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| analyze whether case-based decision makers (CBDM) can survivein an asset market
inthe presence of expected utility maximizers. Conditionsareidentified, under which
the CBDM retain a positive mass with probability one. CBDM can cause predictabil-
ity of asset returns, high volatility and bubbles. It is found that the expected utility
maximizers can disappear from the market for afinite period of time, if the mispric-
ing of the risky asset caused by the case-based decision-makers aggravates too much.
Only in the case of logarithmic expected utility maximizers do the case-based deci-
sion makers disappear from the market for all parameter values.
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1 Introduction

The empirical literature in financial markets has identified multiple paradoxes of asset pricing.
Bubbles, high volatility and predictability of returns seem to be common phenomena in real
markets, see e.g. Kindelberger (1978), Sunder (1995) on bubblesin financial markets, Jegadesh
(1990) on predictability of asset returnsand Shiller (1981) on excessive volatility of asset prices.
The standard literature on asset pricing does not explain these phenomena, which contradict
the joint hypothesis of expected utility maximization and rational expectations. In this paper,
| provide a model in which traders causing asset prices to deviate from prices under rational
expectations can survive in amarket populated by expected utility maximizers. Moreover, they
are ableto influence equilibrium prices and cause excess volatility, bubbles and predictability of
returns. The model further shows that under certain conditions, the expected utility maximizers
can be driven out of the market for afinite period of time, during which an asset with a positive
fundamental value sells at a 0-price. Hence, it can provide an explanation for price crashes

occurring on assets with positive fundamentals.

| use the case-based decision theory proposed by Gilboa and Schmeidler (1995) to model in-
vestors whose behavior significantly deviates from expected utility maximization with correct
expectations. Case-based decision-makers are not assumed to have knowledge of possible states
of nature or of the distribution of state-dependent outcomes. Instead they learn from experience
and evaluate an alternative by the past performance of similar alternatives, taking into account
whether the past results have been satisfactory or not compared to a bench-mark called an aspi-

ration level.

In Guerdjikova (2003), it is shown that an asset market populated only by case-based investors
can exhibit 0-price equilibria and a price dynamic featuring excess volatility, bubbles and pre-
dictability of asset returns.

The current model applies these resultsto study the evolutionary dynamic of wealth in amarket
populated by both case-based decision-makers and expected utility maximizers. The proportion
of the two types of investors and, therefore, their wealth share, evolve according to the relative
success of both groups. The higher the returns achieved by one type of investors, the higher

the share of the initial endowment, they receive in the subsequent period. This endogenizesthe



initial endowment of the investors and allows to address the issue of the relative performance of
these two strategies.

Two questions are of main interest:

First, whether and under which conditions case-based decision makers are able to retain a posi-
tive share in the market;

Second, whether the eff ects observed in amarket popul ated solely by case-based decision makers

also transfer to a market with expected utility maximizers.

To analyze these issues, the paper will be organized as follows: section two surveys shortly
the literature on evolutionary finance. Section three gives a description of the economy. and
introduces the evolutionary dynamic of investor types. In section four the evolutionary dynamic
is analyzed in order to ask the question, whether case-based decision makers can survivein a
financial market. Section five discusses how empirically observed phenomena, such as bubbles
or price crashes can emergein the presence of case-based decision makersinthe market. Section

six concludes. The proofs of al propositions are stated in the appendix.
2 Survey of theLiterature

In the last years, the problems of evolution in financial markets have been gaining attention in
the economic literature. As a starting point serves the common view, formulated by Friedman
(1953), that markets select for rational traders with correct beliefs.

Thorough analysis of this hypothesis, however, leads to ambiguous results. De Long, Shleifer,
Summers and Waldmann (1990, 1991) demonstrate that if the misperceptions of the noise traders
force them to choose ariskier portfolio than the one chosen by rational traders, then noisetraders
dominate the market by achieving higher expected returns than traders with correct beliefs. In
a similar setting, but assuming a non-competitive market for assets, Palomino (1996) shows
that noise traders can dominate the market even if the evolutionary selection accounts for the
disutilities of risk-bearing.

These results opened a discussion on the criteria according to which investment strategies are
selected by the market. Severd studies on this issue, see Blume and Easley (1992), Hens and
Schenk-Hoppé (2001), Evstigneev, Hens and Schenk-Hoppé (2002, 2003), show that the most
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successful strategy consists in maximizing a logarithmic expected utility function with correct
beliefs. Since the logarithmic function has the property to maximize the expected growth of
wealth, investors with such utility functions accumul ate the whole market wealth over time and

drive other types of investors to extinction.

Should a logarithmic utility maximizer be absent from the market, Blume and Easley (1992)
show that the market selects for patient investors if relative risk-aversion is controlled for and
for investors with relative risk-aversion close to 1 if the discount factors are controlled for. The

influence of risk-aversion for survival is hence not unequivocal.

Correct beliefs are shown to be the only robust selection criterium in complete markets, see
Blume and Easley (2001) and in markets with perfect foresight, Sandroni (2000).

Although criteriafor survival and dominance have been identified in the literature, | cannot aply
these results directly to the model at hand. The reason isthat the assumptions used to derive the
results in the models cited above (such as short-lived assets, simple strategies, strategies inde-
pendent of the current price, perfect foresight and Pareto-optimality of the market equilibrium)

are not satisfied in the economy described in section 3.

Whereas the major part of the literature searches for the best strategy, thereis till little research
into how different investment rules perform relative to each other. Sciubba (2001) analyzes the
relative performance of the CAPM rule as compared to logarithmic utility maximization with
correct beliefs and mean-variance utility maximization. She shows that CAPM-traders vanish,
whereas those maximizing a mean-variance utility imitate the logarithmic utility maximizers

and, therefore, survive.

Similarly, the current paper does not look for the most successful strategy in the market, but ad-
dresses the question of relative performance of the two strategies: expected utility maximization

versus case-based decision-making.
3 TheEconomy

| consider an economy, consisting of a continuum of investors, uniformly distributed on the
interval [0;1]. Timeis discrete: ¢ = 0,1.... In period ¢ a proportion e; of the investors are

expected utility maximizers, whereastherest, ¢, = 1 — e, are case-based decision makers. No
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population growth is considered.

The model has an overlapping generations structure. Each investor lives for two periods. In-
vestors consume only in the second period of their life. Preferences are represented by a CRRA

utility function

ug(x) = a”, e (0;1]

ug(z) = Inz, =0,
which isidentical for all investors. (1 — (3), therefore, denotes the coefficient of relative risk
aversion. Thereisone consumption good in the economy with price normalized to 1. Theinitial

endowment of the investors consists of one unit of the consumption good in thefirst period and
is0 in the second period.

There are two possible ways to transfer consumption between two periods:. either using a risk-
less storage technology b, or investing in arisky asset a. The storage technology b delivers
(1 + ) units of consumption good in period ¢ for each unit of consumption good, stored in
period (¢t — 1). Itisavailable in a perfectly elastic supply at aprice of 1.

The supply of therisky asset a isfixed at A = 1. The payoff of one unit of the asset in period ¢

is:
5 — 6 with probability ¢
P71 0 withprobabilityl —¢q [’
and is identically and independently distributed in each period. Its priceis p;. New emissions

are not considered, since | am interested in the behavior of prices on the secondary asset market.

| assume, that the payoffs satisfy 1 > 6 > r > 0.

