dqg 6 iru wkh lqfxpehqw=

eh�f L
4��
f +4� sL,�5 � Lf �

h5f
5

+5,

+4� sf,�4 . eh�L L
4��
L +4� sf,+�5 � �4,� LL �

h5L
5

+6,

Sursrvlwlrq 4 Wkh vwudwhjlf jdph ehwzhhq wkh fkdoohqjhu dqg wkh lqfxpehqw/
vxppdul}hg e| wkh sd|r� ixqfwlrqv 5 dqg 6 kdv d Qdvk htxloleulxp lq sxuh
vwudwhjlhv1

Surri= D vxffhvv suredelolw| pxvw vdwlvi| wkh uhvwulfwlrq sm � 4> m @ f> L= Ohw

�m > m @ f> L eh wkh pxowlsolhu rq wklv frqvwudlqw dqg ohw �hL dqg �LL eh wkh pxowl0
solhuv rq wkh frqvwudlqwv hL > LL � 31 Wkh vroxwlrq wr wkh rswlpl}dwlrq sureohp
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ri wkh lqfxpehqw pxvw vdwlvi| wkh Nxkq Wxfnhu qhfhvvdu| frqglwlrqv=

Irfh = +4� �L,e�h
��4
L L4��

L +4� sf,+�5 � �4,� hL . �hL
$
@ 3 +7,

IrfL = +4� �L,e+4� �,h�L L
��
L +4� sf,+�5 � �4,� 4 . �LL

$
@ 3 +8,

�LLLL @ �hLhL @ �L+eh
�
f L

4��
f � 4,

$
@ 3 +9,

Vroylqj wkhvh htxdwlrqv +dqg wkh dqdorjrxv rqhv iru wkh fkdoohqjhu,/ jlyhv wkh
ehvw uhvsrqvh ixqfwlrq ri wkh lqfxpehqw dqg wkh fkdoohqjhu/ uhvshfwlyho|

sL @ plq
q
�+4� �,

5+4��,
� e

5
� +�5 � �4,

5��

� +4� sf,
5��

� > 4
r

+:,

sf @ plq
q
�+4� �,

5+4��,
� e

5
��5

5��

� +4� sL,
5��

� > 4
r

+;,

zklfk gh�qh d frqwlqxrxv pds ^3> 4`5 $ ^3> 4`5= Wklv pds pxvw kdyh d �{hg
srlqw= vwudwhj| vhwv duh qrqhpsw| frpsdfw frqyh{ vxevhwv ri U5/ wkh sd|r�
ixqfwlrqv duh frqwlqxrxv lq wkh rssrqhqwv dfwlrqv dqg frqfdyh lq wkh rzq df0
wlrqv1 Khqfh wkhruhp 415 Ixghqehuj dqg Wluroh +4<<8,dssolhv18�

� �hLTih|�it Lu |�i �@t��i^��*�Mh��4

� Dvvxpswlrq D4 = e ? 4
�5
>�5 � �4 A 5>�4 A 3=

� Qrwdwlrq= Wr vdyh rq vsdfh/ ohw khqfhiruwk � =@ �+4� �,
5+4��,

� e
5
� > � =@

5��
�

> ff =@ ���
5> fL =@ �+�5 � �4,

�> � =@ �5��4

�5
> � =@ ��=

Qrwh wkdw �4 A 3 , � ? 4 , � ? 4 , fL @ �ff ? ff1

Uhpdun 5 D4 vhuyhv wzr sxusrvhv= Iluvw/ lw h{foxghv erxqgdu| vroxwlrqv lq :
dqg ;/ khqfh 3 � s�m +sl, ? 4> l> m @ L> f> l 9@ m= Vhfrqg/ lw hqvxuhv +vhh ohppd 4
ehorz, xqltxhqhvv ri wkh Qdvk htxloleulxp1 Lw lv lpsruwdqw wr qrwh/ wkdw D4 lv
d vx�flhqw qrw d qhfhvvdu| frqglwlrq wr uhdfk wkhvh hqgv1 Wkhuhiruh wkh iroorz0
lqj uhvxowv fdq uhdvrqdeo| eh h{shfwhg wr krog iru d eurdghu vhw ri sdudphwhuv1
Khxulvwlfdoo|/ uhvwulfwlqj e wr eh vpdoo/ mxvw phdqv wkdw krzhyhu kdug |rx zrun/
|rx fdq qhyhu eh vxuh wr uhdfk vxffhvv1

Lq ylhz ri wkh vlpsol�hg qrwdwlrq/ wkh ehvw uhvsrqvh ixqfwlrqv fdq qrz eh h{0
suhvvhg dv

sL @ fL+4� sf,
� +<,

DA�i |�iLhi4 �t _�i |L #iMhi� E�bD2�c B*�U!tMih} E�bD2� @?_ 6@? E�bD2�� 5ii 6�_i?Mih}
@?_ A�hL*i E�bbD� uLh |�i i @U| hiuihi?Uit�
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sf @ ff+4� sL,
� +43,

Dsshqgl{ D hvwdeolvkhv/ wkdw D4, 4 A ff> fL = Qrwh dovr wkdw ff A fL $ Exw wkhq/
wkh vroxwlrqv wr wkh v|vwhp < dqg 43 gh�qh wkh �{hg srlqw+v, ri d frqwlqxrxv
pds ri ^3> ff`

5 lqwr ^3> ff`
51

Ohppd 4 Xqghu Dvvxpswlrq D4 wkh Qdvk htxloleulxp ri wkh vlpxowdqhrxv pryh
jdph lv xqltxh1

Surri= Dffruglqj wr v|vwhp < dqg 43 Qdvk0htxloleuld ri wkh jdph duh vroxwlrqv
wr9

sL @ fL+4� ff+4� sL,
�,� +44,

Xqltxhqhvv uhtxluhv wkdw wkh ixqfwlrq i @ fL+4�ff+4�sL,
�,� kdv rqo| rqh �{hg

srlqw1 Frqvlghu wkh vorsh ri i =

Ci

CsL
@ +4� ff+4� sL,

�,��4+4� sL,
��4�ff�fL

D vx�flhqw frqglwlrq iru wkh xqltxhqhvv frqfoxvlrq lv wkdw wkh uljkw kdqg vlgh
ri wklv htxdwlrq lv vpdoohu wkdq rqh hyhu|zkhuh1 Wklv lv zkdw zh qrz vkrz=
Surfhhglqj whup e| whup/ revhuyh �uvw wkdw sL 5 ^3> ff` , i4� ff+4� sL,

�j 5
^4� ff> 4� ff+4�ff,

�`= Khqfh i4� ff+4� sL,
�j ? 4> ;sL 5 ^3> ff`1 Wrjhwkhu zlwk

�� 4 A 3 wklv lpsolhv wkdw +4� ff+4� sL,
�,��4 ? 4=

Qh{w/ revhuyh wkdw sL 5 ^3> ff` , +4� sL,
��4 ? 4= Dsshqgl{ E �qdoo| surylghv

d surri wkdw D4, �ff> �fL ? 4>;� 5 ^3> 4`= �

Dq dqdo|vlv ri wkh jdph zlwkrxw d uhvwulfwlrq rq d xqltxh htxloleulxp zrxog eh
lqwhuhvwlqj lq lwv rzq oljkw1 Wkh uhvwulfwlrq rq xqltxhqhvv zloo eh glvfxvvhg uljkw
diwhu Sursrvlwlrq 5 ehorz1 Wkurxjkrxw wkh dqdo|vlv/ zh pdnh uhshdwhg xvh ri d
uhvxow rq prqrwrqh frpsdudwlyh vwdwlfv/ zklfk vkdoo wkhuhiruh eh uhvwdwhg khuh
iru frpsohwhqhvv=

Ohppd 5 Ohw i+s> �, = ^3> ff` � P $ U> zkhuh P lv dq| sduwldoo| rughuhg
vhw dqg zkhuh i+3> �, � 3 dqg i+ff> �, � 3= Vxssrvh wkdw iru doo � 5 P> i

lv frqwlqxrxv lq s1 +Wkhq wkhuh h{lvwv d vroxwlrq wr wkh htxdwlrq i+s> �, @ 3=,
sO+�, � lqi is mi+s> �, � 3j lv wkh orzhvw vroxwlrq ri i+s> �, @ 3 dqg sK+�, �
vxs is mi+s> �, � 3j lv wkh kljkhvw vroxwlrq1 Vxssrvh ixuwkhu wkdw iru doo s 5
^3> ff`> i lv prqrwrqh qrqghfuhdvlqj lq �1 Wkhq sO+�, dqg sK+�, duh prqrwrqh
qrqghfuhdvlqj iru doo � 5 P= Li i lv vwulfwo| lqfuhdvlqj lq �> wkhq sO+�, dqg
sK+�, duh vwulfwo| lqfuhdvlqj1

Surri = Plojurp dqg Urehuwv +4<<7, Wkhruhp 41

S�u UL�htic �| _Lit ?L| 4@||ihc ��i|�ih �i ti@hU� uLh @ � i_ TL�?| �? RU Lh RS t�?Ui ML|�
uLh4�*@|�L?t UL?|@�? |�i t@4i �?uLh4@|�L?G L?Ui |�i tL*�|�L? �? RU �t uL�?_c |�i tL*�|�L? �?
RS U@? Mi hi@_ _�hiU|*) uhL4 |�i hi@U|�L? u�?U|�L? �f�
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Zlwk wkhvh wzr ohppdv lq kdqgv/ zh duh �qdoo| uhdg| wr vwdwh wkh fhqwudo uhvxow
rq wkh vwuxfwxuh ri wkh Qdvk htxloleulxp zkhq erwk sod|huv kdyh ghhs srfnhwv1:

Sursrvlwlrq 5 Lq wkh Qdvk Htxloleulxp ri wkh vlpxowdqhrxv pryh jdph/ wkh
fkdoohqjhu lqyhvwv pruh dqg h{huwv pruh h�ruw dqg wkxv kdv d kljkhu vxffhvv
suredelolw| wkdq wkh lqfxpehqw1

Surri= Wkh surri zloo surfhhg lq wkuhh vwhsv= Vwhs +l, yhul�hv wkdw doo frqglwlrqv
lq ohppd 5 duh vdwlv�hg1 Lq vwhs +ll, zh zloo fkdudfwhul}h wkh htxloleulxp iru
wkh fdvh �4 @ 3 +� @ 4,1 Ilqdoo| lq vwhs +lll, zh zloo fkdudfwhul}h wkh zd| wkh
htxloleulxp fkdqjhv li �4 A 3 +� ? 4,=
Vwhs +l,= Frqvlghu wkh ixqfwlrq

j+sL > �, @ �ff+4� ff+4� sL,
�,� � sL +45,

Zh kdyh

j+3> �, @ �ff+4� ff,
� � 3

dqg

j+ff> �, @ �ff+4� ff+4� ff,
�,� � ff � 3

Iru doo � 5 P j lv frqwlqxrxv lq s= Zh douhdg| nqrz/ wkdw d vroxwlrq pxvw h{lvw1
Qrwh wkdw xqltxhqhvv lpsolhv wkdw

vxs is mi+s> �, � 3j � sK+�, @ sO+�, � lqi is mi+s> �, � 3j

Wklv yhul�hv/ wkdw j kdv wkh ghvluhg surshuwlhv1�
Vwhs +ll,= Vxssrvh/ wkdw �4 @ 3 dqg khqfh+�+�4 @ 3, @ 4,= Wkhq wkh vxffhvv
suredelolw| ri wkh lqfxpehqw lq wkh xqltxh htxloleulxp ri wkh jdph pxvw vdwlvi|

j+sL > 4, @ 4ff+4� ff+4� sL,
�,� � sL @ 3

Fohduo|/ rqh frxog �qg wkh htxloleulxp htxlydohqwo| e| orrnlqj iru d �{hg srlqw
lq sf= Wklv �{hg srlqw pxvw vdwlvi|

k+sf> 4, @ ff+4� 4ff+4� sf,
�,� � sf @ 3

Ohw asf eh d vroxwlrq wr k+sf> 4, @ 3 dqg ohw asL eh d vroxwlrq wr j+sL > 4, @ 31
Vxssrvh wkhq wkdw asf 9@ asL = Vlqfh k+sf> 4, � j+sL > 4, wklv frqwudglfwv ohppd 41
Khqfh asf @ asL =�
Frqvlghu �qdoo| wkh jhqhudol}hg �{hg srlqw pds/ sdudphwhul}hg e| �+�4, =

j+sL > �, @ �+�4,ff+4� ff+4� sL,
�,� � sL

Vlqfh �4 A 3 , � ? 4 zh nqrz wkdw j+sL > �+�4,, ? j+sL > 4, iru doo �4 A 3= E|
ohppd 4 dqg 5/ zh nqrz wkhq wkdw asL+�, ? asL+4, iru doo �4 A 3= Vlqfh vwhs +ll,

