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ABSTRACT. In this paper we introduce methods based upon Lie
symmetry analysis for the construction of explicit fundamental so-
lutions of multidimensional parabolic PDEs. We give applications
to the problem of finding transition probability densities for mul-
tidimensional diffusions and to representation theory.

1. INTRODUCTION

Lie symmetry methods have proven to be very effective for the com-
putation of fundamental solutions for linear PDEs. Though symmetry
analysis can be used to obtain fundamental solutions for elliptic and
parabolic problems, they are particularly useful for parabolic PDEs
on the real line. In this situation, a number of different methods are
available, each of which has its own strengths and limitations.

For parabolic problems in one space dimension, the papers [8] and
[13] show how one may construct classical integral transforms of the
desired fundamental solutions, using an SL(2,R) or Heisenberg group
symmetry. In this framework, the group parameter is regarded as a
transform parameter. In one dimension there is no problem with this.
There is only one space variable, so a suitable one parameter subgroup
of the symmetry group can yield an appropriate integral transform.

Moving to higher dimensions, we would also like to be able to com-
pute fundamental solutions by symmetry. There is however a major ob-
stacle. To put it simply, there is usually not enough symmetry available
to compute a fundamental solution by the established symmetry meth-
ods, except in certain special cases. For example, the paper [21] shows
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2 MARK CRADDOCK AND KELLY A. LENNOX

that group invariant solution techniques will yield fundamental solu-
tions only for certain classes of problems, where the symmetry group
has dimension greater than four. Even in those cases where group in-
variance works, the fundamental solutions obtained could easily be con-
structed as products of one dimensional fundamental solutions. This is
because for these cases the PDE is of the form w, = (L, + L,)u, with
[La, L) = 0, so that e!(Fetly) = etlactly,

Unfortunately, equations of the form uw; = Au + A(x)u on R" for
n > 2 typically only have SL(2,R) as the symmetry group. So we only
have three one parameter subgroups to work with. Our aim then is
to answer the following question: Can we obtain a fundamental solu-
tion by Lie symmetry analysis if the symmetry group at least contains
SL(2,R)? We will show that the answer is yes, if we also use the linear-
ity of the PDE. In two space dimensions the problem can be regarded
as completely solved and we can obtain very useful expressions in n
dimensions.

In the next section we discuss the symmetries that we need and the
background material. In Section 3 we consider some Fourier transform
results in the case when the PDE also has Heisenberg group symme-
tries. In Sections 4 and 5 we discuss methods for finding fundamental
solutions in the case when we only have SL(2,R) symmetries and Sec-
tion 6 contains applications to representation theory. Examples are
given throughout to illustrate the results.

The authors wish to thank the Australian Research Council, St
George’s Bank Ltd and Professor Eckhard Platen.

2. SYMMETRIES OF THE PDE u; = Au+ A(x)u

We are interested in this paper in PDES of the form
u = Au+2Vep-Vu+ B(x)u, x € Q CR". (2.1)

The coefficients 2¢,,, 2¢,, etcetera are called the drift functions. Equa-
tions of this form are of importance in the theory of stochastic pro-
cesses, since the transition probability density for the processes gov-
erned by the stochastic differential equations (SDE)

AX} =20, (X}, ., XM)dt +V2AWE i = 1,...,n (2.2)

is a fundamental solution of the Kolmogorov forward equation (2.1) for
B =0.
Our starting point will be the equation
u = Au+ A(zx)u, z € Q CR". (2.3)

For n = 2 the Lie symmetries were calculated by Finkel, [16]. An
equation of the form (2.3) can be transformed into one of the form
(2.1) by letting u = e®v. This change of variables leads to the equation

vy =Av+2V¢ - Vo+ (A + [Vo|* + A(x))v. (2.4)
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If we suppose that
A¢ + Vo[> + A(z) = B(x), (2.5)

then we are lead to the PDE v, = Av +2V¢ - Vo + B(z)v.

The quasilinear equation (2.5) can obviously be linearised by letting
w = e?. The result is that Aw+ A(x)w = B(x)w. Thus finding station-
ary solutions of (2.3) is equivalent to finding drift functions for (2.1)
with B = 0. We also observe that any equation of the form (2.1) with
B =0 and A¢ + |V¢|? = 0, can be transformed to the n dimensional
heat equation.

The particular classes of functions A that we are interested in are of
the form

1 To Tn u
Alx) = =k (—, cey —) + cix? + air;) + B, 2.6

)= b () + 20 ) (26)
where k£ is an arbitrary continuous function and ¢, ..., ¢,, , a1, ..., a, and
E are arbitrary constants. Actually we can take F = 0 without loss of
generality, by letting v = e®*u in the equation. If A is of this form then
(2.3) has nontrivial symmetries. In fact we have the following simple
result.

Proposition 2.1. Let u be a solution of (2.3) and let

1 n
Alx) = Lk (__) ,
xq I T

for some function k. Then for € sufficiently small, so is

el|[|®
eXp <_ 1+4et> ( T Ty t >
u :

(1 + 4et)> 1+ 4et” 7 1+ 4det’ 1+ 4det

Proof. Applying Lie’s algorithm to the PDE shows that it has an in-
finitesimal symmetry v =Y | 4x;t0,, + 4620, — (||z|* + 2nt)ud,. Ex-
ponentiating this symmetry completes the proof. U

Ue(Tpy ey Ty, ) =

The next result is immediate.

Corollary 2.2. Suppose that Ap+ |V o[> + %k (i—f, x—”) =0 andu
1

caey z1

satisfies uy = Au + 2V ¢ - Vu. Then for € sufficiently small

1 _ellz))? @y en \_
ue(m,....,xm )= —€ e +o( T i ) —#@en)

(1+ 4et)2

T Ty, t
X U e , ,
1+ 4et 1+ 4et’ 1+ 4et
15 also a solution.

The symmetries when the constants c¢;, a; are nonzero are slightly
more complicated and we will present the ones we need later.
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2.0.1. Finding Drifts. For applications, we will need to be able to com-
pute drift functions. There are a number of practical ways in which
this may be done. We will illustrate the two dimensional situation. In
n dimensions similar techniques can be used.

Suppose we wish to solve the equation

buc+ O+ 34 0+ 5k (L) =0 2.7
Linearisation is one method, but this leads to a second order PDE.
A simpler approach if all we wish to find are explicit solutions, is to
let r = y/a. Then ¢, = —%r, &y = 200, 6o = Ly, + 2456, and
Gyy = Z0pp. So that (1412, + 2r, + (14 1r2)¢2 + k(r) = 0.
We then let F'(r) = ¢, and obtain the Riccati equation

(1+7r)F +2rF + (1 +7r*)F? + k(r) = 0. (2.8)

Every Riccati equation can be linearised, and in this case we set F' =
G'/G. This gives (1 + 1r?)G” + 2rG’ + k(r)G = 0. We then have the
drifts given by

y G'(y/z) 1G'(y/x)

po= — LT g o 29T 29
7 Glyfn) ¥ TG/ 29

For example, k(r) = —% leads to G(r) = & + @M, and so
5 — (12 + coyz + c1y® — 2 (2% + ) tan ™t (£)) (2.10)

T (22 + y?) (clx + oy — oz tan™? (%)) '

2 2 2 2 tan—! (¥

¢y:_$(clx + Coyx + c1y® — o (2 + ) tan~t (£)) 2.11)

y (22 +9?) (1@ + coy — o tan~! (1))

For drift equations of the form ¢, + ¢, + 2 + qbf/ = C(2* +y?) the
change of variables r = 2% + y? will also lead to a Riccati equation.

3. MULTI-DIMENSIONAL INTEGRAL TRANSFORMS

Though there are many ways of obtaining fundamental solutions, the
integral transform method has very attractive features. See [8] for an
extensive discussion of the method for parabolic equations on the line.

In one dimension the situation is simple. In [9] it was proved that
if the PDE w, = A(z,t)uy, + B(x,t)u, + C(x,t)u has at least a four
dimensional symmetry group, we can always find a point symmetry
which maps a nonzero solution to a Fourier or Laplace transform of
a fundamental solution. Typically we use stationary solutions, if they
are available. We can obtain transition probability densities for Ito
diffusions, as well as multiple fundamental solutions very efficiently via
this technique. See [13] for examples.
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In higher dimensions, the stationary solutions will be solutions of
elliptic PDEs and hence there will now be infinitely many linearly in-
dependent stationary solutions. So we can find potentially infinitely
many linearly independent fundamental solutions, which could be of
great interest in studying properties of these equations.

There are cases where we can actually find integral transforms of
fundamental solutions via symmetry. In some cases we are able to
use the SL(2,R) symmetries to obtain the desired transforms. Let us
consider an interesting example involving a multidimensional process
that appears to be new.