Short sales are not permitted. Therefore, the set of available acts reduces to:

7 € [051],
where -y denote the share of initial endowment invested into the risky asset and i € {eu; cb},
where eu and cb identify the expected utility maximizers and the case-based decision makers,
respectively. Since diversification is possible, | will assume that all investors of a given type
choose identical portfolios. This amounts to replacing each of the types by a representative

investor.

Giventheact chosen by aninvestor of typei at time (¢ — 1), hisindirect utility from consumption



at time ¢ can be written as;

. . 5 .
(i) = s (o (L= + 25 ) + (=al) ) ). @
Note, that the utility derived, when choosing act a depends not only on the dividend of the risky

asset, but also on the price of a in t, therefore on the decisions of the young investors at time t.

3.1 Information and Individual Decisions

The individual decision-making processwill predetermine the evolution of asset prices, as well
as of the shares of different investor types in the economy.
311 Case-Based Decision Makers

First consider the case-based decision makers, as introduced in Gilboa and Schmeidler (2001).
Their description of the situation contains the statement of the problem, they have to solve:
"Invest your initial endowment in one of the two assets, a or b, S0 as to be able to consume
tomorrow”, as well as the acts, which are available to them:
i e [0;1].

Unlike expected utility maximizers, case-based decision makers do not use information about
possible states of nature, state-contingent outcomesand their probability distribution. Therefore,
they can only base their decisions on the experience of previous generations, they know about.
This information is called memory. | assume that the memory consists only of the act chosen
and utility realized by the case-based investors in the previous generation. The experience of
the expected utility maximizers is not taken into account. Hence, the memory at time ¢ can be

written as
M, = ((7?313 Ut (’Yfil)))
The utility obtained from ~¢*, isthen compared to an aspiration level @ assumed to beidentical

for al case-based investors and constant over the time. If an act is considered satisfactory, it is

chosen again, elsg, it is abandoned and a different act is chosen next.

The perceived similarity among acts allowsthe decision-maker to eval uate acts that weren’t cho-
sen before. Since the available acts are situated on the one-dimensional simplex, | assume that
similarity between two actsy and +/, s (y; '), isastrictly decreasing function in the Euclidean

distance ||y — +/||.



Given these assumptions, each act is evaluated according to its cumulative utility:
Ur(v) = [ve (v21) =] s (i)
and

cb
— U, (7).
Vi = arg max ¢ (7)

Hence, the decision of a single case-based investor takes the form:
cb H cb =
b ) Vi1 if v, (v§2,) > u

T = { arg maxcjo;] If vy Ey;;bl; <u } ' (2)

The following lemma obtains directly from (2).

Lemmal Lety& € (0;1). If u satisfies

ug (W + (1= 1+7) >4
then v5® = ¢ | = ~¢ for all ¢. If

us (V9 + (1 =9§) 1 +7) <7,
then v¢* € {0; 1} almost surely holds for all ¢ > £ for some finite.

To derive the share of the endowment of case-based investors invested into a, denote by p; the
price of a, for which the case-based investors are indifferent among all portfolios (if such aprice
exists):
~ cb ﬁt 6t cb -
Peiug (Vi | —— + —— +(1_7t71) (1+7r))—-u=0
Pt—1 Pi—1
Aslong, asp; > 0 and y? | > 1

) ’Y?El ?f Dt > Dy
v = 059, ] ifpe =D
0 if p, < pi
For ’yggl € (Oa %)!

) 7551 ?f Dt > P
Ve = [0§ 7?111] !f Pt = Dy
]_ |f pt < ﬁt

For v, =0, p; existsonly if 1+ r = u:
0 ifl1+r>u
cb . H =
v =< [0;1] ifl+r=u
1 ifl+r<a

Figure 1 gives anillustration of ¢ (p,) for these three cases.
Note that v¢* (p;) is a non-empty, convex-valued, upper hemicontinuous correspondence.

Thethree cases demonstrate that the share of the endowment invested into therisky asset by case-
based investors is monotonically increasing in the price p;, except if 75, € (0;3). Since the
7



W 7> 5 » v € (0;3)

Yt "Vt
2y

1- ’71?31 |

Dt Dt , Dy Dt
Y21 =0
v ta>u(l+r) 4P tu<u(l4+r) AP u=u(l+r)
1 1
Z
0 2 bt 2
Figure 1

main interest will be on the case of relatively high aspiration levels, which imply that diversified
portfolios are held only for afinite number of periods, cases 1 and 3 will describe the demand of
case-based investors for assets. Hence, the rel ationship between p, and v¢* (p;) will be positive.
Thiswill be the main difference between the case-based decision makers and the expected utility
maximizers, whose share of endowment invested into the risky asset will decreasein p.

312 Expected Utility Maximizers

Now | turn to the description of the expected utility maximizers. | will assume, as usual, that
expected utility maximizers have expectations about the state-contingent payments of each of
the assets. Still, it will not be assumed, that these expectations are necessarily rationa. Even if
an expected utility maximizer isinformed about the correct distribution of the dividends of the
risky asset and of the returns of the safe technology, it is not clear, that he will be able to predict
the influence of the case-based decision makers on the asset prices. To do so, he would have to
take into account the congtitution of the population, the case-based decision making process, as
well as the influence the evolution of types will have on prices and returns in the economy. |
will assume that expected utility maximizers neglect these issues. They act boundedly rational,
taking into account the information about the correct distribution of dividends and the correct
interest rate, but building their expectations about the price asif the economy consisted only of

expected utility maximizers, identical to themselves.
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Let p5* denote the price which would emerge in astationary equilibrium if only expected utility
maximizers were present in the market. To compute pg*, write the maximization problem of an

investor given that the price today is equal to the price tomorrow?, p

6 ~eu S eu ’ Jeu 5
| (14 2) 3 A4 @ =30+ 0= ) B+ () (1= 7))
where 7 denotes the share of the initial endowment invested into a given these expectations

and observe that the first order condition simplifies to:

(#5)" ] |
()" |

which describes the optimal 45, as long as the term on ther.h.s. of (3) is between [0; 1]. If the
rh.s. of (3) exceeds 1 or liesbelow 0, 75" takes the values 0 and 1, respectively*:

ol ()”
0, if L7 — <0

(1+4+7)

3)

s
p+r

\

— € [0;1]

i (p) =

1, if : T } >0

\ L 4 J
Obviously, p§* isthefixed point of 77 (p):
i () = i

Two specia cases are of interest. If u () = x then

3 | { v }
Pl =minq —;1,,
r

hence the price equals the fundamental value of the asset. If u (z) = In x, then

Pyt = min{pfg‘g;l} with

3 Theexpressions are given for vaues of 3 € (0; 1]. The respective equations for the logarithmic utility function

are derived analogoudly.
4 For the interior solutions, the no-arbitrage conditions are satisfied. For the corner solutions, the short sale

congtraints prevent arbitrage even if the no-arbitrage conditions fail.
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" 1+T+6—\/(1+T+6)2—4q6(1+7")
plog = o '

Since the expected utility maximizers perceive p“ to be the "true” price of the risky asset®, the

share of their endowment invested into the risky asset ¢* is determined as a solution to
eu ﬂ

peu+6 ou ou ﬂ p ou
max (’Bp )’yt + (1 +7) (1 =5 )} +(1—-gq) [p_ﬂt% + (1 +7) (1= 7e)

v E€[051] t
and is decreasing in the price p,. Differently from the case-based decision makers, expected

utility maximizers, therefore, hold the risky asset only if its price isrelatively low. Note that if
pg' = 1, then the expected utility maximizers will invest their whole endowment into the risky

asset, irrespectively of the price p;.

e (py) is a continuous function for 5 € [0; 1), whereas for 3 = 1it is a non-empty, convex-
valued and upper hemicontinuous correspondence. The value of demand for a of the whole

population is obtained as:

di (pr) = i (p) + (1 = e) 7" (pe) -
Itisacorrespondence, which also hasthe characteristics stated above and mapstheinterval [0; 1]
into [0; 1].