.A��t hit�*| �t !?L�? �ih) �i** uhL4 +i�?}@?�4 E�bH��� �t |�i 4i|�L_ Lu |�i ThLLu ��**
Mi �ti_ hiTi@|i_*)c |�i hit�*| �t hit|@|i_ @| |��t TL�?|�
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hvwdeolvkhg v|pphwu| ri wkh Qdvk htxloleulxp iru �4 @ 3 dqg e| wkh idfw wkdw
vxffhvv suredelolwlhv duh vwudwhjlf vxevwlwxwhv lw iroorzv wkdw asf+�, A asL+�, iru
doo �4 A 3=�

Ehfdxvh wkh lqfxpehqw zrxog olnh wr uhvw rq klv odxuhov/ kh hqgv xs lqyhvwlqj ohvv/
vshqglqj ohvv h�ruw dqg kh wkhuhiruh dovr surgxfhv d orzhu vxffhvv suredelolw|
wkdq klv ulydo grhv1 Wklv lv ehfdxvh wkh rqo| zd| wr jhw lq wkh srvlwlrq wr pdnh
wkh kljkhu sur�w �5 lv wr ghvwur| klv rzq prqrsro| dqg khqfh orrvh �4= Lq ylhz
ri wklv vlpsoh orjlf/ lw pljkw vhhp rgg/ wr lpsrvh vxfk vwurqj frqglwlrqv dv
Dvvxpswlrq 4 wr hqvxuh xqltxhqhvv1 Krzhyhu/ zlwkrxw xqltxhqhvv rqh fdq jr
qr ixuwkhu wkdq wkh jhqhudo vwdwhphqw lq ohppd 5= wkh orzhvw dqg wkh kljkhvw
�{hg srlqw lq sL zloo erwk eh orzhu lq d jdph zlwk �4 A 3 frpsduhg wr d jdph
zlwk �4 @ 3= Wkxv/ wkh frqfoxvlrq wkdw wkh lqlwldo frqglwlrq �4 A 3 sxwv wkh
lqfxpehqw dw d vwudwhjlf glvdgydqwdjh lq wkh U)G udfh iru d gudvwlf surgxfw
lqqrydwlrq lv txlwh urexvw dqg jhqhudo1 Krzhyhu/ iurp wklv rqh fdqqrw frqfoxgh/
wkdw doo Qdvk htxloleuld duh dv|pphwulf lq idyru ri wkh fkdoohqjhu1 Vlqfh lw lv wklv
dv|pphwu| suhglfwlrq ri wkh jurzwk dqg sdwhqw udfh olwhudwxuh wkdw wkh sdshu
wdujhwv/ L kdyh fkrvhq wr vdful�fh jhqhudolw| lq idyru ri fodulw| ri wkh uhvxowv1
Wkh dv|pphwu| uhvxow kdv d forvh sdudooho lq wkh Vfkxpshwhu jurzwk wkhru|1
Dw wkh khduw ri zkdw kdv ehhq whuphg wkh fuhdwlyh ghvwuxfwlrq phfkdqlvp olhv
wkh uhsodfhphqw ru Duurz h�hfw= ehfdxvh lqfxpehqwv douhdg| pdnh prqrsro|
sur�wv/ wkhlu lqfhqwlyhv wr frqgxfw uhvhdufk duh dozd|v orzhu wkdq wkh rxwvlghuv*
lqfhqwlyhv1 Wr pdnh pdwwhuv vlpsoh/ prghov olnh Djklrq dqg Krzlww +4<<5, ru
Jurvvpdq dqg Khospdq +4<<4, dqg doprvw hyhu| rwkhu sdshu lq wkh �hog/ dvvxph
d olqhdu +ru frqvwdqw uhwxuqv wr vfdoh, uhvhdufk whfkqrorj|1 Wrjhwkhu zlwk d iuhh
hqwu| frqglwlrq lqwr wkh uhvhdufk exvlqhvv wklv jlyhv d qlfh Duelwudjh frqglwlrq/
zklfk kdv wr eh ixo�oohg dw hdfk lqvwdqw lq wlph1 Wkh sulfh ri wkh rqo| uhvrxufh
ri wkh hfrqrp|/ oderu/ lv elg xs lq wkh jhqhudo htxloleulxp vxfk wkdw lqfxpehqwv
zrxog pdnh orvvhv/ zhuh wkh| wr gr uhvhdufk1 Doo lq doo wklv surgxfhv wkh zhoo
nqrzq edqj edqj uhvxow wkdw rqo| wkh fkdoohqjhuv lqyhvw prqh| lq uhvhdufk dqg
wkdw lw lv rqo| d txhvwlrq ri zkhq dqg qrw ri li wkh lqfxpehqw orvhv klv exvlqhvv1
Zkloh lq Djklrq dqg Krzlww lw lv vxuh wkdw vrph fkdoohqjhu zloo zlq wkh udfh/
lq wkh suhvhqw prgho wklv krogv rqo| wuxh %rq dyhudjh%1 Wklv gl�huhqfh lq uh0
vxowv kdv pdlqo| wzr uhdvrqv= wkh sduwldo htxloleulxp shuvshfwlyh ri wkh suhvhqw
prgho dqg wkh vwulfwo| frqyh{ h�ruw frvwv1 Dowkrxjk wkh uhvhdufk whfkqrorj|
khuh lv hvvhqwldoo| wkh vdph dv lq Djklrq dqg Krzlww +4<<5, 0 d frqvwdqw uhwxuqv
wr vfdoh ixqfwlrq 0 lwv lpsolfdwlrqv duh vwulnlqjo| gl�huhqw lq wkh suhvhqw sduwldo
htxloleulxp prgho= dv orqj dv wkh ulydo grhv qrw zlq zlwk suredelolw| rqh wkh
rswlpl}lqj fkrlfhv ri h�ruw dqg lqyhvwphqw zloo dozd|v eh vwulfwo| srvlwlyh/ krz0
hyhu vpdoo wkh| wxuq rxw wr eh1 Wkhuhiruh wkh lqfxpehqw*v vxffhvv suredelolw|
lv erxqghg dzd| iurp }hur dv orqj dv wkh fkdoohqjhu grhv qrw fkrrvh wr rshudwh
dw vxffhvv suredelolw| rqh1 Vhfwlrq 9 uhod{hv erwk dvvxpswlrqv1 Wkhuh lv d wklug
gl�huhqfh ehwzhhq wkh prghov= wkh qxpehu ri hqwudqwv1 Wkh iuhh hqwu| dvvxps0
wlrq lq wkh jurzwk olwhudwxuh ri frxuvh dvvxphv/ wkdw wkhuh lv dq lq�qlwh dprxqw
ri fkdoohqjhuv oxunlqj durxqg zkloh wkh suhvhqw sdshu kdv vr idu ehhq zrunlqj
zlwk rqo| rqh ri wkhp1 Krzhyhu/ lw lv lpphgldwh wr jhqhudol}h sursrvlwlrq 5 wr

;



d jdph zlwk pdq| hqwudqwv dqg rqh lqfxpehqw �up=

Sursrvlwlrq 6 +l,Wkh h{whqghg vlpxowdqhrxv pryh jdph zlwk pdq| hqwudqwv
kdv d xqltxh Qdvk htxloleulxp lq sxuh vwudwhjlhv lq zklfk hdfk fkdoohqjhu fkrrvhv
wkh vdph suredelolw|1 +ll,Wkh vxffhvv suredelolw| ri hdfk fkdoohqjhu lv eljjhu wkdq
wkh vxffhvv suredelolw| ri wkh Lqfxpehqw1 +lll, Dv wkh qxpehu ri fkdoohqjhuv jrhv
rxw ri erxqgv/ sL jrhv wr }hur1

Surri=

+l, Sd|r� ixqfwlrqv duh vwloo dv uhtxluhg lq wkh surri ri sursrvlwlrq 41 Wkxv d
Qdvk H{lvwhqfh lq sxuh vwudwhjlhv h{lvwv1 Frqvlghu wkh ehvw uhvsrqvh ixqfwlrqv
ri dq| wzr uhsuhvhqwdwlyh +wkh kwk dqg wkh lwk, rxw ri q Fkdoohqjhuv=

sfk @ ff+4� sfl,
�
Tq

m@4
m 9@l>k

+4� sfm,
�+4� sL,

� +46,

sfl @ ff+4� sfk,
�
Tq

m@4
m 9@l>k

+4� sfm,
�+4� sL,

� +47,

Ohw I =@
Tq

m@4
m 9@l>k

+4 � sfm,
�+4 � sL,

� dqg ohw sfm > m @ 4> ===> q> m 9@ l> k dqg sL eh

�{hg dqg h{rjhqrxv iru wkh prphqw1 Xqghu wklv uhvwulfwlrq sfl pxvw vdwlvi|

sfl @ ff+4� ff+4� sfl,
�I ,�I

zkloh sfk pxvw vdwlvi|

sfk @ ff+4� ff+4� sfk,
�I ,�I

Ohw asfl dqg asfk eh vroxwlrqv ri wkhvh htxdwlrqv1 Exw wkhq/ vlqfh I ? 4 asfl @ asfk
djdlq e| ohppd 41 Vlqfh l> k zkhuh slfnhg duelwudulo|/ wklv pxvw eh wuxh iru dq|
wzr ri wkh fkdoohqjhuv/ khqfh iru doo ri wkhp1 Ixuwkhupruh vlqfh wklv lv wuxh iru
dq| I ? 4 lw pxvw dovr eh wuxh iru I @

Tq
m@4
m 9@l>k

+4� asfm,
�+4� asL,

�/ wkrvh ydoxhv

wkdw duh fkrvhq lq htxloleulxp1 Wklv suryhv sfl @ sfk @ �sf> l> k @ 4> ===> q1�
+ll, Frqvlghu qrz wkh ehvw uhvsrqvh ixqfwlrqv ri dq| fkdoohqjhu l dqg wkh Lqfxp0
ehqw/ djdlq kroglqj �{hg wkh fkrlfhv ri doo rwkhu fkdoohqjhuv dw wkh hqgrjhqrxvo|
ghwhuplqhg htxloleulxp ydoxhv=

sL @ fL+4� �sf,
�+q�4,+4� sfl,

� +48,

sfl @ ff+4� �sf,
�+q�4,+4� sL,

� +49,

Wkh idfw wkdw asL ? asfl @ �sf wkhq iroorzv iurp wkh surri ri Sursrvlwlrq 51�
+lll, Wdnh olplwv lq 48 dqg 49 dv q $ 4> zh vhh/ wkdw sL klwv wkh %}hur olqh%
vrrqhu wkdq sf> ehfdxvh fL ? ff dqg +4�sf,

� ? +4�sL,
� +ehfdxvh sL ? sf,1 Iru

odujh hqrxjk q wkh lqfxpehqw*v vxffhvv suredelolw| lv wkhq dssur{lpdwho| }hur
zkloh wkh fkdoohqjhuv* vxffhvv suredelolwlhv duh vwloo vwulfwo| srvlwlyh1�

<
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Wkh odvw vhfwlrq wuhdwhg erwk wkh lqfxpehqw dqg wkh fkdoohqjhu+v, rq htxdo
irrwlqj= Erwk zhuh dvvxphg wr kdyh ghhs srfnhwv ru 0 htxlydohqwo| 0 fdslwdo
pdunhwv zhuh dvvxphg wr eh shuihfw1 Krzhyhu/ li d zruog ri lpshuihfw fdslwdo
pdunhwv lv frqvlghuhg/ lw wxuqv rxw wkdw wkh prgho kdv d qdwxudo dv|pphwu| exlow
lq= zkloh wkh lqfxpehqw fdq �qdqfh klv lqyhvwphqwv rxw ri uhwdlqhg hduqlqjv/
wkh fkdoohqjhu fdqqrw1 Dvvxplqj ixuwkhu rq wkdw wkh fkdoohqjhu kdv qr zhdowk
dw doo kh kdv wr frqwudfw zlwk rxwvlgh �qdqflhuv iru �qdqfldo uhvrxufhv1 Wkh
iroorzlqj vhw ri dvvxpswlrqv lv lpsrvhg lq wkh vhtxho=

� Dvvxpswlrq D5 = +ghhs srfnhw, �4 A �+4� �,
5��

� ie+�5 � �4,j
5��

�

D5 vd|v wkdw wkh hqgrjhqrxvo| fkrvhq khljkw ri lqyhvwphqw lv lq doo fdvhv/ l1h1
hyhq li wkh fkdoohqjhu vkrxog devwdlq iurp grlqj uhvhdufk dowrjhwkhu/ vpdoohu
wkdq wkh dprxqw ri uhwdlqhg hduqlqjv wkh lqfxpehqw kdv1

� Dvvxpswlrq D6 = +Lqirupdwlrq, H�ruw fkrlfh lv qrw revhuydeoh dqg khqfh
qrw frqwudfwleoh1 Dsduw iurp wklv hyhu|wklqj hovh lv revhuydeoh dqg frq0
wudfwleoh1

