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1 Introduction

Motivation. Local quadratic convergence is a natural and very desired property of many
methods in Nonlinear Optimization. However, for interior-point methods the correspond-
ing analysis is not trivial. The reason is that the barrier function is not defined in a
neighborhood of the solution. Therefore, in order to study the behavior of the central
path, we need to employ somehow the separable structure of the functional inequality
constraints. From the very beginning [3], this analysis was based on the Implicit Function
Theorem as applied to Karush-Kuhn-Tucker conditions.

This tradition explains, up to some extend, the delay in developing an appropriate
framework for analyzing the local behavior of general polynomial-time interior-point meth-
ods [11]. Indeed, in the theory of self-concordant functions it is difficult to analyze the
local structure of the solution since we have no access to the components of the barrier
function. Moreover, in general, it is difficult to relate the self-concordant barrier with
functional inequality constraints of the initial optimization problem. Therefore, up to
now, the local superlinear convergence for polynomial-time path-following methods was
proved only for Linear Programming [15, 8] and for Semidefinite Programming problems
[6, 13, 7, 5]. In both cases, the authors use in their analysis the special boundary structure
of the feasible regions and of the set of optimal solutions.

In this paper, we establish the local quadratic convergence of interior-point path-
following methods by employing some geometric properties of the general conic opti-
mization problem. The main structural property used in our analysis is the logarith-
mic homogeneity of self-concordant barrier functions. We propose new path-following
predictor-corrector schemes which work only in the dual space. They are based on an
easily computable gradient proximity measure, which ensures an automatic transforma-
tion of the global linear rate of convergence to the local quadratic rate (under a mild
assumption). Our step-size procedure for the predictor step is related to the maximum
step size to stay feasible. It appears that in order to attain local superlinear convergence
(by an algorithm that follows the central path), we need to tighten the neighborhood of
the central path proportionally to the current duality gap.

Contents. The paper is organized as follows. In Section 2 we introduce the conic primal-
dual problem and define the central path. After that, we pass to a small full-dimensional
dual problem and define the prediction operator. In order to achieve local quadratic
convergence, we introduce two assumptions. One is on the strict dual maximum, and the
second one is on the boundedness of the vector sz*(S)S* along the central path. The
main result of this section is Theorem 2 which demonstrates the quadratic decrease of the
distance to the optimum for the prediction point, measured in an appropriately chosen
fixed Euclidean norm.

In Section 3 we estimate efficiency of the predictor step measured in a local norm
defined by the dual barrier function. Also, we show that the local quadratic convergence
can be achieved by a feasible predictor step.

In Section 4 we prepare for the analysis of polynomial-time predictor-corrector strate-
gies. For that, we introduce a new characteristic of self-concordant barriers, the recession
coefficient. This coefficient bounds the growth of the Hessian of the barrier function along
recession directions. We argue that in many practical situations this coefficient is a small
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absolute constant. We study an important class of barriers with unit recession coefficient
(we call them the barriers with negative curvature). This class includes at least self-scaled
barriers [12] and hyperbolic barriers [4, 1, 14].

In Section 5 we establish some bounds on the growth of a variant of the gradient
proximity measure. We show that we can achieve a local quadratic rate of convergence.
It is important that the decrease of the parameter of the central path along the predictor
direction be related to the distance to the boundary of the feasible solution set. We
show that for local quadratic convergence the centering condition must be satisfied with
increasing accuracy.

In Section 6 we show that the local quadratic convergence can be combined with the
global polynomial-time complexity. We present two methods of this type. One of them
uses the recession coefficient, but it has a cheap computation of the predictor step. For
the second one, the recession coefficient is not needed, but the recession step is more
expensive. Finally, in Section 7 we discuss the results and study two 2D-examples, which
demonstrate that our assumptions are quite natural.

Notation and generalities. In what follows, we denote by E a finite-dimensional linear
space (other variants: H, V), and by E* its dual space, composed by linear functions on
E. The value of function s € E* at point « € E is denoted by (s, x). This notation is the
same for all spaces in use.

For an operator A : E — H* we denote by A* the corresponding adjoint operator:

(Az,y) = (A*y,z), zck, yecH

Thus, A* : H — E*. A self-adjoint positive-definite operator B : E — E* (notation B > 0)
defines the Euclidean norms for the primal and dual spaces:

|zl = <Bx,x)1/2, xR, |s|lp = (S,B*13>1/2, s e E*.

The sense of this notation is determined by the space of arguments. We use the following
notation for ellipsoids in E:

Ep(x,r) = {uek: |[u—=z|p <r}.

If in this notation parameter r is missing, then r = 1.

For the future references, let us recall some facts from the theory of self-concordant
functions. Most of these results can be found in Section 4 in [9]. We use the following
notation for gradient and Hessian of function ®:

Vo(x) € B, V?®(z)-heE*, z,hcE.
Let ® be a self-concordant function defined on the interior of a convex set Q) C [E:
V3®(z)[h,h,h] < 2(V2®(x)h,h)?, zecintQ, hekR, (1.1)

where V3®(z)[hi, ha, hs] is the third differential of function ® at point x along the corre-
sponding directions hi, ha, h3. Note that V3®(z)[h1, he, h3] is a trilinear symmetric form.
Thus,

V3®(z)[h1,he] = V3®(z)[he, h1] € E,
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and V3®(z)[h] is a self-adjoint linear operator from E to E*.
Assume that @ contains no straight line. Then V2®(u) is nondegenerate for any
u € int Q. Self-concordant function & is called v-self-concordant barrier if

(VO(u), [V20(u)] " 'Ve(u)) < v (1.2)
For local norms related to self-concordant functions we use the following concise notation:

|hlle = (V2®(u)h,h)/?, heE,

Islle = (s,[V2®(u)] s)1/2, seE*
Thus, inequality (1.2) can be written as |[V®(u)||? < v.
For u € int @ define the Dikin ellipsoid W, (u) e Ev2a(u)(u, 7). Then Wi.(u) C Q for
all » € [0,1).

