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Rationalitätskonzepte,

Entscheidungsverhalten und
ökonomische Modellierung

Universität Mannheim
L 13,15
68131 Mannheim

No. 02-08

Ex-post Implementation with Interdependent
Valuations

Moldovanu, Benny
�

and Meyer-ter-Vehn, Moritz
���

January 2002

We wish to thank Philippe Jehiel for helpful comments.
�

Department of Economics, University of Mannheim, Germany, email: mold@pool.uni-mannheim.de
���
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H{0srvw Lpsohphqwdwlrq zlwk Lqwhughshqghqw
Ydoxdwlrqv

Prulw} Ph|hu0whu0Yhkq dqg Ehqq| Progrydqx�

Wklv yhuvlrq= 4613415335

Devwudfw

Zh frqvlghu d vrfldo fkrlfh vhwwlqj zlwk pxowlglphqvlrqdo vljqdov
dqg lqwhughshqghqw ydoxdwlrqv1 Vxfk iudphzrunv kdyh ehhq uhfhqwo|
dqg lqfuhdvlqjo| xvhg lq rughu wr vwxg| pxowl0remhfw dxfwlrqv1 Zh
rewdlq frqflvh fkdudfwhul}dwlrqv ri h{0srvw lpsohphqwdeoh +qrw qhf0
hvvdulo| h!flhqw, vrfldo fkrlfh ixqfwlrqv lq whupv ri d!qh ixqfwlrqv
wkdw dvvrfldwh d zhljkw wr hdfk djhqw dqg wr hdfk dowhuqdwlyh1 Wkhvh
fkdudfwhul}dwlrqv fdq juhdwo| uhgxfh wkh frpsoh{lw| ri wkh vhdufk iru d
frqvwudlqhg h!flhqw +l1h1/ vhfrqg ehvw, phfkdqlvp lq wkh jhqhulf fdvhv
zkhuh h!flhqw rxwfrphv fdqqrw eh lpsohphqwhg1

4 Lqwurgxfwlrq

Zh vwxg| d vrfldo fkrlfh sureohp zkhuh vrflhw| kdv wr fkrrvh dprqj vhyhudo
srvvleoh dowhuqdwlyhv1 Hdfk djhqw rewdlqv d sulydwh vljqdo derxw hdfk srvvleoh
dowhuqdwlyh/ dqg dq djhqw*v ydoxdwlrq iru d jlyhq dowhuqdwlyh ghshqgv erwk
rq khu rzq/ dqg rq wkh rwkhu djhqwv* lqirupdwlrq1 Dq djhqw*v xwlolw| lv
jlyhq e| wkh vxp ri khu ydoxdwlrq iru wkh fkrvhq dowhuqdwlyh dqg d prqhwdu|
wudqvihu1 Wkxv/ zh frqvlghu d prgho zlwk txdvl0olqhdu xwlolw| ixqfwlrqv/ pxowl0
glphqvlrqdo vljqdov dqg lqwhughshqghqw ydoxdwlrqv1

D zhoo0nqrzq vshfldo vxe0fdvh ri wkh prgho ghvfulehg deryh lv wkh sulydwh0
ydoxhv prgho zkhuh dq djhqw*v ydoxdwlrq iru dq dowhuqdwlyh ghshqgv rqo| rq
khu rzq lqirupdwlrq1 Lq wklv frqwh{w/ d surplqhqw uroh lv sod|hg e| wkh

�Zh zlvk wr wkdqn Sklolssh Mhklho iru khosixo frpphqwv1 Wklv uhvhdufk kdv ehhq sduwo|
vsrqvruhg e| wkh Jhupdq Vflhqfh Irxqgdwlrq1 Ph|hu0whu0Yhkq dqg Progrydqx= Xql0
yhuvlw| ri Pdqqkhlp/ Ghsduwphqw ri Hfrqrplfv/ O:/ 608/ 9;464 Pdqqkhlp/ Jhupdq|1
progCsrro1xql0pdqqkhlp1gh
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Fodunh0Juryhv0Ylfnuh| +FJY, phfkdqlvpv +vhh Ylfnuh|/ 4<94/ Fodunh/ 4<:4
dqg Juryhv/ 4<:6,1 Wkhvh duh gluhfw uhyhodwlrq phfkdqlvpv lq zklfk wuxwk0
ixoo| uhyhdolqj wkh sulydwh vljqdo lv d grplqdqw vwudwhj| iru hdfk djhqw/ dqg
zkhuh d ydoxh0pd{lpl}lqj +ru h!flhqw, dowhuqdwlyh lv fkrvhq iru dq| uhdol}d0
wlrq ri vljqdov1 Wkh nh| lqvljkw ehklqg wkhvh phfkdqlvpv lv wkdw lqglylgxdo
wudqvihuv duh shuihfwo| doljqhg wr wkh pdujlqdo lpsdfw ri wkh lqglylgxdo uh0
sruwv rq vrflhw|*v zhoiduh1 Wklv shuihfw doljqphqw zrunv ehfdxvh wkh ydoxd0
wlrqv ri doo djhqwv rwkhu wkdq �/ vd|/ gr qrw ghshqg rq �*v lqirupdwlrq +l1h1/
zh duh lq wkh sulydwh ydoxhv fdvh,1 Dq lpsruwdqw uhvxow gxh wr Juhhq dqg
Od�rqw +4<::, vkrzv wkdw/ zkhq wkh vhw ri dgplvvleoh ydoxdwlrq ixqfwlrqv lv
ulfk hqrxjk/ wkh FJY phfkdqlvpv duh lq idfw wkh rqo| grplqdqw0vwudwhj|/
h!flhqw phfkdqlvpv41 Wkhuh duh qxphurxv dssolfdwlrqv ri wkh FJY lghd/
zklfk lv fhqwudo wr phfkdqlvp ghvljq1

D jurzlqj olwhudwxuh +lq sduwlfxodu lq wkh vxe�hog ri dxfwlrq wkhru|, kdv
vrxjkw wr ghsduw iurp wkh uhvwulfwlyh lqirupdwlrqdo dvvxpswlrq ri wkh sulydwh
ydoxhv sdudgljp/ e| doorzlqj ydoxdwlrqv wr dovr ghshqg rq rwkhuv* lqirupd0
wlrq1 Zlwk lqwhughshqghqw ydoxdwlrqv zh fdqqrw uhpdlq lq wkh iudphzrun ri
grplqdqw vwudwhj| lpsohphqwdwlrq vlqfh qrq0wulyldo grplqdqw vwudwhj| phfk0
dqlvpv xvxdoo| gr qrw h{lvw1 Lq sduwlfxodu/ wkh pdujlqdo lpsdfw ri djhqw �
rq vrflhw|*v zhoiduh ghshqgv dovr rq �*v vljqdo/ dqg FJY phfkdqlvpv zklfk
xvh wkhvh lpsdfwv dv wudqvihuv idlo wr fuhdwh wkh uljkw lqfhqwlyhv iru wuxwkixo
uhyhodwlrq1

Plojurp +4<;4, dqg Plojurp dqg Zhehu +4<;5, frqvlghuhg rqh0remhfw
dxfwlrq prghov zkhuh hdfk elgghu*v ydoxdwlrq ghshqgv rq doo djhqwv* rqh0
glphqvlrqdo vljqdov1 Wkhvh dxwkruv irfxvhg rq Ed|hv0Qdvk htxloleuld ri vwdq0
gdug dxfwlrq irupdwv lq wkh fdvh zkhuh wkh djhqwv* ydoxdwlrqv doo kdyh wkh
vdph ixqfwlrqdo irup +l1h1/ wkh prgho lv v|pphwulf,/ dqg zkhuh/ e| dvvxps0
wlrq/ wkh djhqw zlwk wkh kljkhvw vljqdo kdv wkh kljkhvw ydoxh1 Khqfh/ lq wkrvh
prghov dq h!flhqw doorfdwlrq lv dfklhyhg e| doo dxfwlrq irupdwv zhuh wkh
djhqw zlwk wkh kljkhvw vljqdo jhwv wkh remhfw1

Fuhphu dqg PfOhdq +4<;8, irfxv wkhlu dwwhqwlrq rq wkh srvvlelolw| ri
uhqw h{wudfwlrq zkhq wkh djhqwv* vljqdov duh fruuhodwhg +ixoo uhqw h{wudfwlrq
lpsolhv/ lq sduwlfxodu/ wkdw d ydoxh0pd{lpl}lqj dowhuqdwlyh pxvw eh fkrvhq,1
Wkh| doorz iru lqwhughshqghqw dqg dv|pphwulf ydoxdwlrqv zkloh frqvlghulqj

