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Abstract

We examine equilibria in competitive insurance markets when individuals
take unobservable labor supply decisions. Precautionary labor motives intro-
duce countervailing incentives in the insurance market, and equilibria with
positive profits can occur even in the standard case in which individuals ex-
ogenously differ in risk only. We then extend the model to allow for both
privately known risks and labor productivities. This endogenously introduces
two-dimensional heterogeneity in the insurance market since precautionary la-
bor effects lead to differences in income and hence risk aversion. Under these
circumstances, separating and pooling equilibria exist, which generally differ
from those with exogenous two-dimensional heterogeneity considered by the
existing literature. Notably, in contrast to standard screening models, profits
may be increasing with insurance coverage, and the correlation between risk
and coverage can be zero or negative in equilibrium, a phenomenon frequently
observed in empirical studies.
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INTRODUCTION

1 INTRODUCTION

In the standard screening model going back to Rothschild and Stiglitz (1976), indi-
viduals differ only in a single dimension, namely their risk of incurring a loss, and the
choice of an insurance contract is their only action explained endogenously. In this
simple framework, insurance companies can induce customers to fully reveal their
private information by offering contracts that separate the risk types. In particu-
lar, equilibrium contracts are such that high risk individuals obtain more insurance
coverage than low risks. This positive correlation property has been the basis for
much of the empirical research trying to identify adverse selection in specific mar-
kets. Yet, several recent studies have found no evidence to support this prediction
of the standard screening model.! This has been interpreted as indicating that the
importance of asymmetric information in these markets is smaller than previously
assumed. Subsequent empirical research, however, has shown that the absence of a
positive correlation between insurance coverage and risk occurrence does not imply
that there is no adverse selection. Finkelstein and Poterba (2004), for instance, find
strong evidence for adverse selection along contract features other than coverage in
the UK annuity market. In addition, Finkelstein and McGarry (2006) show that
preference based selection in the US long-term care insurance market may offset
risk based selection so that, in aggregate, those with more insurance are not higher
risk. Unfortunately, the basic screening model is not rich enough to account for such
phenomena.

Motivated by the empirical findings, one strand of theoretical literature has fo-
cused on combining adverse selection and moral hazard in insurance markets. In
these models, individuals can reduce their damage probability by an unobserved
effort decision, which gives rise to moral hazard. To introduce adverse selection,
De Meza and Webb (2001) and Jullien et al. (2006) assume that individuals differ
in their privately known risk attitude, which affects their effort decision.? These
models can indeed generate equilibria where those with more insurance coverage

do not have a higher ex post risk. However, they do so by taking a number of

1See Cawley and Philipson (1999) for the US life insurance market, Chiappori and Salanié
(2000) for the French automobile insurance market, and Cardon and Hendel (2001) for the US
health insurance market.

2This idea was first put forward informally by Hemenway (1990) and Hemenway (1992). Another
approach within this class of models, chosen by Stewart (1994) and Chassagnon and Chiappori
(1997), is to assume that agents differ in their effort cost, which is also private information. While
these models yield some interesting deviations from the standard Rothschild-Stiglitz model, such
as different welfare implications and the coexistence of equilibria, they are unable to explain a zero
or negative correlation between ex post risk and insurance coverage.
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additional assumptions. In contrast to the standard screening model, Jullien et al.
(2006) consider a monopolistic insurer. De Meza and Webb (2001) introduce ad-
ministrative costs that also drive a wedge between premiums and expected claims.
In addition, both models stick to a framework with one-dimensional heterogeneity
between agents where ex post risk and risk attitude are perfectly correlated.®> The
question remains whether their results extend to purely competitive settings that
allow for a less restrictive structure of heterogeneity.

Indeed, there exist theoretical contributions that extend the basic framework
of Rothschild and Stiglitz (1976) to two-dimensional heterogeneity. Such models
of adverse selection in competitive insurance markets in which individuals differ in
more than one private characteristic have been examined by Smart (2000), Wambach
(2000) and Villeneuve (2003). They assume that insurance customers differ in wealth
and hence risk aversion in addition to risk, whereby the correlation between risk and
risk aversion is not assumed to be perfect. This exogenously introduces a second
dimension of heterogeneity. However, in these models, moral hazard is excluded
since the individuals’ only action is to choose an insurance contract. As standard
monotonicity properties hold in each of the two dimensions, countervailing incentives
and thus deviations from risk separation only emerge in these models if individuals
differ in both characteristics so that the resulting effects work in opposite directions.
Also, any equilibrium in such models will exhibit a positive correlation between
insurance coverage and risk occurrence.

In this paper, we combine the two approaches outlined above to construct a
model that can explain the empirical findings without assuming deviations from
perfect competition. In our model, individuals differ in two dimensions and take
an additional action unobservable to the insurance companies. In contrast to the
standard moral hazard approach, however, this action does not affect their dam-
age probability. A natural example of such a situation, which we focus on in this
paper, is a setting where individuals differ in both their damage risk and their la-

bor productivity, and choose their labor supply endogenously. We examine possible

3De Meza and Webb (2001) assume that some individuals are risk-neutral and hence neither
purchase insurance nor take preventive actions. Their expected damage is therefore larger than
that of the individuals who purchase partial insurance and take preventive measures due to their
higher risk aversion. This generates a negative relationship between individuals’ risk and their
insurance coverage, even though in a rather special framework. See De Donder and Hindriks
(2006) for a more general analysis demonstrating which set of assumptions is needed to generate
such an equilibrium. Jullien et al. (2006) also consider a two type model only. They are mainly
concerned with the question how risk aversion affects the power of incentives provided by the
optimal contract.
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equilibria in competitive insurance markets when insurers cannot observe individual
risks, productivities, and labor supply. Obviously, this combines the typical informa-
tional assumptions underlying standard models of insurance markets and of optimal
taxation, which may make our model a useful starting point for analyzing further
questions of optimal tax policy in the presence of imperfect insurance markets.

Various interesting economic effects emerge in such a model. First, optimal labor
supply reacts to the level of uncertainty and thus depends on the insurance market
outcome. On the other hand, the endogeneity of labor supply introduces counter-
veiling incentives in the insurance market as the individuals’ marginal willingness to
pay for insurance is influenced not only by their risk, but also their labor income.
We demonstrate how the resulting interactions between labor and insurance markets
affect insurers’ ability to screen their customers. It will be shown that the insur-
ance market equilibrium will in general not be fully separating any more when labor
supply is endogenous. Also, in contrast to the models with exogenous differences in
income, equilibria in which the correlation between risk and insurance coverage is
negative can emerge. Thus, our model is able to explain this empirically relevant
phenomenon based on purely competitive insurance markets.*

The paper is structured as follows. In section 2, fundamental results about labor
supply under uncertainty are derived, which will provide the basis for the subsequent
analysis of insurance market equilibrium. We demonstrate that, under broad and
meaningful assumptions, there is a motive for precautionary labor, i. e. individuals
work more in response to increases in risk. The resulting income change in turn
affects their marginal willingness to pay for insurance. After having introduced the
model of the insurance market in section 3, we first examine the resulting equilibria
when there is only one-dimensional heterogeneity and individuals differ only in risk,
not in productivity. As will be shown in section 4, the endogeneity of labor supply
may make perfect screening impossible even in this simple framework. We then
proceed to the two-dimensional case in section 5 to show how the results of Smart
(2000), Wambach (2000) and Villeneuve (2003) are altered when endogenous labor

is allowed for. The main result of this analysis is the emergence of equilibria where

4Chiappori et al. (2006) show that the positive correlation property holds for a large class of
models, including competitive models and models with homogeneous risk aversion. This leads
Jullien et al. (2006) to conclude that their model with private risk aversion and a monopolistic
insurer is the only one that allows for a negative correlation when insurees have private information
(p. 17). Our model demonstrates that this is incorrect. In fact, the result by Chiappori et al.
(2006) is based on the assumption that, in competitive insurance markets, profits do not increase
with coverage in the equilibrium set of contracts. As will turn out below, this property is not
necessarily satisfied in our model.
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those with more insurance are not higher risks in aggregate. Finally, section 6
concludes. The proofs of sufficient conditions for the existence of the equilibria

discussed in the paper are relegated to the appendix.

2 LABOR SUPPLY UNDER UNCERTAINTY

Models of competitive insurance markets with adverse selection imply that, in gen-
eral, not all uncertainty can be resolved. In order to introduce endogenous labor
supply in the standard adverse selection model by Rothschild and Stiglitz (1976),
we therefore need to derive the determinants of labor supply under uncertainty.
Notably, we focus on situations in which uncertainty results from an income inde-
pendent risk to consumption and labor supply is chosen before this risk is realized.®
This problem was first examined by Netzer and Scheuer (2005) who used the in-
sights of Kimball (1990) to establish a theory of precautionary labor within a model
of taxation and social insurance. We briefly discuss their results in this section.