Theorem 1 (Theorem on Recession Direction; see Section 4 in [9] for the proof.) If h is
a recession direction of the set QQ, then

|hlle < (=V®(u),h). (1.3)

If v € Wy(u), then
(VO(v) — VO(u),v —u) > o) 7>0. (1.4)

For r € [0,1) we have
(1-r)?VPe(u) = V() X g5 V7e(u), (1.5)
IVe(v) = Ve(u)ll. < 15, (1.6)
IVO(v) = VO(u) - V2R(u)(v —w)u < 1= (1.7)

Finally, we need several statements on barriers for convex cones. We call cone K C E
reqular if it is a closed, convex, and pointed cone with nonempty interior. Sometimes it
is convenient to write inclusion x € K in the form z > 0.

If K is regular, then the dual cone

K* = {seE*: (s,z) >0,Vz € K },

is also regular. For cone K, we assume available a v-normal barrier F'(x). This means
that F is self-concordant and v-logarithmically homogeneous:

F(rz) = F(zx)—vint, zeintK, 7>0. (1.8)

Note that —VF(z) € int K* for every z € int K. Equality (1.8) leads to many interesting
identities:

VF(rz) = 7' VF(z), (1.9)

V2iF(rz) = 772-V2F(x), (1.10)

(VF(z),z) = -u, (1.11)

V:F(z)-x = —VF(x), (1.12)

V3F(z)[z] = —2V2F(z), (1.13)

IVF@I2 = », (1.14)
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where € int K and 7 > 0. Note that the dual barrier
Fi(s) = max {—(s,z) — F(x) }

z€int K

is a v-normal barrier for cone K*. The differential characteristics of the primal and dual
barriers are related as follows:

VF(=VF(s)) = -s, V2F(—=VF.(s) = [V2F.(s)]7},
(1.15)
VF.(-VF(z)) = -ux, V2FE.(-VF(z)) = [V?*F(z)]7!,

where x € int K and s € int K*.
For normal barriers, the Theorem on Recession Direction (1.3) can be written both in
primal and dual forms:

lull. < (=VF(x),u), ze€intK,ueK, (1.16)
sl < (s,xz), xzeintK,se K". (1.17)
The following statement is very useful.

Lemma 1 Let F be a v-normal barrier for K and B = 0. Assume that Eg(u) C K and
for x € int K we have

(VF(z),u—z) > 0.
Then B = 15 V2F ().

Proof:
Let us fix an arbitrary direction h € E*. We can assume that

(VF(z),B~th) > 0, (1.18)

(otherwise, multiply h by —1). Denote y = u + ﬁ. Then y € K. Therefore,

1 (1.16)
e <y 4yl < (~VF(@),u) + (~VEF(x),y)

(1.18) (1.11)
< 2(=VF(z),u) < 2w

Thus, B~'V?F(z)B~! < 4B~ O

Corollary 1 Let z,u € int K and (VF(z),u—z) > 0. Then V*F(u) = 5 V?F(z).
Corollary 2 Let x € int K and u € K. Then V?F(z +u) =< 40*V2F(z).

Proof:
Denote y = x+u € int K. Then (VF(y),x—y) = (—=VF(y),u) > 0. Hence, we can apply
Corollary 1. O

To conclude with notation, let us introduce the following relative measure for directions
in E:
or(h) = m>igl{p cprx—heK} < |hlly, weintk, hek. (1.19)
p=>
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2 Prediction from neighborhood of central path

Consider the standard conic optimization problem:

;rgfr{l{ (c,x): Az =0}, (2.1)

where ¢ € E*, b € H*, A is a linear transformation from E to H*, and K C E is a regular
cone. The problem dual to (2.1) is then

: A*y = .
epax  {by): s+ ATy =c} (2.2)

Note that the feasible points of the primal and dual problems move in the orthogonal
subspaces:
<$1 — 82,1 — $2> = 0 (2.3)

for all x1, 22 € F e {r e K: Az =10}, and s1,s2 € Fy e {se K*: s+ A*y = c}.
Under the strict feasibility assumption,

Jdageint K, sp €eint K*, yoe HH: Axg=0b, so+ A*yg=c, (2.4)

the optimal sets of the primal and dual problems are nonempty and bounded, and there

is no duality gap. Moreover, a primal-dual central path z, def (%105 Sy Yp):

Az, = b,
c+uVF(x,) = A%y, , >0, (2.5)
su = —puVE(z,)
is well defined. Note that
(c,xp) —(byyu) = (Su,xp) (25,01 TR (2.6)

The majority of modern strategies for solving the primal-dual problem pair (2.1), (2.2)
suggest to follow this trajectory as g — 0. On the one hand, it is important that u be
decreased at a linear rate to attain a polynomial-time complexity. However, in a small
neighborhood of the solution, it is highly desirable to switch on a super-linear rate. Such
a possibility was already discovered for Linear Programming problems [15, 8]. There has
also been significant progress in the case of Semidefinite Programming [6, 13, 7, 5|. In
this paper, we study more general conic problems.

For a fast local convergence of a path-following scheme, we need to show that the
predicted point

_ e
Zu = Zu T2 M

enters a small neighborhood of the solution point

ze = limz, = (@4, S, Ys)-
pu—0

It is more convenient to analyze this situation by looking at y-component of the central
path.
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Note that s-component of the dual problem (2.2) can be easily eliminated:

s = s(y) def c— A*y.

Then, the remaining part of the dual problem can be written in a more concise full-
dimensional form:

o def .
= r;leaﬁ{ (by): yeQ},

(2.7)

Q & {yeH: c— A%y e K*}.

In view of Assumption (2.4), the interior of set @) is nonempty. Moreover, for this set we
have a v-self-concordant barrier

fly) = Filc—A"y), yeintQ.

Since the optimal set of problem (2.7) is bounded, @ contains no straight line. Thus, this
barrier has nondegenerate Hessian at any strictly feasible point. Note that Assumption
(2.4), also implies that the linear transformation A is surjective.

It is clear that y-component of the primal-dual central path z, coincides with the
central path of the problem (2.7):
b = uVf(yu) = —pAVFE(c— A%y,)

(2.8)
= —pAVF.(s,) (1.9),0.15) Az, p>0.

Let us estimate the quality of the following prediction point:

def .
ply) = y+u(y), yeEintQ,

wy) VIV, sy) Eos(y) - Au(y).

Indeed, in a neighborhood of a non-degenerate solution, the barrier function should be
close to the barrier of a tangent cone centered at the solution. Hence, the relation (1.12)
should be satisfied with a reasonably high accuracy.