3.2 TheEvolution of Investor Types

After describing the decision process of the investors in the economy, | now introduce the se-
lection dynamic. | measure the fitness of a given type of investors by the actual average returns
they achieve relative to the average returns of the society as awhole. Thisgivesriseto arepli-
cator dynamic, in which the share of the type of investors who perform better grows. A higher
wealth share for a particular type of investorsin the economy then implies greater influence on
market processes’.

An overlapping generations structure does not allow for a natural wealth dynamic to arise as
in the works cited in section 2. Note, however that since each investor is born with the same

initial endowment of 1 unit of the consumption good, the share of a type of investors can be

5 Although expected utility maximizers do not need to have rational expectationsin general, they do have rational
expectationsin the limit, when e — 1.

6 This property, which follows from the market clearing condition in this model, need not hold in general. See
for instance Kogan, Ross, Wang and Westerfield (2003) for amodel, in which noise traders can influence the price
process, even though their share convergesto 0 in the limit.
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identified with the total income of the investors of thistype. Hence, the replicator dynamic can
be interpreted as a wealth dynamic in the model at hand.
321 Replicator Dynamic

Differently from the usua approach in evolutionary game theory, the replicator dynamic in
this model is applied not to the portfolio strategy chosen by an individual, but to the " meta’ -
strategies used by the two types of investors, hence to the performance of case-based decision-

making versus expected utility maximization’.

The following replicator dynamic is introduced, following Weibull (1995, pp. 124-125)38.

Denote by
i i De+ O i
Uy = Vi1 + [1 - ’71;—1} (1+7)
Pi—1
- + 0
Vg = €11 lﬁﬂp; ’ + [1 - 7531} (1+ 7”)]
t—1

+(1—e-1) {vfflp;;r i + [1 - vfﬁl] (1+ r)} (4)

the average returns achieved by an investor of typei € {eu; cb} and by the society as awhole.

The replicator dynamic is written as.

ﬁeu

€t = %et—l (5)

Ut
Hence, the equilibrium share of expected utility maximizers becomes:

e (14 7) (19| e

* Pt—1
€ = == .
% (’Yfﬂ%—l + (1= €t71)) +(1+r7) (1 - (7?3161571 + 2y (1 - el%l)))

(6)
Note, that the numerator represents the wealth of the old expected utility maximizers at time ¢,
the denominator isthe wealth of the old investorsin the economy at ¢. Hence, the proportion of
young investors following a decision rule at time ¢ is equal to the relative share of wealth held
by the old investors following the strategy. | therefore claim, that the replicator dynamic can
be interpreted as a relative wealth dynamic in the sense of Blume and Easley (1992, 2001) and

7 This approach is therefore similar to the indirect evolutionary approach initiated by Giith and Yaari (1992). In
their setup the genetic phenotype describes a decision rule for choosing a strategy in a game. The solution of the
game, computed in accordance with the proportionsin which these phenotypes are present, determines the payoffs
and hence the evolution of decision rules (not of strategies) in the population. The present model differs however
from the work of Yaari and Guith by the fact that instead by a game the payoffs are determined by a market.

8 Inthismodel thelength of periodisassumed to be 1 and thegrowth rate of the populationis0. This correspondes
tor = 1 and 8 = 0 in the overlapping-generations model presented by Weibull.
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Hens and Schenk-Hoppé (2001), Evstigneev, Hens and Schenk-Hoppé (2002, 2003).

The analysis of v (p) in section 3 showsthat if e;_; = 0, p,_; = 0 might obtain, seefigure 1.
Toinsurethat e} isawayswell defined, compute the limit of (6) ase;_; and p,_, convergeto 0.

Obviously, p;—1 = v§*,e:—1 and 5", = 1 will hold for prices near 0. Substituting in (6) gives:
F(er)+6
N P, i (ef) + b
lim e; = lim T = =7 ,
e;—1—0 et—1—0 Met—l + (]_ + ’f‘) (]_ _ et—l) Dy (et) + (St +14+7r

€t—1

which is well defined. This means, especially, that starting with e; = 0 the mass of expected

utility maximizers may becomestrictly positiveif expected utility maximizershold an asset with
positive fundamental value, the price of which is0. On the other hand, if theinitial mass of the
case-based decision makersis 0, then it remains 0 in all subsequent periods.

3.22 Temporary Equilibrium With Replicator Dynamic

Given (e;—1;7{"1; 75" 1; pi—1), atemporary equilibrium with replicator dynamic at time't is de-
fined asavector: (e};~v;*“; v;?; p), such that:

*eu

i =" ()

7 = (05)

p; (e;) clearsthe market for the risky asset given e;;
e; isdetermined by the replicator dynamic:

>k 6* 5 eu eu
* et 1 (147) (1 =572 o
€ =

PO (e e,y 445y (1= err)) + (1+7) (1= (951 + 75 (1= er1)))

It is possible to show that such an equilibrium exists in each period as long as the initial state

(er—1375™15 7521 pe—1) isan equilibrium. The evolution of the system is therefore well defined.
4 The Evolution of Wealth

The definition of atemporary equilibrium with evolutionary dynamic, combined with the divi-

dend process determine the evolution of the system. | first discuss the stationary states.

4.1 Stationary states

Proposition 2 (i) ef = 1, pf = v§* = p%* isa Stationary state.
12



(i1) ef = 0, pf = 7> = & isa tationary state, if 7 > 0 and
u < ug (7gb +(14r)(1- 'ygb))
hold.

If only expected utility-maximizersare present in the market, arational expectations equilibrium

will emerge.

For the case e = 0, the price p; = ~{’ is constant over time, but need not coincide with pg*. In
this case, arbitrage opportunities might remain unused in the market. However, only arelatively
low aspiration level that insures that v$* > 0 holds for each ¢ allows the case-based decision
makers to keep their mass at 1 in the market. As explained above, if p; = 0holds in some
period of time, e}, > 0 would almost surely obtain for some finite’ 7" > ¢t. Hence, e = 0 would

not be stationary.

Proposition 3 Let
u<ug(pg+Q+r)(1-p5)).
Then each e € [0; 1] isa stationary state, if the portfolios held and the price of a fullfil:

V= =p =}
for all ¢t > 0.

Proposition 3 identifies stationary states, in which both types of traders coexist. The price coin-
cideswith the price under rational expectationsand both types of investors hold the same optimal
portfolio, given the market price. By imitating the expected utility maximizers, case-based de-
cision makerswith relatively low aspiration levels are thus able to survive in afinancial market.
However, they will not influence prices and it would not be possible to empiricaly reject the
hypothesis of rational expectations and expected utility maximization in such a market. Itis,
therefore, interesting, whether a positive share of case-based decision-makers can surviveif the

portfolio strategies of expected utility maximizers and case-based decision makers differ.

