brought to you by .{ CORE

View metadata, citation and similar papers at core.ac.uk
provided by Research Papers in Economics

A Model of Mental Effort and Endogenous Estimation Risk

Diego Nocetti
The University of Memphis

Abstract

| present a simple model that formalizes Kahneman’s (1973) ideas and experimental work on
attention limitations. In addition, | extend his framework to account for the interaction
between attention and memory deficits. In particular, | propose that individuals optimally
allocate their divisible, but limited, attention to estimate parameters of an economic model,
by retrieving observations from a stock of memories, by means of a cognition technology. |
speculate that the model might help explain several stylized facts that are at odds with an
infinite capacity (fully rational) model.
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1. Introduction

In recent years there has been a flurry of rebethiat departs from the rational agent
paradigm in order to explain economic phenomeniateat odds with the standard
model. This note tackles one particular departtom fthe assumption of an omniscient
rational agent; namely, the limited use of ava#gahbformation due to scarce cognitive
resources and memory deficits.

| take as a starting point the ideas and expetiah@rork of Kahneman (1973) on
attention limitations and extend his framework ¢o@unt for the interaction between
attention and memory deficits. In particular, tlehavioral model is based on the
assumption that individuals optimally allocate thavisible, but limited, attention to
estimate parameters of an economic model, by v@tgeobservations from a stock of
memories, by means of a cognition technology.

In the next section | present a general modattehtion allocation while, in the
framework of an inference problem, section 3 forees the interaction between the
attention allocation policy and memory limitatiohs.section 4 | briefly consider some
applications of the model. Section 5 compares amtrasts the model with the current
literature and concludes.

2. The Allocation of Mental Effort

This section develops a formal model of attenbased on the ideas and
experimental work of Kahneman (1973). The modékised on the following premises.
First, attention (mental effort) is a scarce reseymput). Second, the input is divisible
(i.e. processing is parallel as opposed to saialng activities which might differ in
their demands. Third, the effort exerted to a giaetivity determines a particular output.
The “production” of such output is achieved withigen cognition technology. Finally,
the allocation of the input is done in an optimalyw Figure 1, which is an adaptation of
Kahneman (1973 pg 10), illustrates the interadtietween these elements.

To formalize these ideas consider the followiragrfework. At a given instant in time
there aran actions that demand attention. lzetdenote thgerformance (consequence)

in thei-th action for a given level of effort and suppdsat the satisfaction (a,),
received from these is separable

U =,ul(a1)+,u2 (az)+ ------ + Uy, (am) (1)
whereg (.) is a strictly concave function. Further, suppds# the cognition technology-
output relationship is described by

fi(e)=2 (2)

wheref (e;) represents a (concavagnition technology for a given level of effort. This
IS subject to the capaciti)(constraint

e te, +... +e, =k (3)

Using (2) and (3) we can write the technology t@st as acognition possibilities
frontier
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The optimal allocation of mental effort implieetfollowing condition,
4i(a) =M™ (a) =00 (5)

where/ is the Lagrange multiplier and represents the gham the satisfaction received
in equilibrium given a small change in the attemti@pacity constraint. Equation (5)
holds for all actions that demand attention; thenesfwe have,

i (a) _H (2)
i (a) #(a)

which is the usual condition that the marginal @t&ransformation equals the marginal
rate of substitution among all possible actionguFe 2 illustrates the cognition problem
for the case of two actions. The figure shows thténmal tangency condition between the
cognition possibilities frontier and the indiffeancurve and the shift in the frontier (and
the optimal allocation of attention) given an irase in capacity from k to k’.

0y, (6)

A mundane example might help to grasp the idehemodel. Consider the problem
of how to allocate attentional resources to drivilegvn a highway and listening to the
radio news. The quality of driving (e.g. correatlyange gears) and the amount and
guality of the information received from the newsdxcast represent the performance on
each action. Given a processing constraint, degatiare attention to one action
necessarily has a cost in terms of inattentioméoather action. For example, paying
more attention to driving implies missing part loé thews story. On the other hand,
devoting more cognitive resources to the story migtrease the chances of having an
accident.