For every y € int @, we have

ply) = [Vl VA Wy + V)]

= [Vif()] ' [AV2F.(c— A*y)A*y — AVFE,(c— A*y)]

U W2 p(y) 7t [AVPE(e - ATy) A%y + AVPE,(c — Ay)(c — A*y)]

= [V2f(y)] TAV2E(c — A%y) - c.

Let us choose an arbitrary pair (s, ys«) from the optimal solution set of the problem (2.2).
Then,
c = A%y, + S4.

Thus, we have proved the following representation.
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Lemma 2 For every y € int Q and every optimal pair (S«,y.) of dual problem (2.2) we
have

py) = y+ [Vf()] TAVEE(s(y)) - 5. (2.9)

Remark 1 Note that the right-hand side of equation (2.9) has a gradient interpretation.
Indeed, let us fir some s € K* and define the function

QZ)S(?/) = _<87VF*(C_A*3/)>7 yE€Q.

Then Vs(y) = AV2F(c— A*y) - s, and, for self-scaled barriers ¢5(-) is convex (as well as
for the barriers with negative curvature, see Section 4) . Thus, the representation (2.9)
can be rewritten as follows:

p(y) = v+ [V Vs, (). (2.10)

Note that [V2f(y)]~! in the limit acts as a projector onto the tangent subspace to the
feasible set at the solution.

For some problems with simple structure, we can guarantee that the product of ma-
trix [V2f(y)]~! by the vector AV2F,(c — A*y)s, is small in norm. However, in more
general situations, we need to apply stronger assumptions. Namely, we are going to show
that, under certain conditions, vector V2F,(c — A*y)s. is bounded and matrix [V2f(y)]~*
becomes small in norm as y approaches .

The global complexity analysis of interior-point methods is done in an affine-invariant
framework. However, for analyzing the local convergence of these schemes, we need to fix
some norms in the primal and dual spaces. For simplicity, let us choose them Euclidean.
We recall the definitions of Euclidean norms based on B and using B, we define G below:

lzllp = (Bz,2)'?, z€E, |s|p = (s,B7's)/?, s €E,
(2.11)

G Ap-1ax,

where the operator B : E — E* is self-adjoint and positive definite. Thus, using a Schur
complement argument and the fact that A is surjective, we have

A*G7'A = B. (2.12)

It is convenient to choose B related in a certain way to the primal central path. Let us
define
B = V?F(n) (2.13)

and establish some natural bounds related to the points of the primal central path.

Lemma 3 If u1 < po, then
12|z, < v (2.14)

In particular, for any p <1 we have:
el < v (2.15)

Moreover,

VF(z,) = 5V2F(z) "2 LB (2.16)

42 402
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Proof:
Indeed,
(1.16) 2 1 2
”‘TmHﬂCHO < <_VF(1;,UO)7$M1> = ;7(2)<SM07‘7;M1>
= ig[<ca$ul> - <b7y#o>]2 < VA

The last inequality also uses the fact that (c,z,,) < (c,z,,). Therefore, by (2.13) we
obtain (2.15). Finally,

2.5
(VE(@1), 2, —21) 2 (e,m1—2,) > 0.

Therefore, applying Corollary 1, we get (2.16). O

Now we can introduce our main assumptions.

Assumption 1 There exists a constant vq > 0 such that

fr=Aby) = (s,z) =2 alls = sz = vally —ylle, (2.17)
for every y € Q (that is s = s(y) € Fy).

Thus, we assume that the dual problem (2.2) admits a sharp optimal solution. We
need one more assumption.

Assumption 2 There exists a constant oq such that for any p < 1 we have

IV2E,(sp)sellp < o4 (2.18)

In what follows, we always suppose that these assumptions are valid. Let us look how
they work in some important special cases.

Example 1 Consider the nonnegative orthant K = K* = R’} with barriers
n . n )
Flz)=—=YIaz®, F(s)=n—> Ins®.
=1 i=1

Denote by I, the set of positive components of the optimal dual solution s.. Then denoting
by e the vector of all ones, we have

O
<6,V2F*(SM)S*> = 3 OIS

icl. (sn)? i€l 5*

WEAY , @1 v
= Zﬁ 25 < ”S*HS*‘%&%@ < max .

Su lEI* Sx

Since vector VQF*(SN)S* is nonnegative, we obtain for it an upper bound in terms of

max ~ty- Note that this bound is finite even for degenerate dual solution.
1€1% Sx

It is interesting, that we can find a bound for vector F.(s,)s. based on the properties
of the primal central path. Indeed, for all i € I, we have

( s( 7 x(i)Q i x(i)—xii) 2
(VF(s)s) = i = sl GRS 55)-(#“) .
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Thus, assuming ||z, — x| < O(p), we get a bound for Fy(s,)ss. Note that the latter
assumption is weaker than assuming that the primal problem admits a sharp solution. It
is even weaker than assuming differentiability of the primal trajectory x, at p = 0.

For the cone of positive-semidefinite matrices K = K* =S}, we choose

F(X)=—Indet X, F.(S)=mn—IndetS.
Then,
(I,V2F.(Su)S«) = (I,8;158.5.).
It seems difficult to get an upper bound for this value in terms of ||S«||s, = (S, 1SS, ", S.).
However, the second approach also works here:
<I, S;TIS*S;1> = M_2<X27 S*> = /1’_2<(XN - X*)27 S*>

Thus, we get an upper bound for ||V2F,(S,)S|| assuming || X, — X.|| < O(u). Again, this
condition is weaker than assuming that the primal problem admits a sharp solution. It is
also weaker than assuming differentiability of the primal central path at p = 0. O

Let us derive from Assumption 1 that [V2f(y)]~! becomes small in norm as y ap-
proaches y..

Lemma 4 For every y € int QQ, we have

[V2Fw)™ = Bl =) G (2.19)
Proof:
Let us fix some y € int (). Consider an arbitrary direction h € H*. Without loss of gener-
ality, we may assume that (b, [V2f(y)]~'h) > 0 (otherwise, we can consider direction —h).
Since f is a self-concordant barrier, the point

def (V2 ()]~ h
Yo = Yt TR

belongs to the set (). Therefore, in view of inequality (2.17), we have

Yallyn —ylle < f* = (boyn) < f— (b, y).