Consider a Bernoulli random variable (/3) that results from a possible damage
D which occurs with probability p and where the parameter 5 € [0, 1] stands for
the share of the damage that is insured. It can be used to vary both expected value
E[0(3)] = p(1 — B)D and variance Var[f(3)] = p(1 — p)[(1 — B)D]?* of the risk.
Preferences are characterized by an additively separable utility function U(c, L) =
u(c)+v(L) where ¢ denotes consumption and L denotes labor supply.® The standard
conditions u/(c) > 0, u”(c) < 0, v/(L) < 0 and v"(L) < 0 are assumed. Denote the
productivity of an individual by w. Firms can observe w and pay wages according
to marginal productivity so that earned income is wL.

Note that the separability of preferences implies that leisure is a normal good.

In addition, let us assume the following:
Assumption 1. Utility u(c) displays non-increasing absolute risk-aversion.

This common and realistic assumption is needed to obtain precautionary labor

effects in the following. The first-order condition for labor supply L* that maximizes

®Eaton and Rosen (1980), Hartwick (2000) and Low (2005) model the case of endogenous
labor with wage uncertainty. While this gives rise to different effects, they also find that larger
uncertainty should increase labor supply. Parker et al. (2005) find empirical evidence in favor of
this prediction.

5We need the assumption of separability only to keep the exposition of our labor supply theory
concise. As shown by Kimball (1990), the results can be transferred to the case of nonseparable
utility. We assume the function v to be at least twice, u at least three times differentiable.
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expected utility in the presence of a given consumption risk 6(f) is
wE ' (wL™ —0(5))] = —v'(L7), (1)

where E is the expectations operator. (1) is a standard condition stating that labor
supply is determined so as to equalize expected marginal utility and disutility from
work.” To answer the question how risk affects labor supply, we examine the move
from 6(y) to the risk 6(53), 5 # By, which includes a change in variance and a change
in expected damage. The latter will have an income effect on labor supply. To focus
on the pure variance effect, we assume that the move from f, to [ is accompanied
by a decrease of income by (5 — 3y)pD, so that expected income remains constant.
This would for example be the case if insurance premiums were adjusted actuarially
fairly. We define the corresponding equivalent precautionary premium W (f3y, 3) for

such a move implicitly as follows:®

E[u (wL” = 0(60) = ¥(6o, 8))] = E[u (wL™ = 0(8) — (5= fo)pD)].  (2)

Its interpretation is as follows. The expectation-neutral change in risk will have the
same effect on the LHS of (1) and therefore on labor supply as a lump-sum reduction
of income by ¥ ([, 3). Both changes affect the optimality condition in the same way.
Therefore, statements about the adjustment of labor supply induced by a change of
risk can be restated as income effects triggered by a decrease of income by W.
Using the moments of the Bernoulli distribution, we can obtain an explicit ex-
pression for OV(f3y, 3)/08 by differentiating (2). Notably, we are interested in the
value of this derivative at § = [y, which gives the income change that would have
the same effect on labor supply as a small change in insurance, starting from a

situation with insurance (3,. We obtain after a few rearrangements

5, - (=) (%)

(3)

where Au”(.) stands for the difference of u”(.) between consumption levels in case

of no damage and damage, and E[u”(.)] is the expected value of u”(.).?

The first bracketed term on the RHS of (3) is the generalized coefficient of ab-

“The sufficient second order condition for a maximum is satisfied.

8As shown by Kimball (1990), the discussed premium is simply the equivalent risk premium
developed by Pratt (1964), applied to the first derivative of w.

9The derivation makes use of the fact that ¥ (3, 39) = 0 holds.
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solute prudence n. As [y converges to 1, i.e. the examined situation converges to
a situation without risk, the coefficient n“ converges to the prudence 1 as defined
by Kimball (1990), which is simply the coefficient of absolute risk aversion for the
function u/(.), i.e. n(c) = —u""(¢)/u"(c). From (3) follow our implications for labor
supply under uncertainty. First, note that a sufficient condition for n“ to be positive
is that «”(.) > 0. This, in turn, is implied by non-increasing risk aversion and hence
by our Assumption 1. An increase in insurance coverage (3 (compensated for its
effect on expected damage) will therefore have the same effect on labor supply as an
increase in income. Given that leisure is a normal good in our model with separable
preferences, this increases the demand for leisure and decreases labor supply.'® The
individual has a motive for precautionary labor. The size of the generalized prudence

n% indicates how strong this motive is. Lemma 1 summarizes these findings.

Lemma 1. Under Assumption 1, a compensated increase in insurance coverage re-
duces individuals’ labor supply. The strength of this effect increases in the generalized

coefficient of prudence n®.

The precautionary labor effect described in Lemma 1 will be the driving force
behind our results on possible insurance market equilibria. As individuals’ labor
income decreases in response to an increase in insurance, their marginal willingness
to pay for insurance increases given Assumption 1. This will affect the insurers’
ability to screen their customers. Before we demonstrate this, however, we introduce

the model in the following section.

3 THE MODEL

3.1 Preferences for Insurance

Consider a society of individuals characterized by their productivity w;, i = L, H,
and probability p;, j = L, H, of incurring a damage D, with the conventions w;, <
wy and pr, < py. There is a continuum of individuals normalized to unit mass.
Let n;; denote the number of individuals with productivity w; and risk p;. These
individuals will be referred to as ij—individuals. Let p; = >_(ni;p;)/(nir +nim) be
the average risk in productivity group ¢ and p = ZZ ;nijp; the average risk in the

entire population.

10The income effect on labor supply can easily be derived by introducing a state independent
exogenous income T and implicitly differentiating (1) in this slightly changed setup.
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Individuals purchase insurance contracts that specify the share g € ]0,1] of
the damage that is covered,!! and a premium d € R*. Given such a contract
C = (8Y,d°) from the contract space C =0, 1] x R*, optimal labor supply can be
determined according to (1). It depends on the insurance contract and is denoted
by ij(ﬁc,dc) or Lj;(C). Substitution into the expected utility function yields
the indirect expected utility function V;;(3%,d") or V;;(C), from which indifference
curves in the (3, d)-space can be obtained. Throughout the paper, the notation
A > B implies that insurance contract A has a larger coverage and a larger premium
than contract B.

Lemma 1 implies that, when considering an individual’s preferences, we need to
account for changes in labor supply and thus consumption levels as we move along an
indifference curve in the (3, d)-space. On the one hand, labor supply is affected by
precautionary motives. On the other hand, expected damage and premiums change
and cause income effects on labor supply. Altogether, the endogeneity of labor
supply may alter the shape and crossing properties of indifference curves compared
to the canonical model by Rothschild and Stiglitz (1976).

At a contract C', consumption in case of loss is ¢f; = w; L;; — (1 — 39)D — d“ and
cllj = w;L; — d® otherwise. Let us consider the slope of an indifference curve of an

individual with productivity w; and risk p; in this contract

dd ) Dpju'(c}))
ds |, _ pju'(cy) + (1 = pju'(cl;)

> 0, (4)

which is positive as in the standard model.'* Note also that MRS;; = p;D at any
full coverage contract (where ¢; = ¢j; holds), an additional result that carries over
from the standard model. However, while the curvature of indifference curves in the
(3, d)-space is always concave in the model with exogenous income, this does not nec-
essarily hold when labor supply is endogenous. Notably, if an increase in insurance
along an indifference curve leads to a strong reduction in labor supply, consumption
may decrease so much that the individual actually has a higher marginal willingness
to pay for insurance, given decreasing risk aversion. This would imply that indif-
ference curves are not globally concave, and complicate our equilibrium analysis

substantially. In the following lemma we derive a sufficient condition to exclude this

HContracts with zero coverage are not relevant for our analysis. We exclude them to avoid
technical problems in the following proofs.

12(Clearly, indifference curves are still continuous and differentiable since labor supply is a con-
tinuous and differentiable function of the insurance contract while utility is continuous and differ-
entiable in labor supply.
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problem.

Lemma 2. Indifference curves are concave in the (3,d)-space if an increase in
insurance along an indifference curve leads to (weakly) larger consumption in case

of damage.

Proof. In order to examine how the marginal rate of substitution (4) changes as we move up on

the indifference curve d(3), we need to evaluate the sign of

acY. dcl.
OMRS;(3,d(8)) (e (e) Fg — " (elp)u' () 5

where the expression on the RHS follows from differentiating (4), substituting d(3) for d and some

simplifications. Note that u”(c);)u’(cf;) < u”(cj;)u/(c};) < 0 under Assumption 1, since ¢f; < ¢;;

if 3 < 1. It is also clear that 80% /OB < 80%— /Op since the higher premium has to be paid in
both states of the nature while the larger benefits are only received in case of damage. Hence
0c%5 /03 > 0 along the indifference curve is a sufficient condition for (5) to be negative and thus

for the indifference curve to be concave. O

Lemma 2 puts an upper bound on the precautionary labor effect that will be
assumed to be satisfied for the remainder of this paper.