Ezample 3.1 (A Generalisation of Bessel Processes). Let (B}, ..., B") be
a standard n dimensional Brownian motion, and consider the distance
from the origin, Z; = \/(B})2+ -+ (B})2. Z; is an n dimensional
Bessel process. A standard reference for such processes is Revuz and
Yor [24]. The It6 formula shows that

n—1

dZt -

dt + dW,

t
where W is a standard Brownian motion. Our aim is to consider a
generalization of this process, specifically the multidimensional process
X = (X}, ..., X), where

i QGZ‘ i i
dX} = s az-Xz'dt +V2dW, X >0, i=1,2,3, ..., (3.1)
with a; > 0,2 = 1,2,...,n. We begin with the n = 2 case, introducing
the function ¢(x,y) = In(az+by) where a and b are constants, which we
assume to be real and positive. One easily checks that the Kolmogorov
forward equation

2a n 20
Uy Uy,
ar + by ax +by "’

Up = Ugy + Uyy + (3.2)

has a symmetry

Uﬁ(x7 y? t) =

2 2
6_6(910+Ieyt )+¢(1+m46t’1+%15t)_¢(x7y) T Y t
Uu s ,
1+ 4et 14+4et’ 14 4et” 1+ 4et

We wish to extract a fundamental solution of the PDE from this.
Since there is only one group parameter, we cannot immediately realise
this as an integral transform. However, if we take © = 1, then this
symmetry can be split into the product and sum of two transformations.
If we let

y2§ z2 e 5
— e s T T+dte (q (x +4txd) +by (1 +4te
Uos(e,gnt) = (a ( )+by ( i )
(ax+by) (14+4t5) (1+4te))?
this is actually a solution of (3.2), and U_.(z,y,t) = U(x,y,t), with
u = 1. It satisfies the initial condition U, s(z,y,0) = e~*"~%", So we
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look for a fundamental solution p(t,x,y, &, n) such that

/ / I (1, g € )dedy = Uos(,y, 1), (3.3)
0 0

This is a generalised Laplace transform. We convert it to a Laplace
transform by letting €2 = z,1n?> = w. So that

oo [ dzdw
676275wp tv z, y7 \/EJ \/E - €,0 x ya t 34
| ( o = Uslrnt). (34

This means that

p(t, 2,y V2, Vw) = J_ = L7 [Ues(2,y, 1), (3.5)

where L is the two dimensional Laplace transform. This can be writ-
ten as the sum of two Laplace transforms, each of which is a product
of one dimensional Laplace transforms. The individual inversions are
elementary with the aid of tables and we have

) 1 4P etw
gl[Ua(s(m,y,tH:me C

a . Tz yvw
{ﬁ sinh(——) cosh(=—=— 5

2t
Now z = €2 and w = 7%, so

) + ﬁ osh(

1 o4y +624n?
t S
p(t,z,y,&n) e L
e yn 8 yn
[af sinh(—= 5 ) cosh( 2t> + by cosh(—= 5 ) sinh (= o )}

This is a fundamental solution of the original PDE. Notice that be-
cause

/ / e E (1w g, € o)dedn = Uos(a,y,1), (3.6)
0 0

and Ugo(x,y,t) = 1, it follows that [;° [° p(t, z,y, &, n)dédn = 1. Thus
this fundamental solution is also a probability density. Using the Ito
formula one can now check that it in fact is the transition probability
density for the two dimensional process
2a 1
AXi= oyt V2dW}, dY, =
where both a,b > 0.

)
T dt+2dW2, (3.
oY +V2dW2, (3.7)

Corollary 3.1. The joint density of a two dimensional Bessel process

and a one dimensional reflected standard Brownian motion is
2 224462402 x€

t,x,y,&,m) = —e~ 21 sinh(—

Pt .y, &) = —— ¢ sinh(—

Proof. Take b — 0 and let t — %t. U

yn
) cosh(T).
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Remark 3.2. The PDE (3.2) can be reduced to the heat equation by
setting w(x,y,t) = e 2@y (2 4 ). From this we may obtain a
fundamental solution

2
1 (ax—irby) e,(f*f)i:(yfn)Z. (3.8)

t -
q(t,z,y,€,1m) o€+ b

47t
But this is not the transition probability density we found. To obtain
the desired transition density, we need to consider fundamental solu-
tions of the heat equation valid on the first quadrant. Our method is
more efficient.

By a similar calculation we can find the transition probability density

for
i 2a; i i i
dXt = mdt+\/§th, XOZZE , 1= ]_,...,TL, (39)

with a; > 0,1 =1,2,....
Proposition 3.3. The associated transition density for the n dimen-
sional process Xy = (X}, ..., X[') satisfying (3.9), may be found by in-
verting the n dimensional generalized Laplace transform

g

U ( t) ! Xn: i
€100in L1y eeeey Ly = ex — -t
1rn \ 1 Vitdat-Itaegt P\ 7 & T ot

I Tn
X —_— e, T | — ey Ty s
€xXp (¢ (1 +461t’ 3 1 +46nt) Cb(ﬂfl, y & ))

where ¢(xq, xa, ..., T,) = log(arxy + - + apzy).

Proof. One easily checks that the given function Uy, ., (21, ..., Ty, t) is
a Laplace transform and a solution of the Kolmogorov forward equation
for the diffusion. That the inverse transform integrates to one can be
readily checked and we also may easily show, (see the proof of Theorem
3.6), that the inverse Laplace transform is a fundamental solution. [

Remark 3.4. We can compute the joint density of a two dimensional
Bessel process and n — 1 independent reflected Wiener processes by
taking as = --- = a, = 0.

There is another connection between this n dimensional process and
the standard Bessel process.

Lemma 3.5. If Z, = /> (X})?, where
2(% ) % i -
mdt+\/§tha Xo=2"1=1,..,n, (3.10)

then Z; 1s an n dimensional Bessel process.

dXi =

Proof. This is just an application of the It6 formula. O
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The problem of obtaining integral transforms when we only have
access to SL(2,R) symmetries is not yet fully resolved. There are
some interesting approaches available, but we will not discuss them
here. When we have Heisenberg group symmetries, the situation is
easier.

We illustrate with the two dimensional heat equation, which has
symmetries of the form vy = 2t0, — zud,, vo = 2t0, — yud,. If we
exponentiate these symmetries, we see that if u(x,y,t) is a solution of
Up = Ugy + Uy, then so are

plexp evy)u(z, y, t) = e~z — 2et, y, 1) (3.11)
plexp 6va)u(w,y, t) = e ¥y (z,y — 26t 1). (3.12)

If we apply these symmetries one after the other we obtain that
Ucs(x,y,t) = e OO RNy (1 ety — 201, 1) (3.13)

is a solution. Now we use the right hand side of (3.13) and let u = wy
be a stationary solution. Let p(¢,x,y,&,n) be a fundamental solution
of the two dimensional heat equation. Using the basic principle behind
the construction of our integral transforms, (see [11]) we have

/ / Ues(§,m,0)p(t, z,y, &, m)dédn = Ues(x, y,t) (3.14)
which is the same as

/ / 6766757]’&0 (f, W)P(t, z,y, ’57 U)dfdn
_ 6—6$—5y+((52+62)tu0(x — 2€t, Yy — 252‘:) (315)

But (3.15) is nothing more than the two dimensional, two sided Laplace
transform of p. Suppose we take ug = 1 and replace € with ie and
with 70. Then we have

|| ety godgdy = e G (3ag)

We have thus obtained the two dimensional Fourier transform of the
heat kernel. Let us consider another example of this approach to finding
fundamental solutions.

FExample 3.2. We will compute a fundamental solution of the PDE
Up = Ugy + Uy + (az + by + c)u, (z,y) € R (3.17)
a2+b2)t2+3c+3(a$+by)) )

We use the exponential solution u(x,y,t) = est((
The PDE has a symmetry

Ges(z,y,t) = 6M+ct+b(y—it6)t+a(x—ite)t—(62+52)t—iy5—ixe (3.18)
€, ) ) - . .
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Using a similar argument to the case of the heat equation above, we
have a fundamental solution

@2+6H)¢?

e 3 +ct ) . 4 ' . | |

P08 = —/ pibeting b(y—itd)tta(z—ite)t—(8+e)t—iys—ize g _1s
) ) ) ) (27T)2 Rz
_ ect 6_%-}-%t(a(w—i—g)-i-b(y_i_n))_k%(a2+b2)t3.

47t

Similarly, one can show that the n dimensional PDE
w = But (3 aimi + o, (3.19)
i=1

has a fundamental solution

n

Dt ry) = — o exp [ L Sk - llz = yl* 1 iai(xi ) -
(4rt)3 12 £ At 2

=1

It is possible to compute these types of Fourier transforms whenever
there is a Heisenberg group of symmetries. There are two cases where
this occurs. The first result is the following.