4.2 Canthe Case-Based Investors Survive?

It has been shown, that case-based decision makers with a relatively low aspiration level can
survive in amarket, without influencing prices. Now | shall look at the dynamics of the system
for case-based investors satisfying:
u > ug (7gb +(1+7) (1 - 'ygb))
13



If the aspiration level of the case-based decision makersisrelatively high, their behavior might
influence prices. The price dynamic in amarket populated only by case-based decision makers
isdiscussed in Guerdjikova (2003).

If
ug (14+7)>a > ug (78b+(1+r) (1—78b)),
p; = 0ineach period holds and all investors hold b in every period.

For relatively high aspiration levels,

ug(14+0) >u>ug(l+r),
the price processisastochastic cyclewith two states: p;, = 1 and p; = 0. The Markov transition
matrix, describing this process is given by:
Pi+1 = Ph | Pty1 = D
Pt = DPh q l—gq

Pt = D 1 0
Of coursg, for e > 0 the price in state p; > 0, and (as long as pz* < 1) p, < 1 will obtain

in equilibrium. Nevertheless, it is possible that similar cycles occur even in the presence of
expected utility maximizersin the market. In the current model, the magnitude of these cycles
depends positive on the mass of case-based decision makers in the economy. Therefore, such

cycleswill persist, only if a positive mass of case-based decision makers survives.

In the following | examine the stability of the stationary state e = 1 to determine whether the

case-based investors survive and inf luence the prices in the market.

The further discussion will concentrate on the case, in which the stationary statesin which case-
based investors are present in the market, as described in propositions 2 and 3 do not occur, i.e.
on
@>ug (V5 + (1+7) (1-95))
for v& > 0, since then the case-based investors will change their portfolio holdings over time
generating a non-trivial dynamic. The discussion of the results for asset markets without ex-
pected utility maximizers shows, that the dynamic of the system crucially depends on the aspira
tion level of the case-based decision makers. Two caseswill beof importance: u € (ug (1 +7);ug (1 +9)),
referred to as high aspiration level and

u € (ug (ygb+ (I+7r)(1 —*ng)) sug (L+7)),

14



the case of low aspiration level.

For

€ (ug (79 +1+r)(1=9));us(1+7)),
it is easy to see, that the return of b is satisfactory for the case-based decision makers, whereas
the return of a, given that the dividend is 0 and the price of a remains unchanged or falsis not

satisfactory. Hence, v = 0 obtains and holds forever.

For

u€ (ug(14+7);us(1+0)),
the return of « is considered satisfactory, when the dividend is high and the price of a weakly
increases, whereas the return of b and the return of « if its dividend is low, are regarded as
unsatisfactory. Hence, the case-based decision makerswill switchinfinitely often between v =
1and v = 0.
421 Thecaseof high aspiration levels

Consider first the case of high aspiration level:
€ (ug(L+71);uz(149)).

Proposition 4 Let
U € (u5(1+7”);u5(1+5)).

r (1+0o)r
r(6—r)(1+6)7 1 (L+1)o
then for each 5 € (0; 1], there existsan é € (0; 1), such that e} is a submartingale for

qe

e;_; < e and asupermartingalefor e;_;, > €.

2. Foral valuesof g € [0;1] if

(14+0)r
< {(1 +7)é’ L
e; isasubmartingale for all e;_; € [0; 1]. The case-based decision makers disappear with

probability 1.

Proposition 4 establishes conditions under which the stationary state e = 1 is not stable, in the
sense that the replicator dynamics does not converge to it with probability 1.
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To see theintuition behind the result, consider the case of linear utility functions. The condition
ong inthefirst part of proposition 4 insuresthat pi* = 1, hence, the expected utility maximizaers
hold a in each period of time, independently of p,. The high aspiration level implies that the
case-based investors are constantly switching between v = 1 and v = 0. The replicator
dynamic of e} is concave in the returns of the expected utility maximizers. Therefore, it selects
for the less risky strategy, given that the expected returns of two strategies are identical. At
times, when the case-based decision makers choosey** = 0, their portfolio islessrisky, than the
portfolio of the expected utility maximizers, who choose v** = 1. Moreover, asc — 0 in case
Pt = %5 = 1, the expected returns of both portfolios are the same and the replicator dynamic
selectsfor the less risky one— those of the case-based investors. By continuity, the same result
holds in some surrounding of e = 1 and in some surrounding of ¢ = %. Hence, aslong asq is
not very large, a positive share of case-based decision makers survives.

(14+6)r
(14r)6?

sufficiently high to compensatefor the higher risk of their portfolio. Inthiscase, they accumulate

If, however, ¢ exceeds

the excess return of the expected utility maximizers becomes

thewholemarket wealth with probability 1. Notethat in the case of alogarithmic utility function,
only this case is relevant and the case-based investors ailmost surely disappear. This result is

consistent with the findings in the literature cited in section 2.

Higher values of pj* coincide with higher values of g ceteris paribus. The probability of high
dividends hastwo effects on the evolutionary dynamic. Onthe one hand, higher ¢ implieshigher
expected returns of the risky asset and therefore higher profits for the investors holding «, i.e.
for the expected utility maximizers. On the other hand, higher values of ¢ cause the case-based
decision makers to switch less frequently between the two undiversified portfolios and to hold
therisky asset during alarger share of time, henceto behavein alessrisk-averse manner®. These
two effects work in the same direction, making the strategy of the expected utility maximizers

more successful.

A result similar to the one of proposition 4 can be derived for lower fundamental values of the

risky asset, when the utility functionislinear.

Proposition 5 Supposethat 7 = 1. Let the aspiration level satisfy
we(l+r1490).

9 See Guerdjikova (2003) for a derivation of the limit frequencies with which the case-based decision makers
choose v = 0and v = 1.
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Then thereisacritical value g € (3;1) suchthat E [ef, | €] < e; holds for
2
* eu eu Tpeu
e; € [max{pl ;1 —pi" + 141_7“};1)

Although theresult is stated for the case of alinear utility function, the argument can be extended

it pie € (5 1).

to all coefficientsof relative risk-aversion strictly smaller than 1. Indeed, because of proposition

4, we know that e = 1isunstable at
q= r
r+(6—1) (1467
Since the dynamic of the system is continuous with respect to the parameter ¢, it follows that

this property still holds in some surrounding of p%* = 1 and especially for

1 (g;r+(5—7“)(1+5)51>

for some q € (O, W)

For lower values of ps* (especially lower than 3) the results are not clear. Whereas the expected
share of expected utility maximizers decreases, when the case-based decision makers hold a in
periodt, (E [ef,, | €}, 7;® = 1] < 0 always holds near 1), their share increasesin expectation,
when case-based decision makersholdb: E [e}., | €}, 7;® = 0] > 0, aslongase, issufficiently
closeto 1. Itis, apriori, not clear which of these two effects will dominate. Nevertheless,the
intuition suggests that for sufficiently low fundamental values of the risky asset the case-based
decision makers will disappear. Indeed, imagine that e.g. 6 = 0, so that p{* = 0 holds, hence
the risky asset never pays apositive dividend. In this case, the case-based decision makers, who
hold astrictly dominated asset with positive frequency disappear inthe limit. By continuity this
result holds in some surrounding of p§* = 0 (6 = 0) and, therefore, case-based decision makers

with high aspiration level cannot survive for low fundamental values of the risky asset.