4Lw lv dovr zruwk phqwlrqlqj khuh wkdw zhdnhqlqj wkh lpsohphqwdwlrq uhtxluhphqw wr
Ed|hv0Qdvk htxloleulxp grhv qrw dgg pxfk iuhhgrp= iru h{dpsoh/ li vljqdov duh lqghshq0
ghqw/ wkh h{shfwhg wudqvihuv lq dq| h!flhqw phfkdqlvp zkhuh wuxwk0whoolqj lv d Ed|hv0Qdvk
htxloleulxp fruuhvsrqg wr Fodunh0Juryhv0Ylfnuh| wudqvihuv1 Wklv lv d frqvhtxhqfh ri wkh
vr fdoohg Uhyhqxh0Htxlydohqfh Wkhruhp/ zklfk vd|v wkdw wkh h{shfwhg wudqvihuv lq dq|
Ed|hv0Qdvk lqfhqwlyh frpsdwleoh phfkdqlvp duh douhdg| ghwhuplqhg/ xs wr d frqvwdqw/ e|
wkh vrfldo fkrlfh uxoh lwvhoi1
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d �qlwh vhw ri olqhduo| rughuhg vljqdov iru hdfk djhqw1 Lq wklv vhw0xs wkh| frq0
vwuxfw dq h!flhqw phfkdqlvp zkhuh wuxwk whoolqj lv dq h{0srvw htxloleulxp1
Wkh lghd lv wr dgmxvw wkh FJY wudqvihu wr djhqw � lq d zd| wkdw qhxwudo0
l}hv wkh lpsdfw ri �*v vljqdo rq vrflhw|*v zhoiduh +dqg khqfh rq �*v wudqvihu,1
Wkh h{0srvw htxloleulxp qrwlrq lv vwurqjhu wkdq Ed|hv0Qdvk htxloleulxp dqg
zhdnhu wkdq grplqdqw vwudwhj| htxloleulxp1 Iru wuxwk0whoolqj lq d gluhfw
uhyhodwlrq phfkdqlvp wr eh dq h{0srvw htxloleulxp/ fruuhfwo| uhyhdolqj wkh
sulydwh lqirupdwlrq pxvw eh lqglylgxdoo| rswlpdo h{0srvw/ l1h1 hyhq diwhu dq
djhqw kdv glvfryhuhg wkh lqirupdwlrq dydlodeoh wr rwkhuv +dqg qr pdwwhu zkdw
wklv lqirupdwlrq wxuqv rxw wr eh,1 Urxjko| vshdnlqj/ wklv lv d frqglwlrq ri
qr0uhjuhw1

Wkh Fuhphu0PfOhdq frqvwuxfwlrq klqjhv rq d whfkqlfdo frqglwlrq rq ydo0
xdwlrqv fdoohg vlqjoh0furvvlqj zklfk uhvwulfwv wkh vhw ri shuplvvleoh ydoxdwlrq
ixqfwlrqv lq rughu wr hqdeoh dq doljqphqw ri sulydwh dqg vrfldo lqfhqwlyhv
+zkhuh wkh odwwhu duh uhsuhvhqwhg e| wkh vxp ri wkh lqglylgxdo ydoxdwlrqv,1 D
jhqhudo irupxodwlrq lq d vrfldo fkrlfh iudphzrun lv dv iroorzv= li d fkdqjh lq
djhqw �*v vljqdo lpsuryhv �*v ydoxdwlrq ri dowhuqdwlyh & pruh wkdq �*v ydoxdwlrq
ri dowhuqdwlyh ,/ wkhq wkh vdph pxvw eh wuxh iru wkh uhodwlyh lpsuryhphqw ri
vrfldo zhoiduh1 Lq wkh sulydwh ydoxhv fdvh wklv frqglwlrq lv wulyldoo| vdwlv�hg
vlqfh wkh lpsuryhphqw lq wkh vrfldo ydoxdwlrq +zklfk ghshqgv rq �*v vljqdo
rqo| yld �*v ydoxdwlrq, frlqflghv zlwk wkh lqglylgxdo lpsuryhphqw1 Wklv idfw
doorzv wkh h!flhqw lpsohphqwdwlrq yld FJY phfkdqlvpv1 Dv orqj dv vljqdov
duh rqh0glphqvlrqdo/ dqdorjxh frqglwlrqv fdq eh jhqhulfdoo| vdwlv�hg dovr lq
iudphzrunv zlwk lqwhughshqghqw ydoxdwlrqv/ dqg wkhuhiruh h{0srvw lqfhqwlyh
frpsdwleoh dqg h{0srvw h!flhqw phfkdqlvpv kdyh ehhq eh frqvwuxfwhg iru d
ydulhw| ri prghov +vhh iru h{dpsoh Dxvxeho +4<<:,/ Ehujhpdqq dqg Yçolpçnl
+5333,/ Gdvjxswd dqg Pdvnlq +5333,/ Mhklho dqg Progrydqx +5334,/ Pdvnlq
+4<<4,/ dqg Shuu| dqg Uhq| +4<<<,1 Iru h{dpsoh/ lq dq rqh0remhfw dxfwlrq
prgho zlwk rqh0glphqvlrqdo vljqdov dqg lqwhughshqghqw ydoxdwlrqv/ vlqjoh0
furvvlqj erlov grzq wr wkh uhtxluhphqw wkdw �*v vljqdo kdv d vwurqjhu lpsdfw
rq �*v ydoxdwlrq wkdq rq �*v ydoxdwlrq/ � 9' ��

Wkh vlwxdwlrq fkdqjhv zkhq vljqdov duh pxowlglphqvlrqdo1 Mhklho dqg
Progrydqx +5334, +MP, frqvlghu d vrfldo fkrlfh prgho zlwk pxowlglphq0
vlrqdo/ lqghshqghqwo| gudzq vljqdov +hdfk djhqw rewdlqv d sulydwh vljqdo derxw
hdfk srvvleoh dowhuqdwlyh,/ dqg zlwk lqwhughshqghqw ydoxdwlrqv wkdw duh olqhdu
ixqfwlrqv ri wkh vljqdov1 Lq wklv vlpsoh iudphzrun wkh| vkrz wkdw h!flhqf|
lv qrw frpsdwleoh zlwk Ed|hv0Qdvk lqfhqwlyh frpsdwlelolw| xqohvv d vwurqj/
qrq0jhqhulf frqglwlrq krogv rq wkh ydoxdwlrq ixqfwlrqv51 Wkh MP frqglwlrq

5Wklv frqglwlrq lv wulyldoo| vdwlv�hg lq wkh sulydwh ydoxhv fdvh dqg lq wkh sxuh frpprq
ydoxhv fdvh1
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uhtxluhv wkdw wkh pdujlqdo lpsdfw ri dq djhqw*v ydulrxv vljqdov rq wkh vrflhw|*v
zhoiduh lv lqghshqghqw ri wkh fkrvhq dowhuqdwlyh1 Lq rwkhu zrugv/ h!flhqw lp0
sohphqwdwlrq lv srvvleoh rqo| iru lqglylgxdo ydoxdwlrq ixqfwlrqv zkhuh zh fdq
gh�qh wkh �zhljkw� ri hdfk djhqw/ lqghshqghqwo| ri wkh fkrvhq dowhuqdwlyh1

Wkh MP uhvxow lpphgldwho| lpsolhv wkdw/ qr pdwwhu krz vljqdov duh glv0
wulexwhg/ h!flhqf| lv jhqhudoo| qrw frpsdwleoh zlwk h{0srvw lqfhqwlyh frp0
sdwlelolw|61 Wklv lpsrvvlelolw| uhvxow irfxvhv wkh dwwhqwlrq rq rwkhu ghvludeoh
dqg lpsohphqwdeoh vrfldo fkrlfh uxohv +h1j1/ vxfk wkdw pd| dulvh lq wkh vhdufk
iru phfkdqlvpv wkdw pd{lpl}h zhoiduh vxemhfw wr wkh lqfhqwlyh frpsdwlelolw|
frqvwudlqwv,1 Jlyhq wkdw lq wkh Ed|hv0Qdvk iudphzrun wkh lqfhqwlyh frpsdw0
lelolw| frqvwudlqw wdnhv wkh irup ri d frpsoh{ sduwldo gl�huhqwldo htxdwlrq/
wkhuh lv olwwoh krsh iru dqdo|wlfdo dgydqfhv zlwklq wkdw iudphzrun1 Wklv lq
wxuq uhgluhfwv rxu dwwhqwlrq wr wkh vwurqjhu dqg pruh urexvw +vlqfh lqgh0
shqghqw ri vljqdov* glvwulexwlrqv, qrwlrq ri lpsohphqwdwlrq lq h{0srvw htxl0
oleulxp= ehvlghv wkh dvvrfldwhg lqwulqvlf lqwhuhvw/ d uhodwlyho| vlpsoh fkdu0
dfwhul}dwlrq iru doo phfkdqlvpv lq wklv vpdoohu fodvv zrxog juhdwo| vlpsoli|
wkh vhdufk iru vhfrqg0ehvw phfkdqlvpv lq d ydulhw| ri vhwwlqjv1 Rewdlqlqj d
srzhuixo fkdudfwhul}dwlrq lv wkh pdlq jrdo ri wkh suhvhqw sdshu/ dqg zh qhhg
wr dvvxph khuh wkdw ydoxdwlrqv duh wkh vxp ri wzr frpsrqhqwv/ zkhuh wkh
�uvw frpsrqhqw ghvfulehv wkh ghshqghqfh rq rqh*v rzq vljqdo/ dqg wkh vhf0
rqg frpsrqhqw ghvfulehv wkh ghshqghqfh rq rwkhuv* vljqdov1 Dowkrxjk wklv
nlqg ri vhpl0vhsdudelolw| lv d uhvwulfwlyh dvvxpswlrq/ wkh dgydqwdjh lv wkdw lw
doorzv d yhu| frqflvh dqg srzhuixo fkdudfwhul}dwlrq ri h{0srvw lpsohphqwdelo0
lw|1 Zlwkrxw wklv dvvxpswlrq rqo| d zhdn fkdudfwhul}dwlrq lv srvvleoh +vhh
iru h{dpsoh Wkhruhp 4 lq Fkxqj dqg Ho|7/ 5334,1