Theorem 3.6. We consider the PDE
ur = Au+2V¢-Vu+ B(x)u, zeR", (3.20)
where ¢ is a solution of the quasi-linear PDE
A¢ + |Vo|* + A(z) = B(w),

and A(z) = Y1, a;ix; + app1. Suppose also that ug is a stationary
solution such that the function

K(t,x,¢) = e ' Dim h@rmart®) =Timy 2@y 0 (0 et . x, — ieyt)

where, z(x,€) = ¢(x1 — 2iert, ..., x, — 2i€,l) — O(x1, ..., x,)is positive
definite. Then there is a fundamental solution p(t,z,y) of (3.20) such
that

/ e Si Wt oy Yuo(y)dy = K (2, €). (3.21)

Proof. By Bochner’s Theorem, (c.f. Theorem 3.2.3 of [5]), K(t,z,¢€) is

a Fourier transform. Now the PDE (3.20) has a Lie symmetry, given

by

plexp(iervy)) -+ plexplie, vy ) u(w, t) = e~ 2hmr k@t =30 qit(a0
X u(xy — 2iert, ..., x, — 2ieyt, t)

and so K (t, z, €) is a solution of the PDE. By Bochner’s Theorem, there

exists p(t, x,y)uo(y) such that (3.21) holds. We prove that p(¢, z,y) is
a fundamental solution. To do this we observe first that

K(0,x,€) = e~ 2hm1 2k gy (),



10 MARK CRADDOCK AND KELLY A. LENNOX

Now we let u(x,t) = [,. p(e)K(t, z,€)de, where ¢ is a test function of
suitably rapid decay N otlce that

u(z,0) = /n (€)™ 2k Tk (1) de
= up(x)P(x),

where @ is the Fourier transform of .
An application of Fubini’s Theorem then shows that

/ (y)CI)( ) t z,y dy —/ / UO t T y) lzzzlﬁkykdedy

/ / uo(y p(t,z,y)e —1 k= Rk dy e
—/ o(e)K(t, z,€)de = u(z,t).

Thus integrating uo® against p produces a solution with u(z,0) = uy®.
Hence p is a fundamental solution. Il

There is a second case when we can extract fundamental solutions
by Fourier inversion.

Theorem 3.7. We consider the PDE
=Au+2V¢-Vu+ B(zx)u, zeR", (3.22)
where ¢ is a solution of the quasi-linear PDE
A6+ Vol + Ax) = B(a),

and A(z) = —3 > p_, i, cx > 0. Suppose also that ug is a stationary
solution such that the function

. n QSlnh(Qrt)
K(t,x,e) — e i3 1 6Tk cosh(y/cpt) =3 1 g € 3T +2(xe)

2ieq sinh(y/cit) 2ie,, sinh(\/c,t)
ey Ty —
NG Ven

2ieq sinh(y/c1t) 2iep sinh(y/cnt)
—\/a ,...,xn_—,—Cn )_Qb(xl,,l’n)

is positive definite. Then there is a fundamental solution p(t,z,y) of
(8.22) such that

X Uo(ZL‘l —

)

where, z(x,€) = ¢(x —

Proof. Using Lie’s algorithm, we can show that there is a symmetry of
the PDE of the form

efi Sr_q €wxk cosh(y/ert)—> g gm};(j‘iqt) iJrz(m €)

2ieq sinh(,/c1t) 2i€, sinh(y/c,t)
ey Ty —
Vel Ven

I, p(exp(iepvi)u(z, t) =

x u(xy —

1),
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The remainder of the proof proceeds along the same lines as the pre-
vious theorem. O

Remark 3.8. The case where ¢, < 0 can be handled by replacing cosh
with cos etc. The case when A(x) = Y _ (—3apx} + bpy + ¢) can be
handled by completing the square and making a change of variables of
the form # — = — « in the Fourier transform.

We may thus recover fundamental solutions by inverting Fourier
transforms. Different stationary solutions will typically yield different
fundamental solutions. This is a major advantage over other methods,
such as group invariant solutions. To obtain a transition probability
density we have the following easy result.

Corollary 3.9. If B = 0,uy = 1 in Theorems 3.6 and 3.7, the resulting
fundamental solution has the property that fRn p(t,x,y)dy = 1.

Proof. From Theorem 3.6, |5, e k= wrp(t, x,y)dy = K(t,x,€), so
that [o.p(t,z,y)dy = K(t,z,0). Now K (t,z,0) = 1 provided ug = 1.
Similarly for Theorem 3.7. U

4. EXPANSIONS OF FUNDAMENTAL SOLUTIONS VIA LIE
SYMMETRIES

Obtaining integral transforms of fundamental solutions for other
PDEs of our class is difficult because often there will not be enough

symmetry. Except for some special cases, the Lie point symmetry group
for a PDE of the form

ut:Au—l—%k (ﬁ,...,&) u, (4.1)
xq T T

will always be SL(2,R) x R independent of n. In some cases we may

extract an n dimensional integral transform from the SL(2,R) symme-

tries, as Example 3.1 shows, but typically we do not have enough one

parameter subgroups. Nor can the fundamental solutions be obtained

as a product of one dimensional solutions.

However, even though the size of the Lie point symmetry group
remains the same, there is an important difference between the one
dimensional problem and the n dimensional problem. In the case of
a PDE on the line, such as w; = wu,, + A(x)u, there are only two
linearly independent stationary solutions. But for n > 2, the PDE (4.1)
has infinitely many stationary solutions. The idea is to combine the
superposition of solutions and the integration of an SL(2,R) symmetry
to produce an explicit fundamental solution.

The best results available are for n = 2 and we consider this situation
first, looking at higher dimensions later. A PDE of the form

L. ry
Up = Ugy + Uy + ;k <E> U, (4.2)
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always has a Lie point symmetry of the form

iy t) = 1 e(z? + y?) x y t
X —— €X — u .
i (1 + 4et) P 1+ 4et 1+4det’ 1+4det’ 1+ 4et

Let us integrate the symmetry against a test function . This pro-
duces the solution

Uz, y,t) = /0 " )i,y ) de. (4.3)

This solves the Cauchy problem for (4.2) with initial data of the form
U(z,y,0) = u(z,y,0)®(x? + y?) and ® is the laplace transform of .
Since there are infinitely many stationary solutions, we can, by taking
linear combinations, solve an initial value problem of the form

U(z,y,0) =Y ug(z,y)Pi(a® + ). (4.4)
k=1
Here each uy is a stationary solution, and ®;, is the Laplace transform
of a test function . If the stationary solutions are sufficiently rich,
we may recover essentially any initial condition. This is the basis for
the next result. It turns out that the problem is best treated in polar
coordinates.

Theorem 4.1. Suppose that K is continuous and that the Sturm-
Liouwville problem

L"(0) + (K(9)+ A\ L) =0 (4.5)
arL(a) + asl/(a) =0 (4.6)
BiL(b) + B2L'(b) = 0 (4.7)

has a complete set of eigenfunctions and eigenvalues, and that the
eigenvalues are all positive. Consider the initial and boundary value
problem

1 K(8)
Up = Upp + ;ur + > S (4.8)

r>0,a<6<b, abel0?2n].

ayu(r,a,t) + asug(r,a,t) =0
5111,(7“, b7 t) + ﬁgUa(T, ba t) =0.

Then there is a solution of the form

00 b
u(r,0,t) = /0 / f(p, ®)p(t,r,0,p,9)pdpdp (4.9)

where

p(t, 7,0, p,0) = —e ZL (O)I 5 (;ﬁ) (4.10)
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in which L,(0), \,,n = 1,2,3... are the normalised eigenfunctions and
corresponding eigenvalues for the given Sturm-Liouville problem.

Proof. The key result is the fact that the PDE has a Lie group sym-
metry which in polar coordinates is given by

1 67'2 t
te(r,0,t) = 6_1+4€tu( — ) (4.11)

1+ 4et 1+ 4et’ 71+ 4det

valid for € sufficiently small. We will integrate this symmetry and use
the linearity of the equations in order to construct a solution which
satisfies the specified conditions.

We use superposition and symmetry integration to produce a solu-
tion of the form

& 1 er? r
6.1) = . ~u, (— 0 ) de, (412
u(r,0,t) /0 ;<p (6)1+46t6 Traeiq (1+4et ) € ( )

in which each u, is a stationary solution of (4.8). The functions ¢,
are chosen to guarantee that the integrals and sums are uniformly con-
vergent. The stationary solutions we choose will be separable, that
is

up(r,0) = R, (r)0,(0).
Substitution into (4.8) shows that we require

Rl + 1R, — AR, =0 (4.13)
0" (0) + (K(A) + A\)O,(8) = 0. (4.14)

We choose A, and ©,(0) = L,(0) to be the eigenvalues and nor-
malised eigenfunctions of the given Sturm-Liouville problem. We also
choose R,(r) = rV*. Thus our stationary solution is

U (1,0) = 1V L, (6).