Hence,

2 -1
LI -Gy = AR -y - vl

Yd

(2.17)
= (VIR e

2 —1
UV hlle —_ Lpxe — p q))].

Thus, for any h € H* we have
V2 F W Rl < S0 = 0oyl - (b [V2F ()] .

V3
This means that

A A €7)) e B VR U A (7))
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and (2.19) follows. O

Now, we can also estimate the size of the Hessian with respect to the norm induced
by G. We define

V£ @) e € max {[[V2£()] "hlle : 1kl =1}

Corollary 3 For every y € int Q, we have

IV2F @) e < sl = (b)) (2.20)
Therefore, |lv(y)lle < 2”7:/2 [f* — (b, y)].
Proof:
Note that

IV F IRl = (b [V2F@ITIGIVEF ()]~ h),  he H.

Hence, (2.20) follows directly from (2.19). Further,

lw)IE = (GIVF@I'VEW), [V VW)

(2.19)
S =

=l = )V W), [V W)V ()

It remains to use inequality (1.2). O

Before proving the main result of this section, we need to estimate the norm of the
initial data.

Lemma 5 We have

f
[Alle = max{[|Ahllg: [|nllp =1} < 1,
heE
(2.21)
bl < v

Proof:
Indeed, for any h € E, we have

|An|Z = (Ah,G7'Ah) = I;leag[?(Ah,y)—(Gy,yH

= 2(A*y, h) — (A*y, B~1 A"
max [2{A"y, h) — (A", v

IN

_ 1 _ 2
max [2(s,h) — (s, B7's)] = [l

10
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For justifying the second inequality, note that

bl = (6:G70) = max[2(by) - (A7, BA)

= QA* _ A* BflA*
r;leaﬁﬁ y, 1) — (A*y, )]

< — -1 =
< Eé?Ei‘[%val) (s, B 1s)] (Bz1,21)

(2.19) (V2F (21)71, 1) (LI(12)

We will work with points in a small neighborhood of the central path defined by the
local gradient proximity measure. Denote

NpB) = {yeH: 1w Vi) - 2bl, <8}, we (01, 8e(0,).
(2.22)
This proximity measure has a very familiar interpretation in the special case of Linear
Programming. Denoting by S the diagonal matrix made up from the slack varlable s=c—
ATy, notice that Dikin’s affine scaling direction in this case is given by [AS QAT] b. Our

predictor step corresponds to the search direction [AS _QAT]fl AS~le. Our proximity
measure becomes

—1

HAS T HA&?AT '

Lemma 6 Let y € N(u,3) with p € (0,1] and 3 € (0, %) Then
2 oq(l — 5)2
< =4~ .
IVZE(s(y))s«llp < 129 (2.23)

ff=by < Koy, (2.24)
where kK1 = v + ﬁwﬁ[)
Proof:
Indeed,

Is(y) = sullsey = (V2F(sW)A* (Y — yp), A*(y — yu))'/?

def
= lly—yully = r < 55

(for the last inequality we used (1.4)). Therefore, by (1.5) we have

VEF(s(y)) = qipViF(s.) 2 (e VA (su).

Thus,
IV?Fu(s(y)sclB = ((BY?V2Fi(s(y))B"/?)?B~1/2s,, B"1/25,)

1
DIV Fa ()53

IN

11
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Now, (2.23) follows from Assumption 2.
To establish (2.24), note that

=0 = Loy =) — oy — )]

o
IN &
)

v+ <%a yu - y>
= v+ (=VIW+ Ly =)+ (VW) v — )
< v V@) = 2y Ny = yully IVl -y = vally

< v+ B+ Vs

where the last inequality follows from the assumptions of the lemma and (1.2). O

Now, we can put all our observations together.

Theorem 2 Let dual problem (2.2) satisfy Assumptions 1 and 2. If for some pu € (0,1]
and 3 € (0,1) we have y € N(u, B), then

daq(1-0)? 4v(1-B)%0
lp@) —wille < 355 by —p)? < T - lly - w3 (2.25)

Proof:
Indeed, in view of representation (2.9), we have

lp@) = welle < NIVZFWI e - [Alle - V2 Fa(s(y) s« -

Now, we can use inequalities (2.20), (2.21), and (2.23). For justifying the second inequality,
we apply the second bound in (2.21). O

3 Efficiency of predictor step
Let us estimate now the efficiency of the predictor step with respect to the local norm.

Lemma 7 Ify € N(u,3), then

Ip(W) —yully < K2 [f"=9)] < pek, (3.1)

204(1—3)*

W, andﬁ:fﬂll - K9.

where Ky =

Proof:

12
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Indeed,
Ip) —u:l2 ' (AV2E(s(9))s.. [V2F ()] LAV EL(5(y))5:)
(2.19) 4 7 2 2 -1 2
< gl = by AVEE(s(Y))se, GTAVEE(s(y))sx)
(2.12) 47 px 2 2 2
< gl = by BV E(s(y))ss, VEE(s(y))s)-
It remains to use the bounds (2.23) and (2.24). O

Since ||y« — y|ly > 1, inequality (3.1) demonstrates a significant drop in the distance
to the optimal point after a full predictor step. The following fact is also useful.

Lemma 8 For every y € Q we have A - V?F.(s(y)) - sp(y) = 0.

Proof:
Indeed,
AVPE(s(y)sp(y) = AVEE(s(y))(s(y) — A*v(y))

UL _AVF(s(y)) - Vf(y) = 0.

Corollary 4 If F, is bounded, then the point V2F.(s(y)) - sp(y) ¢ K (therefore, it is
infeasible for the primal problem (2.1)).

We can show now that a large predictor step can still keep dual feasibility. Denote
yla) = y+oav(y), acl01].

Theorem 3 Let y € N(p,3) with p € (0,1] and 8 € (0, %) Then, for every r € (0,1),
the point y(&) with

~  def
[0 =

T—l—nz[fz—(b,yﬂ (3:2)

belongs to Q). Moreover,
f* - <b?y(6‘)> < R3 - [f* - <ba y>]2? (33)

where kK3 = Ko - (% + 2}/—?)