Wkxv wkh vrxufh ri prudo kd}dug lv wkh fkdoohqjhu*v h�ruw fkrlfh1 Qrwh krzhyhu/
wkdw wkhuh lv qr rwkhu vrxufh ri prudo kd}dug1 Lq sduwlfxodu/ lw fdq eh yhul�hg
frvwohvvo| h{ srvw/ zhwkhu wkhuh zdv vxffhvv ru qrw1

� Dvvxpswlrq D7= +ghjuhh ri frpshwlwlrq, Ilqdqfldo pdunhwv duh shuihfwo|
frpshwlwlyh= Ilqdqflhuv pdnh }hur sur�wv lq htxloleulxp1

� Wkh wlplqj ri hyhqwv=

.������.
w @ 3

Lqfxpehqw
surgxfhv

������.
w @ 4

5
Ilqdqflhuv

r�hu
frqwudfwv

�������.
w @ 4

frqwudfwv fkrvhq/
Uhvhdufk skdvh
+vlpxowdqhrxv,

������.
w @ 5

wkh zlqqhu+v,
surgxfh+v,

Uhpdun 6 Ilqdqflhuv/ zkhq wkh| r�hu frqwudfwv/ kdyh wr dqwlflsdwh wkh rxwfrph
lq w @ 41 Wkdqnv wr wkh xqltxhqhvv ri wkh htxloleulxp wklv srvhv qr sureohpv1

e�� 6�ht| Mit|

Wkh �uvw ehvw fdq eh dfklhyhg li wkh �qdqflhu lv deoh wr revhuyh wkh h�ruw fkrlfh
ri wkh fkdoohqjhu1 Rswlpdo frqwudfwv fdq dqg zloo wkhq eh frqwlqjhqw rq wklv
h�ruw fkrlfh1 Ri frxuvh wkh frqwudfw pxvw pd{lpl}h wkh mrlqw vxusoxv1 Rswlpdo
h�ruw fkrlfh dqg lqyhvwphqw ohyhov zloo wkhuhiruh eh wkh vdph dv li wkh fkdoohqjhu
rzqhg klv exvlqhvv dqg zrxog wkhuhiruh eh wkh rqo| uhvlgxdo fodlpdqw1
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Uhpdun 7 Kdylqj d wklug sduw|/ l1h1 wkh �qdqflhu/ eulqjv dq hohphqw ri vh0
txhqwldolw| lqwr wkh jdph dqg khqfh uhtxluhv d qhz vroxwlrq frqfhsw iru wkh
jdph1 Wkurxjkrxw wkh dqdo|vlv zh zloo xvh zhdn shuihfw Ed|hvldq htxloleulxp dv
rxu vroxwlrq frqfhsw1 Iru h{srvlwlrqdo uhdvrqv wkh suhflvh phdqlqj ri wkh frq0
fhsw lq wkh jlyhq jdph zloo eh glvfxvvhg lq wkh vhfwlrq rq vhfrqg ehvw frqwudfwv1
Vlqfh zh duh fxuuhqwo| lq d zruog ri shuihfwo| hqirufhdeoh frqwudfwv/ zh fdq wuhdw
z1o1r1j1 wkh �qdqflhu dqg wkh fkdoohqjhu dv h�hfwlyho| rqh djhqw1;1 Wkhq/ lq wkh
vlpxowdqhrxv pryh jdph ehwzhhq wkh Lqfxpehqw dqg wklv %vxshu0djhqw%/ Qdvk
htxloleulxp kdv hqrxjk elwh1

Zh douhdg| nqrz iurp wkh odvw vhfwlrq zkdw wkh rswlpxp zloo orrn olnh1 Lw
wkhuhiruh vx�fhv khuh wr vwdwh wkh frqwudfwv wkdw zloo vxvwdlq wklv htxloleulxp1
Wkhvh frqwudfwv frqvlvw ri=

41 dq lqlwldo dprxqw ri prqh| L> wkh �qdqflhu jlyhv wr wkh fkdoohqjhu1<

51 dq dprxqw ri h�ruw h/ wkh fkdoohqjhu pxvw h{huw1

61 d uhsd|phqw uxoh/ frqwlqjhqw rq wkh fkdoohqjhu*v h�ruw fkrlfh1

Sursrvlwlrq 7 Dq rswlpdo frqwudfw xqghu frpsohwh lqirupdwlrq ehwzhhq fkdo0

ohqjhu dqg �qdqflhu vshfl�hv= +4,L� @ �+4 � �,
5��

� ie�5j
5
� +4 � sL,

5
� > +5,h� @

�+4� �,
4��

� ie�5j
4
� +4� sL,

4
�

+6,

Uh� @

�
+4� �,�5 lq fdvh ri vxffhvv

3 lq fdvh ri idloxuh
li h @ h�

Uh @

�
�5 lq fdvh ri vxffhvv
3 lq fdvh ri idloxuh

li h 9@ h�

Surri= Xqghu frpsohwh lqirupdwlrq/ dq rswlpdo frqwudfw pxvw pd{lpl}h vrfldo
vxusoxv1 Wklv ghwhuplqhv h� dqg L�= Wkh uxoh U+=, lv fkrvhq vxfk wkdw wkh
fkdoohqjhu rswlpdoo| fkrrvhv wr h{huw h� = Vlqfh kh kdv qr zhdowk/ wkh kduvkhvw
sxqlvkphqw wr lpsrvh rq klp lv wr jlyh klp qrwklqj lq fdvh ri h 9@ h�= Rwkhuzlvh/

li h @ h�> �qdqflhu dqg fkdoohqjhu jhw vkduhv ri sur�wv
q
�ie> 4� �ie

r
lq fdvh ri

vxffhvv1 �ie lv slqqhg grzq e| wkh }hur sur�w frqglwlrq ri �qdqflhuv=

s�f+sL, i4� sLj�
ie�5 @ L�+sL,

zkhuh s�f+sL, lv jlyhq e| 43/ zkloh L�+sL, lv wkh lqyhvwphqw ohyho djuhhg xsrq lq
wkh frqwudfw1 Vroyh wklv iru �ie wr frqfoxgh wkdw �ie @ 4� �=�43
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bNTL? @tt�4T|�L?c |�i U�@**i?}ih ��** ?L| �@*! @�@) ��|� |�i 4L?i) M�| ��** �?�it| �|�

�fA�i hiT@)4i?| �t i Thitti_ @t @ uh@U|�L? Lu hi@*�3i_ ThL�|t� OL�i�ihc �| t�L�*_ Mi ?L|i_
|�@| �? |�i t�4T*i ti||�?} Lu |�i Thiti?| T@Tih � |�L hi@*�3@|�L?t Lu |�i hi|�h?c i�|�ih f Lh Z2

� _iM| @?_ i^��|) U@??L| Mi _�t|�?}��t�i_�

44



Sduw +4, dqg +5, duh hdvlo| xqghuvwrrg1 Wkh frqwudfw mxvw vd|v wkdw wkh wzr
sduwlhv djuhh wr ehkdyh dv li wkh| zhuh rqh sur�w pd{lpl}lqj djhqw/ zkrvh
ehkdylru zdv douhdg| ghulyhg lq wkh odvw vhfwlrq1 Gxh wr wkh ulvn qhxwudolw|
ri wkh sduwlhv doo vkdulqj uxohv zlwk wkh vdph h{shfwhg sd|r�v iru wkh sduwlhv
duh htxlydohqw iru wkhp1 Wkh rqh vwdwhg lq wkh sursrvlwlrq lv wkh rqh zlwk wkh
kduvkhvw sxqlvkphqw lq fdvh ri idloxuh v1w1 wkh olplwhg zhdowk ri wkh fkdoohqjhu1
Ehfdxvh lq htxloleulxp wkh vkdulqj uxoh Uh lv qrw gluhfwo| sd|r� uhohydqw wkh
�qdqflhu*v lqglylgxdo udwlrqdolw| frqvwudlqw lv h{dfwo| elqglqj1 Ilqdoo|/ wkh uhvxow
rq h{ srvw sd|phqwv/ �ie @ 4�� lv zhoo nqrzq iru h{dpsoh iurp pdfur wkhru|=
zlwk d Free0Grxjodv whfkqrorj|/ wkh fdslwdolvw zloo jhw d vkduh ri wrwdo rxwsxw/
zklfk fruuhvsrqgv wr wkh hodvwlflw| ri wrwdo rxwsxw zlwk uhvshfw wr klv lqsxw1 Wklv
lq wxuq lv h{dfwo| zkdw wkh h{srqhqw 4� � phdvxuhv144 Qrwh krzhyhu/ wkdw wkh
uhvxow �ie @ 4�� grhv qrw phdq/ wkdw wkh sduwlhv vkduh wkh sur�wv dffruglqj wr
d frpsohwho| lq�h{leoh uxoh/ l1h1 lqghshqghqwo| ri zkdw wkh Lqfxpehqw grhv1 H{
dqwh/ wkh lqyhvwphqw ri wkh �qdqflhu ydulhv lqyhuvho| zlwk wkh vxffhvv suredelolw|
ri wkh Lqfxpehqw1 Wkhuhiruh wkh sulfh ri prqh| lv wkh kljkhu/ wkh wrxjkhu wkh
Lqfxpehqwv ehkdylru lq wkh uhvhdufk ode451

e�2 N?LMtih�@M*i igLh|G 5iUL?_ Mit| UL?|h@U|t

Pdwwhuv jhw uhdoo| lqwhuhvwlqj/ zkhq wkh h�ruw fkrlfh ri wkh fkdoohqjhu lv qrw
revhuydeoh1 Wkh qhz lqirupdwlrqdo dvvxpswlrqv uhtxluh d qhz frqfhsw ri htxl0
oleulxp ri wkh jdph=

Gh�qlwlrqD sur�oh ri vwudwhjlhv dqg v|vwhp ri eholhiv +v>p, lv d shuihfw Ed|hvldq
htxloleulxp lq h{whqvlyh irup jdph � li lw kdv wkh iroorzlqj surshuwlhv= +l,
Wkh vwudwhj| sur�oh v lv vhtxhqwldoo| udwlrqdo jlyhq eholhi v|vwhp p1 +ll, Wkh
v|vwhp ri eholhiv lv ghulyhg iurp vwudwhj| sur�oh v wkurxjk Ed|hv* uxoh zkhq0
hyhu srvvleoh1 Wkdw lv/ li iru lqirupdwlrq vhw k sure+k mv , A 3> wkhq p+{, @
sure+{mv ,
sure+kmv , iru doo { 5 k=

Uhpdun 8 Wkh rughu ri sod| lv jlyhq e| wkh wlph olqh1 Krzhyhu/ wkh jdph
fdq eh dqdo|}hg dv li wkh Lqfxpehqw zdv jlyhq wkh �uvw pryh/ dv orqj dv qrerg|
revhuyhv wklv pryh1 Wkhq/ wkh �qdqflhu+v, dqg wkh fkdoohqjhu jhw wkh pryh dqg
dfw vhtxhqwldoo|1

Shuihfw Ed|hvldq htxloleulxp uhtxluhv iru wkh jlyhq jdph/ wkdw=

���L|i |�@| �?_���_�@* h@|�L?@*�|) Lu |�i @}i?| �@t |L Mi u�*�**i_ |LL� A��t �t @tt�4i_
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41 Wkh Lqfxpehqwv fkrlfh ri vxffhvv suredelolw| pxvw eh rswlpdo/ jlyhq wkh
�qdqflhucv dqg wkh fkdoohqjhucv vxevhtxhqw vwudwhj|1

51 Iru hdfk eholhi wkh �qdqflhu kdv dv wr zklfk vxffhvv suredelolw| wkh Lq0
fxpehqw kdv fkrvhq/ klv r�hu ri frqwudfw pxvw eh rswlpdo iru klp/ jlyhq
klv dqwlflsdwlrq ri wkh fkdoohqjhucv vxevhtxhqw vwudwhj|1

61 Iru hdfk eholhi wkh fkdoohqjhu kdv zklfk vxffhvv suredelolw| wkh Lqfxpehqw
kdv fkrvhq/ klv fkrlfh ri frqwudfw pxvw eh rswlpdo jlyhq klv dqwlflsdwlrq
ri klv rzq vxevhtxhqw vwudwhj| +l1h1 fkrlfh ri h�ruw,1

Wkh lqfxpehqwv sureohp lv h{dfwo| wkh vdph dv ehiruh1 Khqfh klv ehvw uhvsrqvh
wr hdfk fkrlfh ri vxffhvv suredelolw| ri klv ulydo lv vwloo jlyhq e| <1
Frqwudfwv ehwzhhq wkh �qdqflhuv fdq qr pruh eh frqwlqjhqw rq h�ruw fkrlfh/
vlqfh plvehkdylru rq wkh sduw ri wkh fkdoohqjhu fdqqrw eh glvwlqjxlvkhg iurp
edg oxfn h{ srvw1 Wkhuhiruh/ xqghu wklv qhz lqirupdwlrqdo dvvxpswlrq/ frqwudfwv
vshfli|=