Apart from the shape of a given individual’s indifference curves, the crossing
properties of different individuals’ indifference curves in a given insurance contract
are also crucial for the equilibrium outcomes. Let us first ignore productivity differ-
ences and consider individuals that only differ in their risk. In the standard adverse
selection model where income is exogenous, it is easy to show that, at any given
contract, high risks have a steeper indifference curve than low risks. Put formally,
the marginal rate of substitution between coverage and premium given in (4) is in-
creasing in p;. Clearly, the property immediately follows from (4) if L;; is held fixed.
By the following definition, we will refer to this as “regular crossing” of indifference

curves.

Definition 1. The indifference curves of two individuals that differ only in risk
exhibit “reqular crossing” at a given contract if the high risk’s indifference curve is

steeper (MRS > MRS, ). Otherwise, they exhibit “irreqular crossing”.

Definition 1 introduces a local concept at a given contract. If regular crossing
holds in the whole contract space C, as it does in the Rothschild-Stiglitz model, it
implies the global property of single crossing for indifference curves of two individuals
that differ only in risk. As was shown by Netzer and Scheuer (2005), however,

regular crossing will not in general hold everywhere in the contract space due to
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precautionary labor effects. At any given contract with less than full coverage,
high risk individuals supply more labor than low risks. If this effect is strong, the
resulting higher level of consumption may reduce the high risks’ marginal willingness
to pay for insurance below that of the low risks due to decreasing risk aversion.
The following lemma provides sufficient conditions for regular crossing even if labor

supply is endogenous.

Lemma 3. Regular crossing holds at a contract (3,d) € C if either:
(1) the ratio py/py, is sufficiently large,

(11) preferences exhibit CARA or a sufficiently small degree of DARA,
(iii) the prudence n° is sufficiently small,

(iv) the contract provides full coverage.
Proof. See Netzer and Scheuer (2005), Appendix D. O

If no one of the conditions (i) to (iii) is satisfied, the indifference curve of a
low-risk individual can be steeper than that of a high-risk individual in a contract
with less than full coverage. On the other hand, regular crossing always holds at
full coverage contracts. Together, these results show that the global single crossing
property can be violated for indifference curves of individuals that differ in risk
only. This possibility is the crucial difference between our model and the existing
literature. The existence of precautionary labor effects can introduce countervailing
incentives in the insurance market and prevent a simple ordering of the risks with
respect to their marginal rate of substitution between coverage and premium.

We next turn to individuals of the same risk but different labor productivities.

To get clear-cut results for this case, the following assumption is used.
Assumption 2. Consumption is a normal good.

Lemma 4. Under Assumption 2 and DARA, the marginal rate of substitution at
contract (3, d) strictly decreases in productivity if f < 1. Under CARA orif f =1,

the marginal rate of substitution is always constant in productivity.

Proof. In order to examine how productivity affects the marginal rate of substitution between

coverage and premium given in (4), we need to evaluate the sign of

*

] ILj; ()’ (cfy) — u” (cf)u' ()
= (Lij + “’za—wj> p;(1—p;)D

ij ij ij i
(pju' (i) = (1 = py)u/(cjy))?

d dd

dw; dp

(6)

V=V

It is immediate to show that u”(cf;)u/(cj;) — u”(cj;)u/(c};) = 0 if absolute risk-aversion is con-

stant or if the insurance contract provides full coverage so that c?j = cllj. Note furthermore that
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u”(ef;)u' (cj;) —u (cj;)u/(¢);) < 0 in the case of decreasing absolute risk-aversion and 3 < 1. Then,
(6) is negative if and only if L}; +w;0L};/Ow; > 0. By the Slutzky-decomposition, this is equivalent
to

e oLy .
R ANl A @)

where JLg;/Ow; > 0 denotes the pure substitution effect based on the Hicksian labor supply

function Lg; and —0L};/0d < 0 is the pure income effect. A sufficient condition for (7) to hold is

therefore that 1+ w;(—0Lj;/dd) > 0, which is just saying that consumption is a normal good and

hence implied by Assumption 2. O

Hence, under DARA, a low productivity individual’s indifference curve will be
steeper than the one of a high productivity individual of the same risk type in the
interior of the contract space. Clearly, since this local property holds everywhere,
it implies the global property of single crossing for indifference curves of individuals
that differ only in productivity.

As we have seen, single crossing may be violated for individuals that differ only in
risk. Of course it can also be violated for individuals that differ in both dimensions.
For example, an LL-individual’s marginal rate of substitution might well be larger
than the one of an H H-individual somewhere in the interior of the contract space,
while it is flatter at full coverage contracts according to the previous lemmas. This
could occur even if labor supply was fixed, i. e. if income was exogenous, simply
because productivity and risk affect the willingness to pay for insurance in opposite
directions. Hence this violation of single crossing can also occur in the models of
two-dimensional adverse selection by Smart (2000), Wambach (2000) and Villeneuve
(2003). In our model, however, single crossing can be violated even for HL- and
LH-individuals. This will occur if the reaction of labor supply to risk is sufficiently
large, so that it dominates the effect of productivity as discussed in Lemma 4.

With precautionary labor effects, we cannot generally exclude the possibility
that any two indifference curves cut more than twice. This, however, would require
that utility functions exhibit highly irregular patterns. We shall exclude this with
the following assumption, which is a relaxation of the well-known Spence-Mirrlees

condition.

Assumption 3. Any two indifference curves of individuals that have different dam-

age probabilities cut at most twice.

A graphical clarification of this double crossing property is provided by Smart
(2000). For any two types that differ in risk (and possibly in productivity) the

contract space can be divided in two regions; one in which the high risks have a

10
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larger marginal rate of substitution'® and one in which the opposite holds. The two
regions are separated by a line defined by the points of tangency of the two types’

indifference curves. Each indifference curve cuts this line at most once.

3.2 The Screening Game

The screening game that we consider in the following goes back to Rothschild and
Stiglitz (1976). It consists of two stages. There is a large number of risk-neutral firms
who first decide whether to enter the market or not. In case they enter, they decide
which contract to offer. Each entering firm offers exactly one contract (5,d) € C.
The expected profit of such a contract if it is purchased by a low-risk and b high-risk

individuals is given by
7(B,d,a,b) = ald — pLBD] + bld — pg D). (8)

Each entering firm pays a fixed entry cost £ > 0. At the second stage, customers
simultaneously choose labor supply and select their preferred contract from the set
of offered contracts. In case of indifference between different contracts, they opt for
the larger coverage contract.'* If several firms offer the same contract, customers
split equally between them. Finally, the risk is realized, insurance payments are
made and consumption takes place.

We are interested in characterizing the set of subgame-perfect Nash equilibria
of the described game. Of course, each insurance company must earn nonnegative
profits in any such equilibrium. Second, it may not be possible for an inactive firm
to earn positive profits by entering the market. This implies that there may be no
contract which earns profits larger than F if offered in addition by a new entrant.
As it will turn out, the equilibrium set of contracts can contain contracts which
earn positive profits. Competition does not eliminate such contracts, because any
contract which is slightly more attractive to the consumers would also attract bad
risk types and become unprofitable. The existence of fixed entry costs therefore
solves the problem of unlimited entry of firms. As more and more firms enter, less
customers will purchase from each of them, driving down the firms’ profits. Since
we are interested in perfectly competitive markets, however, we examine the limit

as B — 0.1°

3 This region includes all full coverage contracts.

14This convention follows the approach of Smart (2000). We will discuss alternative assumptions
where appropriate.

15This approach is due to Smart (2000). See De Meza and Webb (2001) for an alternative way

11
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Equilibria can be categorized according to properties of the set of contracts which

are offered. The following definition gives such a categorization.

Definition 2. An equilibrium is strictly pooling if all individuals purchase the same
contract. It is weakly pooling if the H H-individuals and/or the LH -individuals pur-

chase a contract which is also purchased by low risks. It is separating otherwise.

First, this definition categorizes equilibria only with respect to which damage
risks purchase which contract. This is because the major interest in terms of the
insurance market is how different risks select themselves, or are “screened”. Second,
the focus on high risks for the definition of pooling will prove useful later. Pooling
requires all individuals of at least one type i¢H to be bunched in contracts with low
risks. Note finally that in any weakly but not strictly pooling equilibrium at least
two different contracts will be offered because not all individuals purchase the same
contract. Since, however, at least one high and one low risk type must be bunched

in one contract, it can contain at most three different contracts.