Proof:
Consider the Dikin ellipsoid W, (y) = {u € H : ||lu — y|l, < r}. Since W,(y) C @, its
convex combination with point y,, defined as

Qly) = {ueH: [lu—(1—-t)y—tyly <r(1-1), te[01]},
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is contained in ). Note that
ly(a) = (L= &)y —aylly, = alp(y) — vlly

(3.2)

(3.1)
< wmed[fr —(by) = r(l-a).

Hence, y(&) € Q. Further,
fr=={yla)) = 1=a)f" = byl + alb, y« — p(y))

< B2 — ()2 + bl - Ip(y) — velle-

(2.21)
Since ||bl¢ < /v and

Z2) et o 2
lp(y) —ylle < S2L = by)),

we obtain the desired inequality (3.3). O

Denote by a(y), the maximal feasible step along direction v(y):

a(y) = max{a: y+av(y) € Q).

Let us show that @ = a(y) is big enough. In general,

S (3.4)

Ji/2:

_ 1
ay) 2 o,

However, in a small neighborhood of the solution, we can establish a better bound.

Corollary 5 Let y € N (i, 3) with p € (0,1] and B € (0,3). Then

-4l < %, (35)
ly(@) —y*lly, < Q+Vv)sp. (3.6)
Proof:
Since for any r € (0, 1)
(3.2)
a > T

&= Gl

have 1 — & < el =0al P2V wp g
we nhave —a_m S e urtner,

ly@) =vlly < ly(@) —p@lly +llply) =y lly < A =)o@y +r-p

(12)
< (l1-a)v+k-p.

It remains to apply the inequality (3.5). O

14
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Despite the extremely good progress in function value, we have to worry about the
distance to the central path and we cannot yet appreciate the new point y(&). Indeed,
for getting close again to the central path, we need to find an approximate solution to the
auxiliary problem

myln{f(y) (b, y) = (b,y(&))}.

In order to estimate the complexity of this corrector stage, we need to develop some
bounds on the growth of the gradient proximity measure.

4 Recession coeflicient of barrier function

Definition 1 We call v recession coefficient of the normal barrier F' if it is the smallest
positive constant such that for every x € int K and u € K we have

V2F(x+u) = ~p-ViF(2). (4.1)
Clearly, v > 1. On the other hand, in view of Corollary 2, we have
v <4 (4.2)

However, very often this upper bound is very pessimistic. Note that the following main
operations with convex cones do not increase this coefficient.

Theorem 4 1. Let F' be a normal barrier for the cone K, and
Kys={x e K: Az =0}.

Denote by f the restriction of F' onto the relative interior of Ka. Then vp < yF.

2. Let F;, i = 1,2, be normal barriers for cones K; C E. Denote F' = F| + Fs. If
int (K1 K2) # 0, then yp < max{vyg ,Vp,}

3. Let F;, i = 1,2, be normal barriers for cones K; C E;. Denote F(x,y) = Fi(x) +
Fy(y). Then v < max{yr,Vr,}-

Thus, all barriers constructed as sums or direct products of small-dimensional cones
have small recession coefficients. On the other hand, restriction of such barriers onto linear
subspaces does not increase the recession coefficient. It remains to note that there exists
an important family of normal barriers with minimal value of the recession coefficient.

Definition 2 Let F be a normal barrier for the reqular cone K. We say that F has
negative curvature if for every x € int K and h € K we have

V3F(z)[h] =< 0. (4.3)

Thus, for such a barrier yp = 1. It is clear that self-scaled barriers have negative curvature
(see [12]). Some other important barriers, like the logarithms of hyperbolic polynomials
(see [4]) also share this property.

15



November 13, 2009

Theorem 5 Let K be a reqular cone and F be a normal barrier for K. Then, the fol-
lowing statements are equivalent:

1. F has negative curvature;

2. for every x € int K and h € E we have

—V3F(z)[h,h] € K* (4.4)
3. for every x € int K and for every h € E such that x 4+ h € int K, we have
VF(x+h) —VF(z) <g- V?F(z)h. (4.5)
Proof:
Let F have negative curvature. Then, for every h € E and v € K we have
0 > V3F(x)[h,h,u] = (V3F(z)[h, k], u). (4.6)

Clearly, this condition is equivalent to (4.4). On the other hand, from (4.4) we have

VEF(x+h) —VF(z) - V2F(x)h = [V3F(x+71h)h,hldr =g 0.

Ok})—'

Note that we can replace in (4.5) h by 7h, divide everything by 72, and take the limit as
7 — 0". Then we arrive back at the inclusion (4.4). 0

Theorem 6 Let the curvature of F' be negative. Then for every x € K, we have
V2F(z)h =g+ 0, VheK, (4.7)

and, consequently,
VFE(x+h)—VF(z) =g~ 0. (4.8)

Proof:
Let us prove that V2F(z)h € K* for h € K. Assume first that h € int K. Consider the
following vector function:

s(t) = V2F(z +th)h € E*, t>0.

(4.4)
Note that s'(t) = V3F(z + th)[h, h] <+ 0. This means that

VIE(@)h = V2F(x+th)h "2 LV2F(h+ Lo)h,

Taking the limit as t — oo, we get V2F(z)h € K*. By continuity arguments, we can
extend this inclusion onto all h € K. Therefore,

1
VF(z+h) = VF(z)+ [V?F(x+th)hdr =g« VF(x).
0
O
As we have proved, if F' has negative curvature, then V2F(z)K C K*, for every

x € int K. This property implies that the situations when both F' and F, has negative
curvature are very seldom.

16
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Lemma 9 Let both F' and F* have negative curvature. Then K is a symmetric cone.

Proof:
Indeed, for every z € int K we have V2F(x)K C K*. Denote s = —VF(z). Since F.
has negative curvature, then V2F,(s)K* C K. However, since V2F,(s) (115 [V2F (x)] 71,

this means K* C V2F(x)K. Thus K* = V2F(x)K. Now, using the same arguments
as in [12] it is easy to prove that for every pair z € int K and s € int K* there exists a
scaling point w € int K such that s = V2F(w)x (this w can be taken as the minimizer of
the convex function —(VF(w),x) + (s, w)). Thus, we have proved that K is homogeneous
and self-dual. Hence, it is symmetric. O

Remark 2 Lemma 9 shows that the value yrp + yr= — 2 can be seen as a measure of the
distance between the pair (F, Fy) and the family of self-scaled barriers.

The following statement demonstrates the importance of the recession coefficient.