Iru rxu �uvw uhvxow zh �hqgrz� wkh ghvljqhu zlwk ydoxdwlrqv ryhu wkh
dowhuqdwlyhv wkdw ghshqg rq wkh djhqwv* vljqdov +h1j1/ lq h!flhqw lpsohphqwd0
wlrq lw lv dv li wkh ghvljqhu ydoxhv hdfk dowhuqdwlyh e| wkh vxp ri wkh djhqwv*
ydoxdwlrqv,1 Zh fkdudfwhul}h doo vxfk xwlolwlhv zkhuh �uvw0ehvw lpsohphqwd0
wlrq lv srvvleoh= wkh| pxvw eh prqrwrqh wudqvirupdwlrqv ri d!qh ixqfwlrqv
ghwhuplqhg e| djhqw0vshfl�f dqg dowhuqdwlyh0lqghshqghqw zhljkwv zlwk zklfk
dq djhqw*v lqirupdwlrq hqwhuv wkh ghvljqhu*v suhihuhqfhv/ dqg e| dgglwlrqdo
dowhuqdwlyh0vshfl�f zhljkwv/ zklfk duh lqghshqghqw ri djhqwv* lqirupdwlrq1
Dowhuqdwlyho|/ wklv uhvxow fdq eh lqwhusuhwhg dv vd|lqj wkdw/ iru duelwudu| gh0
vljqhu*v suhihuhqfhv/ �uvw0ehvw h{0srvw lpsohphqwdwlrq lv srvvleoh rqo| li wkh
djhqwv* ydoxdwlrqv vdwlvi| vrph yhu| uhvwulfwlyh frqglwlrqv +wkhvh jhqhudol}h

6Rwkhuzlvh/ vlqfh h{0srvw htxloleuld gr qrw ghshqg rq wkh glvwulexwlrq ri vljqdov/ zh
zrxog rewdlq h!flhqf| dovr iru wkh fdvh ri lqghshqghqwo| gudzq vljqdov frqwudglfwlqj wkh
MP uhvxow1

7Jlyhq wkh zhdn fkdudfwhul}dwlrq/ wkhvh dxwkruv irfxv rq dssolfdwlrqv zkhuh vljqdov duh
rqh0glphqvlrqdo1
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wkh vlqjoh furvvlqj surshuw| zklfk zdv ruljlqdoo| jhduhg wrzdugv wkh sduwlf0
xodu fdvh ri h!flhqf|,1 Wkh pdlq uroh lq wkh dqdo|vlv lv sod|hg e| d edvlf
surshuw| fdoohg �srvlwlyh dvvrfldwlrq ri gl�huhqfhv� +SDG,/ zklfk pxvw eh
ixo�oohg e| dq| h{0srvw lpsohphqwdeoh vrfldo fkrlfh uxoh1 Urxjko| vshdnlqj/
SDG vd|v wkdw li d vrfldo fkrlfh uxoh fkrrvhv dowhuqdwlyh & zkhq wkh vljqdo
lv r/ wkhq & frqwlqxhv wr eh fkrvhq iru doo rwkhu vljqdo uhdol}dwlrqv zklfk/
iru doo djhqwv/ pdnh dowhuqdwlyh & uhodwlyho| pruh suhihudeoh wkdq doo rwkhu
dowhuqdwlyhv1

D fruroodu| ri wkh deryh uhvxow lv wkdw/ lq MP*v olqhdu vhwwlqj/ wkh MP
frqglwlrq ghvfulehg deryh +zklfk zdv vkrzq wr eh qhfhvvdu| iru h!flhqw/
Ed|hv0Qdvk lqfhqwlyh frpsdwleoh lpsohphqwdwlrq, lv lq idfw qhfhvvdu| dqg
vx!flhqw iru h!flhqw/ h{0srvw lqfhqwlyh frpsdwleoh lpsohphqwdwlrq1 Wklv
dovr vkrzv wkdw h!flhqw Ed|hv0Qdvk lpsohphqwdwlrq zlw lqghshqghqw vljqdov
lv lq idfw htxlydohqw wr h!flhqw h{0srvw lpsohphqwdwlrq1

Jlyhq wkh uhvwulfwlyh uhvxowv rewdlqhg deryh/ zh qh{w gurs wkh uhtxluhphqw
wkdw wkh vrfldo fkrlfh uxoh pd{lpl}hv vrph ixqfwlrq ri wkh djhqwv* vljqdov/ lq
rughu wr fkdudfwhul}h doo ghwhuplqlvwlf/ h{0srvw lpsohphqwdeoh vrfldo fkrlfh
uxohv1 Vrphzkdw vxusulvlqjo|/ zh vkrz wkdw hyhu| vxfk fkrlfh uxoh pxvw
qhyhuwkhohvv pd{lpl}h dq d!qh ixqfwlrq ri wkh djhqwv* vljqdov1 Wkh surri
uholhv rq d vxewoh uhvxow rewdlqhg e| Urehuwv +4<:<,1 Urehuwv zrunhg zlwklq
d sulydwh ydoxhv iudphzrun dqg fkdudfwhul}hg/ lq whupv ri d!qh ixqfwlrqv/ doo
vrfldo fkrlfh uxohv wkdw duh grplqdqw vwudwhj| lpsohphqwdeoh +zlwkrxw wkh
h!flhqf| uhtxluhphqw,81 Zh duh deoh wr xvh Urehuwv* uhvxow vlqfh lwv surri
uholhv vroho| rq wkh SDG surshuw|/ zklfk lv vdwlv�hg iru grplqdqw vwudwhj|
lpsohphqwdeoh fkrlfh uxohv lq klv fdvh/ dqg iru h{0srvw lpsohphqwdeoh fkrlfh
uxohv lq rxuv1

Wkh sulfh iru gursslqj wkh pd{lpl}hu dvvxpswlrq lv wkdw rxu uhvxow +dv
Urehuwv*, klqjhv rq wzr pdlq frqglwlrqv= �uvw/ wkhuh pxvw eh dw ohdvw wkuhh
vrfldo dowhuqdwlyhv> vhfrqg/ wkh vsdfh ri ydoxdwlrq ixqfwlrqv pxvw eh vx!0
flhqwo| ulfk lq wkh vhqvh wkdw/ iru dq| �{hg vljqdov ri rwkhuv/ vrph djhqw
fdq/ e| ydu|lqj khu vljqdo/ irufh wkh fkrlfh ri dq| dowhuqdwlyh1 Wklv odvw uh0
txluhphqw sdudoohov wkh rqh lq Juhhq dqg Od�rqw*v +4<::, fkdudfwhul}dwlrq ri
grplqdqw vwudwhj| phfkdqlvpv dv FJY phfkdqlvpv iru wkh sulydwh ydoxhv
fdvh +vhh deryh,1 Lw lv dxwrpdwlfdoo| vdwlv�hg li/ iru hdfk djhqw dqg iru hdfk
dowhuqdwlyh +uhfdoo wkdw dq djhqw jhwv d vljqdo iru hdfk srvvleoh dowhuqdwlyh,

8Dowkrxjk Urehuwv* uhvxow lv yhu| hohjdqw/ lw kdv uhfhlyhg/ wr rxu nqrzohgjh/ uhodwlyho|
olwwoh dwwhqwlrq1 Zh vxvshfw wkdw wklv lv gxh wr wkh idfw wkdw/ lq wkh sulydwh ydoxhv iudph0
zrun/ wkhuh dozd|v h{lvw vlpsoh dqg zhoo nqrzq phfkdqlvpv +wkh JFY rqhv, zklfk duh
erwk h!flhqw dqg grplqdqw vwudwhj| lqfhqwlyh frpsdwleoh1 Khqfh wkhuh zdv uhodwlyho|
olwwoh lqwhuhvw lq phfkdqlvpv wkdw zhuh qrw h!flhqw1 Wklv vkrxog eh frqwudvwhg zlwk wkh
lqwhughshqghqw iudphzrun zkhuh h!flhqw phfkdqlvpv xvxdoo| gr qrw h{lvw1

8



wkh uhvshfwlyh vljqdo vsdfh lv wkh hqwluh uhdo olqh1 Zh vkrz yld h{dpsohv
krz wkh fkdudfwhul}dwlrq idlov li dw ohdvw rqh ri wkh frqglwlrqv lv qrw vdwlv0
�hg/ dqg zh dovr rewdlq d zhdnhu fkdudfwhul}dwlrq iru wkh fdvh zlwk rqo| wzr
dowhuqdwlyhv1

Wkh sdshu lv rujdql}hg dv iroorzv= Lq Vhfwlrq 5 zh ghvfuleh wkh vrfldo
fkrlfh prgho1 Lq Vhfwlrq 6 zh gh�qh wkh qrwlrq ri lpsohphqwdwlrq lq h{0srvw
htxloleuld/ dqg zh vkrz wkdw doo h{0srvw lpsohphqwdeoh vrfldo fkrlfh uxohv
pxvw vdwlvi| SDG1 Lq Vhfwlrq 7 zh fkdudfwhul}h doo ghwhuplqlvwlf/ h{0srvw
lpsohphqwdeoh vrfldo fkrlfh uxohv wkdw dulvh dv pd{lpl}huv ri vrph ghvljqhu*v
xwlolw| ixqfwlrq +h1j1 wkh h!flhqw VFU,1 Lq Vhfwlrq 8 zh gurs wkh pd{lpl}lqj
uhtxluhphqw dqg fkdudfwhul}h doo ghwhuplqlvwlf vrfldo fkrlfh uxohv wkdw duh h{0
srvw lpsohphqwdeoh/ vxemhfw wr wzr lpsruwdqw frqglwlrqv shuwdlqlqj wr wkh
qxpehu ri wkh dowhuqdwlyhv dqg wr wkh vljqdo vsdfhv1 Zh dovr glvfxvv wkh uroh
ri wkhvh frqglwlrqv1 Vhfwlrq 9 frqfoxghv1