4 ONE-DIMENSIONAL HETEROGENEITY

We first assume that individual productivities are publicly observable. In that case,
insurance companies offer contracts conditional on productivity, so that an insurance
market for each productivity group w; emerges. Individuals within each of these
markets differ only in risk.!® We consider one such market, in which the concepts
of weakly and strictly pooling equilibria coincide. We proceed as follows. First,
general properties of equilibria are proven. More specific properties will depend on
the exact constellations of marginal rates of substitution in the contract space, and
will be described in the following corollary. The results of this section will then be
compared to the standard Rothschild-Stiglitz model, where individuals differ only
in risk. We point out the differences in the form of testable hypotheses at the end

of the section.

to deal with the problem of positive profits and perfect competition.

16The same results obtain if w;, = wy so that there is no heterogeneity with respect to produc-
tivity, or if risk-aversion is constant. In that case, productivity has no influence on indifference
curves by Lemma 3.

12
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4.1 Separating Equilibria

Proposition 1. In any equilibrium in the w;-market two contracts are offered:

A = (ﬁAadA = (LpHD)a
B; = (B%1,dP) = argmaz Vi (8,d) s.t. (i) Vig(A) = Vig(B,d),
(ii) m(3,d,ni, 0) > 0.

The low risks purchase B;, the high risks purchase A. Equilibrium exists if the
average zero profit line of the market does not cut the iL—individual’s indifference

curve through B;.

Proof. First, a pooling equilibrium with a pooling contract P = (37, d"’) cannot exist. Assume
to the contrary that it did, implying 7(3",d", n;p,n;z) > 0. For any contract C' = (3%,d®) let
B.(C) = {(8,d) € C|(B° — B)? + (d° — d)? < €2}, € > 0, be the e-ball around C in C. If MRS;z, #
MRS,y in P, then for any € > 0, 3P’ € B.(P) s.t. V;r,(P") > V;.(P) and V;g(P') < V;g(P). If
offered in addition to P, its profits ﬂ(ﬁp/,dp/,niL,O) converge to m(3F,d n;r,0) >0ase— 0, a
contradiction to equilibrium. If MRS;;, = MRS,y in P then ¥ < 1 due to regular crossing at full
coverage. But then for any € > 0, 3P’ € B.(P) s.t. P’ > P, V;.(P') > V;(P), Viu(P") > Viu(P)
and P’ earns w(ﬁpl, dt n,r, n;g) > 0 if offered in addition to P, again a contradiction. This last
property holds since MRS,y > py D > p; D in the interior of C and hence in P (MRS;y = py D at
full coverage and concavity of indifference curves), so that P’ can be chosen above the pool’s zero
profit line given that P was not below that line.

Hence risks will be separated. Contract A for iH-individuals follows since for any A’ # A
satisfying 7(64",d4, 0,n:5) > 0, JA” € B(A) s.t. Vi (A”) > Vigr(A’) and ©(64”,dA” &, nip) >
0 for any = > 0 (the notation including x captures that A” might also attract low risks). Contract
B; for iL-individuals follows since for any B} # B; satisfying W(ﬁBé,dBE, n;r,0) > 0 and incentive
compatibility Vg (A) > ViH(ﬁBg,dB;), AB) € B.(B) s.t. Vip(B!') > Vip(B)), it still satisfies
incentive compatibility, and (65, dBi n;z,0) > 0.

The existence condition makes sure that AQ s.t. Vig(Q) > Vig(A), Vir(Q) > V;r(B;) and
7(B9,d?, n;, nigr) > 0, as shown by Rothschild and Stiglitz (1976). O

Proposition 1 shows that equilibrium will always by separating. However, more
specific results obtain. A crucial distinction arises depending on whether or not the
individuals’ indifference curves exhibit regular crossing at the contract where the

high risks’ indifference curve through A intersects the low risks’ zero profit line.

Corollary 1. The contract B; earns positive profits if and only if MRS;z < MRS;,
(irregular crossing) in the contract where the high risks’ indifference curve through

A intersects the low risks’ zero profit line.

Proof. Under regular crossing in the respective contract, the constraint (ii) in the definition of B;

is binding. This holds since the double crossing assumption implies regular crossing in any larger

13
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contract C satisfying Vi (A) = V;z(C), so that the corner contract where (i) is binding maximizes
Vir. Under irregular crossing, the contract that maximizes V;y, is larger than the corner contract.
Regular crossing at full coverage together with the double crossing assumption then implies that

B; is the unique point of tangency of the two types’ indifference curves, where (i7) is slack. O

The separating equilibria are illustrated in Figure 1. The left panel depicts the
situation in which both equilibrium contracts earn zero profits. It corresponds to the
standard Rothschild-Stiglitz contract set. The right panel depicts a situation where
B; earns positive profits, which requires irregular crossing and hence cannot occur in
the canonical model. As more and more firms enter and offer the profitable B;, each
firm obtains a smaller share of the profits until further entry becomes unprofitable.

Our results refer to the limit as the entry costs E converge to zero.

di d i

3 3
Figure 1: Observable Productivities

Note finally that imperfect separation might occur in the irregular crossing-case
whenever the assumption is dropped that individuals who are indifferent pick the
larger coverage contract. In the case illustrated in the right panel of Figure 1, a
share v; < 4; of the ¢t H-individuals might instead purchase contract B;, where ; is
implicitly defined by 7(3%:, dP n;p,¥in;z) = 0.This consideration carries over to all
following cases in which positive profit contracts exist in equilibrium. Then, some
share of the indifferent customers bounded above by a zero profit condition might
always pick the smaller coverage contract.

In sum, even without assuming two-dimensional heterogeneity, our screening
model with endogenous labor supply can explain deviations from the standard

Rothschild-Stiglitz model. First, contracts with positive profits are possible in equi-

14



TwO-DIMENSIONAL HETEROGENEITY 15

librium. Second, low risks may pay actuarially unfair premiums. For purposes of
empirical testing, however, it may be of interest to derive predictions of our model
which allow to distinguish it from the standard Rothschild-Stiglitz model even if
all equilibrium contracts earn zero profits. In fact, there are such implications of
our model. First, by Lemma 4, our model predicts a negative correlation between
productivity and the low risks’ insurance coverage. This implies that, second, pro-
ductivity shocks should have a larger effect on low than on high risks’ labor supply

since the former are in addition affected by the precautionary effect from Lemma 1.

5 Two-DIMENSIONAL HETEROGENEITY

In this section, we assume that both individual characteristics, risk and productivity,
cannot be observed by the insurance companies.!” This implies that all four types of
individuals act on the same market. We also assume that preferences exhibit DARA,
so that differences in productivity are indeed relevant. We proceed as follows. We
again prove general properties of possible (separating and pooling) equilibria. More
specific equilibrium properties will then again depend on the exact constellations
of marginal rates of substitution in the contract space, and will be given in the
subsequent corollaries. In particular, we will highlight predictions that distinguish
our model from the contributions of Smart (2000), Wambach (2000) and Villeneuve
(2003).

5.1 Separating Equilibria
Proposition 2. In any separating equilibrium the contracts A = ($4,d*) = (1,pu D)
and B;, 1 = L, H, are offered, where

B; = (8%,d%) = argmaz Vi, (8,d) s.t. (i) Vuup(A) = Vuu(8,d),
(“) 71—(67 d> nir, 0) Z 0.

Low risks with productivity w; purchase B;. All high risks purchase A.

Proof. The definition of separation requires that no contract is purchased by different risks, i.e.
that there exists (at least) a contract only purchased by high risks. Existence of A then follows

as in the proof of Proposition 1. Since A = argmax Vg (f5,d) s.t. 7(8,d,0,z) > 0 for any = > 0,

17This would, for example, be a natural information assumption in a model of optimal taxation
in the presence of risk, where the government cannot observe productivities and risk but has to rely
on the observation of realized income (see Netzer and Scheuer (2005)). Private insurance markets
in such models work as described here.
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there can be no other (weakly) profitable contract purchased only by high risks, i.e. both high
risk types purchase A. Lemma 4 implies that the H H-individuals’ indifference curve through A
is then relevant for incentive compatibility. The contracts B;, i = L, H, follow as in the proof of

Proposition 1. O

Proposition 2 does not mention existence conditions in the spirit of the condition
given in Proposition 1, where existence required that the average zero profit line
of the whole market does not cut the low risks’ indifference curve through their
equilibrium contract. Similar conditions have to be satisfied in the present case as
well, but are more complicated. It has to be checked which of the four types would
be attracted away from the equilibrium candidate by a new contract. Profitability of
such a contract is then calculated by comparing its position relative to the relevant
zero profit line. Opposed to the standard case where there is only one zero profit
line for the pool, we can have several different pools and corresponding zero profit
lines here. Hence, there will be more than one existence condition. It turns out
that four such conditions have to be satisfied in our model. They are derived and
discussed in the Appendix.