Now from the solution (4.12), we have with this choice of stationary
solution

u(r, 6,0) ZCD )V L (6). (4.15)

We require u(r, 6 0) = f (7, 9) Thus we must have
Z @, (r2)rY " L, (6). (4.16)

Now since the eigenfunctions L,, are complete, if f € S(R?), then we
may write

Fr,0) =" calr)La(6), (4.17)

n

where

_ / £(r, ) Ln(@)do (4.18)
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This implies that we must choose

©.0%) = = [ .0 L@, (4.19)

Moreover, by general Sturm-Liouville theory, (see [3]), this sum con-
verges uniformly to f for each fixed r.
The solution we are working with has the form

u(r, 0,t) / an +46t)1+ —=e T L, (0)de.  (4.20)

We wish to rewrite this expression using the Laplace transform.
So we observe that

VAn 2 S Ve 2 \/_
T er zZ2 i T/ 2
T 1+4et — T4 [ —_— 7€Zd . 421
(1+4et)1+ﬂne /0 i ¢ VA"< 2t >e @ (421)

Using this Laplace transform, we find that

\/E 7‘2 z
u(r,0,t) / / T TJ{]\/E (%) e “L,(0)dzde

2

ZE " T4z T z
= P Ta | — | L 4.22
[ e e (57 st w2

where we have reversed the order of integration and evaluated the e
integral. Then we set z = p? to obtain

u(r, 0,t) = /OO Le " = ZCD )pV L w1 5 (g’:) dp

- /af<p,¢>2 L

Here we have replaced ®,,(p?) with the value given by (4.19). By con-
struction this function satisfies both the initial and boundary condi-
tions and by symmetry it is a solution of the PDE. This completes the
proof.

O <2t> ddp.

g

Remark 4.2. The change of variables t — it allows us to compute fun-
damental solutions of the Schrodinger equation iu; = Au + Lk ( )

Consequently, from linearity and a single SL(2,R) symmetry, we can
recover an exact, explicit fundamental solution. We still have to solve
a Sturm-Liouville problem, but the second order ODE can, at least in
principle, be solved by power series methods. We will briefly address
the practical implementation of this result below. Now we consider
some examples.
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Let us recover the two dimensional heat kernel from the given the-
orem. In this example we wish to solve L"(f) + AL(¢) = 0, with
L(0) — L(27) = 0. The eigenvalues are A = n* n = 0,+1,+2,... and
the eigenfunctions are L, (0) = \/%eme.

This gives us the following representation of the solution.

u(r,0,t) = /000 /027r f(p, ¢)4 -~ Zem(e ) [|n| (215) dedp.

Now the identity e*“®¥ = Iy(a) + 2 | I,(a) cos(ny), is on page 376
of [2]. Further ¢™0=9) 4 ¢=in(0=) — 2 cos(n(f — ¢)). So

> e ¢I|n\(2t)710( )+22COS N <%>

nez

= e (0=, (4.23)

From this we conclude that
o] 2m 2.2
u(r,6,t) = / Fp, 0)e T B =D dpdp.  (4.24)
o Jo Art

We can convert this back to Cartesian coordinates, setting x =
rcost,y = rsinf,{ = pcos¢p and n = psin¢. This gives the solu-
tion in Cartesian coordinates as

(=824 (y—n)?

Ulaat) = [ Fengme =5 dem. @2)

Here U is the solution in Cartesian coordinates and the initial value
of the solution becomes f(&,n) = f(\/&2 + n?, tan™! %) We have thus
recovered the two dimensional heat kernel from a single SL(2,R) sym-
metry.

We can also obtain fundamental solutions restricted to different do-
mains, with some different boundary conditions. Suppose that we want
a fundamental solution restricted to the first quadrant, which solves the
problem u; = Au subject to u(r,6,0) = f(r,0) and u(r,0,t) = 0.

To obtain this solution, we restrict the range of the # variable to
[0, Z]. Then we choose stationary solutions of the heat equation of the

form w,(r,0) = \%7’2'"‘ sin(2nd). Hence we establish that

< 3 2 242 ) _ rp
= —e  at 2 2nog) 1. — | dQ2
u(r,6,1) /0 /0 1(p,) e 5 3 sin(2n0)sin(2ng) 2ul (57 d2

is a solution of the heat equation on 0 < r < 00,0 <60 < 5 which satis-
fies u(r,6,0) = f(r,0) for all @ € [0, 7] and moreover u(r,0,t) = 0. Here
dQ = pdpdp. A solution of the initial value problem with wug(r,0,t) = 0
may be found by using the eigenfunctions cos(2n#) in place of the sine
eigenfunctions used here.
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Ezrample 4.1. We will solve the equation
A
subject to the initial condition u(z,y,0) = f(z,y), u(r,0,t) = u(r, 27, t).

In polar coordinates the equation is

1 1 A
Up = Upy + —Uy + —Ugp — —u, A > 0. (4.27)
r r r

u, (z,y) € R? —{0,0}, A >0, (4.26)

Up = Ugg + Uyy —

We have to solve the eigenvalue problem L” + (—A + A\)L = 0, with
L(0) — L(27) = 0. The eigenvalues are A\, = n? + A and we again take
_ _1 _inf
We can conclude that equation (4.27) has a fundamental solution

1 r?4p? mn(0— rp
p(r,0,t,p,¢) = yrncl i Ze © d)f\/m(%)
nez

It does not seem possible to obtain a closed form expression for this
series. We also note that we can obtain different fundamental solutions
by using different boundary conditions.

Ezxample 4.2. We now consider the PDE
1
tan—! (3)2 (22 +12)

xT

Up = Ugg + Uy — u, p>0. (4.28)

In polar coordinates this becomes

1 1
Up = Upp + —Up + —Ugp — Lu (4.29)
r r2 r

and we suppose that 6 € (0,27] and impose the two boundary condi-
tions that u(r,2m,t) = 0 and u(r,0",¢) is finite. The Sturm-Liouville
problem in this case is

L'+ (—9—2 +A)L =0, (4.30)
L(0") finite and L(27) = 0. The general solution of (4.30) is

To satisfy the finiteness condition, we set co = 0 and choose A, so that
21/ A = @, is the nth positive zero of J1 m(@). So if o, is the nth

zero of J1 g (0), then A, = af /4 and we take

La(0) = V0I5 iy (g‘—;e) .

This leads to the fundamental solution

= B IR (20) 0 (59) e ()

with k = %\/1 +4p and ¢, = 0% 0.J, (3‘—7’;9)2 df. Converting this back
to Cartesian coordinates is straightforward.
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Example 4.3. For the equation u; = Au — i%“v we solve the
equation L"() + (—36% + X\)L(0) = 0, subject to L(0) = L(27) = 0.
With ; /1 Kummer’s confluent hypergeometric function, the eigenfunc-

2
tions are L,(0,\) = =T, F, (% — ’\7”; %; %) , and the first few eigen-

values are A\; = 1.5000005, Ay = 3.500093883, A3 = 5.50402734375,
A = 7.556616211 etc. We then find [*7 Ly (6, \)[2dd = 1.25331,

fo% |Lo(0, X2)|>d0 = 0.835359, etc. From this we obtain our funda-

mental solution.

Example 4.4. Here we look at the equation u; = Au — :C%Ij;jr‘;fu,

where z,y, 1 > 0 and u # 1. We solve L” + (A — 1 — ptan?0)L = 0
subject to L(0) = 0 and L(57) finite. The eigenvalues are \, =

2
1 — p+ (2n+ S+ v+ 1/4) ., n = 0,1,2,3,.... The correspond-
ing eigenfunctions are L, (0) = cos® 0, F} (—n — %, 3;v; cos? 9) , where

a=/pu+1/4+18=n+1+/pu+1/4,v=1+/p+1/4. Con-

verting to Cartesian coordinates we obtain the fundamental solution

1 22442462402 (x€)~
t7$7 S = € 4t o
Py &) = 5 (e 1)
= 1 x? 1 £2 rp
X b1 | —n— o, 05— | eF1 | —n— 5,075 | L (—)
n0021(n 257r2)21(n 267p2)m2t

with r = $2+y2,p: \/524—7]2. CLQ = ng Ln<9)2d6
An important application is to the calculation of transition densities.

Example 4.5. Consider the two dimensional [to process

X
—twdt +V2dW,, dY, =
t

dX; =
t Xt2+

Y,
M 4+ V2dB,.  (4.31
X2yt V2dB,,  (431)

where W and B are independent Wiener processes. The transition
density is

1 2402 _2epie? o ((-fﬂy)(ﬁ—in))g
t7 ’ L€, _ 4t . .

r? 4+ Y2/ § + n?
X I oy <\/ 2;/ ' (4.52)

To see this, take A = 1 in (4.26) and let u = e2™@*+¥")y to convert
to the Kolmogorov forward equation u; = Au + IQ"”TyZ,um + %erz,uy.
This shows that p is a fundamental solution. That it is real valued
is trivial. We need only to check that it is a density. This is eas-
iest in polar coordinates. Because f027r e™df = 0 for n # 0, there
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is only one term in the series that contributes to the integral. Now
INE=E - I (%) dp =1, so (4.32) is a probability density.