5 Prgho

Wkhuh lv d vhw � ri djhqwv/ lqgh{hg �c � ' �c ���c � dqg d vhw g ri dowhuqdwlyhv/
lqgh{hg e| &c , ' �c ���cg91 Hdfk djhqw � 5 � kdv d vljqdo r� '

�
r�&
�
&Mg

zkhuh r�& lv gudzq iurp dq lqwhuydo 7�

& � U1 Wkxv djhqw �*v vljqdo vsdfh lv
7� G'

T
&Mg 7�

& � U
g1 r� lv sulydwh lqirupdwlrq ri djhqw �1 Wkh vsdfh ri

vljqdo frpelqdwlrqv ri doo djhqwv lv wkh Fduwhvldq surgxfw 7 G'
T

�M� 7� ��
U
g
��

zlwk jhqhulf hohphqw r:1 Wkh vsdfh ri vljqdo frpelqdwlrqv ri djhqwv
rwkhu wkdq � lv ghqrwhg 73� G'

T
� �'� 7

� / zlwk jhqhulf hohphqw r3�1 Pruhryhu

zh ghqrwh wkh vhw ri vljqdov rq dowhuqdwlyh & e| 7& G'
T

�M� 7�
& � U

� zlwk

jhqhulf hohphqw r& '
�
r�&
�
�M�

1 Dv xvxdo/ zh zulwh r ' Er�( r3�� zkhq zh zdqw

wr hpskdvl}h djhqw �*v uroh1 Vljqdo frpelqdwlrqv duh glvwulexwhg dffruglqj wr
vrph ghqvlw| ixqfwlrq s Er� : f iru doo r 5 71

Djhqw �*v xwlolw| zkhq dowhuqdwlyh & lv fkrvhq ghshqgv lq dq dgglwlyho|
vhsdudeoh pdqqhu rq khu rzq vljqdo/ rq rwkhu djhqwv* vljqdov lq wkdw dowhu0
qdwlyh/ dqg rq d prqhwdu| wudqvihu1 Li wkh wuxh lqirupdwlrq lv jlyhq e| r khu
ydoxdwlrq iru dowhuqdwlyh & lv jlyhq e|=

�� E&c r� ' r�& n ��&
�
r3�&

�
c +4,

zkhuh ��& lv dq duelwudu| ixqfwlrq
;1 Zkhq djhqw � uhfhlyhv d prqhwdu| wudqvihu

ri |� khu xwlolw| lv �� E&c r� n |�1

9Wklv voljkw dexvh ri qrwdwlrq zloo qrw ohdg wr frqixvlrq1
:Rxu uhvxowv fdq eh uhsolfdwhg iru duelwudu| frqyh{ vhwv V �

�
U
N
�Q

1
;Wkh �qdnhg� dsshdudqfh ri vln lq wkh deryh irupxod lv d qrupdol}dwlrq= dv xvxdo/ lw lv
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D ghwhuplqlvwlf vrfldo fkrlfh uxoh +VFU, fkrrvhv rqh ri wkh g dowhuqd0
wlyhv/ frqwlqjhqw rq wkh vljqdo r ' Er�&��M�c&Mg 5 71 Lq wkh vhtxho zh dozd|v
frqvlghu ghwhuplqlvwlf vrfldo fkrlfh uxohv +zlwkrxw phqwlrqlqj lw dq|pruh,1
Lq dgglwlrq/ zh rqo| frqvlghu VFUv vxfk wkdw/ iru hdfk dowhuqdwlyh &c wkhuh
h{lvwv dw ohdvw rqh vljqdo frpelqdwlrq r zkhuh & lv lqghhg fkrvhq e| wkh VFU1

D VFU � lv fdoohg h!flhqw/ li iru hyhu| vljqdo rc lw pd{lpl}hv wkh vxp ri
wkh djhqwv* xwlolwlhv qhw ri prqhwdu| wudqvihuv=

� Er� 5 @h}4@ 
&Mg

+
�[
�'�

�� E&c r�

,
+5,

Zh vwxg| khuh ghwhuplqlvwlf gluhfw uhyhodwlrq phfkdqlvpv< K ' E}c |� G
7 $ g � U

� / zklfk/ iru hdfk vljqdo rc vshfli| dq dowhuqdwlyh } Er� 5 g dqg
d sd|phqw |� Er� 5 U wr hdfk djhqw �1

6 H{0Srvw Lpsohphqwdwlrq dqg Srvlwlyh Dv0

vrfldwlrq ri Gl�huhqfhv

Qrq0wulyldo grplqdqw vwudwhj| htxloleuld xvxdoo| gr qrw h{lvw lq wkh suhvhqfh
ri lqwhughshqghqw ydoxdwlrqv1 Iru wklv fdvh/ wkh h{0srvw htxloleulxp qrwlrq
fdq eh vhhq dv wkh uljkw dqdorjxh wr wkh grplqdqw htxloleulxp qrwlrq lq
sulydwh ydoxhv prghov1

Gh�qlwlrq 4 D VFU � lv h{0srvw lpsohphqwdeoh li wkhuh h{lvwv d phfk0
dqlvp K ' E}c |� vxfk wkdw } Er� ' � Er� iru doo r/ dqg vxfk wkdw wuxwk0whoolqj
lv dq h{0srvw htxloleulxp lq K=

�� E} Er� c r� n |� Er� � ��
�
}
�er�( r3�� c r�n |�

�er�( r3��
iru hyhu| djhqw �/ hyhu| wuxh vljqdo r ' Er�( r3��/ dqg hyhu| srvvleoh uhsruwhg
vljqdo er� 5 7�1

D fuxfldo uroh lq rxu dqdo|vlv zloo eh sod|hg e| d surshuw| ri VFUv fdoohg
�srvlwlyh dvvrfldwlrq ri gl�huhqfhv� +SDG,/ dv irupxodwhg lq Urehuwv +4<:<,=

lpsruwdqw wr kdyh dq ydoxdwlrq ixqfwlrq zklfk lv vwulfwo| prqrwrqlf lq rzq vljqdov/ dqg li
wkh vhsdudeoh ydoxdwlrq ixqfwlrq kdv wkh irup yl +n> v, @ gln+v

l
n, . kln

�
v�ln

�
zkhuh gln lv dq

duelwudu| vwulfwo| prqrwrqlf ixqfwlrq/ zh uhgh�qh wkh vljqdov dffruglqjo|1
<Dv xvxdo/ d uhyhodwlrq sulqflsoh dssolhv lq rxu iudphzrun1

:



Gh�qlwlrq 5 D VFU � vdwlv�hv SDG/ li dqg rqo| li iru vljqdov rc r� 5 7
vxfk wkdw

r��& � r�& : r��, � r�, iru doo � 5 � dqg doo , 9' & 5 gc

� Er� ' & lpsolhv � Er�� ' &1

Lq Zrugv= Ohw wkh vrfldo fkrlfh eh dowhuqdwlyh & dw vljqdo r1 Wkhq wkh
fkrlfh pxvw dovr eh & dw vljqdo r�/ li wkh fkdqjh lq vljqdo iurp r wr r� pdnhv
dowhuqdwlyh & uhodwlyho| pruh suhihudeoh wkdq doo rwkhu dowhuqdwlyhv , 9' & iru doo
djhqwv1 Wkh lpsruwdqfh ri SDG iru rxu fkdudfwhul}dwlrq uhvxowv lv frqyh|hg
e| wkh iroorzlqj Ohppd=

Ohppd 6 Hyhu| h{0srvw lpsohphqwdeoh VFU � vdwlv�hv SDG1

Surri1 Vhh Dsshqgl{1
Lw lv lpsruwdqw wr qrwh khuh wkdw wkh pruh xeltxlwrxv vlqjoh furvvlqj

surshuwlhv phqwlrqhg lq wkh Lqwurgxfwlrq +zklfk gluhfwo| lpsrvh frqglwlrqv
rq wkh djhqwv* ydoxdwlrq ixqfwlrqv, suhflvho| lqgxfh wkh qhfhvvdu| doljqphqw
ehwzhhq lqglylgxdo lqfhqwlyhv dqg vrfldo lqfhqwlyhv uhsuhvhqwhg e| wkh h!0
flhqw VFU> l1h1 wkh| lqgluhfwo| hqvxuhg wkdw wkh h!flhqw VFU vdwlv�hv SDG lq
wkh uhvshfwlyh iudphzrun1 Lq frqwudvw/ SDG lv dq devwudfw surshuw| ri VFUv/
dqg grhv qrw lqyroyh wkh xqghuo|lqj prgho ri suhihuhqfhv +eh lw sulydwh ydo0
xhv/ lqwhughshqghqw ydoxhv/ hwf1,1 Wkh iroorzlqj vlpsoh uhvxow vkrzv wkdw
wkh h{0srvw lpsohphqwdelolw| ri dq VFU grhv qrw ghshqg rq wkh xqghuo|lqj
prgho ri suhihuhqfhv=

Ohppd 7 Dq VFU � G 7 $ g lv h{0srvw lpsohphqwdeoh lq wkh lqwhughshq0
ghqw ydoxhv prgho li dqg rqo| li lw lv h{0srvw lpsohphqwdeoh lq wkh dvvrfldwhg
sulydwh ydoxhv prgho zkhuh ;�c &c ��& � f1

Surri1 Vhh Dsshqgl{1
Iru ixuwkhu uhihuhqfh zh dovr qrwh khuh wkdw prvw vwuxfwxudo ihdwxuhv ri

lpsohphqwdeoh VFUv duh ghwhuplqhg dw vljqdov zkhuh wkh VFU lv �mxvw rq
wkh eulqn� ehwzhhq wzr ru pruh dowhuqdwlyhv=