To summarize, if the fundamental value of the risky asset is neither too high, nor too low, there
isapositive probability that the case-based decision makers will not disappear from the market.
This result can be made even stronger:
Proposition 6 Suppose that e} isa supermartingale on someinterval [é; 1]. Then

Pr{e; — 1} =0.

The share of case-based decision makersthus remains amost surely positive, aslong asit can be
17



shown, that e; isasupermartingalenear 1. Thisresult can beinterpretedintermsof the definition
of survival and dominanceintroduced by Blumeand Easley (1992). Intheir terminology survival

requires that the share of an investor type, say of case-based decision makers, fulfills:
Pr {lim sup ¢ >O} =1, (7)

t—o0

whereas the case-based decision makers dominate the market, if

Pr {limti_r}i ¢ > 0} —1 ©)
is satisfied. Proposition 6 implies that both (7) and (8) are fulfilled, as long as e} is a super-
martingale on some interval [¢; 1].
4.2.2 Thecase of low aspiration level

Now suppose that the case-based decision makers have an aspiration level which satisfies

ug (W + 147 (1=7)) <u<ug(l+7),
implying that the case-based decision makers hold b in each period of time. Again, it ispossible
to identify values of the parameters, for which the state e = 1is not stable and the case-based
investors almost surely survive in positive proportion.

Proposition 7 If

u€ (ug () +(1+r) (1=98))5us (1 +7))
and

r . (A+6)r . i PNt 5 .
q€ [H(é_r)(lmafl, (1+r)6> , then for each 3 € (0; 1], there existsacut-off point ¢ € (0;1),

such that e; is a supermartingale above ¢ and a submartingale below é.

(1+7)8°
to 0 almost surely.

2. lfge [(H‘”’"- 1}, for any 3 € [0; 1], the share of the case-based decision makers converges

Note that with low aspiration |evel s the case-based decision makers survive for exactly the same
values of ¢, which were found in proposition 4. Although in the case of low aspiration level, ¢
influencesthe selection only by increasing the average return of the expected utility maximizers
and not through the less risk-averse behavior on the side of the case-based decision makers, in
the limit when ¢ — 0, the conditions for survival of the case-based investors are identical in

both cases.

However, the cut-off values ¢ (as defined in proposition 4) and é from proposition 7 reflect the
18



fact that the strategy of the case-based decision makersisriskier in the case of high aspiration
level. Hence, case-based investors with low aspiration levels are likely to survive in a higher
proportion than case-based investors with high aspiration levels, as the following proposition
demonstrates:
Proposition 8 ¢, asdefined in proposition 4 and é from proposition 7 satisfy:

€ > é.
Proposition 9 Suppose that

@€ (us (70" + (L+7) (1 =) sus (1 +7))
T

r (6 —r) (14687
Then for all 5 € (0;1], ef isa supermartingale on aninterval [¢ (5) ; 1].

Let

q <

The result of proposition 6 applies in this case as well, implying that the share of case-based
decision makers remains positive with probability 1, aslong as e; is asupermartingale in some
interval [é;1]. Note that as in the case of high aspiration levels, case-based investors cannot

survive in the presence of logarithmic expected utility maximizers.
5 Asset Pricesin the Presence of Case-Based Decision Makers

Theresults of section 4 show that case-based investors can survivein strictly positive proportion
in the presence of expected utility maximizers. This section analyzesthe effect of their behavior

on asset prices.

Consider first the case of high aspiration level. If p§* < 1, the case-based decision makers can
influence prices and cause bubbles, excessive volatility and predictability of returns, aslong as
their shareis sufficiently high. Denote by

pg" =min{p [y (p) = 0}
the minimal price at which the expected utility maximizers hold only bonds. Suppose now
that ¢; > p%* holds. Since the case-based decision makers switch between a and b infinitely
often, the price of a will fluctuate depending on the share of case-based decision makers and

on their behavior, exhibiting excessive volatility’®. Moreover, the returns of a are predictable.

10 |n an overlapping generations model with constant initial endowments and no population growth the price of
the risky asset should remain constant over time, given rational expectations and expected utility maximization.
Thisisthecasefor e = 1.
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Especidly, if in a certain period only expected utility maximizers hold a, an external observer
could predict, that the price of a in the next period will (weakly) rise, since the young case-based
decision makerswill buy a in ¢, independently of the dividend paid by the risky asset.

Case-based investors can cause a bubble to emerge and to persist in the market for several peri-
ods. Suppose for instance, that the share of expected utility maximizersislower than (1 — ﬁg“)
at sometime ¢ and that case-based decision makers choose v$* = 1. Then the equilibrium price
of a will satisfy
p; = (1 —ef) > p5* > pj".

Moreover, if 6,1 = 6, then the returns of the case-based investors will exceed those of the
expected utility maximizers and e;,; < e; will hold. Since the young case-based decision
makers choose {2, = 1,

Pii1 = (1 - 62‘+1) > pibg' = pg'
holds in equilibrium. Hence, the price increases above the price under rational expectations, as
long as the dividend of the risky asset remains positive. In thefirst period ¢, such that 6, = 0,
the bubble will burst, since the case-based decision makers will switch to v = 0 and their
sharewill decrease. Moreover, the price of the risky asset might even fall below the price under
rational expectationsp%*. For instance, in the case of alinear utility function thiswould happen,
f (ps* — 1)

06> iy

hence if the bubble has lasted long enough to decrease substantially the share of the expected

utility maximizers.

Now consider the case of low aspiration levels, hence, v;* = 0 holds for each ¢. It turns out
that case-based investors with low aspirations can drive the expected utility maximizersd out of

the market for afinite number of periods.

Denote by

pg' = max {p | v (p) = 1}.
Lete; < p§* sothat ¢ = 1, p; = e; and let the next period dividend be low, 6,1, = 0. The

equilibrium share of the expected utility maximizersis given by the solution of the equation:
Cii1 % "
e Tt e
t+1 (9)

%et+(1+r)(1—ef) et (L) (I —e)

* —
€1 =
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(9) hastwo solutions: e;, ; = 0 and
ei=e (14+7r)—r<ef
Hence, if theinitial share of the expected utility maximizersisrelatively small:

r
e; <min< ——;1—p% 5,
! {1—|—7’ pﬁ}

e;r; < 0andej,, = 0 obtainsin equilibrium.

Theexpected utility maximizerscan vanish, if they hold therisky asset, hoping that itisvaluable,
but if there are not enough of their type to prevent prices from falling, when the dividend of
the asset is low. This effect is similar to the noise trader risk identified by De Long, Shleifer,
Summers and Waldmann (1990). Although the expected utility maximizers don’t have rational
expectations in this model, they suffer from an undervaluation of the risky asset, caused by
the case-based decision makers. If further the returns of the expected utility maximizers are
relatively low compared to those of the population as a whole, then the share of the case-based
decision makerswill increase causing the underval uation of the risky asset to become even more

Severe.

The effect arises, because of the dependence of the replicator dynamic on the price of the risky
asset and therefore indirectly on e, itself. It shows, that even in markets, in which expected
utility maximizers are a priori present, the price of an asset with positive fundamental value

may fall to 0 and remain so for few periods.