41 Dq dprxqw ri prqh|/ G/ wkh �qdqflhu kdqgv ryhu wr wkh fkdoohqjhu1

51 D uhsd|phqw uxoh/ zklfk lv qrw frqwlqjhqw rq h�ruw fkrlfh1

Zkloh lq wkh odvw vhfwlrq/ wkhuh zdv rqo| rqh frqwudfw zlwk d xqltxh lqyhvwphqw
ohyho/ wkhuh lv qr uhdvrq wr eholhyh d sulrul/ wkdw wklv zloo dovr eh wuxh lq wkh
suhvhqw frqwh{w1 Wkhuhiruh/ wkh uhsd|phqw uxoh kdv wr eh jhqhudol}hg wr=

U+G, @

�
�+G,�5 lq fdvh ri vxffhvv

3 lq fdvh ri idloxuh

zkhuh wkh h{ srvw vkduhv duh qrz doorzhg wr ydu| zlwk wkh h{ dqwh fkrvhq
lqyhvwphqw ohyho1 Dq| frqwudfw fdq wkhq eh vxppdul}hg e| d wxsoh iG>�+G,j =46

Uhpdun 9 Ilqdqflhuv h�hfwlyho| duh lq d Ehuwudqg frpshwlwlrq zlwk hdfk rwkhu1
Dv xvxdo wklv irufhv wkhp wr r�hu d frqwudfw wkdw pd{lpl}hv wkh fkdoohqjhuv h{0
shfwhg sd|r� v1w1 dq Lqglylgxdo Udwlrqdolw| frqvwudlqw iru wkhpvhoyhv1 Vr wkh
dqdo|vlv kdv wr irfxv rq zkdw frqwudfw lv rswlpdo iru wkh fkdoohqjhu jlyhq wkdw
zhdn shuihfw Ed|hvldq htxloleulxp vwudwhjlhv duh sod|hg vxevhtxhqwo|1 Zh dv0
vxph wkdw wkh �qdqflhuv pdnh wdnh0lw0ru0ohdyh0lw r�huv dqg wkh fkdoohqjhu hlwkhu
dffhswv ru uhmhfwv wkhp1

Ohppd 6 Wkh frqwudfwv iG>�+G,j �qdqflhuv r�hu vdwlvi|=

*G
��

5�� i4� �+G,j
�

5�� �+G,� 4 @ 3 +4:,
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zlwk

* =@ +4� sL,e i�e+4� sL,�5j
�

5�� �5

Surri = Zkhq r�hulqj d frqwudfw/ �qdqflhuv pxvw kdyh d eholhi derxw sL = Vlqfh
sod|huv duh uhvwulfwhg wr sxuh vwudwhjlhv/ wklv eholhi pxvw sxw suredelolw| pdvv
4 rq vrph sL = Iru dq| eholhi �qdqflhuv pljkw kdyh zkhq wkh| r�hu d frqwudfw/
wkh| pxvw dqwlflsdwh wkdw rqfh d frqwudfw kdv ehhq fkrvhq/ wkh fkdoohqjhu*v rqo|
uhpdlqlqj ghjuhh ri iuhhgrp lv wkh fkrlfh ri h�ruw1 Wklv pxvw pd{lpl}h klv
h{shfwhg sd|r�/ jlyhq wkh frqwudfw/ ru pruh irupdoo|=

ah @ dujpd{

�
+4� sL,eh

�G4��+4� �+G,,�5 �
h5

5

�
+4;,

ah+�+G,> G, @
�
�eG4��+4� sL,+4� �+G,,�5

� 4
5�� +4<,

Pruhryhu/ wkh frqwudfwv wkh| r�hu doorz wkhp h{dfwo| wr euhdn hyhq rq h{shf0
wdwlrq li dqg rqo| li wkh fkdoohqjhu fkrrvhv wkh lqfhqwlyh frpsdwleoh h�ruw ohyho/
l1h1 %vwd|v rq wkh htxloleulxp sdwk%1 Whfkqlfdoo| wklv phdqv=

+4� sL,eah
�G4���+G,�5 �G @ 3 +53,

Wr r�hu frqwudfwv/ zklfk duh pruh idyrudeoh wr wkhp/ lv phdqlqjohvv gxh wr wkh
Ehuwudqg dvvxpswlrq1 Wkh frpelqdwlrq ri 4; dqg 53 jlyhv wkh h{suhvvlrq lq wkh
ohppd1�

Wkxv/ Lqfhqwlyh Frpsdwlelolw| ri h�ruw fkrlfh zrunv dv dq h�hfwlyh frqvwudlqw
rq wkh vhw ri ihdvleoh frqwudfwv/ �qdqflhuv vkrxog r�hu/ li wkh| zdqw wr euhdn
hyhq rq dyhudjh1
Dowkrxjk 4: vxppdul}hv doo uhohydqw lqirupdwlrq rq frqwudfwv/ lw kdv wkh glv0
dgydqwdjh ri ehlqj rqo| dq lpsolflw uhodwlrq �+G,= Wr fdofxodwh forvhg irup
vroxwlrqv47 lw lv pruh frqyhqlhqw wr zrun zlwk wkh ixqfwlrq G+�, v=w=

G+�, @ *
5��

� i4� �j�
5��

� +54,

Wklv lv dq h{solflw ixqfwlrq G+�,> zlwk wkh iroorzlqj surshuwlhv= G+�, A 3>;� 5

^3> 4`>G+3, @ G+4, @ 3> CG
C�

+5��
5 , @ C5G

C�5 +4� �, @ 3> dv vkrzq lq �jxuh 4=

Wkh qrqolqhdulw| suhvhqw lq G+�, ghvhuyhv vrph hfrqrplf h{sodqdwlrq1 Zk|
lvq*w lw wkh fdvh wkdw �qdqflhuv r�hu hyhu kljkhu dprxqwv ri prqh| lq uhwxuq iru
dq hyhu kljkhu h{ srvw vkduh lq wkh yhqwxuhB Lqlwldoo|/ l1h1 iru orz ydoxhv ri �> wklv
lv wkh fdvh1 Lq wklv udqjh/ d kljkhu � pdnhv wkhp zloolqj wr r�hu d kljkhu dprxqw
ri rxwvlgh �qdqfh +dqg lqyhvwphqw,/ vlqfh wklv vwloo kdv wkh xqdpeljxrxv h�hfw ri
udlvlqj wkh suredelolw| ri vxffhvv1 Krzhyhu/ wr uhdfk vxffhvv/ lw wdnhv lqyhvwphqw
ri �qdqfldo uhvrxufhv dv zhoo dv wkh h�ruwv ri wkh fkdoohqjhu1 Lqvshfwlrq ri ah+�,
vkrzv wkdw ah @ 3 iru � @ 4= Zk| vkrxog wkh fkdoohqjhu zrun kdug li kh hqgv

�eA��t U@�tit ?L ThLM*i4t� 5ii u|?� �S�
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Iljxuh 4=

xs zlwk qrwklqj lq klv kdqgv dq|zd|B Wklv orjlf whoov xv wkdw ChLf+�,
C�

fkdqjhv

lw*v vljq vrphzkhuh148 Lw wxuqv rxw/ wkdw wkh rxwvlgh �qdqfh fdsdflw| lv uhdfkhg
dw � @ 5��

5 = G
�
5��
5

�
lv wkh pd{lpxp dprxqw ri �qdqfh lqyhvwruv duh zloolqj

wr surylgh= wkhuh lv qr frqwudfw zlwk d G A G
�
5��
5

�
zklfk lv erwk lqfhqwlyh

frpsdwleoh iru wkh fkdoohqjhu dqg doorzv �qdqflhuv wr euhdn hyhq1
Qrw doo frqwudfwv rq wkh orfxv lq wkh �jxuh duh uhohydqw= frqvlghu dq| frqwudfw

rq wkh orfxv zlwk � A 5��
5 = Iru hdfk wxsoh

q
��>G+��,

r
/ �� 5 +5��

5 > 4`> < d wxsohq
G+��,> ��

r
> vxfk wkdw G+��, @ G+��, exw �� ? ��= D �qdqflhu r�hulqj frqwudfwv

ri wkh irup
q
��>G+��,

r
zloo wkxv qhyhu eh deoh wr dwwudfw dq| folhqwv491 Kdylqj

lghqwl�hg wkh orfxv doo ihdvleoh frqwudfwv pxvw olh rq/ rqh fdq �qdoo| vroyh iru
wkh frqwudfw zklfk lv fkrvhq lq htxloleulxp1

Sursrvlwlrq 8 Wkh vhfrqg ehvw rswlpdo frqwudfw iru wkh fkdoohqjhu lv jlyhq e|q
�ve>G+�ve,

r
zlwk �ve @ 4� �=

Surri = Ilqdqflhuv/ zkhq r�hulqj frqwudfwv/ wdnh lqwr dffrxqw doo vxevhtxhqw
h�hfwv rq wkh fkdoohqjhuv h�ruw fkrlfh/ nqrzlqj wkdw h�ruw zloo eh fkrvhq lq dq
lqfhqwlyh frpsdwleoh zd|1 Iurp 4; dqg 54 zh nqrz/ wkdw ah dqg G duh xowlpdwho|
ixqfwlrqv ri � dorqh1 Wkhuhiruh/ wkh rswlpdo frqwudfw iru wkh fkdoohqjhu lv wkh
vroxwlrq wr4:=

pd{
�

+4� sL,�5isf+h+�,> G+�,,+4� �,j � F+h+�,,

�Dtii Mi*L��
�SA�i u�?U|�L? (Eq� �t L?i�|L�L?i L?*) �? |�i h@?}i q M dfc 23k

2
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2
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Iurp wkh hqyhorsh wkhruhp 0 ehfdxvh h�ruw fkrlfh pxvw eh rswlpdo 0 lw iroorzv
wkdw �

+4� sL,�5+4� �,
Csf

Ch
�

CF

Ch

�
Ch

C�
@ 3

Wkhuhiruh wkh IRF wr wkh sureohp lv

+4� sL,�5

�
+4� �,

Csf

CG

CG

C�
� sf+h+�,>G+�,,

�
$
@ 3

D ihz dojheudlf wudqvirupdwlrqv wkhq vkrz wkdw

+4� �,+4� �,Gc+�, @ G+�, +55,

Gc+�, lv vwudljkwiruzdug wr fdofxodwh iurp 541 Vlpsol�fdwlrq wkhq gholyhuv wkh
vwdwhg uhvxow wkdw �ve @ 4� �=�

Zh fdq �qdoo| fkdudfwhul}h wkh zhdn shuihfw Ed|hvldq htxloleulxp ri wkh jdph
+dsduw iurp wkh h{dfw ydoxh ri s�L / zklfk zloo eh ghulyhg lq wkh qh{w vhfwlrq,=

Sursrvlwlrq 9 Wkh lqfxpehqw fkrrvhv s�L = Wkh �qdqflhuv eholhi lv jlyhq e|
pi +s

�
L, @ 4 dqg kh r�huv wkh fkdoohqjhu wkh frqwudfw i� @ 4��> G+� @ 4��, @

+4� s�L,
5
� +e�5,

5
��5+4� �,

5��

� j1 Wkh fkdoohqjhuv eholhi lv jlyhq e| pf+s
�
L, @ 4=

Kh dffhswv dqg h{huwv h�ruw h+4 � �, @ +4 � sL,
4
� +e�5,

4
��5+4� �,

4��

� = R� wkh
htxloleulxp sdwk/ wkh fkdoohqjhu lv doorzhg wr kdyh dq| eholhi dqg vxevhtxhqw
vhtxhqwldoo| udwlrqdo vwudwhj|1

Surri = Vlqfh sod|huv duh uhvwulfwhg wr sxuh vwudwhjlhv dqg wkh fkdoohqjhu dv zhoo
dv wkh �qdqflhu fdq fdofxodwh wkh xqltxh rxwfrph ri wkh jdph/ zh pxvw kdyh
pf+s

�
L, @ pi +s

�
L, @ 4= Wkh rswlpdolw| ri wkh frqwudfw dqg wkh h�ruw ohyho kdv

douhdg| ehhq suryhg1 Wkh idfw wkdw wkh fkdoohqjhu lv doorzhg wr kdyh dq| eholhi
dqg dvvrfldwhg vhtxhqwldo udwlrqdo vwudwhj| lv gxh wr wkh Ehuwudqg dvvxpswlrq=
�qdqflhuv fdqqrw pdnh pruh wkdq }hur sur�wv1 Exw wkhq wkh| zhdno| suhihu wr
vwlfn wr wkhlu htxloleulxp vwudwhj| qr pdwwhu zkdw wkh fkdoohqjhu vkrxog lqihu
iurp d ghyldwlrq rq wkhlu sduw1�

Wkhuh duh wzr wklqjv uhpdundeoh derxw wkh uhvxow= Iluvw/ wkh Ehuwudqg frpshwl0
wlrq ehwzhhq �qdqflhuv ghvwur|v wkh xvxdo yxoqhudelolw| ri wkh shuihfw Ed|hvldq
htxloleuld wr fud}| eholhiv dqg vwudwhjlhv r� wkh htxloleulxp sdwk1 Wklv pdnhv
wkh vwdwhg uhvxowv txlwh urexvw1 Vhfrqg/ wkh uhvxow �ve @ �ie lv uhpdundeoh1 H{
srvw vkduhv lq wkh �qdo slh duh qrw glvwruwhg e| dv|pphwulf lqirupdwlrq> fdsl0
wdo*v vkduh lq rxwsxw vwloo fruuhvsrqgv wr wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr
�qdqfldo lqyhvwphqw1 Krzhyhu/ lw lv vrphkrz fohdu dqg lw zloo eh vkrzq irupdoo|
lq wkh qh{w ohppd wkdw dv|pphwulf lqirupdwlrq zloo qrw eh zlwkrxw lwv frvwv1
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Lqwxlwlyho|/ zh dvvrfldwh wkh delolw| wr �qdqfh rxw ri uhwdlqhg hduqlqjv zlwk vrph
nlqg ri vwuhqjwk1 Rq wkh rwkhu kdqg/ vrph qrwlrq ri zhdnqhvv lv dvvrfldwhg
zlwk wkh qhhg wr wdnh rq rxwvlgh �qdqfh1 Wkh qh{w ohppd irupdoo| vwdwhv/ zkdw
h{dfwo| lv wr eh xqghuvwrrg e| %zhdnqhvv%=

Ohppd 7 Il{ dq| sL = Wkh ehvw uhvsrqvh ri wkh fkdoohqjhu lq wkh vhfrqg ehvw
lv dozd|v vpdoohu wkdq lq wkh �uvw ehvw1

Surri = Iurp 4; dqg 54 rqh fdq hdvlo| ghulyh wkh rswlpdo ydoxhv iru G+�, dqg

h+�, dw � @ 4�� = G+� @ 4��, @ +4�sL,
5
� +e�5,

5
��5+4��,

5��

� dqg h+4��, @

+4� sL,
4
� +e�5,

4
��5+4� �,

4��

� = Soxj wkhvh ydoxhv lqwr 4 dqg vlpsoli| wr jhw

sf @ ����
5+4� sL,

�

Vlqfh � 5 ^3> 4` wklv suryhv wkh fodlp1�

Uhpdun : Lw lv qrw reylrxv krz wr ghulyh wklv uhdfwlrq ixqfwlrq= Zkloh lw lv
fohdu wkdw erwk wkh �qdqflhu dqg wkh fkdoohqjhu fdq fdofxodwh wkh rxwfrph ri wkh
jdph/ lw lv qrw fohdu wkdw wkh| fdq frruglqdwh wkhlu eholhiv iru dq| ohyho ri sL =

Wklv lv krzhyhu/ wkh lpsolflw dvvxpswlrq lq wkh deryh ghulydwlrq1

Ilqdqfldo frqwudfwlqj wkxv uhvxowv +xqvxusulvlqjo|, lq d uhgxfwlrq ri lqyhvwphqw1
Wklv uhvxow hphujhv ehfdxvh wkh lqyhvwru iruhvhhv/ wkdw dq djhqw/ zkr kdv wr
vkduh wkh iuxlwv ri klv h�ruwv zlwk vrphrqh hovh/ lv uhoxfwdqw wr h{huw dv pxfk
h�ruw dv lq wkh �uvw ehvw vlwxdwlrq1 Wkhuhiruh wkh shu Groodu sulfh fkdujhg iru
hdfk xqlw ri lqyhvwphqw kdv wr eh kljkhu1 Exw wklv udlvhv d txhvwlrq= D sulrul
wkhuh zrxog eh wzr srvvleoh urxwhv wr dfklhyh wklv hqg1 Rqh frxog hlwkhu fkdqjh/
iru dq| jlyhq dprxqw ri lqyhvwphqw/ wkh vkduh ri wkh lqyhvwru lq wkh �qdo sur�w0
slh1 Ru/ rqh frxog ohdyh wkh glylvlrq ri sur�wv h{ srvw xqfkdqjhg dqg fkdqjh
wkh dprxqw ri �qdqfh h{ dqwh1 Zh douhdg| nqrz iurp sursrvlwlrq 8/ wkdw wkh
odwwhu urxwh lv wdnhq1 Dq hfrqrplf h{sodqdwlrq iru wklv revhuydwlrq lv lq rughu=
Wkh lqfhqwlyh frpsdwleoh h�ruw fkrlfh/ jlyhq e| 4; uhdfkhv lw*v pd{lpxp dw
�ve @ 4��=4; Qrwh wkdw �ve lv orfdwhg lq wkh udqjh/ zkhuh 54 lv vwloo lqfuhdvlqj
lq �= Wkh fkdoohqjhu qhyhuwkhohvv fkrrvhv qrw wr frqwudfw iru d kljkhu dprxqw
ri �qdqfh lq h{fkdqjh iru d kljkhu �1 Zk|B Li kh dssolhg iru pruh �qdqfh/
wkh �qdqflhu zrxog uhfrjql}h yhu| zhoo/ wkdw wkh fkdoohqjhu h�hfwlyho| frpplwv
klpvhoi wr d orzhu ohyho ri h�ruw wkhuhe|1 Ehfdxvh wkh �qdqflhu iruhvhhv dq|
vxfk rssruwxqlvwlf ehkdylru rq wkh sduw ri wkh fkdoohqjhu/ kh kdv wr ghpdqg d
glvsursruwlrqdwho| kljkhu vkduh � lq uhwxuq iru lqyhvwphqwv lq h{fhvv riG+4��,>
ru lq whupv ri 54/ kh r�huv dq hyhu vpdoohu dprxqw ri �qdqfh G lq uhwxuq iru d
kljkhu � lq wkh udqjh � 5 ^4 � �> 4`= Whfkqlfdoo| wklv phdqv/ wkdw 54 lv frqyh{
lq wkh udqjh ^3> 4� �` dqg frqfdyh wkhuhdiwhu1 Hyhqwxdoo| wklv jrhv vr idu/ wkdw
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wkh lqyhvwru lv uhoxfwdqw wr r�hu d kljkhu dprxqw ri �qdqfh lq h{fkdqjh iru d
kljkhu vkduh= wkh rxwvlgh �qdqfh fdsdflw| lv uhdfkhg dw � @ 5��

5 =

Wkh uhgxfwlrq lq doo hqgrjhqrxv ydoxhv lv wkh pruh surqrxqfhg wkh vpdoohu �

lv1 Zkdw lv wkh lqwxlwlrq iru wklv uhvxowB D vpdoo � phdqv/ wkdw h�ruw kdv wr eh
udlvhg d orw li wkh vxffhvv suredelolw| lv wr eh d�hfwhg vljql�fdqwo|1 Vwloo/ h�ruw
lv rqh ri wkh hvvhqwldo idfwruv lq wkh whfkqrorj|/ dv orqj dv � A 3= Dv h{sodlqhg
deryh/ wkh qhhg wr wdnh rq rxwvlgh �qdqfh zhdnhqv wkh djhqwv lqfhqwlyhv wr vshqg
h�ruw1 Li iru h{dpsoh � lv yhu| forvh wr rqh/ rqo| d wlq| olwwoh elw ri �qdqfh kdv wr
eh wdnhq rq dqg wkh uhgxfwlrq lq h�ruw fkrlfh lv rqo| yhu| vpdoo1 Li rq wkh rwkhu
kdqg � lv yhu| forvh wr }hur/ wkhq wkh rswlpdo fkrlfh ri lqyhvwphqw uhodwlyh wr
wkh rswlpdo fkrlfh ri h�ruw jlyhq wkh frvw vwuxfwxuh zloo eh udwkhu elj1 Wkhuhiruh
wkh uhgxfwlrq wkh hqgrjhqrxv ydoxhv zloo eh pruh surqrxqfhg1

Lq vkruw= Gxh wr dv|pphwulf lqirupdwlrq doo fkrlfh yduldeohv ri wkh fkdoohqjhu
duh uhgxfhg e| wkh idfwru �= Zkloh lq vhfwlrq 6/ wkh lqfxpehqw zdv dw d vwudwhjlf
glvdgydqwdjh gxh wr klv vwduwlqj srvlwlrq/ wkh vwudwhjlf srvlwlrq ri wkh fkdoohqjhu
lv qrz zhdnhqhg e| klv %vkdoorz% srfnhw1 Wkhuh duh wkxv qrz wzr frxqwhuydlolqj
irufhv dw zrun lq wkh prgho/ pdnlqj lw zruwkzkloh wr uhfrqvlghu wkh vwdwhphqw
lq Sursrvlwlrq 51 Uhfdoo wkdw � @ �5��4=

�5
dqg � =@ ��=

Sursrvlwlrq : Li � A � wkhq s�f+s�L, A s�L+s�f,> li � ? � wkhq s�f+s�L, ?

s�L+s�f,> �qdoo| li � @ �/ wkhq wkh Qdvk htxloleulxp lv v|pphwulf1

Surri =
Wkh v|vwhp ri htxdwlrqv wkdw ghwhuplqhv wkh Qdvk htxloleulxp ri wkh jdph lv
jlyhq e|=

sf @ ����
5+4� sL,

�

sL @ ����
5+4� sf,

�

Wkh uhvw ri wkh surri lv reylrxv vlqfh wkh vdph orjlf dv lq wkh surri ri Sursrvlwlrq
5 dssolhv1�

Lq d vhqvh erwk sod|huv duh d elw kdqglfdsshg1 Wkh lqfxpehqw/ ehfdxvh kh
zdqwv wr uhvw rq klv odxuhov/ wkh fkdoohqjhu ehfdxvh kh kdv wr xvh rxwvlgh �qdqfh
zlwk lwv lqgxfhg djhqf| frvwv1 Wkh uhodwlyh pdjqlwxgh ri � dqg � ghwhuplqhv
zklfk ri wkh wzr uhdfwlrq ixqfwlrqv lv vkliwhg pruh khdylo| lqzdugv1 Lq zrugv
wkh iroorzlqj phfkdqlvp lv dw zrun= kroglqj �{hg d ydoxh iru � dqg �5> wkh
kljkhu wkh sur�w wkh lqfxpehqw douhdg| kdv/ wkh od}lhu kh jhwv1 Wkh rwkhu zd|
urxqg= kroglqj �{hg d ydoxh iru �5 dqg �> wkh khdylhu wkh lpsdfw ri wkh �qdqfldo
uhvwulfwlrqv rq wkh ehkdylru ri wkh fkdoohqjhu/ wkh olnholhu lw jhwv wkdw kh hqgv xs
ehlqj ehdwhq rq dyhudjh1 Wkhuh lv wkxv d qrqwulyldo lqwhudfwlrq ehwzhhq �qdqfldo
dqg uhdo idfwruv suhvhqw lq wkh prgho1 Djdlq/ lw lv ri lqwhuhvw krz wkh uhvxowv
fkdqjh/ li d jdph zlwk pdq| hqwudqwv lv frqvlghuhg=

4;



Sursrvlwlrq ; +l,Wkh h{whqghg vlpxowdqhrxv pryh jdph zlwk pdq| hqwudqwv
kdv d xqltxh Qdvk htxloleulxp lq sxuh vwudwhjlhv lq zklfk hdfk fkdoohqjhu fkrrvhv
wkh vdph suredelolw|1 +ll,Li � ? � wkh vxffhvv suredelolw| ri hdfk fkdoohqjhu lv
vpdoohu wkdq wkh vxffhvv suredelolw| ri wkh Lqfxpehqw1 +lll, Dv wkh qxpehu ri
fkdoohqjhuv jrhv rxw ri erxqgv/ sf jrhv wr }hur1

Surri = dqdorjrxv wr Sursrvlwlrq 61
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D frpsohwh wuhdwphqw ri d ixoo| g|qdplf prgho lv rxwvlgh wkh vfrsh ri wkh
suhvhqw sdshu1 Wkh pdlq uhvxowv/ krzhyhu/ kdyh vwudljkw iruzdug h{whqvlrqv lq
wkh g|qdplf irupxodwlrq1 Frqvlghu wkh edvlf yhuvlrq ri wkh Djklrq dqg Krzlww
+4<<5, jurzwk prgho4<= Wkh hfrqrp| lv srsxodwhg e| d frqwlqxrxv pdvv O ri
zrunhuv zlwk olqhdu lqwhuwhpsrudo suhihuhqfhv= x+|, @