Now suppose that it starts to rain or that théwwi@y becomes more congested.
Because the relative cost of attention to driviag fallen, an increase in the amount of
attention to this action is called for. But, hows&lect how much more attention driving
requires? The model proposes that at the optimuraqualize the ratio of marginal
utilities (the change in the satisfaction receifredh a small change in the performance
of each action) to the marginal rate of transforamafthe performance in one action that
the individual gives up to produce a higher perfance in the other action). Thus, given
identical preferences, a beginner driver will nezdeallocate a larger amount of
attention than an experienced driver (who has migheductivity).

3. Divided Attention, Memory, and L east Squares

Most economic decisions require estimating pararsghat make up an economic
model. Recognizing this, a large amount of litematweats individuals as
econometricians who base their decisions on a giaemple of observations. In this
section | analyze an example of the previous fraomkwn which the actions that demand
attention take the form of inference problems. Ingoatly, individuals do not use
databases as econometricians do but rely on themary to infer the parameter
estimates. Beyond providing a more realistic flanothe inference problem, the
advantage of such treatment is twofold. First, esithe sample size is possibly small due
to scarce cognitive resources, parameter uncertegntains significant even if the data



available is large and there are no structural shifts. Seéctthre endogenous characteristic
of the sample allows quantifying the magnitude disgntangling the determinants of the
deviations from the standard (infinite capacity)dab

The individual has to decide the optimal allocatid attention to make inferences
aboutm (uncorrelated) variables that follow the simpleqass

Xjp = H + & (7)
with &, iS N ~ (0, af) andg? is known. In the appendix | analyze the case with

correlated variables and | show that the main tptale results that follow remain intact.

Suppose that the individual’s objective is to sethe estimateg, , that minimize the

mean square errors. Further, suppose that pastvakises of each variable compose a
stock of memory and that the individual focusesdtiention to finding the optimal
estimates by retrieving a sample of sigerom memory. A higher level of effort leads to

a larger number of observations and a better pegnce in the inference problem.
Consider the case where the cognition techna®@obb Douglas
®e’ =n, (8)

where ®, is a productivity parameter ar< 1. In this case the cognition possibilities
frontier is amemory frontier

[3] (CT] . (cr] “k. (9)

It seems reasonable that, for a given level argffamiliarity increases the ease with
which information is retrieved from memory. Thatirgdividuals are relatively more
productive retrieving familiar information. Thereéy ®, can be interpreted as a
familiarity parameter. According to this an indiual will, for example, find more
difficult to retrieve a list of names randomly sekxl from the phone book than a list of
famous people. Similarly, practice should improseall. A large amount of literature
supports this hypothesis [e.g. Mandler (1980),u@&dl and Shiffrin (1984)]

Since, by assumption, the samples are indepetiuebjective function takes the
form

MAX i a?/n; . (10)

It follows that the optimality condition for the goition problem is

1-a

o’ 1(n o 1 _.
Sz =1 = 0. 11
n? a( ] 0} ! (11)

This equation says that, at the optimum, the matdpanefit of attention to variabie
must equal its marginal cost. Alternatively, sitizis holds for all samples, dividing the
marginal benefits of recalling an observation fremmples andj and the marginal costs



we obtain the condition where the marginal rateulfstitution equals the marginal rate
of transformation.

The optimal sample size is

0= K Oj#i (12)

| % {“(i( szq)j)ww)j /( 7D )a/(w)T

] i=1

while the optimal level of effort follows from th@oduction technology and the estimate
that minimizes the mean square deviation isxi ~N (4,07 /n;).

Corollary. Attention to variable j, its optimal sample size, and therefor e the efficiency of
the estimate,

1. Increase with capacity
2. Increasewith its variance and decrease with the variance of all other variables.

3. Increase with the productivity of retrieval of this variable and decrease with the
productivity of the other variables.

The intuition for the first two results is stratfgrward. As capacity increases the
individual is able to retrieve more informationritanemory to solve the inference
problem. If capacity were infinite the individuabwld be able to remember all
observations in which case the estimate would etpgahctual parameter. Second, an
increase in the variance decreases the confidertbe iestimate and thus a larger sample
is called for. However, because the individualgiion is constrained this increase will
necessarily result in a lower confidence in theeo8amples.

The fact that an increase in productivity of reoévariablej increases the effort
invested in this variable and decreases the dffodther variables might seem
counterintuitive at first. If, as before, produdtyvis interpreted as a familiarity parameter
this implies that individuals will tend to focuseih attention in the retrieval of
observations of those variables that are relativadye familiar to them. This is quite
surprising since one would expect that, as thelfanty of one variable (action)
increases, the individual will distribute his liedt capacity in a way that reduces the
uncertainty on both variables.