Ezxample 4.6. As a slightly more complex example, consider the two
dimensional 1t6 process

Xi(a (X2 +YP)? — o) )
dX, = dt + v2dW,, 4.33
'f ((Xz V) (e (X2 4 VD) + ) oo (433)
Yi(er( X7+ Y72)? — ¢o) )
dY, = dt +V2dB;, 4.34
t ((Xz YR (XE YD) + ) o (434

where W; and B; are independent Wiener processes and c¢q, cs are con-
stants, at least one of which is nonzero. We require a fundamental
solution of the PDE

z(c1(2® +9°)? — co)u, y(er(z® +y°)* — co)uy
(@2 +y*) (@ +y*) + ) (@22 +y?)(a(@®+y?) + )
This PDE reduces to (4.26) and we see that the transition density is

1 (@@4n) Fo)Ve® +y tatieae
ATt (e (22 + y?) + c2)/E2 + 1

v +iy)(€—in)\? Va2 + 3 /& 4P
X Z (x—zy f—l—m)) I*/”2+1< 2t >

n=—oo

= Au +

p(t,xz,y,&{n) =

The proof is similar to the previous example.

Example 4.7. We present a further example which is cautionary in
nature. Consider the PDE

2 —b 2x(bx —

y(ay 21') L, (b gy) uy, (435)
(az 4 by) (z* + y?) (az + by) (% + y?)
with a,b constants. We can reduce this to (4.26) with A = —1. Even

though one of the eigenvalues is now negative, we can still obtain a
fundamental solution using the same analysis and this is

ot 2.y, ) = 1 (al+bn)y/2a* +y° e
ST Ant (ax + by) /€ 4 P

v +ig)€ —in)\? VP VE + 1’
I .
: Z (x—zy +in)) m( 2t

n=—oo

uy = Au +

It is tempting to identify this as the transition probability density
for the Ito process whose generator is given by the right hand side of
(4.35), but this fundamental solution is not real valued, so it is not a
probability density. This shows that we must be careful when we try to
obtain transition probability densities by making changes of variables in
the Kolmogorov equation. We will produce a real valued fundamental
solution in Example 4.10 below.
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We can establish another result in the two dimensional case, for a
somewhat different type of problem.

Theorem 4.3. Suppose that the Sturm-Liouville problem

L"(0) + (K(0)+ A\ L) =0 (4.36)
arL(a) + asl'(a) =0 (4.37)
BiL(b) + 3L/ (b) = 0, (4.38)

has a complete set of eigenfunctions and eigenvalues, and that the
eigenvalues are all positive. Consider the initial and boundary value
problem!

K;f)u — Zcﬁu,
r>0,a<6<b, abel02n], c>0.
u(r,0,0) = f(r,0), f e SR?),
aqu(r,a,t) + asug(r,a,t) =0
Bru(r, b, t) + Boug(r,b,t) = 0.

U = Upp + —Up + —2U99 +
T T

Then there is a solution of the form

0o b
u(r,0,1) = /0 /f(p,¢>p<t,r,e,p,¢>pd¢dp (4.39)

where
c 'r2 2 sinh(2+/ct
p(t,r,0,p,0) = ve R T
V/2(cosh(2/ct) — 1)
1
Zwrm,p,tm(@wx (4:40)
" L ()
and
1 asrzc b 2
Fn(r, p, t) - £_1 T@(EQ_I@)IN (%) s
gc — 1_6 2 Ec — E
¢ 3/2
Ol NI b= 3o 37 T) and L,(0) and \,,n = 1,2,3, ...

are the normalised eigenfunctions and corresponding eigenvalues for
the Sturm-Liouville problem.

Proof. The details of the proof are similar to those for Theorem 4.1.
Symmetries of these types of equations involve exponentials in ¢ and
the idea is to find a symmetry with the property that Uc(r,6,0) =

Note that the i multiplying ¢ in the PDE is purely for notational convenience.
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e~ u(r,0,0). The necessary symmetry turns out to be

_ ecrz(coshz(\/Et)+sinh2(\/Et)+2\/Ee sinh(24/ct)
e 1416ce2 sinh?2 (\/ct)+4+/ce sin(2+/ct)

Ue(r,0,t) = \/1 + 8ce?(cosh(2+/ct) — 1) + 44/ce sinh(24/ct)

v (\/1 + 8ce?(cosh(2+/ct) — 1) + 4y/ce Sinh(2\/5t)’0’T<€’t)) )

where T'(e,t) = COth_l(‘lﬁEjmth(‘ﬁt)). We now let ec — .

Again we build a solution by superposition and integration to obtain

u(r,0,t) = /0 N > en(UM(r, 0, t)de, (4.41)

where the stationary solutions are of the form v,(r,0) = R(r)L(6) and
1
rP?R"+rR — (Zcr4 +MNR=0, L" +(K©®)+\L =0, (4.42)

and L satisfies the given boundary conditions. We will let

0n(r,0) = Iz (%ﬂ) L (0). (4.43)

where L, is the nth eigenfunction and )\, the corresponding eigenvalue.
For the solution (4.41) we have

u(r, 6, 0) ZCD Mom <%¢2> L, (6).

and ®,, is the Laplace transform of v,. Expanding f as a series of
eigenfunctions we have

F(r.0) =" J(r,n)L,(6) (4.44)

~

where as before f(r,n) = fb f(r, &) L,(¢)do, so that
1 b

I (r2) Ja
2

@, (r7) = f(r, @) L(r, ¢)do. (4.45)

The Laplace transform identity we need here is more difficult to obtain,
but one can show that

Veln(r, 2, ) ewe“a&
\/8 cosh(2+/ct) — 1)

_ecr (cosh2(\ft)+31nl\2(ﬁt)+2\/55 sinh(2/ct)
e 14+16¢e2 sinh?2 (\/ct)+4+/ce sin(2+/ct)

- V/1+ 8ce2(cosh(2v/ct) — 1) + 4y/cesinh(2+/ct)

% ]m (4(1 + 8ce?(cosh(24/ct) — 1) + 4+/ce smh(2\/_t)))
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Consequently we can write (4.41) as
u(r, 0,1) / / (OVELA O nlr, 2 1) - Zemegn o)
\/8 cosh(2+/ct) — 1)
- X LU0, itipmee
\/8 cosh(24/ct) — 1)

Here du = dzde. Letting 2 — p? and replacing ®,,(p*) with (4.45)
completes the proof. O

We note that the inverse Laplace transform of the theorem does not
seem to be known analytically. It can however be computed numeri-
cally. See [1] and [10] for the numerical inversion of Laplace transforms.

Because the eigenfunction equations are the same in Theorems 4.1
and 4.3, we may readily adapt the exact examples given previously to
our second class of equations.

Ezample 4.8. Consider the PDE w, = Au — m2+y u— (@ + y?)u

Applying the previous theorem and using the eigenfunction calculation
from Example 4.26, we find

_ V/e(r2+p?) sinh(2/ct)

\/Ee 4(cosh(2+/ct)—1) Z Fn(r, 0, t) in(0—o)
2m+/2(cosh(2¢/ct) — 1) 2= _]m (fp )

where r = /22 + y2, p = /&% + n?, etc.

4.1. Practical Implementation of the 2D Expansion Theorems.
Our discussion of this subject will be brief, giving only the basic ideas.
Given a function K we need to solve the Sturm-Liouville problem

p(t,r.0,p, ¢) =

L"(0) + (K(0)+ N L) =0 (4.46)
a1L(a) + agl'(a) =0 (4.47)
BiL(b) + B2L'(b) = 0, (4.48)

in order to write down a fundamental solution. There are many prob-
lems for which we may write down the eigenvalues and eigenfunctions
explicitly. Bailey, Everitt and Zettl maintain a database of such prob-
lems, [22]. Unfortunately for most choices of K, closed form solutions
are not available.

There are two different approaches. We can obtain analytical approx-
imations to the eigenfunctions and eigenvalues. We can also compute
them numerically. There are different techniques that can be used for
each approach.

To illustrate the first approach, suppose that a = 0. We then have
the following easy result.
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Proposition 4.4. Suppose that K(0) = > 1, Ax0* and that L is a
solution of L"(6) + (K(0) + A\)L(#) =0, L(0) =0, L(b) = 0. Then we
may write L(0) = Y0 ¢,0", where ¢o = 0 and

(Bn + Nen

n+2)(n+1)’

n=0,1,2,3,... and B, =37 cjAn_j.