U4

3
|�h

���g� = Hdfk ri wkh
zrunhuv lv hqgrzhg zlwk rqh xqlw �rz ri oderu/ vr wkdw O dovr htxdov wkh oderu
vxsso|1 Lq dgglwlrq/ hyhu| zrunhu lv hqgrzhg zlwk wkh delolw| wr h{huw h�ruw/
h> lq srwhqwldoo| xqerxqghg txdqwlwlhv1 � lv wkh glvfrxqw udwh1 Rxwsxw ri wkh
�qdo jrrg lv surgxfhg zlwk whfkqrorj| | @ D{�/ zkhuh 3 ? � ? 41 Rqh ri wkh
lqglylgxdov/ wkh hqwuhsuhqhxu/ lv lqlwldoo| wkh rzqhu ri wkh lqwhuphgldwh jrrgv
�up1 Doo rwkhu lqglylgxdov vwduw zlwkrxw zhdowk1 Lqqrydwlrqv udlvh wkh h�flhqf|
sdudphwhu D e| d frqvwdqw idfwru � A 4= Wkh whfkqrorj| xvhg lq wkh surgxfwlrq
ri wkh lqwhuphgldwh jrrg lv olqhdu vr wkdw { dovr htxdov oderu ghpdqg e| wkdw
�up1 Wkh uhvhdufk whfkqrorj| lv vwloo jlyhq e| 41 Dv wkh hfrqrp| kdv rqo| rqh
uhvrxufh/ oderu/ lqyhvwlqj phdqv klulqj zrunhuv1 Wkh zdjh eloo/ krzhyhu/ kdv
wr eh sdlg xsiurqw1 Uhvhdufk frvwv Fw duh qrz dvvxphg wr eh olqhdu lq h�ruw
dqg oderu lqsxw= lqyhvwlqj dq dprxqw Gw jhqhudwhv frvwv zwGw/ zkloh vshqglqj
h�ruw hw jhqhudwhv d frvw fwhw=

Lqqrydwlrqv udlvh wkh surgxfwlylw| ri wkh lqwhuphgldwh jrrgv vhfwru1 Dv lq wkh
suhylrxv sduw/ wkhvh lqqrydwlrqv duh gudvwlf1 Rqfh dq lqqrydwlrq kdv ehhq vxf0
fhvvixo/ wkh lqqrydwru idfhv wkh iroorzlqj vwdwlf sureohp= wkh �qdo jrrgv vhfwru
zloo ex| wkh lqwhuphgldwh jrrg xqwlo lwv sulfh htxdov lwv pdujlqdo ydoxh lq sur0
gxfwlrq ru Sw @ Dw�{

��4= Wkh prqrsrolvw zloo wkhq ghwhuplqh �w dqg {w vxfk
wkdw

�w @ pd{
{

Sw+{,{� zw{ @

�
4� �

�

�
zw{w
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dqg

{w @ dujpd{
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�
Dw�{

� � zw{w

�
@

+
�5

zw

Dw

, 4
4��

Wkh irfxv ri wkh suhvhqw vhfwlrq olhv hqwluho| rq vwhdg| vwdwh ehkdylru1 Lq vxfk
d vwhdg| vwdwh doo yduldeohv zloo jurz dw wkh vdph udwh dqg wkh surgxfwlylw|
dgmxvwhg zdjh udwh/ zw

Dw
> zloo eh d frqvwdqw/ ' vd|1 Lw lv hdv| wr vhh wkdw lq

wklv fdvh zh zloo dovr kdyh �w @ Dw�+', dqg {w @ {= Dvvxph/ z1o1r1j1 wkdw
fw @ zw= Hyhu|wklqj wkdw lv qhhghg lv wkdw doo yduldeohv jurz zlwk wkh vdph udwh
rwkhuzlvh rqh ri wkh lqsxwv zrxog vkulqn wr }hur ryhu wlph1 Wkh lqgh{ w ghqrwhv
%prgho wlph%= l1h1 lq prgho wlph/ wkh ohqjwk ri wkh wlph lqwhuydo ehwzhhq wzr
vxevhtxhqw lqqrydwlrqv lv 41 Lq uhdo wlph/ ghqrwhg e| � > ri frxuvh wklv ohqjwk lv
vwrfkdvwlf1 Revhuyh �qdoo| wkdw wkhuh lv rqo| rqh lqyhvwphqw rssruwxqlw| lq wkh
hfrqrp|1 Wkhuh lv wkxv qr srvvlelolw| wr vdyh dsduw iurp wkh uhvhdufk surmhfw1
Uhvhdufk lv wkh rqo| zd| wr ehfrph zhdowk|$

S�2 �T|�4@* hiti@hU� TL*�U�it

Dvvxph iru wkh prphqw wkdw wkh hqwuhsuhqhxu glg qrw kdyh wr erwkhu derxw
frpshwlwruv grlqj uhvhdufk dv zhoo1 Zkdw zrxog klv suhihuuhg uhvhdufk srolf|
orrn olnhB Wkh rzqhu pdqdjhu frqwurov wkh duulydo udwh ri d Srlvvrq surfhvv/ s� =
Dv lv vkrzq lq Dsshqgl{ F/ olqhdulw| ri frvwv zwh.zwGw dqg frqvwdqw uhwxuqv wr

vfdoh wrjhwkhu lpso| wkdw wkh duulydo udwh lv olqhdu lq G +s� @ e
�

�
4��

��

G� =@

�G� , dqg wkdw frvwv ri uhvhdufk fdq eh h{suhvvhg dv d olqhdu ixqfwlrq ri G

+F� @ z�

4��
G� , dorqh1 Wkhuhiruh lw lv frqyhqlhqw wr rswlpl}h ryhu G gluhfwo|

udwkhu wkdq ryhu s=
Lq wkh vwhdg| vwdwh doo frvwv dqg ydoxhv jurz dw wkh vdph udwh1 Wkhuh lv qr rwkhu
lq�xhqfh ri wlph rwkhu wkdq wkurxjk wkh duulydo ri lqqrydwlrqv1 Wkhuhiruh wkh
uhvhdufk lqwhqvlw| lv frqvwdqw gxulqj wlph lqwhuydov ehwzhhq lqqrydwlrqv1 Dovr
ehfdxvh frvwv dqg ydoxhv jurz dw wkh vdph udwh/ wkh uhvhdufk lqwhqvlw| zloo wxuq
rxw wr eh lqghshqghqw ri wlph dfurvv wlph lqwhuydov1

Iroorzlqj wkhvh dujxphqwv wkh rzqhu ri wkh �up idfhv wkh iroorzlqj vwrfkdvwlf
g|qdplf surjudpplqj sureohp=

Y +Dw, @ pd{
Gw

�
� +Dw,�� � F+Dw>Gw,��.

+4 . ���,�4 ^�Gw��Y +Dw.4, . +4� �Gw��,Y +Dw,`

�
Wdnh olplwv dv �� $ 3 dqg uhfrjql}h wkdw lq d vwhdg| vwdwh Y +Dw.4, @ �Y +Dw,=
Wdnlqj lqwr dffrxqw dv zhoo wkdw wkh uhvhdufk lqwhqvlw| zloo eh frqvwdqw wkurxjk
wlph dqg wkdw hyhu| whup lq wkh htxdwlrq fdq eh qrupdol}hg e| Dw zh fdq zulwh

+zlwk Y +Dw,
Dw

@ Y +G,,

Y +G, @
� � F+G,

�� �G+� � 4,
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Wkh ydoxh ri d �up lv vlpso| jlyhq e| rshudwlqj sur�wv qhw ri uhvhdufk frvwv/
glvfrxqwhg dw d udwh wkdw olhv vrphzkdw ehorz wkh glvfrxqw udwh1 Wklv uh�hfwv
wkh idfw wkdw lqqrydwlrqv eulqj wkh srvvlelolw| ri ixwxuh lqqrydwlrqv zlwk wkhp1
Ohw G� eh wkh vroxwlrq wr wkh pd{lpl}dwlrq surjudp ri wkh �up dqg ohw Y �

wkh ydoxh ri wkh remhfwlyh ixqfwlrq xqghu srolf| G�= Wkhq/ iru dq| �up wkdw lv
qrw |hw lq wkh srvlwlrq wr pdnh prqrsro| sur�wv exw dvvxphv wr vwd| iruhyhu
lq wkh lqgxvwu|/ rqfh lw kdv hqwhuhg/ Y � uhsuhvhqwv wkh +pd{lpdo, lqfhqwlyh wr
gr uhvhdufk1 Doo wkhvh dujxphqwv duh frqglwlrqdo rq wkh dvvxpswlrq wkdw wkh
lqfxpehqw grhv qrw kdyh wr fduh derxw frpshwlwruv grlqj uhvhdufk wrr1 Vlqfh
wkh lqfxpehqw rqo| fduhv iru wkh lqfuhdvh lq ydoxh wkurxjk wkh qh{w lqqrydwlrq/
zklfk lv jlyhq e| +��4,Y �/ zh nqrz wkdw zlwkrxw djhqf| frvwv wklv uhsodfhphqw
h�hfw zloo jhqhudwh djdlq wkh zhoo nqrzq uhvxow wkdw lqgxvwu| qhzfrphuv kdyh
wkh kljkhvw lqfhqwlyhv wr gr uhvhdufk1 Krzhyhu/ wkhuh lv d gluhfw h{whqvlrq wr
sursrvlwlrq :=

Sursrvlwlrq < Dvvxph wkdw �
�

4��

4��.�
5��

4��

? ��4
�

= Wkhq/ lq wkh vwhdg| vwdwh rqo|

wkh lqfxpehqw grhv uhvhdufk1

Surri = Vhh dsshqgl{ F1

Lq wklv sdshu zh zloo qrw wuhdw wkh fdvh zkhq wkh frqglwlrq lq wkh Sursrvlwlrq
grhv qrw krog1 Wkhuhiruh zh lpsrvh iru wkh uhvw ri wkh sdshu=

� Dvvxpswlrq D8 = ohw �
�

4��

4��.�
5��

4��

? ��4
�

=

Revhuyh wkdw wkh uljkw kdqg vlgh ri wkh lqhtxdolw| lv lqfuhdvlqj lq �/ zkloh wkh
ohiw kdqg vlgh lv ghfuhdvlqj lq �1 Wkhuhiruh wklv vd|v djdlq wkdw iru � vx�flhqwo|
vpdoo uhodwlyh wr � fkdoohqjhuv zloo vwd| rxw1 Wkh surri xvhv h{dfwo| wkh vdph
dujxphqwv dv wkh suhylrxv vhfwlrqv= Wkh djhqf| frvw ri �qdqfh lqfuhdvhv wkh
frvwv ri surgxflqj d jlyhq suredelolw| ri vxffhvv53 ru ghfuhdvhv wkh suredelolw|
ri vxffhvv iru dq| jlyhq lqyhvwphqw1 Ilqdqfldo uhvrxufhv duh qhhghg wr sd| wkh
zdjh eloo xsiurqw1 Vlqfh oderu kdv wr eh frpshqvdwhg dffruglqj wr lwv pdujlqdo
surgxfw/ wkh wrwdo zdjh eloo zloo eh d iudfwlrq +4 � �, ri wrwdo ydoxh fuhdwhg lq
wkh uhvhdufk ode1 Shuihfw frpshwlwlrq ehwzhhq �qdqflhuv wkhq hqvxuhv wkdw wkh|
h{dfwo| uhfryhu wkhlu frvwv= djdlq � @ +4��,= Wkh sduwldo htxloleulxp dqdo|vlv ri
wkh odvw vhfwlrq kdg wr xvh frqyh{ h�ruw frvwv1 Wklv dvvxpswlrq fdq eh gursshg
lq wkh jhqhudo htxloleulxp/ ehfdxvh wkhuh lv dq dgglwlrqdo iuhh yduldeoh/ wkh zdjh
udwh/ zklfk dgmxvwv wr d ohyho vxfk wkdw wkh lqglylgxdo surgxfhu lv lqgl�huhqw
ehwzhhq doo ohyhov ri surgxfwlrq1 Wkh uhvhdufk lqwhqvlw| lv wkhq ghwhuplqhg e|
htxloleulxp lq doo pdunhwv1 Zrunhuv duh shuihfwo| preloh dqg wkhuhiruh sdlg wkh
vdph zdjh hyhu|zkhuh1 Dw wkh zdjh ohyho wkdw pdnhv wkh lqfxpehqw lqgl�huhqw

2f�t �? �@hhL @?_ 5@*@����@h|�? E�bbe�c |�i @h}�4i?| �tc |�@| ULt| _�gihi?Uit U@? 4@!i
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@hi i?_L}i?L�t �ihi�
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ehwzhhq uhvhdufklqj ru qrw/ wkh fkdoohqjhu zloo pdnh orvvhv li wkh dvvxpswlrq lq
wkh sursrvlwlrq krogv= wkhuh lv qr frqwudfw wkdw lv lqglylgxdoo| udwlrqdo iru erwk
�qdqflhu dqg fkdoohqjhu vlqfh wrwdo frvwv h{fhhg wrwdo h{shfwhg jdlqv1