To understand the intuition of the result it iefus to think about the cognition-
inference problem with two variables, say A anddB.increase in the productivity of
retrieval of observations of variable A acts asféective increase in the resources
allocated to this variable. As illustrated in figu8 this causes a biased expansion of the
cognition possibilities frontier in the directiofivariable A. Thus, we encounter a type of
Rybczynski effect, whereby at constant commodity prices (the redati@riance of the
shocks) an increase in the supply of one inputdéacn absolute increase in the output
of the good (observations retrieved) that usesitipist intensively and an absolute
decrease in the output of the other good.

Although a complete treatment of a general equuiih economy with information
sharing is outside the scope of this note a dertension of this result is thit



individuals are allowed to share/trade memories (and risk) they will tend to specializein
the retrieval of those memories with which they are more familiar. In fact, Becker (1985)
derives this result in a model of labor supply vehiee identifies performance for a given
level of effort with wage income. He shows thatjenthe assumption that women are
more productive for non-market activities (e.glalziare), they will tend to specialize in
those activities, reducing their wages and pawiogm in the labor market.

Finally, one can also interpret these results in terms yhations that demand
attention such as my previous example of driving pawying attention to the radio news.
In some situations, however, the result of a higloaver) level of attention for more
(less) familiar actions is counterfactual. For epéemin identical environments
experienced drivers are generally able to perfaimeroactions better than novice drivers.
This situation, however, is easily accommodatethleymodel if increases in
performance have a limit. In such situation, afterformance in one action has reached
the limit any further increase in productivity walllow the individual to allocate more
effort to other concurrent activities.

4. Applications

In this section | briefly speculate on the apgitity of the model. The applications
are based on research that is under way (Nocé@g)2and | wish that many more will
follow.

4.1 Portfolio Choice

There is a large literature, mostly in a Baye$iamework, which considers portfolio
choice under parameter uncertainty [Zellner andti@l{@965) is the seminal paper on
the subject]. As one would expect, estimation reskuces the optimal equity share. The
endogeneity of estimation risk in the present frar& might provide additional
interesting insights. For example, more familiamiggs (with higher productivity of
recall) will have lower estimation risk and themefdhe holdings on those equities will be
larger. This might help explain the well knoWwome bias puzzle as well as the lack of
intra-national diversification.

4.2 Asset Pricing

Timmerman (1993) shows that stock returns disphaess volatility if individuals
have to estimate the growth rate of dividends.ifively, the dividend yield is not
constant as in models with “rational” agents (iitércapacity in the present framework).

The present model predicts, in addition, that sarad lesser known stocks are more
volatile as observed in the data [e.g. Pastor amdnesi (2003) and Brown and Ferreira
(2004)]. Intuitively, if the representative invesste more productive recalling more
familiar information the volatility of the estima@nd therefore the volatility of the
dividend yield will be smaller.

Further, although not analyzed here, any prediethias of memory retrieval
introduces stock returns predictability. For examitlis well established in the
psychology literature that individuals tend to lecdormation that matches in valence
the mood at the time of retrieval (knownragod-congruence effect). If one can predict
moods stock returns will be predictable as welig@miods of optimism (pessimism)
investors will overestimate (underestimate) thenghorate of dividends]. It is an



empirical question whether stock returns are rdladefor example, the index of
consumer sentiment which is indeed highly seriedigrelated.

4.3 Consumption

Similar to the case of asset prices, the modehthpgovide an explanation to the
observed failure of the random walk hypothesisasfstimption and in particular to
Carroll, Fuhrer, and Wilcox (1994) findings thahanges in sentiment not only forecast
changes in spending, but also cause them”. Inifathe with the present model where
estimation risk is endogenous, they argue “If comsusentiment is, in part, a measure of
uncertainty, one might hope that a model of preoaaty saving would be consistent
with our results”.

4.4 Inflation Expectations and Labor Supply

The present model, in which effort is allocatedhfer parameter values, might
complement Becker’s (1985) model of labor suppby. &ample, effort exerted to
market activities might compete with the demandafibention of inferences about the
pattern of economic variables. It is well knowrr, éxample, that labor productivity is
negatively related with the variability of inflatioThe present model suggests a possible
explanation. When inflation is more variable peaglecate more attention to infer its
future pattern and less to market activities.