As before, the specific characteristics of the separating equilibrium will depend on
the slopes of the low risks’ indifference curves at the contract where the H H-type’s

indifference curves through A intersect the low-risks’ zero profit line.

Corollary 2. Contract B; earns positive profits if and only if MRSy < MRS,
in the contract where the HH—individuals’ indifference curve through A intersects
the low risks’ zero profit line. If w(B3Pr,dPr n;p,0) > 0 then By > By. Otherwise
By, = By.

Proof. The first statement follows as in the proof of Corollary 1. The second statement uses
Lemma 4 in addition. If (372, dPr,n;1,0) = 0 and hence MRSy, < MRSy in the corner
contract By, it follows that MRSy, < MRSy, < MRSppy there by Lemma 4, implying that
Bp = Bgy. If n(8P¢,dPr,n;r,0) > 0, i.e. constraint (ii) is slack in the definition of By, the
contract By, is defined by the point of tangency of the H H-individuals’ indifference curve through
A and an indifference curve of the LL-individuals. By Lemma 4, MRSy, < MRSy, = MRSy g in
By,. The double crossing assumption then implies that By < Bp, where By can either be a point
of tangency (m(82#,dP# ngr,0) > 0) or a corner solution (7(3%#, dB# nyp,0) =0). O

The separating equilibrium is illustrated in Figure 2, where the three different
cases are depicted. The left panel illustrates the case where all contracts earn zero
profits, since the low risks’ indifference curves are flattest in contract By, = By. The
middle panel illustrates that contract B; moves upwards on the H H-individuals’

indifference curve through A and thus earn positive profits. This requires MRSy, >

16
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MRSy g in By, a case that can occur even if labor supply is exogenous as discussed
in the introduction. Hence, the cases depicted in the first two panels can already
occur in the models of Smart (2000), Wambach (2000) and Villeneuve (2003). The
last case, however, requires MRSy, > MRSgy, i.e. irregular crossing, which is
unique to our model. Therefore, the contract By may also move up along the H H-
indifference curve through A and earn profits in equilibrium. Hence, in contrast
to the models with exogenous income heterogeneity, our model is able to explain

actuarially unfair premiums and a larger coverage even for H L-individuals.

d i d dy
HH HH HH
/LH 4 /LH 4 /LH
LL
)
LL
| _—HL
HL HL
BI
H
4 BH
L p 1B ]

Figure 2: Unobservable Productivities / Separation

A number of observations are worth noting at this point. First, as mentioned
in footnote 4, Chiappori et al. (2006) claim that their “non-increasing profits prop-
erty”, which implies that profits do not increase with coverage in the equilibrium set
of contracts, is a general property of equilibrium in competitive insurance markets.
However, our findings show that this may not be the case. Indeed, the middle panel
of figure 3 provides an example of an equilibrium where profits first increase and
then decrease with coverage. Despite this deviation form the non-increasing profits
property, the separating equilibria will always exhibit a positive correlation between
coverage and risk. This result will not, however, carry over to the possible pooling
equilibria discussed in the next subsection. Second, for the purpose of empirically
distinguishing our setting from that considered by Smart (2000), Wambach (2000)
and Villeneuve (2003), it may be useful to note that our model predicts a nega-
tive correlation between wy and the H L-types’ insurance coverage. Moreover, an
increase in wy should have a larger effect on HL- than on H H-individuals’ labor

supply due to the additional precautionary effect.
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5.2 Pooling Equilibria

Lemma 5. In any pooling equilibrium, the LH—individuals will be separated and
purchase A = (34,d*) = (1,pyD). A strictly pooling equilibrium therefore does not

exist.

Proof. Assume to the contrary that a pooling equilibrium exists in which the LH-individuals are
bunched in a contract P with low risks, and P earns nonnegative profits. Assume first that the
other high risks (HH) purchase a different contract C. It will then hold that Vi (C) > Vg (P),
since Vi (C) = Vg (P) would imply C' > P and contradict Vi (P) > Viy(C), due to Lemma
4. Hence any contract P’ € B.(P) will not attract H H-individuals for e small enough. Next, for
all low risk types ¢L that purchase P it has to hold that MRS;;, = MRSy in P, since otherwise
for any € > 0, 3P" € B.(P) s.t. Vip(P') > Vip(P) for at least one of those low risk types,
Vi (P') < Vig(P) and 7(87,d"’, x,0) > 0, for any 2 > 0 (with the reason given in the proof of
Proposition 1). Hence positive profits are earned if P’ is offered in addition to P, a contradiction.
Thus 87 < 1 by Lemmas 3 and 4. Since MRSy; < MRSy at any such contract, only one low
risk type iL purchases P. But then for any ¢ > 0, 3P’ € B.(P) s.t. P’ > P, Vi (P') > Vi (P),
Vi (P") > Vg (P) and w(ﬁpl, dP/,nl-L +x,npy) > 0, for any > 0, again for the reason described
in the proof of Proposition 1.

Assume next that the H H-individuals purchase P as well. MRSy < MRS,y holds in P
due to Lemma 4. For all low risk types iL purchasing P, MRSy g < MRS;;, < MRS,y has to be
satisfied in P, since otherwise for any € > 0 3P’ € B.(P) s.t. Vi (P') > V;p(P) for at least one
of those low risk types, Vig(P') < Viu(P) for both k = L, H, and ﬁ(ﬁpl,dpl,x,()) > 0, for any
z > 0. Hence 87 < 1 and for any € > 0, IP' € B.(P) s.t. P’ > P, V;;(P') > V;;(P) for all types
1j that purchase P, and P’ earns positive profits if offered in addition. This again holds since
MRSy g > puD in the interior of C and hence in P (Lemma 2), so that P’ can be chosen above
the pool’s zero profit line given that P was not below that line. Therefore, L H-individuals cannot

be pooled with low risks. Existence of contract A follows as in the proof of Proposition 1. O

Given that there cannot be a strictly pooling equilibrium by Lemma 5, three
possible candidates remain for a pooling equilibrium. In a “2—contract—equilibrium”,
the H H-individuals purchase the same contract as all the low risks. In addition,
there could be two different “3—contract—equilibria“ in which one of the two low risk
types drops out of the pooling contract. The following three propositions character-
ize these three types of equilibria. Each is followed by a corollary that summarizes
the equilibrium’s profit properties depending on the specific relations between the

types’ marginal rates of substitution between coverage and premium.
Proposition 3. In any weakly pooling “2-contract-equilibrium”, contracts A and P*

are offered, where

P = (B ,d"") = argmazx Vi (8,d) s.t. (i) Vig(A) = Vig(B,d),
(it) m(B,d,npr + nur,nga) > 0.

18



TwO-DIMENSIONAL HETEROGENEITY 19

LH—individuals purchase A, all others purchase P*. Existence requires MRSy >
MRSy (irreqular crossing) in P*.

Proof. The pooling contract P* in any 2-contract-equilibrium must satisfy constraint (ii). In
addition, given that contract A is offered according to Lemma 5, P* must satisfy Vyg(A) >
Vi (P*). Assume Vg (A) > Vo (P*) so that any contract P’ € B.(P*) will not attract the
LH-individuals for e small enough. But since MRSy, > MRSy, if BP" < 1 and MRS, =
MRSy, < MRSy g if BP* =1, MRS;; # MRSy holds in P* for at least one low risk type iL.
Therefore, for any € > 0, 3P’ € B.(P*) s.t. Vip(P') > V;.(P*) for at least one low risk type,
Vi (P') < Vg (P*), and n(6"",dP",2,0) > 0 for z > 0. Thus Vzz(A) = Vi (P*) must hold,
yielding constraint (i). Furthermore, P* < A and thus MRSy, < MRS, MRSy < MRS,y in
P* according to Lemma 4. It also follows that MRSy, < MRS,y in P* since otherwise for any
€ >0, 3P € B(P*) st. P> P*, Vi ,(P') > Vi(P*), Vi;(P') < V;;(P*) for all other types ij,
and 7(8F",d" 'npp,0) > 0.8 If MRS, < MRS,y in P*, then constraint (ii) must be binding.
If not, IP" € B(P*) s.t. P’ < P*, Vou(P') < Vou(P*), Vij(P’') > V;;j(P*) for all other types ij,
such that W(ﬂpl,dpl,nLL +ngr,ngm) > 0. Such a contract does not exist if MRS, = MRS,y
in P*, since any P’ for which V1 (P’) > Vi1 (P*) also satisfies Vg (P') > Vg (P*). Constraint
(ii) can thus be slack. Altogether, this is equivalent to saying that P* maximizes V1, subject to
(i) and (ii).