Wkhuh duh vhyhudo wklqjv wr qrwh derxw wkh frqglwlrq lq sursrvlwlrq <= lw zdv gh0
ulyhg xqghu wkh dvvxpswlrq wkdw wkh fkdoohqjhu/ rqfh lq wkh prqrsro| srvlwlrq
zloo fkrrvh dq rswlpdo lqyhvwphqw ohyho ryhu wlph vxfk wkdw Y lqghhg uhdfkhv lwv
pd{lpxp1 Wklv lv fohduo| dq ryhuvwdwhphqw ri wkh pdwwhu vlqfh klv h�ruw fkrlfhv
duh glvwruwhg grzqzdugv e| wkh idfw/ wkdw wkh lqlwldo frqwudfw jlyhv wkh �qdqflhuv
wkh uljkw wr d vkduh ri sur�wv ri 4�� xqwlo wkh lqgh�qlwh ixwxuh1 Wkh frqglwlrq lv
wkhuhiruh vx�flhqw exw qrw qhfhvvdu|1 Qrwh ixuwkhupruh wkdw iru wkh dujxphqw
jlyhq deryh lw grhv qrw pdwwhu/ zkdw h{dfw irup wkh frqwudfw ehwzhhq wkh fkdo0
ohqjhu dqg wkh lqfxpehqw wdnhv1 Rqh fdq lpdjlqh pdq| uhsd|phqw vfkhgxohv
wkdw doo gl�hu rqo| lq wkhlu lqwhuwhpsrudo doorfdwlrq ri sd|phqwv1 Krzhyhu/ h{
dqwh wkh| doo vkduh rqh ihdwxuh= wkh h{shfwhg wrwdo dprxqw ri uhsd|phqw1 Dqg
wklv lv wkh rqo| dujxphqw qhhghg deryh1

S�� A�i t|i@_) t|@|i

Frqvlghu qrz wkh pd{lpl}dwlrq sureohp ri wkh lqfxpehqw zkr idfhv qr frpsh0
wlwlrq lq uhvhdufk1 Wkh �uvw rughu qhfhvvdu| frqglwlrq iru wkh rswlpdolw| ri klv
uhvhdufk srolf| lv

�F3+G, . +� � 4,�Y +G,
$
@ 3

+vlqfh Y 3 @ 3,1 Dw wkh rswlpxp wklv lpsolhv wkdw

zG @
+4� �,+� � 4,�G�

�
+Duelwudjh,

zklfk lv djdlq wkh idploldu frqglwlrq wkdw oderu/ zklfk lv sdlg dffruglqj wr lwv
pdujlqdo surgxfw/ vkrxog uhfhlyh d vkduh ri wrwdo �qdo rxwsxw fruuhvsrqglqj wr
wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr lwv lqsxw1 Frpshqvdwlrqv lq surgxfwlrq
dqg uhvhdufk duh vxfk wkdw d zrunhu lv lqgl�huhqw ehwzhhq klv wzr rssruwxqlwlhv1
Wkh ydoxh ri wkh rqjrlqj �up xqghu wklv srolf| zloo wkhq vlpso| eh Y @ �

�
= Wkh

lqfxpehqw mxvw ydoxhv wkh sur�w vwuhdp xqwlo wkh lqgh�qlwh ixwxuh/ nqrzlqj wkdw
kh zloo gr uhvhdufk iru hyhu| qhz jrrg xqwlo wkh frvwv ri grlqj vr htxdo wkh jdlqv1
Wkh uhpdlqlqj vkduh � ri wkh h{shfwhg lqfuhdvh lq ydoxh h{dfwo| frpshqvdwhv
wkh hqwuhsuhqhxu iru klv h�ruw frvwv1 Wr fkdudfwhul}h wkh vwhdg| vwdwh/ frpelqh
wkh Duelwudjh frqglwlrq zlwk wkh uhvrxufh frqvwudlqw ri wkh hfrqrp|=

O @ G . {+', +Oderu,

Lq wkh vwhdg| vwdwh wkh oderu lqsxw lqwr uhvhdufk zloo wkhq vdwlvi|=

4 @
+4� �,e+ �

4��
,�+� � 4,+ 4��

�
,+O�G�,

�
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Frpsduh wklv zlwk wkh frqglwlrq lq wkh ruljlqdo Vfkxpshwhuldq prgho= e+ �
4��

,�

lv mxvw wkh xvxdo duulydo udwh � dqg wkh idfwru +4��, uh�hfwv wkh idfw wkdw oderu
uhfhlyhv rqo| d iudfwlrq ri wrwdo ydoxh dgghg lq uhvhdufk1 Qrwh wkdw wkh frqgl0
wlrq deryh rqo| lqgluhfwo| uh�hfwv wkh lpsdfw ri djhqf| sureohpv rq jurzwk=
djhqf| frvwv rq wkh sduw ri wkh qhzfrphuv jhqhudwh wkh iuhhgrp ri dfwlrq iru
wkh lqfxpehqw wr fkrrvh klv prvw suhihuuhg uhvhdufk srolf|1 Iru frpsohwhqhvv
wkh hfrqrp| zloo jurz +lq uhdo wlph, zlwk udwh

j� @ e+
�

4� �
,�G� oq �

S�e ì*u@hi

Dvvxph wkdw wkh vrfldo sodqqhu*v remhfwlyh zdv wr pd{lpl}h wkh h{shfwhg ydoxh
ri frqvxpswlrq |� = Dvvxph dovr wkdw wkh sodqqhu fdq frqwuro wkh lqsxwv ri oderu
dqg h�ruw gluhfwo| exw wkdw wkh hqwuhsuhqhxu kdv wr eh frpshqvdwhg iru klv frvw
ri h{huwlqj h�ruw1 Jlyhq wkh Srlvvrq qdwxuh ri wkh uhvhdufk surfhvv dqg wdnlqj
lqwr dffrxqw wkh uhvrxufh frqvwudlqw rq oderu/ wkh vrfldo sodqqhuv sureohp lv
wkhq wr pd{lpl}h

X+G, @
+4� �,D3+O�G,�

�� +� � 4,e+ �
4��

,�G

Wkh grzqzdug dgmxvwphqw ri wkh ydoxh ri lqqrydwlrqv e| wkh idfwru +4 � �,
iroorzv iurp wkh idfw wkdw wkh vrfldo sodqqhu fdofxodwhv zlwk d vkdgrz frvw ri
h�ruw zklfk fruuhvsrqgv wr wkh pdujlqdo surgxfw ri hqwuhsuhqhxuldo h�ruw lq wkh
uhvhdufk surfhvv1 Wkh vroxwlrq fdq eh zulwwhq dv

4 @
+4� �,e+ �

4��
,�+� � 4,4

�
+O�G,

�� +� � 4,e+ �
4��

,�G

Wkhuh duh wzr gl�huhqfhv uhodwlyh wr sulydwh rswlpl}dwlrq= +l, Wkh hqwuhsuhqhxu
rqo| fduhv iru wkh sduw ri dgglwlrqdo frqvxphu vxusoxv wkdw kh fdq uhdoo| dssur0
suldwh= +4� �, lqvwhdg ri 4 lq fdvh ri wkh sodqqhu1 +ll, Wkh vrfldo sodqqhu kdv d
orzhu glvfrxqw udwh1 Kh ydoxhv wkh idfw/ wkdw hdfk lqqrydwlrq zloo %vwdqg rq wkh
vkrxoghuv ri wkh suhylrxv lqqrydwlrqv%/ wkh lqwhuwhpsrudo vslooryhu h�hfw1 Wkh
hqwuhsuhqhxu ydoxhv wklv idfw h{dfwo| wkh vdph zd|1 Krzhyhu/ kh nqrzv wkdw
doo sulydwh jdlqv iurp ixwxuh lqqrydwlrqv zloo eh h{dfwo| vx�flhqw wr fryhu wkh
sulydwh frvwv/ ehfdxvh frpshwlwlrq iru wkh vfdufh uhvrxufh gulyhv xs lwv sulfh1
Wr vxp xs/ wkhvh wzr irufhv whqg wr pdnh wkh lqwhqvlw| ri uhvhdufk orzhu wkdq wkh
vrfldoo| rswlpdo rqh1 Wkh ruljlqdo prgho ri Djklrq dqg Krzlww kdv wkh ihdwxuh
wkdw jurzwk fdq hlwkhu eh h{fhvvlyh ru wrr vorz1 Lq wkh vxevhw ri sdudphwhu ydoxhv
wkdw kdv ehhq dqdo|}hg lq wklv vxevhfwlrq jurzwk fdq qhyhu eh h{fhvvlyh1 Wklv lv
mxvw ehfdxvh d shuvlvwhqw prqrsrolvw zrxog qhyhu fdqqledol}h klv rzq uhqwv= wkh
exvlqhvv vwhdolqj h�hfw lv devhqw1 Qr irupdo wuhdwphqw ri wkh frpsohphqwdu|
sdudphwhu vhw kdv ehhq jlyhq khuh lq wkh g|qdplf vhwxs1 Exw rqh fdq frqfoxgh
wkdw wkh whqghqf| iru jurzwk wr eh h{fhvvlyh lv uhgxfhg wkhuh wrr/ ehfdxvh wkh
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uhvhdufk lqwhqvlw| zloo dozd|v eh vpdoohu dv wkh rqh lq d zruog zlwkrxw djhqf|
frvwv1
Li wkh vrfldo sodqqhu zlvkhv wr lpsohphqw dq rswlpdo uhvhdufk lqwhqvlw| kh idfhv
wzr rswlrqv1 Wkh �uvw lv wr vxevlgl}h wkh lqfxpehqw*v uhvhdufk1 Wkh vhfrqg
srvvlelolw| lv wr �qdqfh qhzfrphuv 0 lq �d irqgv shugx idvklrq 0 vxfk wkdw wkh
hfrqrp| lv frqwlqxrxvo| %uhiuhvkhg% e| qhz �upv hqwhulqj wkh pdunhw1 Vxvlgl}0
lqj prqrsrolvwv lv fhuwdlqo| kdug wr ghihqg iurp d srolwlfdo hfrqrplf shuvshfwlyh
0 qrw ohdvw ehfdxvh lw xqghuplqhv wkh srvvlelolwlhv ri hqwudqwv hyhq pruh1 Exw
vr idu zh fdqqrw frpsduh wkhvh wzr srolf| rswlrqv rq sxuh h�flhqf| jurxqgv1
Grlqj wklv zrxog d�rug dq h{solflw fkdudfwhul}dwlrq ri wkh orqj uxq ehkdylru ri
wkh hfrqrp|/ l1h1 wkh glvwulexwlrq ri zhdowk ri wkh hfrqrp|1 Wklv lv rxwvlgh wkh
vfrsh ri wkh suhvhqw sdshu dqg ohiw iru ixwxuh zrun1

. �L?U*�t�L?t

Wkh suhvhqw sdshu irfxvvhg rq wkh lqwhusod| ehwzhhq frpshwlwlrq lq wkh uhvhdufk
odev dqg wkh �qdqfldo vskhuh ri �upv1 Wkh fhqwudo dujxphqwv fdq eh uhshdwhg
lq d qxwvkhoo= hyhq lq d vlwxdwlrq/ zkhuh doo %uhdo% lqfhqwlyhv duh lq idyru ri d
ghvwuxfwlrq ri prqrsrolhv/ zh pd| hqg xs revhuylqj d shuvlvwhqfh ri prqrsrolhv1
Wkh dgydqwdjh ri ehlqj deoh wr �qdqfh doo lqyhvwphqwv rxw ri uhwdlqhg hduqlqjv
fdq jlyh wkh lqfxpehqw �up d vwurqj vwudwhjlf dgydqwdjh ylv d ylv lwv rssrqhqwv1
Krzhyhu/ wkh dffxpxodwlrq ri �qdqfldo ixqgv lv qrw wkh rqo| zd| krz lqfxp0
ehqwv fdq lpsuryh xsrq wkhlu vwudwhjlf srvlwlrq1 Wkh dffxpxodwlrq ri nqrzo0
hgjh lv suredeo| dw ohdvw dv lpsruwdqw lq wklv uhvshfw1 Lq wklv vhqvh ohduqlqj dqg
dffxpxodwlqj ixqgv vkrxog eh vhhq dv frpsohphqwdu| h{sodqdwlrqv iru wkh re0
vhuyhg shuvlvwhqfh ri �upv1 Hpslulfdoo| wkh suhvhqwhg prgho suhglfwv 0 zlwk wkh
txdol�fdwlrqv jlyhq lq wkh wh{w 0 wkdw zh vkrxog qrw revhuyh wrr pdq| yhuwlfdo
lqqrydwlrqv iurp �qdqfldoo| uhvwulfwhg lqgxvwu| rxwvlghuv lq surgxfw olqhv zkhuh
lqfxpehqw �upv duh douhdg| dfwlyh1 Krzhyhu/ lq lqgxvwulhv zkhuh wkh hodvwlf0
lw| ri uhvhdufk vxffhvv zlwk uhvshfw wr qrqfrqwudfwleoh lqsxwv lv kljk uhodwlyh
wr wkh vl}h ri lqqrydwlrqv/ wkh uhdo irufhv/ l1h1 wkh Duurz h�hfw/ zloo grplqdwh
wkh prudo kd}dug h�hfwv dqg lqqrydwlrqv vkrxog frph iurp lqgxvwu| rxwvlghuv
udwkhu wkdq iurp lqfxpehqwv1 Lw vkrxog eh vwuhvvhg wkdw erwk �qdqfldo uhvwulf0
wlrqv dqg wkh yhuwlfdo qdwxuh ri lqqrydwlrqv duh fuxfldo iru wkh uhvxowv= wkh prgho
lv shuihfwo| frqvlvwhqw zlwk revhuydwlrqv olnh zhdowk| lqgxvwu| rxwvlghuv zlqqlqj
sdwhqw udfhv iru yhuwlfdo lqqrydwlrqv ru �qdqfldoo| uhvwulfwhg �upv grlqj krul0
}rqwdo lqqrydwlrqv1
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Dvvxpswlrq 4 vwdwhv/ wkdw e ? 4
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>�5 � �4 A 5>�4 A 3= Qrwh wkdw wklv dovr

lpsolhv wkdw e ? 4
�5��4

= Frqvlghu wkh ehvw uhvsrqvh ixqfwlrqv dv lq wkh wh{w=
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sf @ �+4� �,
5+4��,
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5��

� +4� sL,
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Wkh| fdq eh uhzulwwhq dv

sL @ �+4� �,
5+4��,

�� ~} �
z

ie+�5 � �4,j
5
�� ~} �

{

4

�5 � �4� ~} �
|

+4� sf,
5��

�� ~} �
}

Qrz � 5 ^3> 4` , z ? 4> | ? 4 shu dvvxpswlrq> e ? 4
�5

, e ? 4
�5��4

>khqfh { ?