5. Conclusion

A number of papers have recently explored theicapbns of limited attention in a
variety of settings. For example, Gabaix and Laib&@904) present a model in which
agents optimally allocate thinking time. In theiodel individuals follow simple
heuristics and, based on an exogenous cost ofitigintecide which good deserves the
full capacity of attention at a given point in tirtiee. processing is serial). In contrast, the
present note stresses that attention is limitediivigible'. The allocation of cognitive
resources also involves a trade-off among diffecegnitive operations with a
corresponding opportunity cost. However, insteadssiuming that cognitive operations
involve an exogenous cost, because more than oio@ @an be performed concurrently,
the cost is endogenously given by a loss in atteng@ss (and therefore performance) to
other operations.

The hypothesis presented here is also close te’ $2003) model oRational
Inattention. Sims uses the tools of information theory to dgvé¢he idea that economic
agents decide optimally the amount of noise thegive. Information theory deals with
the question ofow much information can be processed at a given instatitria while
Sims exploresvhat information is acquired. In addition, | considemw the information
is processed (a cognition technology). For exampgleopose that individuals are more
productive processing familiar information and derimportant implications from such
behavior.

Becker (1985) provided an early treatmentha# people invest a limited amount of
effort into competing activities. Since Kahnemaf1973) work provides a psychological
foundation to Becker’s introspection, the modeatténtion allocation in the present note

! Ppashler and Johnston (1998) summarize experimental evideatemtion limitations.



is similar to the latter. Beyond providing furtregrplicability to Becker's model, focusing
in the interaction between attention and memorjcdsfoffers a well documented
psychological foundation.

Only a few papers have explored the implicatidnsmemory deficits for economic
behavior. Closest to the present paper, Mullaimaf@@02) presents a model in which
agents make inferences about economic variablepplying Bayes’ rule to the recalled
history as if it were the true history. Mullainathipcuses the analysis on a number of
well known biases and assumes that individualgWolinechanical rules. Instead, this
note stresses that memory retrieval is a byprooiugh optimization problem. The
advantage of the present context is the charaatenzof how the cognition problem
changes with the environment while a possible desklis the over-simplification of the
cognition procedure.

The behavioral model is simple and there are npasgible extensions: considering
more sophisticated inference problems, analyzingnong biases, incorporating
information sharing, etc. | hope that other redears will allocate at least part of their
attention to extent the present study.
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APPENDI X
Optimal Allocation of Attention with Correlated Variables
Suppose that, as before, thereranreariables that demand attention and follow theess
Xp =l & .

it

Now, however, suppose that the shocks to variahte correlated with the shocks to
variablej and denote their correlation coefficiept Then, minimizing the mean square

errors is equivalent to

max -3 3 9

i=1 z=1 ni

Suppose that the cognition technology is the saeetore. Then, while the optimal
estimate is the sample mean of each variable,ghmnal sample size, and thus the variance
of the estimate, will differ. In particular, thetopality condition for the cognition problem is

_ = = 0i,
n a (0}

I’iza-io-z ra
Z; ) 1( n, ] a1
from which it follows that the optimal sample size

nj*= K Oi#j

1 m m J/(1+a) m ]/(1“7) ¢
=1+ Z[(Dinizaiazj [dDerjzajazJ
CDJ. i=1 z=1 z=1

The comparative statics are easier to interprétarcase of two variables, sagndj, in
which case the optimal sample size reduces to

. K?

2 Y(1+a) a
i 1+ cDi a-' +0—ij
o} @, o +0,

An increase in the covarianeg, increases (decreases) the optimal sample sizariablej

(i) IFF the variance of variablés larger that the variance of variablg.e.c’ > o7),
providedo; >0, and it will have the opposite effect (given aargase in the absolute value
of g,) if g, <0. The intuition follows directly from the case witincorrelated variables. For
example, ifo; >0 and increases the individual reallocates her @t@towards the now
relatively more volatile variable and away from titeer variables.



Figure 1. Process of Allocation of Mental Effort
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Figure 2. Optimal Allocation of Attention
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Figure 3. Increasein Productivity of Memories Retrieval of one Variable
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