The additional condition that MRSy < MRSy, in P* follows since otherwise for any ¢ > 0
P’ € B(P*) s.t. P' < P*, Vi (P') > Vyr(P*), Vi;(P') < Vi;(P*) for all other types ij, and P’

earns positive profits if offered in addition. O

Since existence of this type of pooling equilibrium requires irregular crossing, it
cannot exist in the models of two-dimensional heterogeneity but exogenous labor
supply analyzed by Smart (2000), Wambach (2000) and Villeneuve (2003). As
before, additional conditions have to be satisfied for existence. Notably, no contracts
may exist that attract away profitable pools from the contract set described in the
Proposition. A complete discussion of these conditions is provided in the Appendix.
We proceed to show how more specific properties of the equilibrium depend on local

crossing-properties of indifference curves.

Corollary 3. Contract P* earns positive profits if and only if MRSpy < MRSpp
(irregular crossing) in the contract where the LH-individuals’ indifference curve
through A intersects the zero profit line of the pool of all LL—, HL— and H H—individuals.

Proof. The proof follows exactly as for Corollary 1. O

The two possible cases described in the corollary are depicted in Figure 3, where

the left panel refers to the case in which P* earns positive profits. In both cases,

8Note that similar arguments do not apply to any case in which the individuals’ marginal rates
of substitution differ in P*. A contract P’ > P* that attracts low risks might also attract the
L H-individuals due to the binding incentive compatibility constraint.
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the equilibrium is associated with a positive correlation between coverage and risk
since only high risks obtain full insurance. In addition, profits are non-increasing

with coverage since the full insurance contract A always makes zero profits.

d ) ‘ d
. ~LH A LH
471 g
H | HH
HL 1 HL
P y LL—UL— HH LL—IIL— HH
P/
L g L g

Figure 3: Unobservable Productivities / 2-Contract Pooling

The next proposition characterizes the pooling equilibrium where type HL is

separated, called a “type I” equilibrium.

Proposition 4. In any weakly pooling “3-contract-equilibrium of type 17, contracts
A, P** and C are offered, where

P = (BP7,dP7) = argmax Vi (8,d) st. (i) Vig(A) = Vig(8,d),
(it) m(B,d,npr, npr) > 0.

C = (8Y,d°) = argmax Vi (3, d) st. (i) Vgug(P*) = Vyy(6,d),
(it) (B, d,npr,0) > 0.

LH—individuals purchase A, the LL— and H H—individuals purchase P**, and
the H L—individuals purchase C'. Ezistence requires MRSy, < MRSyy < MRS,
in P**.

Proof. Obviously, P** has to satisfy (ii) as given in the proposition. Given Lemma 5, Vzz(A) >
Vi (P**) also has to be satisfied. Assume Vpg(A4) > Vog(P**), so that any P’ € B.(P**)
satisfies Vg (A) > Vg (P') for € small enough, hence does not attract the LH-individuals. Then,
if MRSy, # MRSpy in P**, 3P’ € B(P**) s.t. Voo (P') > Vi.(P*), Vugu(P') < Vg (P*)
and W(ﬁpl,dpl,nLL +x,0) > 0, for any x > 0. If MRS, = MRSgy in P** and therefore
P < 1, 3P € B(P*) st. P > P, Vi (P') > Vio(P*), Vuu(P') > Vigu(P*), and
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ﬁ(ﬁp/,dp,,nLL +a,ngg) > 0, for any > 0. Thus Vpg(A) = Vg (P**) holds. Also, P** < A
and hence MRSy < MRSpy, MRSy, < MRSy in P**. Next, MRS;;, < MRSy gy in P**
since otherwise IP' € B.(P**) s.t. P’ > P** Vi (P') > Vi (P*), Vi;(P') < V;;(P**) for all
other types, and ﬂ(ﬂpl,dpl,nLL,O) > 0. If MRS, < MRSy in P**, then constraint (i) must
be binding. If not, 3P € B (P**) s.t. P’ < P**, Viu(P') < Vou(P*), Vi;(P") > V;(P*)
for all other types ij, such that W(ﬁp/,dp/,nLL +x,nygy) > 0 for any > 0. Such a contract
does not exist if MRSy, = MRSy in P**, and constraint (ii) can be slack. Altogether, this
is just saying that P** maximizes Vi subject to (i) and (ii). Condition MRSy < MRSyp
in P** has to be satisfied since otherwise 3P' € B.(P**) s.t. P’ < P**, Vi (P') > Vi (P*),
Vier (P') < Ve (P**),k = L, H, and W(ﬁpl,dpl,nLL +,0) > 0 for any > 0.

By Lemma 4, MRSy, < MRSy, in P** and single crossing within the productivity dimension.
Therefore, contract C' # P** for H L-individuals, for which Vg (C) > Vi (P**) and V,1(C) <
Vi (P**) has to hold (incentive compatibility), must satisfy C' < P**. From MRSy < MRSy, <
MRSy in P** and double crossing it follows that Vi g (P**) > Vg g (C) is the relevant incentive
compatibility constraint for C'. The contract C' then follows with the argument given for B; in
the proof of Proposition 1. The condition MRSy, < MRSgy in P** makes sure that indeed
C + P**. O

Note that the conditions on the marginal rates of substitution given in Propo-
sition 4 do not require irregular crossing. Even with exogenous labor supply and
two-dimensional heterogeneity, MRSyy < MRS, can occur since the respective
individuals differ in both dimensions. The “3-contract equilibrium of type I” there-
fore exists in the models of Smart (2000), Wambach (2000) and Villeneuve (2003)."
A discussion of existence conditions in the spirit of Rothschild and Stiglitz can be
found in the Appendix. We proceed to illustrate how profits in equilibrium depend

on local characteristics of the indifference curves.

Corollary 4. Contract P** earns positive profits if and only if MRS, > MRSz
(irreqular crossing) at the contract where the LH—individuals’ indifference curve
through A intersects the zero profit line of the pool of all LL— and H H—individuals.
Contract C' earns positive profits if and only if MRSy, > MRSgy (irregular cross-
ing) at the contract where the H H—individuals’ indifference curve through P** cuts

the low risks’ zero profit line.
Proof. The proof follows exactly as for Corollary 1. O
While the discussed equilibrium can exist even with exogenous labor supply,

positive profits can only occur with irregular crossing, hence only with endogenous

labor supply. For simplicity, both panels of Figure 4 depict a situation in which P**

YHowever, both Wambach (2000) and Villeneuve (2003) fail to realize this possibility. Wambach
(2000) makes a mistake in his argument and therefore erroneously concludes that pooling equilibria
do generically not exist. Villeneuve (2003) does not consider this possibility at all.
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earns zero profits although this does not need to be the case by Corollary 4. C also
earns zero profits in the left panel, but positive profits in the right panel. As becomes
clear from Figure 4, the “3-contract-equilibrium of type I always implies a positive
correlation between coverage and risk in aggregate. This is because the contracts
C, P** and A are ranked with respect to both coverage and average risk of the pool
of customers. However, the non-increasing profits property used by Chiappori et
al. (2006) to derive this positive correlation result is not necessarily satisfied. For
instance, it is possible that C, the contract with the lowest coverage, earns zero

profits, whereas P** > (' earns positive profits.

da ‘ d A
LH - LH
4 LL A LL

HH 1 HH

,41;'4%’1’51 /L’L’:;’-IH
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1 ﬁV 1 ﬂV

Figure 4: Unobservable Productivities / 3-Contract Pooling I

Finally, the last proposition characterizes the pooling equilibrium where type
LL is separated, called a “type II” equilibrium. As will turn out, it is particularly

interesting due to the arising correlation between risk and coverage.

Proposition 5. In any weakly pooling “3-contract-equilibrium of type II”, contracts
A, P** and D are offered, where

P** = argmax Vyr(8,d) s.t. (i) Vig(A) = Viu(6,d),
>

(it) 7(B,d,ngr,ngr) > 0.

D = argmaz V(5,d) sit. (i) Viu(A) = Veu(B,d).