Theorem 7 Let K be a regular cone and F be a mormal barrier for K. Further let
x,x +h e€int K. Then for every a € [0,1) we have

msz(fﬂ) = V2F(w+ah) = (117}2)2V2F(55)- (4.9)
Proof:
Indeed,
V2F(x+ah) = V2F((1-a)z+alr+h))
(4.1) 1.10
< VPE((1 - a)r) "2 25 VRR(a).

Further, denote & = x — %(h) By definition, £ € K. Note that

r = (r+ah)+ 1%3%) (Z — (z + ah)).

Therefore, by the second inequality in (4.9), we have

V2F(z) = yr(1+ ao.(h))?>V2F(z + ah).

5 Bounding the growth of the proximity measure
Let us analyze now our predictor step
yla) =y +av(y), «a€]0,q],

where @ = @(y). Denote 5 = s(y(@)) € K*.

17
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Lemma 10 For every a € [0, @), we have

oy(e) = IVf(yla) - 32 VIWle < FEIVEF(s(y))5] 5. (5.1)

Proof:
Indeed,

L def
VFE.(s(y(a)) = VE((1-2)s(y)) = (bf V2E,. (s + Td)dT) -d = C-d.

(4.1)
Note that 0 < C =< g, - V2F,(s'). Therefore,

02() < (BCd,Cd) < ~3 (2)°(BV2F.(s)5, V2F.(s')3)

(1.10) o )2 _
=03 (32) IVPRGs@)s)3.

Note that at the predictor stage, we need to choose the rate of decrease of the penalty
parameter (central path parameter) u as a function of the predictor step size a. Inequality
(5.1) suggests the following dependence:

pla) ~ (1-§) p (5.2)

However, if & is close to its lower limit (3.4), this strategy may be too aggressive. Indeed,
in a small neighborhood of the point ¥ we can guarantee only

IVfy(e) =L+ a)Viwlly, = V()= V) —aV2 o)y

(5.3)
A7) a2|ju(y))2
S Tl

In this situation, a more reasonable strategy for decreasing u looks as follows:

pla) =~ 145 (5.4)

18
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It appears that it is possible to combine both strategies (5.2) and (5.4) in a single expres-
sion. Denote
fala) = 1+2%, acl0a).

Note that

Ea(@) = 1+a+ 2 = o _ol-9) (5.5)

a—o
Let us prove an upper bound for the growth of the local gradient proximity measure along
direction v(y), when the penalty parameter is dropped by the factor &5 ().

Theorem 8 Lety € N(u,3) with p € (0,1] and B € (0,3). Then for y(a) = y + av(y)
with o € (0, &) we have

v(ya) gh) < Tulya) ™ 2 (14 a oy (~A70() [V (y(a)) = = b)),

< i+ as oy (—AE) @+ 8- (1+2%)] .

mnla) = [IVi(y(e) = &ala)VIY)ly

2 1-3)2 —
< 2 (myr e [0 o1+ Vo)1)

Proof:
Indeed,
22 — \V4 _ ala) -b
Y y(a)7£&(a) ” f(y<a)) 1 Hy(a)
(4.9) a
< (14 a0y (—AM0()) - [V F(y(a) — =9,
Further,

IVA(e)) = 22 bll, < m(a) +Ea(@) V() ~ Ll
Since y € N (s, 3), the last term does not exceed (- &5(a). Let us estimate now 1 ().

(5.5) a a(1-a)
1) < [VIyla) = z25VIWlly + =21V @)y

(3.5) - o
< V(@) - 225 VW)l + 225 -

For the second inequality above, we also used (1.2). Note that
IVf(y(a)) = 3225V

= AV (V) - 32 VIW), V(@) - 2.V ()

(219) _ (224) 4.2 2
< sl =GP VW) - Z2EVIWIE < ().

19
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Moreover,
dyla) < FEIVPF(s(v)3]s

< IVPE(s(y)s*|ls + IV Fu(s(y) (5 — s%)| 5]

- a—a | (1-28)2
It remains to estimate the last term.

(1.4)
Denote r = ||s(y) — sullsq) < % Then

L [ 2 (s(0) (5 - 7))

(2.16) (2.5)

B < 4WAV2F(z,,) 4AV2F(—uV Fy(sy))
(1.10),(1.15) 4, ., (15 , N
= MIVIR ()] < e [VER(s()]

Therefore,

(3.6)
V2R GNG— )5 < lu@ 'l S 21+ A

Putting all the estimates together, we obtain the claimed upper bound on 7 («).
O

Taking into account definition of &5 (), we can see that our predictor-corrector scheme
with centering parameter 8 = O(u) has local quadratic convergence.

6 Polynomial-time path-following method

Let us show now that the predictor-corrector strategy described in Section 5 has polyno-
mial-time complexity.
Lemma 11 Let y € N(u, ) with 8 < " —L . Then for all

gl

Fx

e |0, L 6.1
@ 6"/1/2 max{L|lv(y)ly} (6.1)

_h
D=

we have T\, (y, o) < (' def

Proof:
Denote 7 = ||v(y) ||y, and # = max{1, ||v(y)|,}. For any a € [0, ) we have

(1.19) o
Tuy.a) < 721+ an) - [ VF(y(a) - = b,

(5.5)
<

2+ an) - (IVF (@) = L+ )Vl + 25 + (@l V() — & - bly)

(5.3),(3.4)
< e (3574 1

o D < 21+ af) - A8

1—ar 1—ar

20
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(6.1) - 91,1 1/2
Hence, I'y(y, ) < 7}17/2 (1 + %VFUQ) . ‘"’E‘ZF:F—IEJ/; Note that the maximum of the
* * _E,VF*

right-hand side of this inequality is attained for vz, = 1. Therefore,

Dn) < (L+D)-§h = & <k

By Lemma 11, we can justify the polynomial-time complexity of the predictor-corrector
methods. For the sake of simplicity, let us consider a simple short-step path-following
method applied to a barrier with vp, = 1. We set

_ 1 _ ©
U = G Lol HA = Egoan)
Pk = yk+ar[VAf(ue)] TV (), (6.2)
yert = pe— [VAF(R)] 7| V) — 52

Theorem 9 Let K be a reqular cone and F, be a normal barrier for K* with negative
curvature. Also let yo € N(uo,l—ls) for some pg > 0. Then, method (6.2) generates a
sequence of feasible points such that

=) < pomexp {—km ) (6.3)

Proof:
In view of Lemma 11, we have v(pg, ug+1) < . Therefore, a single Newton step decreases
the local norm of the gradient as follows:

g \? 1
V(Ykt1, pkr1) < (W) < &
Thus, we have y € N (g, %) for all £ > 0. Therefore,

(2.24)
F=(ye) < K1 pge

(5.5)

It remains to note that ppy1 < and

223
14+ayg?