Cpt2 = _(

Proof. The ODE has only ordinary points, so the general theory of
ODES (e.g. Rabenstein [23]), tells us that L(6) = >~ 7 ¢,0". It is then
easy to establish that Y 2, n(n — 1)c,0" 2 4+ 37 ((Bn + A, )0™ = 0,
so that Y 2 ((n+2)(n+ 1)cyeo + By + Acy,) 0" = 0. Now L(0) =

co+c10+ -+, hence L(0) = ¢y = 0. O

We may then approximate the eigenvalues as zeroes of the partial
sums of the series expansion. Knowing the eigenvalues, we then easily
obtain the eigenfunctions. Packages such as Mathematica will greatly
simply the process. This method will often be effective, but Taylor
series sometimes do not converge rapidly enough to be computationally
useful.

Alternatively, the eigenvalues may be computed numerically and
much work has been done on this. Suppose that the boundary con-
ditions are L(a) = L(b) = 0. A simple method is to use the finite
difference approximation

Li v —2L;+ Lipy
h? ’
where L; = L(6;) and 0; = a+ hi, i =1,...n— 1 and h = I’_T“ Then
we have the (n — 1) x (n — 1) system
Li1—2L; + Lipy
12
Ly=L,=0,i=1,..,n—1. We thus consider the (n—1) x (n—1) matrix
M, where MM = K(QZ) — %, Mii+1 = Mz’—i—li = % and all other entries
are zero. The negative of the eigenvalues of the tridiagonal matrix M
will provide approximations to the eigenvalues of the Sturm-Liouville
problem.

To illustrate, consider the test problem of finding the eigenvalues
of y" + Ay = 0, with y(0) = y(1) = 0. We know that the eigenval-
ues are A = n’7? and the eigenfunctions are C'sin(nrz) for arbitrary
constants C. If we take n = 5 in (4.50) and solve the resulting eigen-
value problem, we obtain the approximate first eigenvalue A; = 9.54915
which compares reasonably well with the true value of A\; = 9.8696. For
the second eigenvalue however, we find the approximate eigenvalue of
Ay = 34.5492 compared to the true value of \y = 39.4784.

Taking n = 100 gives A\; = 9.86879 and A\, = 39.4654, which are
good approximations. In fact one can get good approximations to the

L'(6,) ~ (4.49)

+ K(6;)Li + A\L; = 0, (4.50)
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first six eigenvalues with this step size, but the accuracy decreases con-
siderably as n increases. This simple minded approach is therefore
not recommended if we need a large number of eigenvalues. For large
numbers of eigenvalues, more sophisticated methods, such as those de-
veloped in [19], must be used. Good error estimates for the eigenvalues
are also available, see for example [25]. See also the SLEIGN project
and its more recent extensions, [4].

Given that we have computed the eigenvalues, we can then calculate
the corresponding eigenfunctions. These can be obtained in a number
of different ways. A simple approach is to compute the eigenvectors of
the system (4.50) corresponding to each eigenvalue, then interpolate.
For our test problem, using n = 10, we find \; = 9.789 and using the
Eigenvector command of Mathematica 6, we obtain the corresponding
eigenvector, with entries rounded to three decimal places

er = (1,1.902,2.618,3.078, 3.236, 3.078, 2.618, 1.902, 1).

The real eigenfunctions are C'sin(wx) and it is not hard to see that the
entries of this eigenvector are approximately equal to 3.078sin (10)
n=1..09.

Using the InterpolatingPolynomial command in Mathematica 6, we
find the first approximate eigenfunction to be

Ly(z) = —0.08014552"° + 0.4007272° — 0.1407132® — 1.84151"
— 0.04640042° + 8.267552° — 0.00325058z* — 16.72262>
—0.0000338842x2 + 10.1664x.

Now we easily compute fol L (z)*dx = 0.5 which matches the true value
of fol sin?(mz)dz. Ly provides an excellent approximation to the true
cigenfunction. For example sin(Z) = 0.156434 = Ly(55), sin(3F) =
0.45399 = L2(20) etc. Other forms of interpolation can also be used,
such as approximation by rational functions, but we will not consider

this here.

Ezample 4.9. Suppose that L(0) = L(27) = 0and K(0) = —/1 + 6/10.
We implemented the previous algorithm in Mathematic 6. Using n =
10 we compute the first eigenvalues to be \; = 1.389, \y = 2.112, \3 =
3.233, ... The first eigenfunction is approximated by

Ly1(6) = 0.0080" — 0.2850" + 4.3430° — 37.8246° + 208.0780" —
752.2076° + 1799.996° — 2796.1860* + 2674.446° — 1404.66% + 302.2336,

and [ " [2(A)d# ~ 181.19. We can compute as many eigenfunctions
as we need and from this and Theorem 4.1, we can write down an
analytic expression for a fundamental solution of the PDE u; = u,, +

V +109

%ur + %ueg - u, to whatever degree of accuracy we desire.
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More can be said about implementation of these expansion results,
but the basic ideas are straightforward.

4.2. Fundamental Solutions with Distributional Terms. We have
seen in Example 4.7 that finding a transition probability density by re-
duction of the Kolmogorov equation to another PDE is not always
straightforward. This is to be expected from the one dimensional case.
As an example, the PDE u; = g, — ;%u has a known fundamental

solution given by K(t,z,y) = @ exp (—“”2;92> Is 7aa (%) . Now in

8], the diffusion X = {X, : ¢ > 0}, satisfying the SDE
2CLXt

dX; = 2T aX, dt + /2X dW,, Xog=2>0, a >0, (451)
was considered. The PDE w; = zug, + 2%?;3% can be reduced to

U = Upy — %u by letting x — /x and t — it, then defining
u(z,t) = e @a(x, t) for Y(z) = In ( Ve > Using K (¢, z,y) we find the

2+azx?

fundamental solution ¢(t,z,y) = %éi—zg)\/%e*i(zfy)[l (2‘/15@) , but ¢ is

not a probability density. The transition density for (4.51) is actually

_ (z+y)
e T

Pty = G [\/g(z +ay); (@) + té(y)}. (4.52)

The problem is that ¢ was constructed from the ‘wrong’ fundamental
solution. The reduced PDE has another fundamental solution

_ —(2244?) Y :(:]1(%) 9
K(t =2 t | —=2 44 4.53
(t,r,y) =2e 7 y\/;< Tty +4(y7) ), (4.53)

and using the change of variables with (4.53) will produce the desired
transition density.
In higher dimensions, similar phenomena can occur. Consider the

PDE

Up = Upp + %ur + %ueg - %u, (4.54)
for which we found a fundamental solution earlier. Let A = 1, but now
use the stationary solutions u,(r,0) = pmViHleinf We then form the
solution

o X Vn2+1-1
_ ino (1 + 4et) _
u(r,0,t) —/0 > hnle)e e e, (4.55)

n=—oo

This leads to

> 1 ‘ Sl ‘
F,0) = 3 ) —mme™ = 3 Flrme.

So that ®,,(r?) = rV*+! o% f(r,¢)e m0de.
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In order to carry out the analysis used in Theorem 4.1, we need to
be able to invert Laplace transforms of the form F(\) = A%*/*, where
a > 0. The following result is proved in [14].

Proposition 4.5. The following Laplace transform inversion formula
holds when n is a non-negative integer.

n I n+1

Lo res] = S sty 4 (S) e (2\//?@;) . (4.56)

il
1=0

If > 0 is not an integer then

ptl

L] = (S) V).

Here 61U is the lth derivative of the Dirac delta function. These inverse
Laplace transforms are to be treated as distributions.

Consult the book [26] to see how these distributions are to be eval-
uated. From Theorem 4.5 we have

() 2. 1 r/2 1 1 2
[ (o () b

We also have

= ((1+4et)‘/”2+1_1 o2 ) I r\/z)

. = e T+iet me it ]_\/m< o7

This leads to the solution

0 27
u(r,6,1) = /0 / F(p O)pit,r, 0,0, pdédp,  (458)

in which p(t,7,0, p, ¢) =

1 242 Tp in(0—o) rp 20t . 4
s (1 )+ S s () + 21 )

n

So we have constructed a second fundamental solution involving dis-
tributions. Such fundamental solutions can be constructed for all the
PDEs covered by the expansion theorems that we have constructed so
far. For example, one may prove the following.

Theorem 4.6. Suppose that K is continuous and that the Sturm-
Liouwville problem

L"(0)+ (K(9)+ A\ L) =0 (4.59)
arL(a) + asl/(a) =0 (4.60)
BrL(b) + B2 L' (b) = 0, (4.61)
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has a complete set of eigenfunctions and eigenvalues, and that X, is
never a perfect square. Consider the initial and boundary value problem

1 1 K(60
Up = Upp + —Up + —Ugp + #u, (4.62)
r r r

r>0,a<6<b, abel0?2n].

aqu(r,a,t) + asug(r,a,t) =0
ﬁlu’(/’nﬂ b7 t) + 62u9<7a7 ba t) = 07

Then there is a solution of the form

o) b
u(r,6,t) = / / f(p,)p(t,r,0,p,0)pdpdp (4.63)
0 a
where
1 _r24p? - T
P 0.p.9) = 53 LO L s (L), (46)

in which L,(0) and A\,,n = 1,2,3... are the normalised eigenfunctions
and corresponding eigenvalues for the given Sturm-Liouville problem.