Gh�qlwlrq 8 Jlyhq d VFU � G 7 $ g dqg d vljqdo frpelqdwlrq r 5 7/
� lv vdlg wr eh lqgl�huhqw ehwzhhq dowhuqdwlyhv &c , dw r / li dqg rqo| li

r 5 �3� E&� _ �3� E,�143

43D ghqrwhv wkh wrsrorjlfdo forvxuh ri d vxevhw D � V1

;



7 Sulqflsdo0Djhqwv Sureohpv dqg H!flhqf|

Lq wklv vhfwlrq zh dvvxph wkdw wkh ghvljqhu lv hqgrzhg zlwk dq xwlolw| ixqf0
wlrq/ l1h1/ wkhuh duh ixqfwlrqv i�& Er&�j& vxfk wkdw wkh ghvljqhu ydoxhv dowhuqd0
wlyh & dw �& Er&�1 Khqfh/ iru dq| uhdol}dwlrq ri djhqwv* vljqdov44/ wkh ghvljqhu
zrxog olnh wr fkrrvh dq dowhuqdwlyh � Er� 5 @h}4@ &Mg i�& Er&�j1 Iru h{dp0
soh/ h!flhqw lpsohphqwdwlrq lv rewdlqhg lq wklv iudphzrun e| hqgrzlqj wkh
ghvljqhu zlwk ydoxdwlrqv �& Er&� '

S
� �

�E&c r��
Lv vxfk �uvw0ehvw h{0srvw lpsohphqwdwlrq srvvleoh iru wkh ghvljqhuB Dv

lqglfdwhg lq wkh Lqwurgxfwlrq wkh dqvzhu lv/ lq jhqhudo/ qhjdwlyh1 Wr pdnh wklv
srlqw lq wkh vlpsohvw pdqqhu/ ohw xv eulh | orrn dw h!flhqw lpsohphqwdwlrq
zlwk olqhdu ydoxdwlrqv=

�� E&c r� '
[
�M�

@�&�r
�

& / zlwk @�&� ' �

Wkxv @�&� 5 U lv wkh frh!flhqw phdvxulqj wkh lq xhqfh ri djhqw �*v vljqdo
derxw dowhuqdwlyh & rq �*v ydoxdwlrq ri dowhuqdwlyh &1 Qrwh wkdw djhqw �*v
vljqdo kdv dq lpsdfw ri

S�

�'� @
�
&� rq wkh ghvljqhu*v ydoxdwlrq1

Ohppd 6 lpsolhv wkdw d fkdqjh lq �*v vljqdo r� $ r�� zklfk lpsuryhv �*v
ydoxdwlrq ri dowhuqdwlyh & pruh wkdq khu ydoxdwlrq iru dowhuqdwlyh , pxvw dovr
lpsuryh wkh ghvljqhu*v ydoxdwlrq ri & pruh wkdq khu ydoxdwlrq iru ,� Ohwwlqj
r G' Er�c r3�� c r� G' Er��c r3��/ wklv phdqv=�

�� E&c r��� �� E&c r�
�
�
�
�� E,c r��� �� E,c r�

�
� f ,#

�[
�'�

�� E&c r��� �� E&c r�

$
�

#
�[
�'�

�� E,c r��� �� E,c r�

$
� f +6,

Iru wkh olqhdu vshfl�fdwlrq ri xwlolwlhv/ wkh deryh frqglwlrq krogv iru doo
r��& � r�&c r

��
, � r�, 5 U li dqg rqo| li

�[
�'�

@�&� '

�[
�'�

@�,� � f� +-,

Lq rwkhu zrugv/ wkh lpsdfw ri �*v vljqdo rq wkh ghvljqhu*v ydoxdwlrq pxvw
eh srvlwlyh dqg lqghshqghqw ri wkh fkrvhq dowhuqdwlyh1

Zh vkrz ehorz krz wklv lqvljkw fdq eh jhqhudol}hg= wkxv/ zh uhwxuq wr wkh
pruh jhqhudo vshfl�fdwlrq ri ydoxdwlrqv iru djhqwv dqg ghvljqhu +vhh Vhfwlrq

44Wkhvh ixqfwlrqv pd| ri frxuvh ghshqg dovr rq vljqdov dydlodeoh wr wkh sulqflsdo/ exw/
vlqfh/ wkh sulqflsdo grhv qrw dfw vwudwhjlfdoo|/ wklv lqirupdwlrq dfwv dv d frqvwdqw dqg zh
gr qrw h{solflwo| fduu| lw khuh1

<



5/ dqg wkh �uvw sdudjudsk ri wkh suhvhqw Vhfwlrq,1 Zh �uvw qhhg wkh iroorzlqj
gh�qlwlrq=

Gh�qlwlrq 9 D VFU � G 7 $ g lv vdlg wr eh dq d!qh pd{lpl}hu/ li dqg
rqo| li lw lv ri wkh irup=

� Er� 5 @h}4@ 
&Mg

+
�[
�'�

k�r�& n b&

,

iru djhqw0vshfl�f zhljkwv k� � f +zlwk : iru dw ohdvw rqh �, dqg dowhuqdwlyh0
vshfl�f zhljkwv b& 5 U1

Iru d jlyhq d!qh pd{lpl}hu/ wkh zhljkw k� fdq eh lqwhusuhwhg dv wkh
lpsruwdqfh ri djhqw �*v lqirupdwlrq wr wkh vrfldo fkrlfh/ dqg wkh zhljkw
b& dv wkh ghvljqhu*v suhihuhqfh iru dowhuqdwlyh &1 Zkhq d jhqhudo VFU lv
lqgl�huhqw ehwzhhq wzr dowhuqdwlyhv &c , dw vrph vljqdo frpelqdwlrq r/ wkhuh
lv d udwh o�� ' o��Erc &c ,� ri lqirupdwlrq vxevwlwxwlrq ehwzhhq djhqwv � dqg �45/
vxfk wkdw wkh VFU vwd|v lqgl�huhqw li zh fkdqjh wkh vljqdo frpelqdwlrq e|
lqfuhdvlqj djhqw �*v vljqdo rq dowhuqdwlyh &/ vd|/ dqg ghfuhdvlqj �*v vljqdo rq ,
dw wklv udwh1 Wkh pdlq ihdwxuh ri dq d!qh pd{lpl}hu lv wkdw wklv udwh/ zklfk
lv jlyhq e| k�*k�c ghshqgv qhlwkhu rq wkh vljqdo r qru rq wkh dowhuqdwlyhv &c ,1
Zh qrz kdyh=

Wkhruhp : 4, Dvvxph wkdw d VFU � G 7 $ g lv h{0srvw lpsohphqwdeoh46

dqg vdwlv�hv � Er� 5 @h}4@ &Mg i�& Er&�j iru vrph gl�huhqwldeoh47 ixqfwlrqv
�& G 7& $ g zlwk u�& 9' f� Wkhq � lv dq d!qh pd{lpl}hu1 5, Frqyhuvho|/
dq| d!qh pd{lpl}hu lv h{0srvw lpsohphqwdeoh1

Surri1 Vhh Dsshqgl{1
Iurp wklv sursrvlwlrq lw hdvlo| iroorzv wkdw wkh h!flhqw VFU lv lpsoh0

phqwdeoh li dqg rqo| li pd{lpl}lqj
S

� �
� Erc &� |lhogv wkh vdph fkrlfh uxoh

� dv pd{lpl}lqj
S

�M� k�r�& n b& iru vrph k�c b&1 Zh fdq qrz frqqhfw rxu
uhvxow rq h{0srvw lpsohphqwdwlrq zlwk wkh pdlq uhvxow ri MP zkr frqvlghu
Ed|hv0Qdvk lqfhqwlyh frpsdwleoh dqg h{0srvw h!flhqw lpsohphqwdwlrq lq d
vhwwlqj zlwk olqhdu xwlolwlhv dqg lqghshqghqwo| gudzq vljqdov1 D sulrul/ wkhuh
frxog eh flufxpvwdqfhv lq zklfk wkh h!flhqw VFU lv lpsohphqwdeoh lq wkh
vhqvh ri Ed|hv0Qdvk htxloleulxp/ exw qrw lq wkh vwurqjhu vhqvh ri h{0srvw
htxloleulxp1 Exw MP vkrzhg wkdw frqglwlrq - +zklfk lpsolhv wkh h{lvwhqfh ri

45Wkh lqirupdwlrq vxevwlwxwlrq frqglwlrq - uhdgv ull+v> n> o, � 4 lq wklv whuplqrorj|1
46Wkh surri xvhv rqo| wkh idfw wkdw # vdwlv�hv SDG1
47Gl�huhqwldelolw| lv qrw fuxfldo1 Lw lv xvhg lq rughu wr rewdlq d frqflvh surri1
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djhqw0vshfl�f/ dowhuqdwlyh0lqghshqghqw zhljkwv dv qhhghg iru dq d!qh pd{0
lpl}hu, lv douhdg| qhfhvvdu| iru h!flhqw Ed|hv0Qdvk lpsohphqwdwlrq481 Wr0
jhwkhu zlwk Wkhruhp :/ wklv |lhogv=

Fruroodu| ; Lq wkh olqhdu vhwwlqj/ wkh wkuhh iroorzlqj vwdwhphqwv duh htxly0
dohqw=