The expected utility maximizers will, however, not disappear forever. Since they will hold an
asset with positive fundamental value, their share in the population will become positive in the
first period, in which the dividend of the risky asset becomes strictly positive. Hence, the price
of the asset becomes positive in finite time.

The results of this section imply that some of the phenomena empirically observed in finan-
cial markets could be attributed to the presence of case-based decision makers in the economy.
However, the emergence of bubbles or price crashes requires a relatively high proportion of
case-based decision makers in the market. Although the probability of such eventsis positive,
it is not clear, whether its analytical computation is possible. Future work will therefore have
to deal with ssmulations of the model, from which the frequency of such phenomena could be
estimated.
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6 Conclusion

The analysis of the model answers the two questions stated in the introduction by identifying
conditions under which case-based decision makers survive in the presence of expected utility
maximizers and discussing their influence on prices. It is shown that case-based investors can
survivefor certain ranges of the parametersif the coefficient of relativerisk aversionislessthan
1. Case-based investors are shown to cause predictability of asset prices, high volatility and
bubbles, aswell as price crashes when the share of expected utility maximizersin the market is
relatively low.

A final note hasto be made on the issue of introducing expected utility maximizers with rational
expectations. It is straightforward to see, that in the case of alinear utility function, aslong, as
the short-sale constraints are not binding, the expected returns of the two assetswill be identical
at each period of time. Therefore, the replicator dynamic will select for thelessrisky strategy in
each period and the case-based investors would retain a positive proportion in the market. Since
the replicator dynamic and the demand of the investors are continuous with respect to 3, it can
be expected that similar results will obtain in a surrounding of 5 = 1. Hence, the results about
the instability of the stationary state e = 1 would remain valid at |east for arange of coefficients

of relative risk-aversion closeto 1.
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Appendix

Pebbirsf drppedtitrfd@lowsthat (1 — e, 1) = 0. Since
Mo, 1 (14 7) (1= )] e

* DPt—1

€ = er = ].,
= (p:,)jét yetier 1+ (1+7) (1 — ’Yfﬁ1€t71)
the claim of the proposition obtains.

If p,1 > 0and e, = 0, then e} = 22 = 0. Therefore, if it can be insured, that the demand

't

for a of the case-based decision makersisstrictly positive over thetime, the mass of the expected
utility maximizers will stay 0. Hence, a condition is needed, that insures that v;<* > 0 for each
t. Assume, asin the proposition, that v¢® > 0 and note that all case-based decision makers will
have the case (v§”; v, (7)) in their memory, will observe areturn of at least

ug (V) + 1 +7)(1=18)) >4,
given that the price of the asset remains unchanged. Hence, if 7" = 7¢’, then v, = ~¢> and

v ==y

obtains in each period ¢.l

Proof of Proposition 3:

The assumption
u<u(pg+(1+r)(1-pg))
guarantees, that as long as the price of a remains constant over the time, none of the case-based
decision makerswill ever switch away fromtheinitially chosen portfolio. Indeed, if acase-based
decision maker remembers (v = p§*; v; (p5')),
vy (p%“) > ug (p%“ +(147r)(1 —pg“)) > 1

holds and »§* = p§*. Moreover, at p§*, v (p") = pj"isthe optimal choice of the expected
utility maximizers. Since both types of investors hold the same portfolio, their returns in each

period of time are equal and hence their shares in the population remain constant over time.ll

Proof of proposition 4

r(1+8) L eu _
Lemmal0 Ifqg > s PE = 1 holds.

Proof of lemma 10
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Let first 3 = 0. Observe that pg* is strictly decreasing in ¢ and

po'(g) =1

r1+0) 1t follows that p<* > 1 is equivalent to ¢ > 3+

5(1+r) " 5(1+7r) "
inconsistent with the condition necessary for ¢; to be a submartingale.

obtainsat g = Hence, pf* > 1is

Now assume 3 € (0;1]. Consider first the case of p§* = 1 and note, that the value of ¢, for

which 7" = pg* = 1 will still be an interior solution of (3) is given by:

(1+7) {(fﬁgj}g)ﬁ - 1}

1 =1,
5+T[(;;;g;;) - _1}
which smplifiesto
r
— 10
-t (0
Denote .
((15—q>r) .
~ o(5-)
Fromag—;>0and
2-8
0z _ 1 [(-qr | (rG-r)_,
g (-1 q(g_r> @2 6—r)

it follows that ‘92% > 0 and since 47" falls in price, it follows that the equilibrium price is
increasing in the probability of high dividend q. Therefore, for values of ¢, higher than (10), the

price under rational expectations (for agiven 3) isequal to 1, seefigure 16.1

Hence, for al current values of p; < 1 the expected utility maximizers (who believethat p,,; =

1) will invest their wholeinitial endowment into therisky asset. Therefore, theinterval of values
r 1
r4 (6 —r)(146)"Y
corresponds to the case, in which the expected utility maximizers invest their whole initial en-

dowment into a, independently of the price.

Given the assumptions on ¢ and u, the dynamics of prices and asset holdings can be described

asfollows:

v = 1foreacht;
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Figure 2

Lif r%,=1andé; =6or

7 = iy =0 ;
0,if 7%, =1andé; =0

Lif %, =1andé, =6or
pr = 7531:0
er,if v, =1andé; =0

Note that the average returns of the two types are identical, aslong as both types hold a. There-

fore the population shares remain unchanged in such periods:

* %k H *ch
ef = e, 1fv 7 = 1.

Hence, these periods do not influence the dynamic of population shares. It is, therefore, suffi-
cient to analyze how e, changesin periods, in which the holdings of both types of investorsdiffer.
In such periods the expected (sinceit depends on arandom dividend payment) equilibrium share

of case-based decision makersis given by:

1 _ 1 _
Bl |ei] = gm0 (1) e S
A +r)e +5—eia (L+7) (1—efy) + ey
Now note, that sincein (¢t — 1) only the expected utility maximizershold a, p;_; = e} ;. There-
fore
.l e (L+r)e (L+r)c .
Elelca] = 4 — +(1—9q) = zt—l

(I+7r)c i+ (1+0) (I+7r)c,+1
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r(L4+8)+r(l+r)c —gs(1+7)Z (1+8) (L+r) i+ (1+7)7

r(l+6+1+7r)c,)—A+r) g, (1+6+0+r)c ) —q(l+7)Z0
(1—1—5—1—(14—7“)0;‘71) [r—(l—i—r)c;‘,l} —qé(l—i—r)zO. (11)
Itisclear, that for ¢;_; > %=, E [¢} | ¢f_,] < ¢}_,, therefore ¢} isasupermartingale and since

e + ¢f = 1ineach period, it follows that e; is a submartingale, if e; ; < ﬁ On the other

hand, if c;_; — 0, thel.h.s. of (11) becomes:

(1+6)r

(1476

g’(;, the continuity of thel.h.s. of (11) guarantees, that £ [¢} | ¢;_,] > ¢;_, (and hence

(1+6)r—qé(1+7r)>0,ifg<

(146
(1+r

asubmartingale) for ¢;_, closeto 0. It follows, that for somecé € (0; %) £ [¢} | ¢;, = ¢] = 0.

If ¢ <

The assertion of the first part of the proposition now follows by definingée = 1 — é.