LH—individuals purchase A, the HL— and the HH—individuals purchase P***,
and the LL-individuals purchase D. FEzxistence requires M RSgy < MRSy and
MRS,y < MRSy, in P** (both irreqular crossing).
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Proof. The fact that P*** has to satisfy (i) and (ii) as given the the proposition follows exactly
as in the previous proof. Therefore P*** < A and MRSpy < MRSpg, MRSy, < MRSy in
P***. Furthermore, MRSy < MRS,y has to hold in P*** since otherwise 3P’ € B.(P***)
s.t. P> P Vg (P') > Vg (P**), Vig(P') < Vig(P**),k = L, H, and ©(87",d" ,nyr +
x,0) > 0 for any = > 0. If MRSy, < MRS,y in P**, then constraint (ii) must be binding.
If not, 3P € B(P***) s.t. P’ < P**, Vpu(P') < Ve (P**) and V;;(P") > V;;(P*) for both
ij = HL,HH, such that W(Bpl,dpl,nHL + x,npgp) > 0 for any & > 0. Such a contract does
not exist if MRSy, = MRSy g in P***, and constraint (ii) can be slack. Altogether, this is just
saying that P*** maximizes Vi, subject to (i) and (ii). Condition MRSyy < MRSy in P***
has to be satisfied since otherwise 3P € B.(P***) s.t. P’ < P***, Vy(P') > Vg, (P**) and
Vierr (P') < Ve (P**),k = L, H, such that w(ﬂpl,dp/,nHL +,0) > 0 for any > 0.

As in the proof of the previous proposition, MRSy, < MRSy, in P*** and single crossing in the
productivity dimension implies D > P***. It immediately follows that (3", d”,nyr,0) > 0. From
MRSyrg < MRSyp < MRSpg in P*** and double crossing, the relevant incentive compatibility
constraint for D will be Vg (A) > Vg (D). It must be binding and MRS, ;, = MRS,z must hold
in D, since otherwise 3D" € B.(D) s.t. Vir(D') > Vir(D), V;;(D’) < Vi;(D) for all other types
17, and W(ﬂD/,dD/, nrr,0) > 0. This, however, is just saying that D maximizes V1, subject to the
constraint Vi, (A) = Vg (D), as given in the proposition. MRSy < MRSy, in P*** makes sure
that indeed D # P***. O

The existence of the type Il equilibrium is unique to our model, since it re-
quires irregular crossing of indifference curves. Most important is the fact that D,
purchased by low risks that have a low productivity, has a larger coverage 3 and
premium d” than the pooling contract P***. Hence, if n;y and nyp are sufficiently
small, low risk individuals, which then mainly consist of LL-types, purchase on av-
erage more insurance (contract D) than high risks, which are mainly H H-types who
purchase P*** < D. This gives rise to a negative correlation between risk and cover-
age in equilibrium and might help to explain the empirical puzzle that the positive
correlation between risk and coverage predicted by the previous screening models
is not observed although adverse selection seems to be a relevant phenomenon in
insurance markets. Most interestingly, this negative correlation result is obtained
without assuming any deviations from perfect competition and without assuming
a one-dimensional structure with only two types as in De Meza and Webb (2001)
and Jullien et al. (2006). It is simply based on the possibility of irregular crossing,
which in turn naturally results from our setup with two-dimensional heterogeneity
and endogenous labor supply.

A discussion of the existence conditions for this type of equilibrium is relegated
to the Appendix. We proceed to illustrate how profits in equilibrium depend on

local characteristics of the indifference curves.
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Corollary 5. Contract P*™* earns positive profits if and only if MRSy, > MRS,y
(irreqular crossing) at the contract where the LH—individuals’ indifference curve
through A intersects the zero profit line of the pool of all HL— and H H—individuals.

Contract D always earns positive profits.

Proof. The proof follows exactly as for Corollary 1. O

The two possible cases described in the corollary are depicted in Figure 5. As
Corollary 5 and the figure make clear, the non-increasing profits assumption used
by Chiappori et al. (2006) to derive the positive correlation property is again not
satisfied. In fact, D will always make more profits per capita than P*** although
D > P** since it is only bought by low risks. Thus, the non-increasing profits
property cannot be considered as a general characteristic of equilibrium in compet-
itive insurance markets as soon as multidimensional heterogeneity and unobserved

actions are accounted for.

di ‘ d A

LH - LH

4 LL A7 1L
HH HH

HL - _HL

HL~ HH HL - HH

P
/. P”
1 ﬂV 1 ,3'

Figure 5: Unobservable Productivities / 3-Contract Pooling II

6 CONCLUSION

Based on recent empirical findings, the theoretical literature on adverse selection has
started to realize that screening in most relevant real-world situations is associated
with more than one dimension of privately known heterogeneity, and that the result-
ing countervailing incentives significantly alter the nature of equilibrium compared
to the standard model of Rothschild and Stiglitz (1976). These models, however,
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typically assume that all dimensions of heterogeneity are given exogenously. For in-
stance, the contributions by Smart (2000), Wambach (2000) and Villeneuve (2003)
consider competitive insurance markets where individuals differ in both risk and risk
preference. Unfortunately, it is not possible to find equilibria in these settings where
the correlation between risk occurrence and insurance coverage is zero or negative,
a phenomenon that has frequently been observed in empirical studies.

In this paper, we asked the question how insurance market equilibrium may look
like if heterogeneity in some dimensions is not given exogenously but arises from
the individuals’ choices. As a natural example of such a situation, we considered a
model where individuals not only differ in risk and select an insurance contract, but
also choose their labor supply endogenously, which affects their income and hence
risk attitude. While it may not be obvious at first glance why this endogeneity
should be relevant, it turned out that the interdependency between insurance market
equilibrium and labor supply leads to economic effects that have an impact on
possible equilibrium configurations. Notably, it allows for “irregular crossing” in
the sense that, among individuals who exogenously only differ in risk, high risk
individuals have the lower marginal willingness to pay for insurance than low risks
since they supply more labor and hence are less risk averse.

We show that this possibility will generally lead to equilibria with (i) smaller
correlations between risk and coverage than in the standard models, and (ii) positive
profit contracts. The latter result might lead to imperfectly separating equilibria
even in the simple case of one-dimensional heterogeneity. If individuals differ in
both their risk and productivity, equilibria can (i) pool different risk types in one
contract, (ii) violate the non-increasing profits property of Chiappori et al. (2006),
and therefore (iii) exhibit a zero or negative correlation between risk and coverage.
Interestingly, this latter result provides an explanation for the empirical findings
without assuming non-competitive insurance markets or special restrictions on the
structure of heterogeneity as in De Meza and Webb (2001) and Jullien et al. (2006).

Our model raises a number of issues for further research. First, our informational
assumption that risk, productivity and labor supply are privately known by the
individuals may make our model a helpful tool for the analysis of policy questions
such as taxation under risk and social insurance. Models addressing these issues need
to combine multidimensional heterogeneity with the endogenous choice of private
insurance and labor supply. We show how this set of assumptions affects the working
of insurance markets. Natural questions to ask are about the effects of labor taxes

or social insurance in this framework, and, more generally, about the efficiency
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properties of the equilibria that arise in our model.

Furthermore, as pointed out above, the possibility of irregular crossing is the driv-
ing force behind our novel results on competitive screening equilibria. Our model of
insurance markets with two-dimensional heterogeneity and endogenous labor supply
is just one - though certainly natural - example of a situation where irregular crossing
can arise. Our results extend, however, to other settings of competitive screening
with irregular crossing preferences. Generally, such preferences can endogenously
result from some unobserved decision that does not affect the agent’s risk, but only
risk aversion. This may not only be a relevant phenomenon to be accounted for in

models of insurance, but also of credit markets, portfolio choice, or labor contracts.
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7 APPENDIX

In section 5, equilibria were characterized but the question was not addressed
whether such equilibria in fact exist. In this appendix, we provide necessary and
sufficient conditions for the existence of the equilibria. As in the model by Roth-
schild and Stiglitz (1976), the fundamental condition for existence is that there is
no contract outside the equilibrium set of contracts that attracts a profitable pool
of individuals. In looking for such potentially profitable deviations, we can confine
ourselves to the area between the zero profit lines of the high and low risks. Clearly,
a contract below the low risks’ zero profit line could never be profitable. Contracts
above the high risks’ zero profit line, in turn, would not attract any individual given
the equilibria from section 5.

Figure 6 illustrates this area. The thick black lines represent the high and low
risks’ zero profit lines. We first turn to the separating equilibria defined in Proposi-
tion 2. Figure 6 shows the indifference curves of the four types through the contracts
A and By, = By of the separating equilibrium for the case that all contracts make
zero profits (see Corollary 2). Based on this graphical representation, the neces-
sary and sufficient conditions for the existence of this equilibrium can be stated as

follows:

Corollary 6. The separating equilibrium where all contracts make zero profits de-
fined in Corollary 2 exists if and only if the conditions from Corollary 2 are satisfied
and there is no contract K

(i) in area I in figure 6 such that (8%, d¥ npp,ngm) > 0,

(ii) in area II such that ©(3%,d* nyr + npp,num) > 0,

(iii) in area III such that w(B%,d% npp,nuyg +npy) > 0, and

(iv) in area IV such that (5%, d¥ ngy +nrp,ngg +ngr) > 0.