41 Wkh h!flhqw VFU lv h{0srvw lpsohphqwdeoh1

51 Wkh h!flhqw VFU lv EQH lpsohphqwdeoh iru wkh fdvh ri lqghshqghqw
vljqdov1

61 Frqglwlrq - krogv iru doo djhqwv � dqg doo dowhuqdwlyhv &c ,1

8 Lpsohphqwdwlrq ri Jhqhudo Vrfldo Fkrlfh

Uxohv

Wkh suhylrxv Vhfwlrq vkrzhg wkdw wkh ghvljqhu*v �uvw0ehvw rxwfrph fdq eh lp0
sohphqwhg rqo| xqghu uhvwulfwlyh frqglwlrqv1 Khqfh/ lq wklv Vhfwlrq zh zdqw
wr fkdudfwhul}h wkh vhw ri doo h{0srvw lpsohphqwdeoh vrfldo fkrlfh uxohv +l1h1/
zlwkrxw uhtxlulqj wkdw wkh VFU wr eh lpsohphqwhg pd{lpl}hv vrph xwlolw|
ixqfwlrq iru wkh ghvljqhu,1 Wkh dqdo|vlv lv frqgxfwhg lq wkh jhqhudo vhpl0
vhsdudeoh iudphzrun ghvfulehg lq Vhfwlrq 51 Lw wxuqv rxw wkdw wkh suhylrxv
d!qh fkdudfwhul}dwlrq vwloo sod|v d pdmru uroh1 Zh kdyh=

Wkhruhp < Dvvxph wkdw= 4, 7 '
�
U
g
��

dqg 5, g : 21 Wkhq d VFU
� G 7 $ g lv h{0srvw lpsohphqwdeoh li dqg rqo| li lw lv dq d!qh pd{lpl}hu491

Surri1 Vhh Dsshqgl{1
Wkh �li� sduw ri wkh deryh wkhruhp iroorzv e| wkh frqyhuvh sduw ri Wkh0

ruhp :/ dqg grhv qrw ghshqg rq wkh wzr dvvxpswlrqv1 Wkh �rqo| li� sduw lv
pruh vxewoh dqg fuxfldoo| uholhv rq wkh dvvxpswlrqv1 Wr ehwwhu xqghuvwdqg
zkdw Wkhruhp < vd|v/ frqvlghu wkh wulyldo fdvh zkhuh rqo| djhqw � krogv
sulydwh lqirupdwlrq r� +zkloh r3� lv �{hg dqg nqrzq,1 Djhqw � kdv xwlolw|

48Wkh pdlq lghd ri wkhlu surri lv wr fkhfn zkhq wkh frqglwlrqdo h{shfwhg suredelolw|
yhfwru �hog +zkrvh frruglqdwhv duh wkh h{shfwhg suredelolwlhv zlwk zklfk dq djhqw zlwk d
jlyhq vljqdo h{shfwv dq h!flhqw phfkdqlvp wr fkrrvh wkh ydulrxv dowhuqdwlyhv, vdwlv�hv d
frpsoh{ lqwhjudelolw| frqvwudlqw lpsrvhg e| Ed|hv0Qdvk lqfhqwlyh frpsdwlelolw|1 MP irfxv
rq wkh htxdolw| sduw ri htxdwlrq -1 Wkh lqhtxdolw| sduw iroorzv iurp wkh prqrwrqlflw| ri
wkhlu yhfwru �hog1

49Wklv wkhruhp dovr lpsolhv Wkhruhp :/ zkhq zh dgrsw lwv dvvxpswlrqv1
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r�& n ��&
�
r3�&

�
n |�� Ohw � eh lpsohphqwhg e| wkh phfkdqlvp E}c |�1 Wkh prq0

hwdu| wudqvihu wr djhqw � pd| ghshqg rq wkh vljqdo r� rqo| yld wkh fkrvhq
dowhuqdwlyh } Er�/ l1h1 |� Er� ' |�}Er� Er

3��1 Vhwwlqj b& G' ��&
�
r3�&

�
n |�& Er

3��/

wkh phfkdqlvp E}c |� lqgxfhv wuxwkwhoolqj rqo| li } lv dq d!qh pd{lpl}hu=
} Er� 5 @h}4@ &Mg ir& n b&j1 Iru � : � djhqwv kroglqj sulydwh lqirupd0
wlrq/ wkh vdph wklqj pxvw eh wuxh iru dq| djhqw � dqg iru dq| �{hg vljqdo
r3� ri wkh rwkhu djhqwv1 Wkhruhp < vwdwhv wkdw wkh rqo| zd| wr frqvlvwhqwo|
vroyh wkh � rqh0djhqw sureohpv lv yld dq d!qh pd{lpl}hu1

814 Wkh Uroh ri wkh Dvvxpswlrqv

Wkh iroorzlqj uhvxow vkrzv wkdw wkh uhtxluhphqw g : 2 lv qhfhvvdu| iru
Wkhruhp <=

Sursrvlwlrq 43 Dvvxph wkdw g ' i&c ,j dqg gh�qh uhgxfhg vljqdov e| j� G'
r�& � r�,� Wkhq d VFU � G 7 $ g lv h{0srvw lpsohphqwdeoh li dqg rqo| li wkhuh
h{lvwv dq rshq frpsuhkhqvlyh4: vhw P& � U

� vxfk wkdw=

� Er� '

�
& li

�
j�c ���c j�

�
5 P&

, li
�
j�c ���c j�

�
5 U

�q7P&

Surri1 Vhh Dsshqgl{1
Wkh vhw P& deryh fdq eh ghvfulehg e| d ixqfwlrq ghvfulelqj lwv erughu1

Iru dq| djhqw � gh�qh d ixqfwlrq s G U
�3� $ U^i�4c4j dv iroorzv=

s Ej3�� G' �?u ij� G Ej�c j3�� 5 P&j1 s lv hdvlo| vhhq wr eh zhdno| prqrwrqlf
ghfuhdvlqj1 Frqvlghu qrz �jxuh 4 zklfk looxvwudwhv wkh hdvlo| judskhg fdvh
� ' 2 +wkh lqwxlwlrq uhpdlqv ydolg iru duelwudu| �,1 Wkh �jxuh vkrzv wkdw
wkh udwh ri lqirupdwlrqdo vxevwlwxwlrq o�2Erc &c ,� dprqj djhqwv � dqg 2 +zklfk
lv jlyhq e| �Ys*Yj�, qhhgv qrw eh frqvwdqw/ lq frqwudvw wr wkh fdvh ri dq
d!qh pd{lpl}hu1

Qh{w zh jlyh dq h{dpsoh vkrzlqj wkdw wkh dvvxpswlrq 7 '
�
U
g
��

lv
lqglvshqvdeoh lq Wkhruhp <1

H{dpsoh 44 Ohw wkhuh eh wzr djhqwv �c 2/ wkuhh dowhuqdwlyhv g ' iJc &c ,j

dqg ohw wkh vljqdo vsdfh eh 7 '
�
dfc �o�

�2
1 Wkhq wkh vrfldo fkrlfh uxoh � G 7 $

g gh�qhg ehorz lv h{0srvw lpsohphqwdeoh exw lw lv qrw dq d!qh pd{lpl}hu=

� Er� G '

�
@h}4@ tJc&c,� i���D n r�J n r2Jc r

�
& n r2&c r

�
, n r2, j li r 5 7}e?

, li r 5 7q7}e?

7}e? G '
�
r 5 7 G r�, 	 r�& n f�D/ ru r2, : r2& � f�D

�
4: l1h1 d vhw 	n � U

Q zlwk wkh surshuw| wkdw 	n .U
Q
. � 	n +l1h1 	n .� � 	n iru hyhu|

� 3,1
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σ2=f(σ1)

σ2=sk
2-sl

2

Σ
k

σ1=sk
1-sl

1

Iljxuh 4=

Surri1 Wr vkrz � lv qrw dq d!qh pd{lpl}hu/ dvvxph frqwudulo| wkdw
lw zdv rqh zlwk zhljkwv k�c k2c bJc b&c b,1 Wkh irupxod gh�qlqj � iru r 5
7}e? hqwdlov �uvw= k� ' k2 dqg xvlqj wklv= b& ' b, ' bJ n ��D1 Dq d!qh
pd{lpl}hu zlwk wkhvh sdudphwhuv zrxog fkrrvh & dw wkh vljqdo r gh�qhg e|
r�J ' f�Dc r2J ' f�Dc r�& ' f�2c r2& ' f�bc r�, ' f�Hc r2, ' f��/ exw dv r *5 7}e? zh
kdyh � Er� ' ,/ d frqwudglfwlrq1

Wr vhh wkdw � lv h{0srvw lpsohphqwdeoh/ wkh uhdghu fdq fkhfn wkdw wkh
phfkdqlvp E}c |� gh�qhg e| } � � dqg

|� Er� G'

;?=
r2J li } Er� ' J

4�? i��D n r2&c 2 n r2, j li } Er� ' &
��D n r2, li } Er� ' ,

lqgxfhv djhqw � wr whoo wkh wuxwk1 Wkh wudqvihuv |2 Er� fdq eh dqdorjrxvo|
gh�qhg1

Zkdw jrhv zurqj lq H{dpsoh 44B Frqvlghu r2 zlwk r2& : f�D1 Qr vljqdo
r� fdq ohdg wr � Er� ' J1 Wkxv/ iru r2 lq d vxevhw ri 72 djhqw � fdq rqo|
�fkrrvh� dprqj dowhuqdwlyhv & dqg ,1 Iru wklv vxevhw zh rqo| jhw wkh zhdn
fkdudfwhul}dwlrq ri Sursrvlwlrq 43 lqvwhdg ri wkh vwurqj rqh ri Wkhruhp <1