If g > G122 thel.h.s. of (11) isnegativefor dl ¢;_, € [0;1] and therefore E [¢f | ef_,] > ¢;,

for al e;,_y € [0;1]. It follows, that ] is a submartingale on [0; 1]. Hence, the convergence
theorem for martingales applies, i.e. e; converges aimost surely. It follows that on almost each

dividend path
tlggo el 4 _tliglol—i- (1—e)r+6
must hold, which is only possible, if e; — 1 with probability 1.

1

(148)r
(14r)6

It remains to show that the condition ¢ <
only for 5 € (0; 1], but not for 5 = 0.

is consistent with the assumption that p§* = 1

(146)r

(14r)é and

Lemmall g <

r

>
B 7‘+(5—T)(1+6)ﬂ71
can hold simultaneously only for g € (0; 1], but not for 5 = 0.

Indeed,
r (1+06)r

r+@E—r)1+8  (1+71)6

isequivalent to
6 —1) [(1+5)ﬂ—1] >0,
which is always satisfied for 3 > 0. Note, that the logarithmic utility function represents the
limit case, 5 = 0, in which the equality holds.ll
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Proof of proposition 5:

Assumethat ¢, € [max {p's1 — p + £ 451).
The proposition will be proved separately for those periods in which the case-based decision-

makers hold a and those periodsin which they hold b. First note that if v¢* = 1 holds, then the

case-based decision-makers continueto hold a at timet + 1, iff 6,1 = 6 sothat in this case
Pey1 = pr = P
By assumption, the share of case-based decision-makers satisfies
c; =1—¢€; <1—p™ <p™,

since p* < % If the price cannot rise higher than p°*, the average return of the case-based

decision-makersis, therefore;
)

eu’

@fil =1+
whereas the average return of the population is given by

i =P 8 (14 7) (1= p™) = 17 =1 4.5,

8 > 14 6 > u, the young case-based

aslong ase; ; < p* holds. Furthermore, since 1 + p

decision-makersinvest in a aswell so that 7%, = 1.

Alternatively, if 6,1 = 0, then the highest return that the case-based decision-makers can
achievefroma is1 < u, therefore the young case-based decision-makerswill choose b, achiev-
ing an average return of at most 1. Since this average return is smaller than the average return
of the population, given by:

U1 =p™+ (1 +7)(1—p™)=1+7r—rp™,
the mass of the case-based decision-makers decreases, making it possible for the expected utility

maximizers to sustain the price of a at p** at time (¢ + 1).

If 6,41 = 0, then the returns and the behavior of the investorsin (¢ + 2) is described exactly
asin (t + 1), except in the case, in which the share of the case-based decision-makers has risen
above p°* and does not allow the expected utility maximizers to reduce the price of the risky
asset to its fundamental value. This can happen, if theinitia ¢; isrelatively high, so that:
[

(1+5)
14+r—rp+6
It is, therefore, shown that if p** is sufficiently large, c;,; < p* holds for all values of ¢; €

¢ty = ¢ > . (12)
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(0; 1 — p=). Indeed, rewrite (12) as
> P (1—1—7“—(7;]9 —1—6).
1+ -5

To exclude the case, in which the inequality in (12) holds, it is necessary that:
P (1+7r —rp™+90)

1+ -5

pe

> 1_peu’

or that
— rp 4 p 24+r+6)—(1—=26)p™—6>0. (13)
Note first that for 6 = 2iq (pe = %), the l.h.s. isnegative and that for 6 = g (p* = 1), thel.h.s.
is positive. Using now the fact that p** = ‘17‘5 rewrite (13) as:
PP (1 —q)+6q2q+qr+r)—r>0
and since the I.h.s. of this expression is a convex quadratic function, there exists aé, such that
for every § > 6 (13) is satisfied.

The expected value of the share of the case-based decision-makers at time (¢ + 2), given their

share at time ¢, can then be written as™:

1+ % 1+ -5 1
Elci,| =1 = CZ‘q(Rfé) qu6+(1—q)E +
. 1 (1+r) (1+7r)
+cj (1 Q)qu}”éﬂl q) 7|

where R = 1 + r — rpe. Using simple algebraand the fact that p°* = £ shows that

E[CLFZ | cf,ﬁb: 1} > ¢,

if and only if
(q+"VRRA+7r)+6(1—-¢)+1—q)(1+7)(R+6(1—¢q)(R+6) > (R+6)*R?
(14)
holds. If
w:@:L

meaning that R = 1 and ¢6 = r, condition (9) simplifiesto:

(14+6)r(6—r+qr) >0,

11 Infact, as above, it should be taken into account that the share of the case-based decision-makers might exceed
p°*in (t + 2) if therisky asset pays a high dividend. However, thiswill only increase the expected value of ¢ ,.
Since the argument relies on showing that the expected value of c;,, exceeds c;, neglecting this effect has no
influence on the results.
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which is aways satisfied, since 6 > r holds by assumption. On the other hand, for
g0 1
T2
and, hence, R = 1 + 5 and ¢6 = 5, (14) isequivaent to
gr qr* 33 1 9 9
7+T+1_6_§_T_6T_5 r—oér® >0,
which is never satisfied, since

eu

qr T
2 <3
qr?
4
3r3
16
hold according to the assumptionthat 6 > r, » € (0;1) and g € (0;1). Therefore,

< r<r

< B <rt<ér

Elcis | 6nf =1] > ¢
holdsfor 6 = g and since the expected value of ¢;, , iscontinuousin é, it followsthat the process
€}y Ciyar Ciyy--- IS@SUbmartingale in some surrounding of 6 = <. At the sametime,

Bl |6 =1] <q
holds for 6 = 7. By continuity of the expected value of c;,,, thereis, therefore, avalue for 6,

S € <2Lq, g) such that the expected value of ¢}, , exceeds ¢} for § > 6.

Now suppose that v = 0. Similar arguments as those stated above allow to write the expected

valueof ¢j ., as:

)
e e Lt | Mg 1
Elc, | =0 = L <R+6>+<1_Q)§ 1
14+ S
. 1+r eu 1
+Ct(1_Q>( R) q(Rf(S)Jr(l—q)E

Again, one should take into account that the mass of the case-based decision-makers could in-
crease above p* in period (¢ + 1), when the dividend of the risky asset is low. However, this

would require that:
(]' + r) C* > ey
Tr—rput ~ P
or, equivalently

6’LL2

rp
147

ef <1—p™+
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which is excluded by the assumptions made.

Using simple algebra and the fact that p°* = £ shows that
Elcis | €78 =0] > ¢
holds if
1+ [RA+7r)+86(1—q)[R+6(1—q)] > (R+6)R? (15)
issatisfied. Note that for p* = 1, condition (15) is equivaent to
(1+7r)(1+6—7r) >0,

which is always satisfied. For p* = 2, (15) becomes
32 r 126 rs 6

Ttttz Tyt

whichisobvioudly satisfied for all positive values of ~ and 6. Sincethe expected value of ¢}, is
continuousin &, it follows that thereisaé € [2%, 2) such that

E et | 6nf = 0] > ¢
for al 5 > 8. Now choose the maximal of the three values &, §, 5 and denote it by 6. Let
5 = 1, It followsthat 5 € (1;1) and that

Elciis | 6] > o,

euT2
e € {max{pe“;l—pe“qL P };1).
1 _peu

Sincec; , and e;,, sumto 1, it follows that

for p* > p=* and

*

Elefa e, =01 < ¢
E [ewo | e,y = 1] < ¢,
if pe* > p** and
e € lmax {peu; 1—p™+ %} ; 1)
arefulfilled simultaneously.ll

Proof of proposition 6:

In Lemma 19 in Sciubba (1999, p. 40) it is demonstrated, that a supermartingale bounded be-
tween [0; 1] and starting below 1 cannot converge to its upper boundary with probability 1. The
following argument follows closely the proof of Proposition 17 in Sciubba (1999, pp. 40-41).