(1.2)
1+, > 1+6\%Zexp{l+6ﬁ}.

In order to apply method (6.2) to barriers with vg, > 1, we need to change the
formulae for «aj in accordance with (6.1) and introduce several corrector steps ensuring
Y Yrs1, i) < %. Lemma 11 guarantees that py belongs to the region of quadratic
convergence of the Newton method. Hence, this corrector stage cannot be long.
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As we have seen in Theorem 8, method (6.2) can be accelerated. Define the following
univariate function:

B 2a, « €0, %07],
na(a) = { axa o e[l a). (6.4)
This function will be used for updating the length of our predictor step.

rp
Lemma 12 If o > 0 and ar = nz(a), then &a(ay) > 265(a) — 1. Hence, for the
recurrence

aip1 = nalag), >0,
we have £5(c;) > 1+ ag - 2%
Proof:
If ay = 20, then &) = 14 290 > 14 290 — ¢, (o) — 1. If o = 2E2 | then
ala+a a?
falay) = 1+ (aia = &ala) + 355 = 28a(a) — 1.
. (5.5) A
Therefore, &5(a;) > 1+ (Sa(ap) — 1) - 2" > 14 ag- 2" O

Consider the following predictor-corrector process.

Path-following method based on recession coefficient

1. Set g =1 and find point yo € N <uo, 5 11/2>

2. For k > 0 iterate:
a) Compute ay = a(yg)-
b) Using recurrence
O = T e gy i MOk (0
find the maximal i = i;, such that 'y, (yk, o) < 5.
¢) Set o = ks Pk = Yk + V(Yk), i1 = g5
d) Starting from pg, apply the Newton method for

finding yr11 € N { pgs1, 18 1/2)
Y

As for method (6.2), we can prove for (6.5) the polynomial complexity bound:

fr={byk) < por1exp {—k} : (6.6)

1+6 7};{621/1/2

On the other hand, in a small neighborhood of the solution, (6.5) can accelerate up to
local quadratic convergence.

In this scheme we have two search procedures. The recurrence at Step 2b is trying to
maximize the predictor step. Number of iterations in this process cannot be too large.
In fact, each successful iteration results in a significant decrease of the penalty parameter
(see Lemma 12). Therefore, the rate of convergence (6.6) of method (6.5) can be related
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to the total number of steps in this line search procedure. Note that computation of the
estimate I, (yk, «) for different values of « is cheap since it does not require new matrix
inversions. We pay for that by the presence of factor 'yllri % in the rate of convergence (6.6).
However, we have already argued at the beginning of Section 4, that in the majority of
practical problems this factor is a small absolute constant.

The auxiliary minimization process on Step 2d cannot be too long either. Note that
the penalty parameters yy are bounded from below by L, where € is the desired accuracy
of the solution. On the other hand, the point p, belongs to the region of quadratic
convergence of the Newton method. Therefore, the number of iterations on Step 2d is
bounded by O(Inln “t). In Section 7 we will demonstrate on simple examples that the
high accuracy in approximating the trajectory of central path is crucial for local quadratic
convergence.

It is possible to eliminate both from the scheme (6.5) and the estimate (6.6) the reces-
sion coefficient of the barrier function. This can be achieved by increasing the complexity
of predictor step.

Path-following method for general barriers

1. Set po =1 and find point yo € N (po, Tls)
2. For k£ > 0 iterate:
a) Compute ay = a(yg).
b) Using recurrence
W0 = G Loy ]w kit = N (k). (6.7)

find the maximal ¢ = 4; such that ~ (yk(ak’i), = l(‘(’;k _)) <pg.

a

c) Set o = gy, Pk = Yk + kV(Yk), Hrr1 = 5&:(’;“-

d) Starting from py, apply the Newton method for
finding Y41 € N (ftrs1, 5Hk+1)-

In this scheme, for computing the value of gradient proximity measure at new points, we
need to compute and invert the Hessian of barrier function. However, the step size in
this procedure is rapidly increased. Therefore, it is easy to prove that the total number
of auxiliary steps i, which is necessary for computing an e-solution to our problem is
bounded by O(v/?1n ). As in method (6.5), the number of steps at the correction stage
(Step 2d) cannot be large since py belongs to the region of quadratic convergence of the
Newton method. In any case, if Assumptions 1 and 2 are satisfied, then method (6.7) is
locally quadratically convergent.

7 Discussion

7.1 2D-examples

Let us look now at several 2D-examples illustrating different aspects of our approach. Let
us start with the following problem:

max{(b,y) : y2 >0, y1 > y3}. (7.1)
yER2
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For this problem, we can use the following barrier function:

fly) = —In(yr —y3) —Iny,.

We are going to check our conditions for the optimal point y, = 0.
Problem (7.1) can be seen as a restriction of the following conic problem:

rr;%x{(b, y> ©81 =Y1, S2 =UY2, S3 = ]-7 S4 = Y2, 5183 2 S%v S4 Z 0}) (72)

endowed with the barrier Fi(s) = —In(s;s3 — s3) — Ins4. Note that

29

T

—S83 282 —S1 -1

s 2 2 _ !
1S3 S5 5153 S5 81853 S5 54

VE,(s) = <

Denote w = s153 — s3. Since in problem (7.2) y. = 0 corresponds to s, = e3, we have the
following representation:

1 T
V2F,(5)s, = V2F,(s)e3 = el (s%, —28182,8%,0)

Let us choose in the primal space the norm
(Bz,x) = x4 323+ 2%+ 2%

Then ||V2F.(s)s«||p = [s? + s3] /w?. Hence, the region |V2F,.(s(y))s«||p < 04 is formed
by vectors y = (y1,y2) satisfying the inequality

vi+ys < oqlyr —y3)2

Thus, the boundary curve of this region is given by equation

o= Y3+ ﬁ\/y% + 3,

d

which has a positive slope [o at the origin (see Figure 1). Note that the central
path corresponding to the vector b = (—1,0)” can be found form the equations

611/2 _ 1]—1

1 11 295

vi—y3  ou oy y1i—ys

Thus, its characteristic equation is y; = 3y3, and, for any value of o4, it leaves the region
of quadratic convergence as y — 0. It is interesting that in our example Assumption 2 is
valid if and only if the problem (7.1) with y* = 0 satisfies Assumption 1.
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Y1

y1:y§+ﬁvyf+y§

d

IV2Fi(s(y))s:]ls < 04

Y1 =Y

Central path b = (—1,0)T

y1 = y2/[o)/* = 1]

0 Y2

Figure 1. Behavior of ||[V2F,(s(y))ss| 5.