Proof. Necessity follows from Corollary 2 and the fact that, if one of the conditions (i) to (iv) is

not satisfied, a profitable pooling contract exists that destroys the equilibrium. For sufficiency, note
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Figure 6: Existence of Separation

first that a contract in any other area between the zero profit lines of the low and high risks either
attracts no individual or only high risks. It therefore cannot be a profitable deviation. Moreover,
the crossing properties of the indifference curves implied by Lemma 4 and Assumption 3 rule out

the emergence of other relevant areas. O

Hence, in contrast to the standard case considered by Rothschild and Stiglitz
(1976), four conditions instead of just one need to be satisfied in order to guarantee
existence. In the proof of the following Corollary, we show that the existence condi-
tions from Corollary 6 analogously apply to the other separating equilibria defined
in Corollary 2.

Corollary 7. Conditions (i) to (iv) from Corollary 6, together with the relevant re-
lations between the marginal rates of substitution, are also sufficient for the existence

of the other separating equilibria defined in Corollary 2.

Proof. For the equilibrium where only By, makes positive profits, note that there exists an addi-
tional area to the left of area II and below the H L-types’ indifference curve through By representing
contracts that would attract HH- and H L-types (see the middle graph in figure 2). However, if
condition (ii) from Corollary 6 is satisfied, we must have (3%, d” ngr,ngm) < 0 for all contracts

FE in this new area. First, the zero profit line of the pool of HH- and H L-types lies above the zero
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profit line from condition (ii). Second, the H L-types’ indifference curve through By is concave by
Lemma 2. Together, this ensures that, if condition (ii) is satisfied, the zero profit line of the pool
of HH- and H L-types lies above the new area where only these types are attracted.

For the equilibrium where both By and By make positive profits, the area with contracts
attracting only HH- and H L-types described above also exists but cannot contain profitable
contracts if condition (ii) is satisfied by the same argument as above. In addition, in this case,
Assumption 3 does not rule out that the indifference curves of the LH- and of the LL-types and
those of the LH- and the HL-types cross again above the low risks’ zero profit line (see right
graph in Figure 2). Then, new areas compared to Figure 6 can emerge. However, contracts in
these areas would either attract only high risks or a pool of H L-, H H- and LH-types, which cannot
be profitable if condition (iv) is satisfied. O

We now turn to the existence of pooling equilibria. First, the 2-contract-equilibrium
from Proposition 3 is considered. Figure 7 graphically represents the equilibrium
contracts A and P* together with the relevant indifference curves for the case that
P* makes positive profits (see Corollary 3). The necessary and sufficient conditions

for its existence are as follows:

Figure 7: Existence of 2-Contract Pooling

Corollary 8. The weakly pooling 2-contract-equilibrium where P* makes positive

profits defined in Corollary 3 exists if and only if the conditions from Proposition 3
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and Corollary 3 are satisfied and there is no contract E
(i) in area I in Figure 7 such that ©(3%,d¥ ngr,num) > 0,
(ii) in area II such that w(B%,d¥ npp,npy) >0, and

(iii) in area III such that w(B%,d¥ npp + nygr,npy) > 0.

Proof. Necessity is implied by Proposition 3, Corollary 3, and the fact that, if one of the conditions
(i) to (iii) is not satisfied, there is a contract outside the equilibrium set that attracts a profitable
pool. Sufficiency is established by showing that if conditions (i) to (iii) hold, no other area in
Figure 7 can contain profitable deviations. This is obvious for the areas in which contracts would
attract no individual or only high risks. Moreover, contracts in the area below area III cannot make
positive profits if condition (iii) is satisfied. This is because, first, they are cet. par. associated
with a lower premium than those in area III and, second, attract a less favorable pool (all the
population rather than all except the H H-types). The same holds for contracts in the area to the
right of area I in Figure 7. They attract a pool of LH-, HH- and H L-individuals and therefore
cannot be profitable given condition (iii) and the concavity of indifference curves. Finally, it can
be easily shown that even if the indifference curves of the H H- and H L-types or of the H H- and
LL-types cross again (be it below or above contract P*), the resulting new areas cannot contain

profitable contracts given conditions (i) to (iii). O

Hence, in contrast to the separating equilibria, only three existence conditions
are needed for this type of pooling equilibrium. Concerning the existence conditions
for the weakly pooling 2-contract-equilibrium where P* makes zero profits, only
two slight modifications are necessary. First, contracts in area I could never be
profitable. They attract HH- and H L-types and hence a less favorable pool than
P*, which lies above them and just makes zero profits. Therefore, condition (i) in
Corollary 8 is not needed for the existence of this equilibrium. Second, contracts
in the area to the right of area I would attract all individuals who purchase P* in
this case, which could not be profitable for the same reason as above. All the other
arguments would remain unchanged. Thus, only the two conditions (ii) and (iii)
from Corollary 8 would be needed to guarantee the existence of the weakly pooling
2-contract-equilibrium when P* makes zero profits.

Next, let us consider the weakly pooling 3-contract-equilibrium of type I defined
in Proposition and Corollary 4. Figure 8 shows the case where both P** and C'
make zero profits. Based on this illustration, we can derive sufficient and necessary

conditions for the existence of this pooling equilibrium in the following corollary.

Corollary 9. The weakly pooling 3-contract-equilibrium of type I where all contracts
make zero profits defined in Corollary 4 exists if and only if the conditions of Propo-
sition 4 and Corollary 4 are satisfied and there is no contract E

(i) in area I in Figure 8 such that w(8%,d¥ ngr +nrr,num) > 0,
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III: HH,LH,HL,LL

Figure 8: Existence of 3-Contract Pooling I

(ii) in area II such that w(B%,d¥ npp,npy) >0, and

(iii) in area III such that w(B%,d¥ ngr +npr,nugmg +npg) > 0.

Proof. Both necessity and sufficiency are established as in the proof of Corollary 8. For sufficiency,
note that contracts in the area to the left of area I cannot be profitable if condition (i) is satisfied.
This follows from the fact that, in this area, only HH- and H L-types are attracted and hence
the corresponding zero profit line must lie above the one from condition (i). Together with the
concavity of the HL-types’ indifference curve through C, this ensures that there cannot be a
profitable deviation in this area. By the same argument, contracts in the area between areas II
and III in figure 8 are not profitable if condition (ii) is satisfied. Moreover, the contracts represented
by the area above area I cannot be profitable as they would attract the LH- and LL-types only
but lie below this pool’s zero profit line. Finally, the crossing properties of the indifference curves

implied by Lemma 4 and Assumption 3 rule out other relevant areas. O

Again, Corollary 9 and Figure 8 need to be changed only slightly when P** or C
make positive profits. First, if P** makes positive profits and thus lies at a point of
tangency of the LH- and LL-types’ indifference curves, area I would attract HL-,
LH- and H H-individuals. In addition, the area to the left of area I would contain
potentially profitable contracts attracting HL- and H H-individuals. This would

need to be ruled out by a fourth condition. Second, if contract C' is not on the low
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risks’ zero profit line but at a point of tangency of the HH- and H L-types indif-
ference curves, another area compared to Figure 8 appears. However, it represents
contracts that only attract high risks and are therefore not profitable. Hence, no
modification of the existence conditions from Corollary 9 would be necessary.
Finally, Corollary 10 and Figure 9 and give the existence conditions for the
pooling 3-contract-equilibrium of type II defined in Proposition and Corollary 5.

We focus on the case where P*** makes zero profits.

Figure 9: Existence of 3-Contract Pooling II

Corollary 10. The weakly pooling 3-contract-equilibrium of type II where P***
makes zero profits defined in Corollary 5 exists if and only if the conditions of Propo-
sition 5 and Corollary 5 are satisfied and there is no contract E

(i) in area I in Figure 9 such that 7(3%,d¥ npp,npy) > 0, and

(ii) in area II such that w(B%,d¥ npp +nup,npy) > 0.

Proof. Again, the proof is as for Corollary 8. Concerning sufficiency, note that contracts in the
area to the left of area II cannot be profitable if condition (ii) is satisfied. This follows from the
fact that, in this area, only LH- and H L-types are attracted and hence the corresponding zero
profit line must lie above the one from condition (ii). Together with the concavity of the H L-types’

indifference curve through P***, this ensures that there cannot be a profitable deviation in this
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area. By an analogous argument, contracts in the regions below this area and below area II are
not profitable if condition (ii) is satisfied. Finally, contracts in the area to the Southwest of P***
cannot be profitable since they would attract all individuals who purchase P***, which lies above

them and makes zero profits. O

As can be easily verified, Corollary 10 applies without modifications to the case
that P*** makes positive profits. Hence, whether the pooling contract makes profits
or not, only two existence conditions are needed for the pooling 3-contract equilib-

rium of type II.
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