Suppose that e; convergesto 1 with strictly positive probability and denote the event on which
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this happens by ©. Now consider e} on the event © and suppose that on © Pr{e; — 1} = 1.
Denoteby 6, C 9, C ...0, C ...0 the natural filtration of ©. Since Pr{©} > 0, and since the
process of the dividendsisi.i.d., the law of large numbers applies and the distribution of divi-
dends on © coincides with the distribution of the dividends on €2, the set of all possible dividend
paths. Especially, Pr{é; = 6 | ©;_1} = Pr{é: = 6} = ¢. Therefore the process ¢; on © can
be described in exactly the same way, as the process e; on 2 and therefore e} is a supermartin-
galeon ©. But, according to Lemma 19 in Sciubba (1999, p. 40) Pr{e; — 1| ©} # 1, sincee;
isasupermartingale bounded above by 1. Therefore, there is no event with positive probability,
on which e; — 1 occurs amost surely. Hence, Pr {ej — 1} = 0 and the case-based decision

makers survive with probability 1.1
Proof of proposition 7:

Aswas demonstrated in lemma 10, the condition
"
>
a 7‘+(5—T)(1+5)ﬂ71
implies that pg* = 1 and the expected utility maximizers will choose v** = 1 in each period.

The case-based decision makers will always hold b, since their aspiration level isbetween 1 and
(14 r). Thereforethepriceof a will bep; = e; = 1—c¢; for eacht. Thereturn of the case-based
decision makersis (1 + r) in each period, whereas the average return of the population is given
by

=€ +6+(1—¢€)(1+r)=14+06+cr.
Hence E ¢}, | ¢;] can bewritten as:

E[ct+1‘ct] - ql_i_czkr_'_(s ( q)l—l—c;f?“ ct th
Thissimplifiesto:
(l—c;f)r(l—i-c;fr—i-é)—q(1+7”)5§0. (16)
For ¢; — 0 the left hand side becomes:
r(l+6)—q(l+r)d>0,iffg < (L+8)r
1 S ) s
For ¢ = 1, theleft hand sideis negative. Since the left-hand side of (16) isaquadratic function

(14+6)r
(14r)6?

¢ € (0;1), for which the left hand side of (16) is0. For ¢ > ¢, ¢; isasupermartingale and vice

with a negative coefficient in front of ¢}?, it follows that for ¢ <

there exists a unique

versa. Now denote by é = 1 — ¢ the share of expected utility maximizers corresponding to the
share ¢ of case-based decision makers. It follows that e} is a supermartingale for e; > ¢é and a
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submartingale for e; < é.

If ¢ > G2, then ¢; is a supermartingale on the whole interval [0; 1]. Therefore e] is a sub-

martingale on [0; 1]. Hence, the convergence theorem for martingales applies, i.e. e; converges
almost surely. It follows that on almost each dividend path

(ef +61)
ef+8u+(14r)(1—€f ;)

e*
lim *t = lim
t—oo €5 4 t—o0 (62‘,1+5t71)
eZ71+6t,1+(1+r)(1762‘72)
must hold. Let ej = e;_; = e;_,, thenit follows that:

(ef +6y) o (ef +64-1)

lim = lim :
toooef + 0+ (1+7)(1—€f) tomef+61+(1+7)(1—¢e)
Note, however, that since §, is a stochastic process, this equality can only hold, if e; — 1 with

=1.

probability 1, hence if the average return of the expected utility maximizers coincide with the

average return of the society in each period of time.

Thefactthat ¢ < E}L‘fgg isconsistent with pg* = 1 only for 3 (0; 1], but not for 3 = 0 isanalogous

totheonegiveninlemma1ll.l
Proof of proposition 8:

Rewrite conditions (11) and (16) as.
— () — () (A=) (1 +8)r— g5 (1+7)

and

2 —(1+r)(14+6—1)+ 1 +8)r—qgb(1+7),
respectively. One easily sees that

—(L+r)e —(I+r) (1 +6—1)+ (L +8)7r—qgs(1+7)

< 2 —(1+nA+6—r)+(1+6)r—gs(1+7)

always holds. Hence, the sole positive root of (11) ¢ is always greater than the sole positive root
of (16), ¢.1

Proof of proposition 9:

Consider first thecase of 5 = 1. Notethat for each p{* it is possible to choose theinitial mass of
expected utility maximizerse; to be sufficiently high so asto support the price of a at p§* in the
next period. The restrictions on the aspiration level of the case-based impliesthat they will hold

b in each period. Their average return is therefore o¢® = (1 + r), whereas the average return of
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the populationis @, = 1 + 6, + r — rp". Hence E [cj,, | ¢;] can be written as:

(1+r) (1+r) >
E * * = 1 _ * feutl *
[Ct+1|ct] q1+7“—rp"f“+5+( q>1—i—7"—7“p§“ G Z G
Thiseasily simplifiesto:
—q(L+7)8Z —rp" (1 +7 — 1 +6) (17)

and by using the fact that p§* = ‘175 one obtains that c; isasubmartingale, if
8% (1 —q) >0,

whichisawayssatisfied for gand 6 € (0;1)*. Sincec; isasubmartingaleand sincee; = 1—¢;,
it follows, that e} is asupermartingale on [max {pi“; %} : 1} :
Now supposethat 5 € (0;1]. Now it isno longer possible to choose the mass of the case-based
investorsin such away that the equilibrium price equals p*. Indeed, to support the price at p3*
in presence of a positive mass of case-based investors, the expected utility maximizers would
have to choose a higher v¢“. But they would not be ready to do so, unless they could pay a
lower price for the risky asset than pj*. However, it is easy to seethat if the share of case-based
decision-makersin the market converges to 0, the equilibrium price will convergeto pg. Inthe
limit, the condition for ¢} to be asubmartingale is determined by equation (17) and is equivalent
to:
RS ((1+r+6) V(I +r4+68) —4gd(1+7);(1+7+8) + /(L +7+0) —4q6(1+r)) :
Since pg* isincreasing in 8 and since pi* satisfies this condition, it follows that

P <(1+r+6)+/(1+r+8)—4¢5(1+7)
foral 5 € [0;1]. Moreover, for 5 = 0,

P =(1+7+6)— (1 +7+6) —4g5(1+7),

hence, for all 5 € (0; 1], the condition is satisfied and ¢; isasubmartingale in some surrounding

of ¢, = 0, implying that there exists an ¢ (3) € (0;1) such that e} is a supermartingale on

[e(6);1].m

12 For ¢6 = 0 both the case-based decision makers and the expected utility maximizers hold only asset b and
achievethereforeidentical returnsin each period of time. The mass of the case-based decision makersthusremains
constant.
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