Li zh vhyhuho| uhvwulfw wkh fodvv ri doorzdeoh VFUv/ lq rughu wr uxoh rxw wkh
sureohpv ri h{dpsoh 44/ zh jhw dq dqdorjxh wr Wkhruhp <1

Gh�qlwlrq 45 Dq djhqw � lv ghflvlyh iru dq VFU �/ li iru hyhu| vljqdo ri wkh

46



rwkhu djhqwv r3� dqg iru dq| dowhuqdwlyh & wkhuh lv d vljqdo r� lq wkh lqwhulru
ri 7� vxfk wkdw � Er�c r3�� ' &1

Iru wkh h{dpsoh ri dq d!qh pd{lpl}hu �/ dq| djhqw � zlwk k� : f dqg
7� ' U

g lv ghflvlyh iru �1 Lq sduwlfxodu xqghu wkh dvvxpswlrqv ri Wkhruhp
</ jlyhq dq| h{0srvw lpsohphqwdeoh VFU �/ wkhuh lv vrph djhqw � zkr lv
ghflvlyh iru �1

Sursrvlwlrq 46 Li d VFU � lv h{0srvw lpsohphqwdeoh dqg li vrph djhqw �
lv ghflvlyh iru �/ wkhq � lv dq d!qh pd{lpl}hu1

Surri1 Vhh Dsshqgl{1

9 Frqfoxvlrq

Vlqfh h!flhqw lpsohphqwdwlrq lq vhwwlqjv zlwk lqwhughshqghqw ydoxdwlrqv dqg
pxowlglphqvlrqdo vljqdov lv xvxdoo| qrw0srvvleoh/ rqh kdv wr orrn iru lpsoh0
phqwdeoh vrfldo fkrlfh uxohv wkdw vdwlvi| vrph rwkhu ghvludeoh fulwhuld1 Jlyhq
vrph whfkqlfdo frqglwlrqv/ zh kdyh fkdudfwhul}hg doo h{0srvw lqfhqwlyh frp0
sdwleoh VFUv lq whupv ri d!qh ixqfwlrqv ri wkh djhqwv* vljqdov1 Zh kdyh
wkhuhiruh juhdwo| vlpsol�hg wkh txhvw iru rwkhu vdwlvidfwru| phfkdqlvpv e|
uhgxflqj wkh frpsoh{ ghvljq sureohp wr rqh ri ghwhuplqlqj d �qlwh vhw ri uhdo
qxpehuv +uhsuhvhqwlqj djhqw0vshfl�f dqg dowhuqdwlyh0vshfl�f zhljkwv, zklfk
|lhogv wkh ghvluhg rxwfrph1

Uhihuhqfhv

^4` Dxvxeho/ O1 +4<<:,= �D H!flhqw Dvfhqglqj0Elg Dxfwlrq iru Pxowlsoh
Remhfwv�/ glvfxvvlrq sdshu <:039/ Xqlyhuvlw| ri Pdu|odqg

^5` Ehujhpdqq G1/ dqg Yçolpçnl/ M1 +5333,= �Lqirupdwlrq Dftxlvlwlrq dqg
H!flhqw Phfkdqlvp Ghvljq�/ Hfrqrphwulfd/ iruwkfrplqj

^6` Fkxqj N1/ dqg Ho|/ M1 +5334,= �H{0Srvw Lqfhqwlyh Frpsdwleoh Phfkd0
qlvp Ghvljq�/ glvfxvvlrq sdshu/ Qruwkzhvwhuq Xqlyhuvlw|1

^7` Fodunh H1 +4<:4,= �Pxowlsduw Sulflqj ri Sxeolf Jrrgv�/ Sxeolf Fkrlfh
;/ 4<0661

^8` Fuhphu/ M1/ dqg PfOhdq/ U1 +4<;8,= �Rswlpdo Vhoolqj Vwudwhjlhv Xqghu
Xqfhuwdlqw| iru d Glvfulplqdwlqj Prqrsrolvw zkhq Ghpdqgv duh Lqwhu0
ghshqghqw�/ Hfrqrphwulfd 86/ 67806951
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^9` Gdvjxswd/ S1/ dqg Pdvnlq/ H1 +5333,= �H!flhqw Dxfwlrqv�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv 98/ 67406;;1

^:` Juhhq M1/ dqg Od�rqw/ M1M1 +4<::,= �Fkdudfwhul}dwlrq ri Vdwlvidfwru|
Phfkdqlvpv iru wkh Uhyhodwlrq ri Suhihuhqfhv iru Sxeolf Jrrgv�/ Hfrqr0
phwulfd 78/ 75:076;1

^;` Juryhv W1 +4<:6,= �Lqfhqwlyhv lq Whdpv�/ Hfrqrphwulfd 74/ 94:09641

^<` Mhklho/ S1/ dqg Progrydqx/ E1 +5334, �H!flhqw Ghvljq zlwk Lqwhughshq0
ghqw Ydoxdwlrqv�/ Hfrqrphwulfd 9</ 456:0458<1

^43` Pdvnlq/ H1 +4<<5,= �Dxfwlrqv dqg Sulydwl}dwlrq�/ lq Sulydwl}dwlrq/ hg1
Vlhehuw K1/ Lqvwlwxw ixhu Zhowzluwvfkdiwhq/ Nlho1

^44` Plojurp/ S1 +4<;4,= �Udwlrqdo H{shfwdwlrqv/ Lqirupdwlrq Dftxlvlwlrq/
dqg Frpshwlwlyh Elgglqj�/ Hfrqrphwulfd 7</ <540<761

^45` Plojurp/ S/ dqg Zhehu/ U1 +4<;5,= �D Wkhru| ri Dxfwlrqv dqg Frp0
shwlwlyh Elgglqj�/ Hfrqrphwulfd 83/ 43;<044551

^46` Shuu|/ P1/ dqg Uhq|/ S1 +4<<<,= �Dq H{0Srvw H!flhqw Pxowl0Xqlw Dxf0
wlrq iru Djhqwv zlwk Lqwhughshqghqw Ydoxdwlrqv�/ glvfxvvlrq sdshu/ Xql0
yhuvlw| ri Slwwvexujk1

^47` Urehuwv/ N1 +4<:<,= �Wkh Fkdudfwhul}dwlrq ri Lpsohphqwdeoh Fkrlfh
Uxohv� lq Djjuhjdwlrq dqg Uhyhodwlrq ri Suhihuhqfhv/ hg1 Od�rqw M1M1/
Qruwk Kroodqg1

^48` Ylfnuh|/ Z1 +4<94,= �Frxqwhuvshfxodwlrq/ Dxfwlrqv dqg Frpshwlwlyh
Vhdohg Whqghuv�/ Mrxuqdo ri Ilqdqfh 49/ ;06:1

Dsshqgl{
Surri ri Ohppd1 6= Ohw � eh h{0srvw lpsohphqwhg e| d phfkdqlvp

E}c |�1 Frqvlghu wzr vljqdov r ' Er�c r3�� c r� ' Er��c r3�� 5 7 zklfk gl�hu rqo|
lq djhqw �*v vljqdo dqg ghqrwh } Er� ' & dqg } Er�� ' &�1 Lq rughu wr lqgxfh
wuxwkixo uhyhodwlrq ri erwk r� dqg r��c lw lv qhfhvvdu| wr kdyh=

r�& n ��&Er
3�
& � n |�&

�
r3�

�
� r�&� n ��&�Er

3�
&� � n |�&�

�
r3�

�
r��& n ��&Er

3�
& � n |�&

�
r3�

�
� r��&� n ��&�Er

3�
&� � n |�&�

�
r3�

�
Wdnlqj gl�huhqfhv/ zh rewdlq=

r��& � r�& � r��&� � r�&�
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Frpelqlqj wkh deryh lqhtxdolw| zlwk wkh k|srwkhvlv wkdw r��& � r�& : r��, � r�,
iru doo � 5 � dqg doo , 9' & 5 g/ |lhogv } Er�� ' &� ' &1

Wr frpsohwh wkh surri iru duelwudu| rc r�/ lw vx!fhv wr uhjdug wkh vhtxhqfh
ri vljqdov rEf� G' r/ rE�� G'

�
r��c rE�3��

�
iru doo djhqwv � � ? +wklv jlyhv rE?� ' r�,1

Wkh dujxphqw deryh vhuyhv wkhq dv wkh lqgxfwlrq vwhs surylqj wkdw zlwk
�
�
rEf�

�
' & zh kdyh �

�
rE��

�
' & iru doo �/ |lhoglqj � Er�� ' &1

Surri ri Ohppd 71 �li�= Ohw � eh h{0srvw lpsohphqwhg e| d phfkd0

qlvp E}c |� xqghu sulydwh ydoxhv1 Wkxv r�}Er�n |� Er� ' 4@ 	r�M7�

�
r�}Eer� n |� Eer��

iru doo �c r�c r3�/ ghqrwlqj r ' Er�c r3�� cer ' Eer�c r3��1 Li xwlolwlhv duh ri wkh
jhqhudo lqwhughshqghqw irup r�& n ��&

�
r3�&

�
n |� zh gh�qh wkh prqhwdu| sd|0

phqwv |� wkdw lpsohphqw � e| |�� Er� ' |� Er����}Er�

�
r3�
}Er�

�
1 Rqh hdvlo| yhul�hv

r�}Er� n ��}Er�

�
r3�
}Er�

�
n |�� Er� ' 4@ 	r�M7�

�
r�}Eer� n ��}Eer�

�
r3�
}Eer�

�
n |�� Eer�� iru doo

�c r�c r3�� Wklv vkrzv wkdw E}c |�� lpsohphqwv � lq h{0srvw htxloleulxp iru wkh
lqwhughshqghqw ydoxhv fdvh1