Other results are possible, but we will not attempt to give an ex-
haustive list. Let us now revisit Example 4.7.

Ezxample 4.10. This example shows why it is crucial that we be able
to obtain more than one fundamental solution for certain problems.
We consider equation (4.35) again. The average of two fundamental
solutions is a fundamental solution. So using Theorem 4.6 and Example
4.7, we obtain the real valued fundamental solution

1 (@A e
87t (az + by)\/E* + n?
bl

> (SR o () + L ()

n=—oo

p(t,z,y,&,n) =

where r = /2?2 + y?, p = /&% + n?. This is also a probability density.

5. EXPANSIONS IN HIGHER DIMENSIONS

We next consider the problem of extending the results to higher
dimensions. We illustrate with the three dimensional case and then
present the general results. Consider the PDE

Yy z
= Au-+ —k ( ) u, 5.1

2 \z'x (5.1)
where k is an arbitrary continuous function. Introducing spherical
coordinates, x = rcosfsin¢, y = rsinfsin¢, z = rcos¢, with r >
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0, 6 € [0,27], ¢ € [0, 7] the equation becomes

2 1 (—

— e+ 2y ¢ GO, o)), (5.2
U =u +Tu+rz i Ugp + cot pug + ugs + G(0,0)u),  (5.2)

1

¢
with G(6, ¢) = %W. The PDE in spherical coordinates has a
symmetry

Ud(r,0,,1) = 4 9¢,L). (5.3)

T 4 \2/9 ﬁu —7 )

(1+4e 75)3/2 14 4et 1+ 4et
As in the two dimensional case we form a solution

1

[ee] 2
U 9 t) = - - _ﬁ d 5
(T7 agbv ) /(; QO(E)(1+4Et)3/2€ i (1—}—41}7 7¢71+4t) ‘

and we will let the solutions wu(r, 6, ¢, t) be stationary solutions. We let
u(r, 0, ¢9) = R(r)¥ (6, ¢) and we require

R, 1
V(R + TR’) ( ¢q199+cot¢\11¢+\11¢¢+G(«9 ,O)¥) = 0.
So we have
1
—2¢\1199 +cot oWy + Wy + (G(0,0) + NV = (Ag2 + (G + N))¥ =0,

(5.4)

and r2R" + 2rR' — AR = 0. This gives
R(r) _ clr%(’H‘/lH’\) + 027“%(’1’*/”4’\).

We will take R, (r) = rz1VIHY and choose the eigenfunctions
L6, ) of (5.4) to form an orthonormal basis for L?(S5?) where S? is
the two dimensional unit sphere. In fact, we can always choose suitable
boundary conditions such that the eigenfunctions of Agn-1 + G, where
Agn-1 is the Laplace-Beltrami operator on the n—1 dimensional sphere
and G is continuous, form an orthonormal basis for L*(S"!), (see
Theorem 15.2 of 1t6 [20]). Then we may expand arbitrary f € L?(S?)

as

= ZCTLL/\n (9 ¢
where ¢, = [ [5" f(&n)La, Ly, (&,n)sinndédn. Let u, = R,(r)L3(6, ¢)
and

67‘2

e 1+4et r t
0 n Unp, 707 Y9 A4 4 d )
ur,0,¢:1) / ZQD 1+4et 3/2 <1+4et ¢ 1+4et> ‘

where ®,, is the Laplace transform of ¢,,. So that we require

u(r, 6, ¢,0 ZCD pr VIR L (9 ¢) = f(r,0,6).  (5.5)
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From this we find that

O0%) = v | / F(r &) I (€ ) sinndédn.  (5.6)
Let | = 1(—1++/1+4},), then our solution is
> gpn(e)TZ _ e
u(r,0,¢,t) = ——————1L,,(0,¢p)e T+t de.
oty = [ 30 0.0
We use the Laplace transform identity

1 _ erz ]_ > VA %+% 7‘2+z T
e I1+det — — (-) e 4t ‘[l \/_ e—ede’
0

(1 4 det)2t At 2 2

(5.7)

and rewrite our solution as

_r zL 1,1
u(r,0,¢,t) / / Z E ’\"—> FEREY (T;_) on(€)e™Fdpu
_r?4s 1 1.1 T‘\/E
vl 2 alB)eT T (0, 6) 1y <7> *

with du = dzde. Making the change of variables z — p? gives

0 27 T
u(r,@,czﬁ,t):/0 /O /0f(p,ﬁ,n)p(tm@,¢,€,n)pd77d€dp, (5.8)

where

1 _r2ap? — rp
plt.7,0,6,6.1) = 521 sin 3 L 0,00 €y (57)

is a fundamental solution of (5.2). The sum is taken over all the eigen-
values.

Actually the same calculation works in arbitrary dimensions and by
the same method we can prove the following result:

Theorem 5.1. Consider the equation
-1
(-1

Ut = Upp +
u(r,©,0) = f(r,©),

and a(@)V(O) + (1 — a(@))g—‘i’ = 0, with a a continuous function
and ‘3—‘}: the normal derivative on the surface of the unit sphere S*™! of
dimension n — 1. Here Agn-1 is the Laplace-Beltrami operator on S™

and f € S(R™). Let © = (0, ¢1, ..., om—2). Then there is a solution of
the form

1
+ (A5 + G(O))u,

0.0~ [ [ eontnepomd (59
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oo (56

(5.10)

where forn > 2,

ptr 0.6 =5 (2)

n
2

1"+P ZL

where i, = %\/4)\,” + (n —2)? and L,,(®) are normalised eigenfunc-
tions of the problem AgL 4+ (A + G)L = 0 and A\, are the eigenvalues.

Proof. The calculations are essentially the same as in three dimensions.
The boundary condition on the unit sphere guarantees the orthonor-
mality and completeness of the eigenfunctions Ly, . U

Remark 5.2. It is also possible to numerically compute the desired
eigenvalues and eigenfunctions, but this is a more difficult problem
and we will not consider it here.

Example 5.1. If P(©) denotes the [th spherical harmonic on the sphere
S™=1 then it is well known that Agn1 P, = I(l +n — 2) B, see [18]. So
that the fundamental solution of u; = Au — %u A>0is

o= (0)7 5 S o ().

where 1y = \/4l(l +n — 2) + (n — 2)2 + 4A. Taking A = 0 will give the
expansion for the heat kernel on R".

m l m m
On §2 (0, ¢) = |/ GRS P (cos ¢)e™, 1 = 0,1,2,3, .. and
—! < m <, are the normalised spherical harmomcs Here P (x ) is the
usual Legendre function, see [17]. Thus u; = Au — 2+A2+ su, A >0,

has the fundamental solution
!

1 [p e 2l+ m)!
p(t771767¢7107§777)_§\/;6 Z Z l—l—m ‘F)l (COS¢)

=0 m=—1

x P"(cosn)e™ %)

rp
Wm( )

Setting A = 0 gives the expansion for the three dimensional heat kernel.

Comparison of (5.11) for A = 0 with the heat kernel leads to an
interesting summation, that may be new. We present the n = 3 version,
and the reader will easily see how it extends to arbitrary n.

Corollary 5.3. The following summation formula holds.

\/>Z Z 2l+1 )Pl " (cos @) P (cosn)e im(6— g)] (gi))

rp(cosn cos p+cos 0 cos € sin 7 sin ¢+sin 7 sin O sin € sin ¢)
exXp N

Vit
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Proof. Compare the series expansion with the usual heat kernel and
note that the heat kernel is unique up to terms involving distributions,
which do not arise from the series. O

From this example we can easily compute transition densities.

Example 5.2. Consider the n dimensional [t6 process

ran | X[ VO — e,
20,2 (11X W A )
1=1,2,3,...,n

where | X,||? = (X})?+ -+ (X])?, o, = (2 —n+4/(n—2)2+ 4A>
and 3, = (n —24+/(n—2)2+ 4A> . The transition probability den-

sity is

dX! = X} +V2AWi, A>0, (5.12)

62,9) — <C1 +clyllv ("_2)2+4A> (HZ/H ) 5-1-36n
b, r,y) = 27 1A
2t (Cl + CQHZL‘H (n—2) 2+4A> HxH

lll +Hyu2 > ]| ||
e ZP Pl ﬂl ( 2% 9

= (21, s xn), ¥y = (Y1, ooy yn) and P, is the [th harmonic polynomial
restricted to the unit sphere. Note that again only the [ = 0 term
contributes to the evaluation of the probability distribution.