4> } ? 4 ehfdxvh h{dfwo| wkh vdph dujxphqw fdq eh jlyhq iru wkh rwkhu uhdfwlrq
ixqfwlrq1
Qrwh wkdw e ? 4

�5
, olp

�$3
ie+�5 � �4,j

5
� @ 3= Vlqfh wkh olplw zkhq � $ 4 lv qr

sureohp dq|zd|/ wklv hvwdeolvkhv/ wkdw 3 � s�f+sL,> s
�
L+sf, ? 4>;�=�

b �TTi?_� �

Frqvlghu wkh vorsh ri wkh pdsslqj lq wkh wh{w1 Lw lv jlyhq e|= �fL+4 � ff+4 �
sL,

�,��4�ff+4 � sL,
��4= Lw lv wr eh vkrzq/ wkdw xqghu Dvvxpswlrq 4/ wklv h{0

suhvvlrq fdq qhyhu h{fhhg 4/ qr pdwwhu zkdw ydoxh � wdnhv rq1 Zulwwhq rxw
h{solflwo|/ wkh vorsh orrnv olnh
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Zulwwhq dv frqghqvhg dv srvvleoh=

+5� �,5+4� �,
7+4��,
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Xqghu Dvvxpswlrq 4/ zh kdyh +5� �,5+4� �,
7+4��,

�
4

�5��4

4
�5

? 4> vlqfh hyhq lq

wkh olplw zkhq � $ 3 +5��,5+4��,
7+4��,

� lv erxqghg deryh e| 7 dqg �5��4 A 5

dffruglqj wr Dvvxpswlrq 41 Ixuwkhupruh ie+�5 � �4,j
5
� dqg +e�5,

5
� duh hdfk

vpdoohu wkdq rqh gxh wr Dvvxpswlrq 41 Wkh vhfrqg olqh zdv douhdg| ghdow zlwk
lq Dsshqgl{ D1 Wklv hvwdeolvkhv wkh fodlp/ wkdw wkh vorsh ri wkh ixqfwlrq lq wkh
wh{w fdqqrw h{fhhg 41�
Qrwh djdlq/ wkdw wkh uhdo gl�fxowlhv duh suhvhqw dw wkh erxqgdulhv ri wkh vxssruw
ri �= Zhuh zh qrw wr lpsrvh wkh uhvwulfwlrq rq e> wdnlqj olplwv dv � $ 3 zrxog
lqyroyh surgxfwv ri wkh w|sh 3 � 4> zklfk duh qrw zhoo gh�qhg1 Dvvxpswlrq 4
wkhuhiruh vhuyhv wkh sxusrvh ri sxwwlqj hyhu|wklqj rq wkh yhu| vdihvw vlgh1
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Surri ri Sursrvlwlrq <=
Zh kdyh wr vkrz wkdw 0 li wkh frqglwlrq lq Sursrvlwlrq krogv 0 wkh fkdoohqjhu
pdnhv orvvhv li kh grhv uhvhdufk1
Frqvlghu wkhuhiruh �uvw wkh lqfxpehqwv uhvhdufk frvwv= kh frpelqhv lqsxwv df0
fruglqj wr wkh frvw plqlpl}lqj uxoh h @ �

4��
G= Klv wrwdo frvwv duh wkhuhiruh

sursruwlrqdo wr G = F+G, @ z
4��

G= Wdnlqj frvw plqlpl}dwlrq lqwr dffrxqw/ zh

fdq zulwh sL @ eh�G4�� @ e
�

�
4��

��

G= Ohw � =@ e
�

�
4��

��

= Wkh duulydo udwh/

�G> lv wkxv olqhdu lq G= +Iru frpsohwhqhvv= wkh plqlpdo frvwv ri surgxflqj d

suredelolw| s lv jlyhq e| FL+s, @
z

4��
e�4

�
�

4��

���

s=,

Frqvlghu qrz wkh fkdoohqjhu1 Wr fkdudfwhul}h klv frvwv/ zh pxvw �uvw fkdudfwhul}h
wkh rswlpdo frqwudfw1 Wkh �qdqflhuv sureohp lv=

pd{
h>G>�

+4� �,eh�G4��Y � zh

v=w=

+Frps, zG @ �eh�G4��Y

+LF, h @ dujpd{+4� �,eh�G4��Y � zh

zkhuh +Frps, iroorzv iurp shuihfw frpshwlwlrq lq wkh �qdqfldo pdunhw dqg +LF,
iurp wkh xqrevhuydelolw| ri h�ruw1 Ohw ah eh wkh vroxwlrq wr +LF,= Fohduo| wkh
rswlpdo G� lv wkh vroxwlrq wr pd{G eah�G4��Y � zG � zah= Frqvlvwhqf| zlwk
+Frps, uhtxluhv wkhq wkdw � @ 4� � dv fodlphg lq wkh wh{w1
Rqh hdvlo| lqihuv iurp +LF, wkdw iru dq| frqwudfw +G>�, wkh fkdoohqjhu*v sur0

ylvlrq ri h�ruw zloo eh glvwruwhg grzqzdugv e| d idfwru +4� �,
4

4�� ? 4 frp0
sduhg wr wkh �uvw ehvw ohyho = Ilqdoo|/ iru � @ 4 � � klv wrwdo frvwv dqg vxffhvv

suredelolw| iru d jlyhq ohyho ri G zloo eh F+G, @ z
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e
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4��G/ uhvshfwlyho|1 +Djdlq iru frpsohwhqhvv/ klv plqlpdo frvwv ri

surgxflqj d suredelolw| s zloo eh Ff+s, @ z
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4�� s A

FL+s,>;� ? 4=,
Zh duh �qdoo| uhdg| wr frpsduh wkh lqfhqwlyhv ri lqfxpehqw dqg fkdoohqjhu/
uhvshfwlyho|= wkh Lqfxpehqw zloo gr uhvhdufk dv orqj dv wkh pdujlqdo jdlq iurp
lqyhvwlqj lv kljkhu wkdq wkh pdujlqdo frvwv ru

e

�
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+� � 4,Y G A
z

4� �
G

Vxfk d frqvwhoodwlrq fdq qhyhu eh sduw ri d jhqhudo htxloleulxp ehfdxvh lw zrxog
jhqhudwh lq�qlwh h{shfwhg sur�wv1 Wr uhhvwdeolvk jhqhudo htxloleulxp wkh zdjh
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udwh kdv wr lqfuhdvh xqwlo wkh ydoxh ri wkh uljkw kdqg vlgh htxdov wkh ydoxh ri wkh
ohiw kdqg vlgh1 Ohw wklv ydoxh eh �z= Frqvlghu qrz wkh fkdoohqjhuv sureohp1 Lq
jhqhudo htxloleulxp doo hpsor|huv ri oderu sd| wkh vdph zdjh1 Khqfh/ dw �z

e
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� � 4

�

dqg wkh wrwdo frvwv ri lqyhvwphqw zloo h{fhhg wkh wrwdo jdlqv1�

�� +iuihi?Uit

Djklrq/ S1 dqg Krzlww S1 +4<<5, %D Prgho ri Jurzwk wkurxjk Fuhdwlyh Gh0
vwuxfwlrq% Hfrqrphwulfd 93= 656084

Djklrq/ S1 dqg Krzlww S1 +4<<;, %Hqgrjhqrxv Jurzwk Wkhru|% PLW Suhvv/
Fdpeulgjh PD

Djklrq/ S1/ Ghzdwulsrqw P1 dqg Uh|/ S1 +4<<9, %Frpshwlwlrq/ Ilqdqfldo Glv0
flsolqh dqg Jurzwk% Grfxphqw gh wudydlo/ Wrxorxvh

Eduur/ U1 dqg Vdod0l0Pduwlq/ [1 +4<<7, %Txdolw| Lpsuryhphqwv lq Prghov ri
Jurzwk% Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk Zrunlqj Sdshu 7943

Id}}dul/ V1P1/ Kxeedug/ U1J1 dqg Shwhuvrq/ E1F1 +4<;;, %Ilqdqflqj Frq0
vwudlqwv dqg Frusrudwh Lqyhvwphqw% Eurrnlqjv Sdshuv rq Hfrqrplf Df0
wlylw| 4/ 47404<8

Ixghqehuj/ G1 dqg Wluroh/ M1 +4<;8, %Suhgdwlrq zlwkrxw Uhsxwdwlrq% plphr
PLW

Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<8, %Jdph Wkhru|%/ PLW Suhvv/ Fdpeulgjh/
PD

Jdoh/ G1 dqg Khoozlj/ P1 +4<;8, %Lqfhqwlyh Frpsdwleoh Ghew Frqwudfwv= wkh
Rqh Shulrg Sureohp% Uhylhz ri Hfrqrplf Vwxglhv 85/ 97:097

Jloehuw/ U1 dqg Qhzehu|/ G1 +4<;5,/ %Suhhpswlyh Sdwhqwlqj dqg wkh Shuvlv0
whqfh ri Prqrsro|%/ Dphulfdq Hfrqrplf Uhylhz :5/ 847059

Jloehuw/ U1 dqg Qhzehu|/ G1 +4<;7,/ %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh
ri Prqrsro|= Frpphqw%/ Dphulfdq Hfrqrplf Uhylhz :7= 56;075

Jurvvpdq/ J1 dqg Khospdq/ H1 +4<<4, %Txdolw| Odgghuv lq wkh Wkhru| ri
Jurzwk% Uhylhz ri Hfrqrplf Vwxglhv 8;= 76094

5:



Kdfnhwkdo/ D1 dqg Vfkplgw/ U1 +4<<<, %Ilqdqflqj Sdwwhuqv= Phdvxuhphqw Frq0
fhswv dqg Hpslulfdo Uhvxowv% Zrunlqj Sdshu Vhulhv= Ilqdqfh ) Dffrxqw0
lqj / Qr1 66

Mhqvhq/ P1 dqg Phfnolqj/ Z1 +4<:9, %Wkhru| ri wkh Ilup= Pdqdjhuldo Eh0
kdylrxu/ Djhqf| Frvwv dqg Fdslwdo Vwuxfwxuh/ Mrxuqdo ri Ilqdqfldo Hfr0
qrplfv 6/ 6380693

Pd|hu/ F1 +4<;;, %Qhz Lvvxhv lq Frusrudwh Ilqdqfh% Hxurshdq Hfrqrplf Uh0
ylhz 65/ 449:044;;

Plojurp/ S1 dqg Urehuwv/ M1 +4<<7, %Frpsdulqj Htxloleuld%/ Dphulfdq Hfr0
qrplf Uhylhz ;7=77408<

P|huv/ V1 dqg Pdmoxi/ Q1 +4<;7, %Frusrudwh Ilqdqflqj dqg Lqyhvwphqw Ghfl0
vlrqv zkhq Ilupv kdyh Lqirupdwlrq wkdw Lqyhvwruv gr qrw kdyh% Mrxuqdo
ri Ilqdqfldo Hfrqrplfv 46/ 4;:0554

Uhlqjdqxp/ M1 +4<;6, %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri Prqrsro|%/
Dphulfdq Hfrqrplf Uhylhz :6/ :7407:

Uhlqjdqxp/ M1 +4<;7,/ %Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri Prqrsro|=
Uhso|%/ Dphulfdq Hfrqrplf Uhylhz :7/ 576079
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