�rqo| li�= Dqdorjrxvo|1

Surri ri Wkhruhp1 := 4, Dvvxph wkdw � lv h{0srvw lpsohphqwdeoh
dqg vdwlv�hv wkh pd{lpl}lqj frqglwlrq1 E| Ohppd 6/ � vdwlv�hv wkh SDG
surshuw|1

Iru wkh vdnh ri fodulw| ri h{srvlwlrq zh dvvxph wkdw iru hyhu| vljqdo r& 5
7& wkhuh duh vljqdov r3& 5 73& vxfk wkdw � lv lqgl�huhqw ehwzhhq dowhuqdwlyh
& dqg vrph dowhuqdwlyh , dw vljqdo r/ l1h1 �& Er&� ' �, Er,� ' 4@ &� �&� Er&��1

4;

Vxssrvh � wr eh lqgl�huhqw ehwzhhq & dqg , zkhq wkh vljqdo lv r1 Wkh
surri ri Ohppd 6 |lhogv u�& Er&� : f4< zklfk/ xvlqj SDG djdlq/ vkrzv
�& Er& n B� ' �, Er, n B� : �& Er&� iru vpdoo hqrxjk B 5 U

�
n 1

53 Wklv lpsolhv=

�& Er&� ' �& Er
�
&� , �& Er& n B� ' �& Er

�
& n B� +7,

4;Lq jhqhudo gh�qh wkh vhw Ln � Vn vxfk wkdw iru hdfk vn 5 Ln wkhuh lv v�n 5 V�n
zlwk wkh surshuw| wkdw iru vrph o zh kdyh !n +vn, @ !o +vo, @ pd{n3 !n3 +vn3,1 Zlwk
L =@~{ 5 U = <n> o 5 N> n 9@ o vxfk wkdw pd{n !n +vn, @ pd{o !o +vo, � { dqg ;n 5 N =

plqvn !n +vn, ? {� zh kdyh Ln =@ +!n,
�4

+L,1
Zh wkhq frqgxfw wkh surri iru vn 5 Ln +lqvwhdg ri Vn, dqg { 5 L +lqvwhdg ri U,1

Iru vn 5 VnqLn lw pxvw hlwkhu eh wkdw !n +vn, � vxs L ru wkdw !n +vn, � lqi L1 Lq wkh

�uvw fdvh SDG |lhogv i
�S

m5Q �mv
m
n . �n

�
� vxs L dqg wkxv zh fdq uhsodfh !n +vn, e|

i
�S

m5Q �mv
m

n . �n

�
/ zlwkrxw fkdqjlqj # +v, @ dujpd{n5N i!n +vn,j iru dq| v1 Wkh

vhfrqg fdvh lv dqdorjrxv1
4< l1h1 Cl!n � 3 iru doo l 5 Q / zlwk vwulfw lqhtxdolw| iru dw ohdvw rqh l 5 Q
53Wklv surri dv vwdwhg zrunv rqo| iru vn 5 	Vn/ wkh lqwhulru ri V1 Iru vn 5 Vnq	Vn wkh

vwdwhphqw iroorzv e| frqwlqxlw| ri !n1
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iru doo r&c r
�
&c r& n Bc r�& n B 5 7&/ zklfk lq wxuq lpsolhv u�& Er&� ' u�& Er

�
&�1

Jlyhq % 5 U/ E�&�
3� E%� lv d ?�� glphqvlrqdo vxe0pdqlirog zlwk xqlw qrupdo

yhfwru k ' Ek���M� ' Q�&Er&�
8Q�&Er&�8

: f1 Wkh frruglqdwhv k� ghshqg qhlwkhu rq

r& 5 E�&�
3� E%�/ qru rq % +vlqfh/ e| htxdwlrq 7/ wkh vhwv E�&�

3� E%� iru gl�huhqw
% duh mxvw wudqvodwhv ri hdfk rwkhu, qru rq & +e| SDG,1

D vxe0pdqlirog zlwk frqvwdqw xqlw qrupdo yhfwru lv d k|shusodqh= E�&�
3� E%� '

ir& 5 7& G r& � k ' SJ?r|�j1 D fkdqjh ri yduldeohv vkrzv wkdw/ iru doo r& 5 7&c

�& Er&� ' s&

�S
�M� k�r�&

�
iru vrph ixqfwlrq s& G U $ U zlwk s �& : f1 SDG

|lhogv wkdw wklv ixqfwlrq ghshqgv rq & rqo| e| dq dgglwlyh frqvwdqw lq wkh

dujxphqw �& Er&� ' s
�S

�M� k�r�& n b&

�
iru vrph b& 5 U1 Dv s � : f wklv

frqfoxghv wkh surri1

5, Iru wkh frqyhuvh sduw/ ohw � Er� 5 @h}4@ &Mg
qS�

�'� k
�r�& n b&

r
1

Gh�qh } � � dqg |� Er� G' �
k�

�S
� �'� k

�r�
}Er� n b}Er�

�
� ��}Er�

�
r3�
}Er�

�
iru doo

djhqwv � vxfk wkdw k� : f1 Li k� ' f/ djhqw �*v vljqdo lv luuhohydqw iru wkh
ghflvlrq/ dqg zh vhw |� � f1

Jlyhq khu wuxh vljqdo r�c dqg jlyhq wkh rwkhu djhqwv* wuxwkixoo| uhsruwhg
vljqdov r3�c djhqw � idfhv wkh sureohp ri zkdw vljqdo er� wr dqqrxqfh1 Ghqrwlqjer G' Eer�( r3�� c khu xwlolw| lv jlyhq e|=

�� E} Eer� c r� n |� Eer� ' r�}Eer� n ��}Eer�

�
r3�
}Eer�

�
n

�

k�

#[
� �'�

k�r�
}Eer� n b}Eer�

$
� ��}Eer�r

3�
}Eer�

'
�

k�

#[
�

k�r�
}Eer� n b}Eer�

$
�

Djhqw � rswlpdoo| fkrrvhv er� vxfk wkdw } Eer� pd{lpl}hv wklv h{suhvvlrq1 Wklv
lv grqh e| whoolqj wkh wuxwk= er� G' r� +khuh zh xvhg k� � f,1

Surri ri Wkhruhp <1 �li�= Iroorzv e| wkh frqyhuvh sduw ri Sursrvlwlrq
:1 Qrwh wkdw wklv dujxphqw jrhv wkurxjk iru duelwudu| g 5 Q dqg iru dq

duelwudu| vsdfh ri vljqdo frpelqdwlrqv 7 �
�
U
g
��

1
�rqo| li�= Wklv sduw xvhv dq lpsruwdqw uhvxow gxh wr Urehuwv +4<:<,1

Urehuwv vwxglhg ghwhuplqlvwlf VFUv wkdw duh lpsohphqwdeoh lq grplqdqw
vwudwhjlhv lq d sulydwh ydoxhv vhwwlqj/ dqg kh vkrzhg wkdw vxfk VFUv pxvw
vdwlvi| SDG1 Xvlqj rxu qrwdwlrq/ klv surri uholhv rq wkh iroorzlqj whfkqlfdo
uhvxow54=

54Urehuwv* surri xvhv d k|shusodqh0vhsdudwlrq dujxphqw zklfk |lhogv wkh zhljkwv lq wkh
d!qh uhsuhvhqwdwlrq1
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Wkhruhp D +Urehuwv 4<:<,= Dvvxph wkdw= 4, 7 '
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U
g
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g : 21 Wkhq dq| VFU � G 7 $ g zklfk vdwlv�hv SDG lv dq d!qh pd{lpl}hu1

Wrjhwkhu zlwk Ohppd 6 / Wkhruhp D lpsolhv wkh uhvxow1

Surri ri Sursrvlwlrq 431 �li�= Ohw � eh ri wkh deryh irup zlwk d
jlyhq vhw P&1 E| Ohppd 7/ zh fdq uhvwulfw dwwhqwlrq wr d prgho zlwk sulydwh
ydoxhv1 Jlyhq vljqdov r3�/ dqg uhfdoolqj wkdw j� G' r�& � r�,/ wkh wudqvihuv wkdw
lpsohphqw � duh gh�qhg dv iroorzv= |�& Er
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Surri1 Frqvlghu r ' Er�c r3�� dqg r� ' Er��c r3�� dv lq wkh vwdwhphqw ri
wkh ohppd1 Wkh fdvh zlwk jhqhudo r� iroorzlqj e| lqgxfwlrq1 Lq wkh surri
ri Ohppd 6 zh qrwlfhg wkdw r��& � r�& : r��, � r�, , � Er�� 9' ,1 Wklv hqwdlov
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Iljxuh 5= Zkhq djhqw � dqwlflsdwhv j3� +wdnhq �{hg lq wklv �jxuh,/ kh
�fkrrvhv� ehwzhhq Jc &c , e| dqqrxqflqj j� lq wkh fruuhvsrqglqj duhd1 � lv
lqgl�huhqw ehwzhhq wkh dowhuqdwlyhv zkhq klv vljqdo j� lv mxvw wkh lqgl�huhqfh
srlqw Es& Ej

3�� c s, Ej
3���1

� E��& Er
3��� ��J Er

3���/ zkhuh Z Er� ' j1 Wklv sdudoohov wkh sulqflsdo0djhqw
fdvh diwhu Wkhruhp <1
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grhv qrw �vkliw wkh erughu� ehwzhhq wkh vhwv ri j� zkhuh � fkrrvhv & dqg ,
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