In our second example we need the mazimal neighborhood of the central path:

M(3) = d (U N(uﬂ))

HER

(7.3)
def _
= {v: 20) CIVIWIE - (VW) V2 ()10 < 82
Note that 0(y) = Itnl}gl |V f(y) — tb|ly.
€
Consider the following problem:
max{y; : [|ly[| <1}. (7.4)
yER?
where || - || is the standard Euclidean norm. Let us endow the feasible set of this problem
with the standard barrier function f(y) = —In(1 — ||y||?). Note that
2 2 _ 2l dyy”
VIW) = e VW) = mp t aee
-1 _ 1— 2 2T -1 _ 1_| 2
Vi) = BB (- 2n) . VR T Vi) = Yk
Therefore,

2
VW2 = 25,

and for b = (1,0) we have

1— 2 1— 2+ 2 1 1— 2
”ng _ |£y|| . 1_E|1|y”y22, (Vf(y), [VQf(y)] by = % "Y1

25



November 13, 2009

Thus,
02(y) = 2l 2 Il A=yl ?yf
yl?  1-yl?  1-yi+ys  (+[yl?)?
_ 2 (Hy”Q _ y%(l—llyH?)) _ 2
1+{y[? 1-y7+y3 1—yi+ys”

We conclude that for problem (7.4) the maximal neighborhood of the central path has
the following representation:

A2
M@B) = {yer: B+ 2803 < 1) (9
(see Figure 2).
n
p(y) Problem: max Y.
llylI<1
% Y+
Y
| |
Y2
0

’ Small neighborhood ‘ ’ Large neighborhood

Figure 2. Prediction in the absence of strict maximum.

Note that p(y) = 1+2||7in € int Q. If the radii of the small and large neighborhoods of
the central path are fixed, by straightforward computations we can see that the simple
predictor-corrector update y — y4 shown at Figure 2 has local linear rate of convergence.
In order to get a superlinear rate, we need to tighten the small neighborhood of the central
path as 4 — 0.

7.2 Examples of cones with negative curvature

In accordance with the definition (4.3), negative curvature of barrier functions is preserved
by the following operations.
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e If barriers F; for cones K; C E;, i = 1,2, have negative curvature, then the curvature
of the barrier F} + F5 for the cone Ky @& K5 is negative.

e If barriers F; for cones K; C E, i = 1,2, have negative curvature, then the curvature
of the barrier F} + F; for the cone K () K2 is negative.

e If barrier F' for cone K has negative curvature, then the curvature of the barrier
f(y) = F(A*y) for the cone K, = {y € H: A*y € K} is negative.
e If barrier F'(x) for cone K has negative curvature, then the curvature of its restriction
onto the linear subspace {z € E: Ax = 0} is negative.
At the same time, we know two important families of cones with negative curvature.
e Self-scaled barriers have negative curvature (see Corollary 3.2(i) in [12]).
e Let p(x) be hyperbolic polynomial. Then the barrier F/(z) = — ln p(z) has negative

curvature (see [4]).

Thus, using above mentioned operations, we can construct barriers with negative curva-
ture for many interesting cones. In some situations we can argue that currently, some
nonsymmetric treatments of the primal-dual problem pair have better complexity bounds
than the primal-dual symmetric treatments.

Example 2 Consider the cone of nonnegative polynomials:

2n .
K = {p€R2”+1: S opitt >0, VteR}.
=0
The dual to this cone is the cone of positive semidefinite Hankel matrices. For k =
0...,2n, denote

1, ifitj=k+2

0, otherwise , 14,7=0,...,n.

Hy, € RO o () {
For s € R we can define now the following linear operator:
2n
H(S) = z S; Hl
i=0

Then the cone dual to K can be represented as follows:
K* = {seR?»: H(s) =0}

The natural barrier for the dual cone is f(s) = —Indet H(s). Clearly, it has negative
curvature. Note that we can lift the primal cone to a higher dimensional space (see [10]):

K = {peR¥™: p,=(H,Y), Y =0,i=0,...,2n},

and use F(Y) = —IndetY as a barrier function for the extended feasible set. However,
in this case we significantly increase the number of variables. Moreover, we need O(n?)
operations for computing the value of the barrier F(Y) and its gradient. On the other
hand, in the dual space the cost of all necessary computations is very low (O(n In? n) for
the function value and O(n?In®n) for solution of the Newton system, see [2]). On top of
these advantages, for non-degenerate dual problems, now we have a locally quadratically
convergent path-following scheme (6.5).
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To conclude the paper, let us mention that the negative curvature seems to be a natural
property of self-concordant barriers. Indeed, let us move from some point z € int K along
the direction h € K: u = x + h. Then the Dikin ellipsoid of barrier F' at point x, moved
to the new center u, still belongs to K:

u+ (We(z)—z) = h+W,(z) C K.

We should expect that the Dikin ellipsoid W,.(u) becomes even larger (in any case, we
should expect that it does not get smaller). This is exactly the negative curvature con-
dition: V2F(z) = V2F(u). At this moment, it is not clear if it is an attribute of the
barrier or of the cone, or both. In other words, is it possible to construct a barrier with
negative curvature for any convex cone? However, we have already seen that for nonsym-
metric cones this property is not dual-invariant. Another interesting question is related to
existence of the barrier function which ensures a small recession coefficient for arbitrary
regular cone. Up to now, we do not have examples of cones where the recession coefficient
is indeed large (growing with dimension).
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