The second class of expansion theorems generalizes to the following:

Theorem 5.4. Consider the equation
(n—1)

Ut = Upy +
u(r,®,0) = f(r,®),

and a(©)¥(0) + (1 — a(©))2L = 0, with a a continuous function
and ?)_\71: the normal derivative on the surface of the unit sphere S*™! of

dimension n — 1. Here Agn-1 is the Laplace-Beltrami operator on S™ 1

and f € S(R™). Let ® = (0, ¢1, ..., 6m_2). Then there is a solution of
the form

U 0.0~ [ [ rnptn®ponisdp  (513)

where forn > 2,

1 1
Uy + T—Q(Asn—l +G(O))u — Z—lcrzu, c>0

p(t,r,©,p,&) = 7,(3\/2_/2 (8(cosh(2y/ct) — 1))_% Z !

Vep?
Am I\/(n—2212+4)\m ( 4
_ \/E(r2+p2) sinh(2+/ct)

X e 4(cosh(2/ct)—1) Fm(r’ p’ t)Lm< )Lm<®>7
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16

1 a57'2 b'r'2
-1 e2_¢
Fm(rapat) =L (m€< TG)IW (52 c )) ’

and a = 8(Cosh(20\/6t)_1), b = 32(Coslff2/\2/a)_l), and L,,(©) are normalised
eigenfunctions of the problem Agn—1L + (A + G)L = 0 and X\, are the

eigenvalues.

The examples we have previously considered can obviously be ex-
tended to Theorem 5.4. Numerous new examples of densities and func-
tionals can be obtained by these results. A full discussion of this will
be given elsewhere, [12].

6. APPLICATIONS TO REPRESENTATION THEORY

Lie symmetries are a priori only locally defined transformations, a
fact which has been seen as placing them outside the realm of represen-
tation theory. However Craddock has shown that the Lie symmetries
of many important PDEs such as the heat equation, are actually equiv-
alent to global representations of the underlying symmetry groups; see
6], [7]. Recently Craddock and Dooley extended this work to some
important classes of multi-dimensional PDEs, [9]. In this section, we
extend these results to the SL(2,R) symmetries of any PDE of the
form iuy = Au+ A(z)u.

For simplicity, we consider the unitary case for equations in two space
variables of the form

iuy = Au + a%k (%) u. (6.1)

The extension to the n dimensional case is easy. In [9] the following
irreducible projective representation of SL(2,R) was introduced. See
that paper for more details.

Definition 6.1. For R(v) > —2, A € R* and f € L*(R") we define
the modified Segal-Shale-Weil representation by

B (g 1) 16 =5 (62
B (5 ) 10 = Vi (6.3
R ((f ‘01) 1) = VL), (6.4

Here f,(y) = I5° f(@)y/@yJ,(ay)dy, is the Hankel transform of f. The
function J, is a Bessel function of the first kind.
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We introduce the operator

i(r24p?%)

A= 7] ) L) Lo 0, (L) dvdp
Y

4t

_ir%4p%) TP
= |, e f a0 0)e 50, (57) d
where 1,(0,0) = L,(0)L,(¢), du = dodp, v = /A,, with )\, the
nth eigenvalues of the Sturm-Liouville problem in Theorem 4.1, f €
L*(R™), be a solution of (6.1) in polar coordinates. This is constructed
by taking one term from the expansion for the fundamental solution.
The following result is an elementary consequence of Theorem 4.1.

Lemma 6.2. Let u(r,p,t) = Af, for f € L*(RT). Thenu is a solution

of the equation iu; = Uy, + %ur + T%Uee + KT(ze)U; with K(0) = kc(f)z?g)‘

Notice that our intertwining operator is not a fundamental solution,
as is the case for most of the cases treated in [9]. The operator A is
nevertheless sufficient for our purposes.

Theorem 6.3. The PDE iu; = Au+ x%k(%)u has Lie symmetry group
SL(2,R) xR. Moreover if o represents the Lie symmetry operator and

Ry represents the modified Segal-Shale-Weil projective representation
of SL(2,R), then for all g € SL(2,R) and f € L*(RT)

(c(9)Af)(z,y,t) = (AR{(9)f)(,y,1).

Proof. 1t is sufficient to prove the result in polar coordinates. That is,
we prove the equivalence for the PDE iu; = u,.,. + %ur + r%ugg + @u.

The symmetries in polar coordinates are
o(exp(evy))u(r,0,t) = u(x,y,t — €),
o(exp(evy))u(r, 0,t) = e “u(e‘r, 0, e*t),

1 ier? r t
o(exp(eve)ule, y, t) = 3755 exp (_ 1+ 4et) B (1 a1 4et) ’
o(exp(evy)u(r,0,t) = e“u(r,0,t).
Then we need to show that for k£ =1, 2, 3,
o(exp(evp))Af)(r,0,t) = AR (exp(eXg)f)(r,0,1), (6.5)

where Xy = ((1) _01>, X3 = (8 (1)), X, = (_01 8), is a ba-

sis for the Lie algebra sl,. The result for vy is trivial. We can then

use the fact that any element of SL(2,R) can be written as a prod-

uct of exponentials of these basis vectors. We exponentiate X5 to get
€

exp(eXs) = (60 606) . Thus we have

R (exp(eXa) f)(p) = e2<f(ep).
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Now for the equivalence calculation.

ARV (exp(eXa) f)(r,0,1) = / b (e 21,6, 00 50 1, (22)

47t 2t
—e —2¢,2 —2e
_ le cr i Es t : re P €
= /R2 e2f(p) yp 1,0, p)e" 1 J,,( 57 )e du
_ \/_ M re‘p
€ 2 J, | —— | d
= [ et o0 0

=e “u(er,0, €2€t) = o(exp(eva)u)(r,0,t).

For the v3 calculation, apply the symmetry
1 ier? r 0 t
exp | — u
1+ 4et P\ "1+ 4et 1+4et’ 1+ 4det

p _ir24p?) r
p(r0.p.6.0) = 22 L (@) L(0)0, ().

Now the terms involving J, and 1/(4mit) are unchanged by the sym-
2
metry. Plainly exp ( (1“++p)) = e~ exp (#;”’2)) . Thus

1+4et

o(exp(evs))u(z,y,t) =

to

(o(exp(evs))Af)(r,0,t) = /R2 6_i€p2f(p)£/‘)€_ir2zp2 (6, 0) (%) dp

= [ Bilexpex) f(p) 20 e 1,000, (3 ) du

4mt
This establishes the second equivalence.

Finally, 9, (Y7e ™7, (%)) (2) = e~ F Vze" 1, (r2), (see [15]).

An elementary calculation, detailed in [9], shows that
AR (exp(eXa)) [)(p) = 9 (711 ().

Now using [0 f,(p)g(p)dp = [y f(p)du(p)dp we have

(AR} (exp(eXs))f)(r. 6,t) = / 9y (¢ 1.)) (0)p(r. 0,0, t)d
R2
_ /R ) (6,0) e VR I (r2)d
()1 6, ¢>—e*”7’vzei<f*>* J,(rz)dzdg
R2 2m

- _ VP L
= o f(p)ln(Q, (b) 471_2(15 — 6)6 (t—¢) Jy (2(t _ E)) d,LL
= u(x,t —¢).

Here p(r,0,¢,t) = 1,(0, ¢) 4\7@6 WJ (2—’3) This completes the proof.
Ul
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This theorem may easily be extended to the PDE iu; = Au +

x%k (i—j, ey ’;—71’) u. We work in the n dimensional form of polar co-
1

ordinates and we use the intertwining operator

Anee.n = [ [ fe .o Loe L () dep
(6.6)

where [ = $1/4\; + (n — 2)? and ¥y, = Lp(©)Lk(§) and Ly (©) is the
kth eigenfunction of Agn-1u+ (G +A)u = 0, with A, the corresponding
eigenvalue. The calculations are essentially identical to the previous
result. This leads to the following theorem.

Theorem 6.4. The PDE
iugy = Au+2V¢ - Vu+ B(x)u,z € R", (6.7)

where Ap + |Vo|* + x—lfk <;—f, x—") = B(z) has SL(2,R) as a global

ey B
group of Lie point symmetries and if o represents the Lie symmetry op-
erator and Ry represents the modified Segal-Shale-Weil projective rep-
resentation of SL(2,R), then for all g € SL(2,R) and f € L*(R")

(0(9)Af)(2,y,t) = (AR{(9)f)(x,y, 1),
with A given by (6.6).

Proof. Equation (6.7) is equivalent to iu; = Au+ m%k (%’ x") u and
1

ceey z1

so they have isomorphic symmetry groups. U

Analagous results can be established for PDEs of the form iu; =
Au+ 5k (g—f, gc—") u—tc(xi+---+22) and also for equations of the
1

ceey 1

form u; = Au+ A(x)u. The details will appear in Lennox’s thesis.
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